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The ecosystem is confronted with numerous challenges as a consequence of the escalating human 
population and its corresponding activities. Among these challenges lies the degradation of forest 
biomass, which directly contributes to a reduction in forested areas and poses a significant threat 
to the survival of wildlife species through the intensification of intraspecific competition. In this 
paper, a non–linear mathematical model to study the conservation of forest and wildlife species 
that are reliant on forest ecosystem within the framework of human population dynamics and 
its related activities is developed and analysed. The study assessed the impacts of economic 
measures in the form of incentives on reducing population pressure on forest resources as 
well as the potential benefits of technological efforts to accelerate the rate of reforestation. 
Qualitative and quantitative analyses reveals that economic and technological factors have the 
potential to contribute to resource conservation efforts. However, these efforts can only be used 
to a limited extent, and contrary to that, the system will be destabilised. Sensitivity analysis 
identified the parameters pertaining to human population, human activities, economic measures, 
and technological efforts as the most influential factors in the model.

1. Introduction

The continuous depletion of forests is a pressing issue that requires attention and scientific investigation [1]. The rapid growth 
of human population and its associated activities are considered to be the main causes of its depletion [2]. The depletion of forest 
has a wide range of consequences such as environmental degradation and biodiversity loss [3]. Both human livelihoods and the 
survival of wildlife species depend on forests. For instance, forests are habitats for 80% – 90% of the terrestrial biodiversity [4], 
thus, wildlife species are in danger of extinction when forest degradation is uncontrolled. Further, about 1.6 billion people depend 
entirely or partially on forest resources for their livelihood, making it impossible to completely control access to and utilisation of 
forest resources [5]. In this situation, sustainable use of forest resources is the only way to ensure that resources are not in risk of 
extinction while human livelihoods are not jeopardised. To achieve that, information on how forests and human population interacts 
is very crucial. This information can be obtained in various ways, ranging from theoretical to experimental studies.
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In the domain of theoretical studies, which is the focus of this study, various scholars [6–13] used mathematical models to 
understand the behaviour of system that governs human–forest interaction, the review is available [14]. These models play a crucial 
role in informing policymakers and facilitating the development of policies and strategies aimed at conserving forest resources. 
It is important to acknowledge that these models have inherent limitations due to the assumptions made during the modelling 
process. Nevertheless, their significance lies in their ability to unravel the complexities of the system and provide predictive insights, 
thereby aiding in understanding and predicting real–world dynamics. However, it is crucial to acknowledge that these models 
incorporate input parameters that are inherently uncertain due to natural variation and measurement errors [15]. The presence of 
such uncertainties can affect the accuracy and reliability of the model predictions [15,16]. These uncertainties at the model input 
propagate through the outputs of the model and complicate the accuracy of the model results. The model output exhibits increased 
variability as the level of uncertainty in the parameters intensifies [17].

Recently published studies [8,13,18–21] utilised either local sensitivity or single parameter methods to study the uncertainty 
of input model parameters. These methods typically assume fixed default values for all other parameters, thereby rendering them 
inadequate for conducting comprehensive uncertainty and sensitivity analysis [15]. Since identification and ultimately control of 
uncertainties is not guaranteed through the use of single–parameter or local sensitivity analysis methods. In this paper, a non–linear 
mathematical model aims to study the conservation of forest biomass and wildlife species that rely on forest ecosystem within the 
framework of human dynamics and its corresponding activities is proposed. The conservation is through the application of economic 
measures and technological efforts to reduce population pressure and accelerate reforestation. The economic measures can be in the 
forms of property rights [22], markets and charge systems [23], fiscal instruments [24], and livelihood support [25]. On the other 
hand, the technological based initiatives can take the form of utilisation of drones and genetically modified seeds [26]. Compared to 
existing literature on this topic [21,11], the present study integrated the ecological aspects of wildlife species and their dependencies 
on forest into the model to provide a more holistic understanding of the complex dynamics of human–forest interactions and inform 
effective forest resource management policies [20]. Additionally, the model considers the saturation of wildlife population, assuming 
logistic growth which is a more realistic representation of population growth in a limited environment with finite resources to 
provide insights into long–term sustainability [27].

Furthermore, a multi–dimensional parameter space approach is employed to perform uncertainty and sensitivity analysis of the 
input parameters. This approach is achieved by combining two statistical methods, namely, the Latin Hypercube Sampling (LHS) 
and Partial Rank Correlation Coefficient (PRCC) [17]. The LHS method is used to generate random samples in the parameter space, 
while the PRCC method is used to measure the degree of correlation between the model output and each input parameter. Through 
the execution of this analysis, we can evaluate the influence of uncertainties in the input parameters on the model predictions and 
identify the parameters that have the most significant impact. The LHS is a stratified Monte Carlo sampling technique which is 
effective and offers concurrent sampling of the multi–dimensional parameter space [28], whereby, samples are formed by selecting 
from equiprobable intervals without replacement [17]. Selection of the method is influenced by its strength to provide an unbiased 
approximation of the average model output and uses fewer samples to attain the same level of accuracy as other sampling strategies 
[29,17]. On the other hand, PRCC is a statistical measure that uses rankings rather than values to indicate the degree of linear 
relationship between a parameter and the model output [30]. It measures the correlation between input parameters and model 
outputs, while accounting for the presence of other input parameters. The PRCC was selected with the assumptions that the model’s 
parameters are uncertain, and that the parameter and model outputs exhibit both non–linear and monotonic relationships [17]. 
Furthermore, the PRCC values can be estimated for multiple time steps, providing time–dependent sensitivity analysis instead of a 
specific time estimates of likely output values [15]. The approach has proven to be among the most robust and efficient sensitivity 
analysis index methods, the details are available [15,17].

The rest of the paper is organised as follows: The proposed model is shown in Section 2. The model’s qualitative and quantitative 
analyses are presented in Sections 3 and 4, respectively. Section 5 provides the discussion and conclusion.

2. Mathematical model

A non–linear mathematical model (1) is developed to capture the dynamics of variables in a region under consideration. The vari-
ables include 𝐵(𝑡) representing the density of forest biomass, 𝑊 (𝑡) representing the density of forest-dependent wildlife population, 
𝑁(𝑡) representing human population, and 𝐻(𝑡) representing human activities at any given time 𝑡 in the region. The model aims to 
describe the interplay and changes in these variables over time.

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪

𝐵̇ = 𝑠𝐵

(
1 − 𝐵

𝐿

)
− 𝛼𝐵𝑊 − 𝛽1𝐵𝑁 − 𝛽2𝐵

2𝐻 + 𝜌2𝐵𝑇𝑒,

𝑊̇ = 𝑟(𝐵)𝑊
(
1 − 𝑊

𝐾(𝐵)

)
− 𝜈1𝑊𝑁 − 𝜈2𝑊𝐻,

𝑁̇ = 𝜃𝑁

(
1 − 𝑁

𝑀

)
+ 𝜆𝛽1𝐵𝑁 − 𝜎𝑁𝑊 ,

𝑃̇ = 𝜙𝑁 − 𝜙0𝑃 − 𝜙1𝐸𝑓𝑃 ,

𝐻̇ = 𝛾𝑁 + 𝜋𝛽2𝐵
2𝐻 + 𝜙2𝑃 − 𝛾1𝐻,

𝑇̇𝑒 = 𝜌(𝐿−𝐵) − 𝜌1𝑇𝑒,

(1)
2

⎪⎩𝐸̇𝑓 = 𝜔𝑃 −𝜔1𝐸𝑓 ,
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such that,

𝐵(0) ≥ 0, 𝑊 (0) ≥ 0, 𝑁(0) ≥ 0, 𝑃 (0) ≥ 0, 𝐻(0) ≥ 0, 𝑇𝑒(0) ≥ 0,

𝐸𝑓 (0) ≥ 0, 0 ≤ 𝜆 ≤ 1, ≤ 𝜋 ≤ 1.

The first equation of the proposed model captures the logistic growth of forest biomass, with an intrinsic growth rate of 𝑠 and a 
carrying capacity of 𝐿. The second term represents the predation rate of forest–dependent wildlife species through natural processes, 
which is modelled using bilinear interaction (𝛼𝐵𝑊 ) [20]. However, due to the use of forest resources by the human population, forest 
biomass experiences a reduction in its growth rate, as represented by the term 𝛽1𝐵𝑁 [7]. The utilisation of forest resources in the 
region primarily encompasses activities such as timber harvesting, extraction of medicinal substances, and grazing, among others. 
Furthermore, forest land is often cleared for agricultural purposes, the construction of housing complexes, and the establishment 
of industrial infrastructure. As a result, this clearance of forested land diminishes the overall extent of forests within the region, 
consequently exerting negative impacts on the capacity of forestry resources to sustainably support ecological and human needs. 
This aspect is explicitly modelled using the fourth term, 𝛽2𝐵2𝐻 [7], which accounts for the loss of forest land that cannot be used for 
forest regeneration. The fifth term 𝜌2𝐵𝑇𝑒 expresses the growth of forest biomass after application of technological efforts to restore 
the cleared forest.

The second equation of the model captures the dynamics of the wildlife population that rely on forest. It follows a logistic growth 
pattern with a growth rate 𝑟(𝐵) and a carrying capacity 𝐾(𝐵), both are functions of forest biomass to reflect the species’ dependence 
on the forest ecosystem. The direct depletion of wildlife population by human activities, such as poaching, is modelled using the 
second term (𝜈1𝑊𝑁) [7]. Meanwhile, the indirect depletion of wildlife caused by human activities, such as habitat destruction or 
fragmentation, is modelled using the third term (𝜈2𝑊𝐻). The third equation of the model describes the dynamics of the human 
population, assuming a logistic growth pattern. This growth pattern is characterised by an intrinsic growth rate 𝜃, and a carrying 
capacity 𝑀 . The term 𝜆𝛽1𝐵𝑁 in the model represents the additional growth of the human population due to the use of forest 
resources for their livelihood [21]. Furthermore, human population is depleted by interaction with wild animals, for example, in 
some regions of sub–Saharan Africa, human populations have been threatened by wildlife predators like lions and leopards [31]. 
This particular aspect is captured in the model through the inclusion of the third term (𝜎𝑁𝑊 ).

The fourth equation describes the dynamics of population pressure, which increases proportionally to the human population with 
a growth rate 𝜙. Additionally, population pressure is subject to natural depletion (𝜙0𝑃 ) and depletion through economic measures 
(𝜙1𝐸𝑓𝑃 ) designed to support livelihoods and regulate resource exploitation [21]. The dynamics of human activities in the forest 
ecosystem are modelled in equations five. It is assumed that human activities grow proportionally to the density of human population 
(𝛾𝑁) and population pressure (𝜙2𝑃 ) [20]. Furthermore, the growth of human activities is driven by the benefits obtained from the 
forest and depletes naturally with depletion rate 𝛾1.

The implementation of technological efforts to accelerate the rate of reforestation is described in equation six. The rate of 
technological efforts is postulated to be proportional to the difference between the carrying capacity of the forest and the current level 
of forest biomass (𝜌(𝐿−𝐵)), reflecting the need to balance economic development and ecological sustainability [7]. Technological 
efforts are subject to natural depletion 

(
𝜌1𝑇𝑒

)
. Finally, equation seven models the implementation of economic measures to support 

livelihoods and control the exploitation of resources. The rate at which economic measures are instituted is assumed to be directly 
proportional to the magnitude of population pressure (𝜔𝑃 ), reflecting the need to address social and economic dimensions of forest 
management [21]. Economic measures are subject to natural depletion as well 

(
𝜔1𝐸𝑓

)
.

In addition to the dynamics of wildlife population, the functions of the intrinsic growth rate 𝑟(𝐵) and the carrying capacity 𝐾(𝐵)
are given in Eqs. (2) and (3), respectively.

𝑟(𝐵) = 𝛼𝜂𝐵, 0 ≤ 𝜂 ≤ 1, (2)

𝐾(𝐵) =𝐾0 +𝐾1𝐵, (3)

such that,

𝐾(0) =𝐾0 > 0,𝐾 ′(𝐵) > 0, for 𝐵 > 0, and 𝐾1 > 0.

3. Qualitative analysis

3.1. Well–posedness and boundedness of the model

When a model is well–posed it means that non–negative initial conditions lead to non–negative solutions [32]. Let

ℝ7
+ =

{
𝐵(𝑡),𝑊 (𝑡),𝑁(𝑡), 𝑃 (𝑡),𝐻(𝑡), 𝑇𝑒(𝑡),𝐸𝑓 (𝑡)

}
be the set containing positive coordinate of ℝ7. Now, consider the model system (1) has initial values

ℝ7
+(0) =

{
𝐵(0),𝑊 (0),𝑁(0), 𝑃 (0),𝐻(0), 𝑇𝑒(0),𝐸𝑓 (0)

}
.

3

If
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𝐵(0) ≥ 0, 𝑊 (0) ≥ 0, 𝑁(0) ≥ 0, 𝑃 (0) ≥ 0, 𝐻(0) ≥ 0, 𝑇𝑒(0) ≥ 0,

and 𝐸𝑓 (0) ≥ 0,

then

𝐵(𝑡) ≥ 0, 𝑊 (𝑡) ≥ 0, 𝑁(𝑡) ≥ 0, 𝑃 (𝑡) ≥ 0, 𝐻(𝑡) ≥ 0, 𝑇𝑒(𝑡) ≥ 0,

and 𝐸𝑓 (𝑡) ≥ 0.

Thus, we show that ℝ7
+ is positively invariant with respect to system (1) by examining the direction of the vector field on each 

coordinate plane. Consider the 𝐵 −𝑊 −𝑁 : On this plane 𝑃 =𝐻 = 𝑇𝑒 =𝐸𝑓 = 0 and

𝑃̇
|||𝑃=𝐻=𝑇𝑒=𝐸𝑓=0

= 𝜙𝑁 > 0, 𝐻̇
|||𝑃=𝐻=𝑇𝑒=𝐸𝑓=0

= 𝛾𝑁 > 0,

𝑇̇𝑒
|||𝑃=𝐻=𝑇𝑒=𝐸𝑓=0

= 𝜌(𝐿−𝐵) > 0, 𝐸̇𝑓
|||𝑃=𝐻=𝑇𝑒=𝐸𝑓=0

= 0.

Further, we take 𝑊 −𝑁 − 𝑃 plane: On this plane 𝐵 =𝐻 = 𝑇𝑒 =𝐸𝑓 = 0 and

𝐵̇
|||||𝐵=𝐻=𝑇𝑒=𝐸𝑓=0

= 0, 𝐻̇
|||𝐵=𝐻=𝑇𝑒=𝐸𝑓=0

= 𝛾𝑁 > 0,

𝑇̇𝑒
|||𝐵=𝐻=𝑇𝑒=𝐸𝑓=0

= 𝜌𝐿 > 0, 𝐸̇𝑓
|||𝐵=𝐻=𝑇𝑒=𝐸𝑓=0

= 0.

Thus, we observe that some of the vector fields are tangents to the coordinate and others are pointing to the interior of ℝ7
+ suggesting 

that all solutions starting in ℝ7
+ remain in ℝ7

+ for all 𝑡 > 0. Hence, the system is well posed. The bounds of the variables in conservation 
model are stated in Lemma 1 (proof refer [19]).

Lemma 1. The set

Ω𝑐 =
{(
𝐵,𝑊 ,𝑁,𝑃 ,𝐻,𝑇𝑒

)
∶ 0 ≤𝐵 ≤𝐿, 0 ≤𝑊 ≤𝐾(𝐿), 0 ≤𝑁 ≤𝑁𝑚,

0 ≤ 𝑃 ≤ 𝑃𝑚, 0 ≤𝐻 ≤𝐻𝑚, 0 ≤ 𝑇𝑒 ≤
𝜌𝐿

𝜌1
, 0 ≤𝐸𝑓 ≤

𝜔

𝜔1
𝑃𝑚

}
,

is the region of convergence for the model system (1), attracting all solutions that originate within the interior of the positive orthant and 
converge towards it. Where,

𝑁𝑚 = 𝑀

𝜃

(
𝜃 + 𝜆𝛽1𝐿

)
, 𝑃𝑚 = 𝜙

𝜙0
𝑁𝑚, and 𝐻𝑚 =

𝛾𝑁𝑚 + 𝜙2𝑃𝑚

𝛾1 − 𝜋𝛽2𝐿
2 ,

with condition

𝛾1 > 𝜋𝛽2𝐿
2.

Thus, in the region ℝ7
+ the model is ecologically and mathematically well posed, hence, can be used to study the conservation of 

forest biomass and forest–dependent wildlife.

3.2. Equilibrium analysis

In our study, we made the assumption that wildlife species rely entirely on forest ecosystems for their survival and existence, 
thus, the possibility of equilibrium point 𝑊 ≠ 0 while 𝐵 = 0 has been eliminated. Therefore, the model has five boundary equilibria 
and one interior equilibrium point.

𝐸1

(
0,0,0,0,0, 𝜌𝐿

𝜌1
,0
)
, 𝐸2 (𝐿,0,0,0,0,0,0) , 𝐸3

(
𝐵3,𝑊3,0,0,0,

𝜌(𝐿−𝐵3)
𝜌1

,0
)
,

𝐸4

(
0,0,𝑀,𝑃4,𝐻4,

𝜌𝐿

𝜌1
,𝐸𝑓4

)
, 𝐸5

(
𝐵5,0,𝑁5, 𝑃5,𝐻5,

𝜌(𝐿−𝐵5)
𝜌1

,𝐸𝑓5

)
,

𝐸

(
𝐵,𝑊 ,𝑁,𝑃 ,𝐻,𝑇𝑒,𝐸𝑓

)
,

where,

𝑃4 =
√
(𝜔1𝜙0)2 + 4𝑀𝜔1𝜙1𝜔𝜙−𝜔1𝜙0

2𝜔𝜙0
,

𝜔𝑃4 𝛾𝑀 +𝜙2𝑃4
4

𝐸4 =
𝜔1

, 𝐻4 =
𝛾1

.
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It can be noted that existence of 𝐸1, 𝐸2, and 𝐸4 is obvious. Further, the existence of 𝐸3, 𝐸5 and 𝐸 can be shown in a similar way as 
in [19,20]. For quantitative analysis purpose, we show the existence of 𝐸. It is worth noting that at 𝐸, the values 𝐵, 𝑊 , 𝑁 , 𝑃 , 𝐻 , 𝑇𝑒
and 𝐸𝑓 are the positive solutions of the algebraic Eqs. (4a)–(4g).

𝑠

(
1 − 𝐵

𝐿

)
− 𝛼𝑊 − 𝛽1𝑁 − 𝛽2𝐵𝐻 + 𝜌2𝑇𝑒 = 0, (4a)

𝑟(𝐵)
(
1 − 𝑊

𝐾(𝐵)

)
− 𝜈1𝑁 − 𝜈2𝐻 = 0, (4b)

𝜃

(
1 − 𝑁

𝑀

)
+ 𝜆𝛽1𝐵 − 𝜎𝑊 = 0, (4c)

𝜙𝑁 −𝜙0𝑃 −𝜙1𝐸𝑓𝑃 = 0, (4d)

𝛾𝑁 + 𝜋𝛽2𝐵
2𝐻 + 𝜙2𝑃 − 𝛾1𝐻 = 0, (4e)

𝜌(𝐿−𝐵) − 𝜌1𝑇𝑒 = 0, (4f)

𝜔𝑃 −𝜔1𝐸𝑓 = 0. (4g)

With proper substitutions and some algebraic manipulations on the Eqs. (4a)–(4g) we obtain the isoclines (5) and (6).

𝑠

(
1 − 𝐵

𝐿

)
− 𝛼𝑊 − 𝛽1ℎ1(𝐵,𝑊 ) − 𝛽2𝐵ℎ3(𝐵,𝑊 ) +

𝜌𝜌2
𝜌1

(𝐿−𝐵) = 0 =1(𝐵,𝑊 ) (Say). (5)

𝑟(𝐵)
(
1 − 𝑊

𝐾(𝐵)

)
− 𝜈1ℎ1(𝐵,𝑊 ) − 𝜈2ℎ3(𝐵,𝑊 ) = 0 =2(𝐵,𝑊 ) (Say). (6)

Where,

𝑁 = 𝑀

𝜃

(
𝜃 + 𝜆𝛽1𝐵 − 𝜎𝑊

)
= ℎ1(𝐵,𝑊 ), (7)

𝑁 is positive provided inequality (8) is satisfied,

𝜃 + 𝜆𝛽1𝐵 > 𝜎𝑊 . (8)

𝑃 =

√
𝜔2
1𝜙

2
0 + 4𝜔1𝜔𝜙1𝜙ℎ1(𝐵,𝑊 ) −𝜔1𝜙0

2𝜔𝜙0
= ℎ2(𝐵,𝑊 ). (9)

𝐻 =
𝛾ℎ1(𝐵,𝑊 ) + 𝜙2ℎ2(𝐵,𝑊 )

𝛾1 −𝐵2𝜋𝛽2
= ℎ3(𝐵,𝑊 ), (10)

𝐻 is positive provided condition (11) holds,

𝛾1 > 𝜋𝛽2𝐵
2. (11)

𝑇𝑒 =
𝜌𝜌2
𝜌1

(𝐿−𝐵). (12)

𝐸𝑓 =
𝜔ℎ2(𝐵,𝑊 )

𝜔1
. (13)

From the isocline (5) we infer the following:

(a) When 𝑊 = 0, gives 1(𝐵, 0) =1(𝐵) (say).

𝑠

(
1 − 𝐵

𝐿

)
− 𝛽1ℎ1(𝐵) − 𝛽2𝐵ℎ3(𝐵) +

𝜌𝜌2
𝜌1

(𝐿−𝐵) =1(𝐵) (14)

Further, from Eq. (14), we have the following inferences,
i. When 𝐵 = 0, gives Eq. (15)

1(0) = 𝑠+
𝜌𝜌2
𝜌1

𝐿− 𝛽1𝑀, (15)

1(0) is positive provided inequality (16) holds,

𝑠+
𝜌𝜌2
𝜌1

𝐿> 𝛽1𝑀. (16)

ii. When 𝐵 =𝐿, we have

1(𝐿) = −𝛽1ℎ1(𝐿) − 𝛽2𝐿ℎ3(𝐿),
5

1(𝐿) < 0 provided inequality (11) holds.
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iii. The derivative of 1(𝐵) with respect to 𝐵 gives

′
1(𝐵) = − 𝑠

𝐿
− 𝛽1ℎ

′
1(𝐵) − 𝛽2𝐵ℎ

′
3(𝐵) − 𝛽2ℎ3(𝐵),

′
1(𝐵) < 0 provided inequality (11) holds.

With these considerations (i–iii), we noted that Eq. (14) has a positive unique solution 𝐵 in 0 < 𝐵 <𝐿.
(b) When 𝑊 →∞, 𝐵 < 0.

(c)
(
𝑑𝑊

𝑑𝐵

)
1
< 0 (The derivative of 𝑊 with respect to 𝐵 from Eq. (6)).

Similarly, from the isocline (6) we infer the following:

(a) When 𝑊 = 0, gives 2(𝐵, 0) =2(𝐵) (say).

𝑟(𝐵) − 𝜈1ℎ1(𝐵,0) − 𝜈2ℎ3(𝐵,0) =2(𝐵). (17)

Furthermore, the subsequent conclusions were drawn from Eq. (17) as follows:
i. When 𝐵 = 0, gives,

−𝜈1𝑀 − 𝜈2ℎ3(0) < 0.

ii. When 𝐵 =𝐿, gives

2(𝐿) = 𝑟(𝐿) − 𝜈1ℎ1(𝐿) − 𝜈2ℎ3(𝐿),

2(𝐿) > 0 if and only if

𝑟(𝐿) > 𝜈1ℎ1(𝐿) + 𝜈2ℎ3(𝐿).

iii. The derivative of 2(𝐵) with respect to 𝐵 gives,

′
2(𝐵) = 𝑟′(𝐵) − 𝜈1ℎ

′
1(𝐵) − 𝜈2ℎ

′
3(𝐵),

′
2(𝐵) > 0 if and only if

𝑟′(𝐵)𝜈1ℎ′1(𝐵) + 𝜈2ℎ
′
3(𝐵).

Thus, these considerations ((i)–(iii)) suggesting that 2(𝐵) has a unique non–negative solution 𝐵 in 0 < 𝐵 <𝐿.
(b) When 𝐵→∞, 𝑊 > 0.

(c)
(
𝑑𝑊

𝑑𝐵

)
2
> 0 (The derivative of 𝑊 with respect to 𝐵 from Eq. (6)).

Therefore, the values of 𝐵 and 𝑊 are unique (see Fig. 1) in the regions 0 < 𝐵 <𝐿 and 0 <𝑊 <𝐾(𝐿), respectively, provided(
𝑑𝑊

𝑑𝐵

)
1
< 0

and (
𝑑𝑊

𝑑𝐵

)
2
> 0.

The values of 
(
𝑑𝑊

𝑑𝐵

)
1

and 
(
𝑑𝑊

𝑑𝐵

)
2

are determined from Eqs. (5) and (6), respectively. Hence, once the values of 𝐵 and 𝑊 are 

known, the values of 𝑁 , 𝑃 , 𝐻 , 𝑇𝑒 and 𝐸𝑓 can be evaluated from Eqs. (7), (9), (10), (12) and (13), respectively.

3.3. Stability analysis

We used the sign of the eigenvalues of the appropriate Jacobian matrix to determine the local stability of the equilibrium point 
[13]. The overall Jacobian matrix (𝐽 ) of the system (1) is give as

𝐽 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑗11 −𝛼𝐵 −𝛽1𝐵 0 −𝛽2𝐵2 𝜌2𝐵 0
𝑗21 𝑗22 −𝜈1𝑊 0 −𝜈2𝑊 0 0

𝜆𝛽1𝑁 −𝜎𝑁 𝑗33 0 0 0 0
0 0 𝜙 −

(
𝐸𝜙1 + 𝜙0

)
0 0 −𝜙1𝑃

2𝐻𝜋𝛽2𝐵 0 𝛾 𝜙2 −
(
𝛾1 − 𝜋𝛽2𝐵

2) 0 0
−𝜌 0 0 0 0 −𝜌1 0
0 0 0 𝜔 0 0 −𝜔1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

6

where,
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Fig. 1. The plot illustrates the intersection of isoclines (5) and (6), highlighting a distinct point (𝐵,𝑊 ) within the interior of the first quadrant.

𝑗11 = 𝑠

(
1 − 𝐵

𝐿

)
− 𝑠𝐵

𝐿
− 𝛼𝑊 − 𝛽1𝑁 − 2𝛽2𝐵𝐻 + 𝜌2𝑇𝑒,

𝑗21 = 𝑟′(𝐵)𝑊
(
1 − 𝑊

𝐾 (𝐵)

)
+ 𝑟 (𝐵)𝑊 2𝐾 ′(𝐵)

𝐾 (𝐵)2
,

𝑗22 = 𝑟(𝐵)
(
1 − 𝑊

𝐾 (𝐵)

)
− 𝑟 (𝐵)𝑊

𝐾 (𝐵)
− 𝜈1𝑁 − 𝜈2𝐻,

𝑗33 = 𝜃

(
1 − 𝑁

𝑀

)
− 𝜃𝑁

𝑀
+ 𝜆𝛽1𝐵 − 𝜎𝑊 .

Accordingly, linear stability analysis of the equilibrium points 𝐸1, 𝐸2, 𝐸3, 𝐸4, 𝐸5 gives the following conclusion:

(i) at 𝐸1, the system exhibits unstable manifold locally in the direction of 𝐵 −𝑁 − 𝑃 space;
(ii) at 𝐸2, the system is locally unstable in 𝑊 −𝑁 − 𝑃 plane if and only if 𝛾1 > 𝜋𝛽2𝐿

2;
(iii) at 𝐸3, the system exhibits unstable behaviour in the direction of 𝑁 − 𝑃 plane whenever 𝛾1 > 𝜋𝛽2𝐵

2
3 ;

(iv) at 𝐸4, the system exhibits unstable behaviour in the direction of 𝐵 whenever either 𝐸5 or 𝐸 exist;
(v) at 𝐸5, the system exhibits unstable behaviour in the direction of 𝑁 provided 𝑟(𝐵5) > 𝜈1𝑁5 + 𝜈2𝐻5.

The local stability behaviour of the system (1) at 
(
𝐸

)
is evaluated by using Lyapunov direct method [12] through linearising the 

system. Theorem 2 establishes the necessary conditions for local stability behaviour of the point 𝐸.

Theorem 2. The model system (1) exhibits local asymptotic stability at the interior equilibrium point 𝐸 if exists whenever conditions 
(18)–(24) hold.

𝛼

⎛⎜⎜⎜⎝
𝑊

𝐾

(
𝐵

) +
𝑟

(
𝐵

)
𝑊𝐾 ′

(
𝐵

)
𝐾

(
𝐵

)2

⎞⎟⎟⎟⎠
2

<
4
3

(
𝑠

𝐿
+ 𝛽2𝐻

)⎛⎜⎜⎜⎝
𝐵

𝐾

(
𝐵

)⎞⎟⎟⎟⎠ , (18)

(
𝜈1
𝜂

+ 𝜎

𝜆

)2
<

4
9

⎛⎜⎜⎜⎝
𝑟

(
𝐵

)
𝐾

(
𝐵

)⎞⎟⎟⎟⎠
𝜃

𝑀𝜆
, (19)

(
𝜈2
𝜂

)2
<

2
9

⎛⎜⎜⎝
𝛾1 − 𝛽2𝜋𝐵

2

𝜋𝐻

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

𝛼𝐵

𝐾

(
𝐵

)⎞⎟⎟⎟⎠ , (20)

𝜙2𝜔

𝜙1𝑃
<

2𝜃
(
𝐸𝑓𝜙1 + 𝜙0

)
3𝑀𝜆

, (21)

𝛾2 4𝜃
(
𝛾1 − 𝛽2𝜋𝐵

2)
7

2𝜋𝐻
<

9𝑀𝜆
, (22)
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𝜙2
2

𝜋𝐻
<

4
(
𝛾1 − 𝛽2𝜋𝐵

2)(
𝐸𝑓𝜙1 +𝜙0

)
3𝜙1𝑃

, (23)

𝛾1 > 𝛽2𝜋𝐵
2. (24)

Proof of Theorem (2). To understand how the system behaves in the neighbourhood of equilibrium point 𝐸, we linearise system (1)
by using the following transformations:

𝐵 =𝐵 + 𝑏, 𝑊 =𝑊 +𝑤, 𝑁 =𝑁 + 𝑛, 𝑃 = 𝑃 + 𝑝,

𝐻 =𝐻 + ℎ ,𝑇𝑒 = 𝑇𝑒 + 𝑡𝑒 ,𝐸𝑓 =𝐸𝑓 + 𝑒𝑓 ,

where 𝑏, 𝑤, 𝑛, 𝑝, ℎ, 𝑡𝑒 and 𝑒𝑓 are small perturbations around the equilibrium 𝐸. After carrying out some algebraic manipulations, we 
obtained the linearised system (25).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑏̇ = −
(
𝑠𝐵

𝐿
+ 𝛽2𝐵𝐻

)
𝑏− 𝛼𝐵𝑤− 𝛽1𝐵𝑛− 𝛽2𝐵

2
ℎ+ 𝜌2𝐵𝑡𝑒,

𝑤̇ =
⎛⎜⎜⎜⎝𝑟

′
(
𝐵

)
𝑊

⎛⎜⎜⎜⎝1 −
𝑊

𝐾

(
𝐵

)⎞⎟⎟⎟⎠+
𝑟

(
𝐵

)
𝑊

2
𝐾 ′

(
𝐵

)
𝐾

(
𝐵

)2

⎞⎟⎟⎟⎠𝑏

−
⎛⎜⎜⎜⎝
𝑟

(
𝐵

)
𝑊

𝐾

(
𝐵

) ⎞⎟⎟⎟⎠𝑤− 𝜈1𝑊 𝑛− 𝜈2𝑊 ℎ,

𝑛̇ = 𝜆𝛽1𝑁𝑏− 𝜎𝑁𝑤− 𝜃𝑁

𝑀
𝑛,

𝑝̇ = 𝜙𝑛−
(
𝐸𝑓 + 𝑒𝑓𝜙1 +𝜙0

)
𝑝−𝜙1𝑃𝑒𝑓 ,

ℎ̇ = 2𝛽2𝜋𝐵𝐻𝑏+ 𝛾𝑛+𝜙2𝑝+
(
𝛽2𝜋𝐵

2
− 𝛾1

)
ℎ,

̇𝑡𝑒 = −𝜌𝑏− 𝜌1𝑡𝑒,

̇𝑒𝑓 = 𝜔𝑝−𝜔1𝑒𝑓 .

(25)

Considering the positive definite function (26) [11,19,8,7]

 = 1
2

(
1
𝐵
𝑏2 +

𝜅1

𝑊
𝑤2 +

𝜅2

𝑁
𝑛2 + 𝜅3𝑝

2 + 𝜅4ℎ
2 + 𝜅5𝑡

2
𝑒
+ 𝜅6𝑒

2
𝑓

)
, (26)

where 𝜅1, 𝜅2, 𝜅3, 𝜅4, 𝜅5 and 𝜅6 are positive constants. Equilibrium point 𝐸 is locally asymptotic stable provided the time derivative 
of Eq. (26) at 𝐸 is negative. By taking the time derivative of Eq. (26) with respect to the solution of the linearised system (25), we 
obtain:

𝑑

𝑑𝑡
=−

(
𝑠

𝐿
+ 𝛽2𝐻

)
𝑏2 − 𝛼𝑏𝑤− 𝛽1𝑏𝑛− 𝛽2𝐵𝑏ℎ+ 𝜌2𝑏𝑡𝑒 − 𝜅1

⎛⎜⎜⎜⎝
𝑟

(
𝐵

)
𝐾

(
𝐵

)⎞⎟⎟⎟⎠𝑤
2

−𝜅1𝜈1𝑤𝑛− 𝜅1𝜈2𝑤ℎ+ 𝜅1

⎛⎜⎜⎜⎝𝑟
′
(
𝐵

)⎛⎜⎜⎜⎝1 −
𝑊

𝐾

(
𝐵

)⎞⎟⎟⎟⎠+
𝑟

(
𝐵

)
𝑊𝐾 ′

(
𝐵

)
𝐾

(
𝐵

)2

⎞⎟⎟⎟⎠𝑏𝑤
+𝜅2𝜆𝛽1𝑏𝑛− 𝜅2𝜎𝑛𝑤−

𝜅2𝜃

𝑀
𝑛2 + 𝜅3𝜙𝑛𝑝− 𝜅3

(
𝜙0 + 𝜙1𝐸𝑓

)
𝑝2 − 𝜅3𝜙1𝑃𝑒𝑓 𝑝

+2𝜅4𝛽2𝜋𝐵 𝐻𝑏ℎ+ 𝜅4𝛾𝑛ℎ+ 𝜅4𝜙2𝑝ℎ+ 𝜅4

(
𝛽2𝜋𝐵

2
− 𝛾1

)
ℎ2 − 𝜅5𝜌𝑏𝑡𝑒 − 𝜅5𝜌1𝑡

2
𝑒

+𝜅6𝜔𝑝𝑒𝑓 − 𝜅6𝜔1𝑒
2
𝑓
,

choosing

𝜅1 =
1
𝜂
, 𝜅2 =

1
𝜆
, 𝜅3 =

𝜔

𝜙1𝑃
, 𝜅4 =

1
2𝜋𝐻

, 𝜅5 =
𝜌2
𝜌

and 𝜅6 = 1,
8

𝑑

𝑑𝑡
is reduced to
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= −
(
𝑠

𝐿
+ 𝛽2𝐻

)
𝑏2 − 𝜅1

⎛⎜⎜⎜⎝
𝑟

(
𝐵

)
𝐾

(
𝐵

)⎞⎟⎟⎟⎠𝑤
2 −

𝜅2𝜃

𝑀
𝑛2 − 𝜅3

(
𝜙1𝐸𝑓 + 𝜙0

)
𝑝2

− 𝜅4

(
𝛾1 − 𝛽2𝜋𝐵

2)
ℎ2 − 𝜅5𝜌1𝑡

2
𝑒
− 𝜅6𝜔1𝑒

2
𝑓
− 𝜅1

⎛⎜⎜⎜⎝
𝑊

𝐾

(
𝐵

) +
𝑟

(
𝐵

)
𝑊𝐾 ′

(
𝐵

)
𝐾

(
𝐵

)2

⎞⎟⎟⎟⎠𝑏𝑤
− (𝜅1𝜈1 + 𝜅2𝜎)𝑤𝑛− 𝜅1𝜈2𝑤ℎ+ 𝜅3𝜙𝑛𝑝+ 𝜅4𝛾𝑛ℎ+ 𝜅4𝜙2𝑝ℎ.

It can be noted that 𝑑
𝑑𝑡

is negative definite provided Eqs. (18)–(24) are satisfied.

Furthermore, it is imperative to show 𝐸 is also globally asymptotically stable. Theorem 3 provides sufficient conditions for global 
stability behaviour of equilibrium point 𝐸.

Theorem 3. The system (1) exhibits global asymptotic stable behaviour at 𝐸 in the region Ω𝑐 provided inequalities (27)–(34) hold.

𝛼

⎛⎜⎜⎜⎝(𝐿𝐾(𝐿)𝛤 (𝐿)) + 𝑊

𝐾

(
𝐵

)⎞⎟⎟⎟⎠
2

<
2
3

(
𝑠

𝐿
+ 𝛽2𝐻

)
𝐿

𝐾

(
𝐵

) , (27)

𝜋𝐻

(
𝛽2𝐵

)2
<

2
3

(
𝑠

𝐿
+ 𝛽2𝐻

)(
𝛾1 − 𝜋𝛽2𝐿

2) , (28)(
𝜈1
𝜂

+ 𝜎

𝜆

)2
<

4𝛼𝜃𝐿

9𝜆𝑀𝐾

(
𝐵

) , (29)

(
𝜈2
)2
<

4𝛼𝜂2𝐿
(
𝛾1 − 𝜋𝛽2𝐿

2)
9𝜋𝐻𝐾

(
𝐵

) , (30)

𝜔𝜙2

𝜙1𝑃
<

2
3

𝜃

𝜆𝑀

(
𝜙0 +

𝜔𝜙𝑃𝑚

𝜔1

)
, (31)

𝛾2

𝜋𝐻
<

4𝜃
(
𝛾1 − 𝜋𝛽2𝐿

2)
𝜆𝑀

, (32)

𝜙2
2

𝜋𝐻
<

2
(
𝛾1 − 𝜋𝛽2𝐿

2)
3𝜆

𝜔𝜙𝑃𝑚

𝜔1
, (33)

𝛾1 > 𝜋𝛽2𝐿
2. (34)

Proof of Theorem (3). Consider positive definite function (35) about 𝐸,

 =
(
𝐵 −𝐵 −𝐵 ln 𝐵

𝐵

)
+𝑚1

(
𝑊 −𝑊 −𝑊 ln 𝑊

𝑊

)
+𝑚2

(
𝑁 −𝑁 −𝑁 ln 𝑁

𝑁

)
+
𝑚3
2

(
𝑃 − 𝑃

)2

+
𝑚4
2

(
𝐻 −𝐻

)2
+
𝑚5
2

(
𝑇𝑒 − 𝑇𝑒

)2
+
𝑚6
2

(
𝐸𝑓 −𝐸𝑓

)2
,

(35)

where, 𝑚1, 𝑚2, 𝑚3 𝑚4, 𝑚5 and 𝑚6 are positive constants. We observed that the function  is positive definite by showing that 
 (𝐵, 𝑊 , 𝑁, 𝑃 , 𝐻, 𝑇𝑒, 𝐸𝑓 ) > 0 in the interior of Ω𝑐 and  (𝐵, 𝑊 , 𝑁, 𝑃 , 𝐻, 𝑇𝑒, 𝐸𝑓 ) = 0 only at 𝐸. Now, for 𝑦∗ > 0, let 𝑔(𝑦) = (𝑦 − 𝑦∗) −
𝑦∗ ln 𝑦

𝑦∗
, then 𝑔(𝑦∗) = 0 and 𝑔′(𝑦) = 1 − 𝑦

𝑦∗
. Thus, 𝑔′(𝑦) > 0 when 𝑦 < 𝑦∗ and 𝑔′(𝑦) < 0 when 𝑦 > 𝑦∗, suggesting that the function 𝑔(𝑦) has 

an absolute minimum 0 at 𝑦 = 𝑦∗ in the interval (0,∞). This property implies that the function  is positive definite with respect to 
𝐸, thus, we used the function to study the behaviour of the system at 𝐸 globally. The time derivative of Eq. (35) gives

𝑑

𝑑𝑡
=
(
𝐵 −𝐵

𝐵

)
𝑑𝐵

𝑑𝑡
+𝑚1

(
𝑊 −𝑊

𝑊

)
𝑑𝑊

𝑑𝑡

+𝑚2

(
𝑁 −𝑁

𝑁

)
𝑑𝑁

𝑑𝑡
+𝑚3

(
𝑃 − 𝑃

)
𝑑𝑃

𝑑𝑡

+𝑚4

(
𝐻 −𝐻

)
𝑑𝐻

𝑑𝑡
+𝑚5

(
𝑇𝑒 − 𝑇𝑒

) 𝑑𝑇𝑒

𝑑𝑡( ) 𝑑𝐸𝑓
9

+𝑚6 𝐸𝑓 −𝐸𝑓
𝑑𝑡

.
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Substituting the values of 𝑑𝐵
𝑑𝑡

, 𝑑𝑊
𝑑𝑡

, 𝑑𝑁
𝑑𝑡

, 𝑑𝑃
𝑑𝑡

, 𝑑𝐻
𝑑𝑡

, 
𝑑𝑇𝑒

𝑑𝑡
and 

𝑑𝐸𝑓

𝑑𝑡
from the system (1) and choosing 𝑚1 =

1
𝜂

, 𝑚2 =
1
𝜆

, 𝑚3 =
𝜔

𝜙1𝑃
, 

𝑚4 =
1
𝜋𝐻

, 𝑚5 =
𝜌2
𝜌

, and 𝑚6 = 1, 𝑑
𝑑𝑡

is reduced to

𝑑

𝑑𝑡
=
(
𝐵 −𝐵

)[
−
(
𝑠

𝐿
+ 𝛽2𝐻

)(
𝐵 −𝐵

)]
+𝑚1

(
𝑊 −𝑊

)[
− 𝛼𝜂𝐵

𝐾(𝐵)

(
𝑊 −𝑊

)
− 𝜈1

(
𝑁 −𝑁

)
− 𝜈2

(
𝐻 −𝐻

)]

+𝑚1

(
𝑊 −𝑊

)⎡⎢⎢⎢⎣
⎛⎜⎜⎜⎝(𝛼𝜂𝐵𝑊 𝛤 (𝐵)) +

⎛⎜⎜⎜⎝
𝛼𝜂𝑊

𝐾

(
𝐵

)⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠
(
𝐵 −𝐵

)⎤⎥⎥⎥⎦
+𝑚2(𝑁 −𝑁)

[
− 𝜃

𝑀

(
𝑁 −𝑁

)]
+𝑚2(𝑁 −𝑁

[
−𝜎

(
𝑊 −𝑊

)]
+𝑚3

(
𝑃 − 𝑃

)[
𝜙

(
𝑁 −𝑁

)
−
(
𝜙0 + 𝜙1𝐸𝑓

)(
𝑃 − 𝑃

)]
+𝑚4

(
𝐻 −𝐻

)[
−
(
𝛾1 − 𝜋𝛽2𝐵

2)(𝐻 −𝐻

)
+ 𝛾

(
𝑁 −𝑁

)
+𝜙2

(
𝑃 − 𝑃

)]
+𝑚4

(
𝐻 −𝐻

)[
𝜋𝛽2𝐵𝐻

(
𝐵 −𝐵

)]
−𝑚5𝜌1

(
𝑇𝑒 − 𝑇𝑒

)2
−𝑚6𝜔1

(
𝐸𝑓 −𝐸𝑓

)2
,

where,

𝛤 (𝐵) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
𝐾(𝐵)

− 1

𝐾

(
𝐵

)
𝐵 −𝐵

, 𝐵 ≠ 𝐵

−𝐾 ′(𝐵)(
𝐾

(
𝐵

))2 , 𝐵 =𝐵

Equilibrium point 𝐸 exhibits global asymptotic behaviour if the time derivative  at point 𝐸 is negative definite. Hence, it is 
noteworthy that ̇ is negative definite in the region of attraction Ω𝑐 under conditions (27)–(34).

4. Quantitative analysis

4.1. Parameter estimation and model fitting

After understanding the asymptotic behaviours and long–term qualitative results of the model system, parameter estimation is 
crucial for obtaining accurate quantitative predictions over a finite time period when the problem is limited by real data [32]. In 
this study, we utilised the least squares method for parameter estimation, which is suitable for general parameter estimation rather 
than hypothesis testing or confidence interval establishment [33]. The values (see Table A.1) were obtained by minimizing the sum 
of the squares of residuals 

(
min

∑𝑛

𝑖=1
(
𝑌𝑔 − 𝑌𝑙

)2)
between solutions of the model (𝑌𝑙) by using the literature values and the synthetic 

data (𝑌𝑔) generated randomly by adding Gaussian noise to the model output (𝑌𝑙) [32]. We take the advantage of the MATLAB 
built–in function (fminserch) which uses Nelder–Mead simplex algorithm [34] to obtain the local minimisers of the residual sum 
of squares. The selection of initial parameter values was based on meeting the conditions outlined in the qualitative analysis. The 
estimated parameter values were used to fit the data (𝑌𝑔), and the resulting best fits are shown in Figs. 2(a)–2(g). Furthermore, we 
examined autocorrelation of the residuals and the results show that the residuals exhibit insignificant correlation at a 5% level (see 
Figs. 3(a)–3(g)). These findings signify that the estimated parameters yield the best fit for the data.

4.2. Uncertainty and Sensitivity (US) analysis

Uncertainty and Sensitivity (US) analysis was carried out to quantify the uncertainty of the values of the input model parameter 
and to determine how changes in the values affect the value of model outputs [35]. To incorporate the uncertainty in the model pa-
rameters, we applied the Latin Hypercube Sampling (LHS) technique, considering the parameters as probabilistic variables uniformly 
distributed across the specified ranges as indicated in Table A.2 [28]. In order to understand the impact of input uncertainty on model 
outputs, we performed sensitivity analysis of model outputs with respect to the model parameters using the Partial Rank Correlation 
Coefficient (PRCC) method [17]. A positive PRCC value indicates a positive correlation between the input parameter and the model 
output, meaning that as the value of the input parameter increases, the model output tends to increase, and as the value of the input 
parameter decreases, the model output tends to decrease. Conversely, a negative PRCC value suggests an inverse correlation between 
the input parameter and the model output, meaning that as the value of the input parameter increases, the model output tends to 
10

decrease, and as the value of the input parameter decreases, the model output tends to increase. The assumption of monotonicity 
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Fig. 2. Model fitting (lines) corresponding to estimated parameter values for (a) Forest biomass (b) Wildlife population (c) Human population (d) population pressure 
(e) Human activities (f) Technological efforts (g) Economic efforts.

Fig. 3. The sample autocorrelation of the residuals in relation to (a) Forest biomass, (b) Wildlife population, (c) Human population, (d) Population pressure, (e) 
Human activities, (f) Technological efforts, and (g) Economic efforts, indicating the lack of significance at the 5% level.

between the model outputs and parameters over time was verified, and a sample of monotonicity plots is shown in Figs. 4(a)–4(f)
for illustration.

An exploratory analysis was carried out using time varying sensitivity analysis, as no specific time periods of interest were 
identified for the study. The analysis sought to identify meaningful time–dependent correlations spanning the entire time period under 
investigation [15]. The sensitivity of input parameters on the density of forest biomass, wildlife population, population pressure, and 
human activities was determined by plotting the PRCC values computed at various time intervals against time. The results of the 
analysis are presented in Figs. 5(a)–5(d) From this figure, the shaded region represents PRCCs that are insignificantly different from 
zero (−0.3 ≤ PRCC ≤ 0.3) [15]. We observed that for forest biomass (𝐵) and forest–dependent wildlife (𝑊 ), the significant parameters 
throughout the entire time span are the growth rate of technological efforts (𝜌), forest growth rate due to technological efforts 
11

(𝜌2), and forest depletion rate due to human activities (𝛽2), as their PRCC values are significantly different from zero. The positive 
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Fig. 4. Linear–linear plots of the residuals of the linear regressions of the selected LHS sampled parameters against all other parameters [abscissa] and the residuals 
of the linear regression of forest biomass 𝐵(𝑡) versus (a) 𝛽2 , (b) 𝜌, (c) 𝜌1 [ordinate], and wildlife population 𝑊 (𝑡) versus (d) 𝛽2 (e) 𝜌 and (f) 𝜌2 [ordinate] computed at 
𝑡 = 8.

PRCC values for 𝜌 and 𝜌2 indicate that an increase in these parameters will increase the density of forest biomass leading to an 
increase in the density of forest–dependent wildlife population. Conversely, the negative PRCC value for 𝛽2 suggests that any efforts 
to decrease the rate of forest depletion due to human activities will increase the density of forest biomass and forest–dependent 
wildlife population. Parameters such as natural depletion rate of human activities (𝛾1), natural depletion rate of technological efforts 
(𝜌1) and human activities growth rate due to population pressure (𝜙2) are insignificant at the early time points. This implies that 
any attempts to control these parameters it is not advisable to be implemented at the initial stages. For human activities (𝐻) the 
sensitive parameters for the entire time span are growth rate of human population (𝜃), growth rate of human activities due to 
human population (𝛾), natural depletion rate of human activities (𝛾1), depletion rate of population pressure due to implementation 
of economic measures (𝜙1) and growth rate of human activities due to population pressure (𝜙2). A decrease in human activities is 
expected if efforts are made to reduce the values of 𝜃, 𝛾 and 𝜙2 based on the positive PRCC values associated with them. Conversely, 
an increase in the application of economic measures would result in a decrease in human activities due to the negative PRCC value 
of 𝜙1. In the context of population pressure (𝑃 ), the identified significant parameters over the entire time span are human population 
growth rate (𝜃), growth rate of population pressure (𝜙), depletion rate of population pressure due to economic measures (𝜙1), growth 
rate of economic measures (𝜔), and natural depletion rate of economic measures (𝜔1). These findings suggest that policies aimed at 
controlling population growth or implementing economic measures to curb the growth of population pressure should be carefully 
evaluated and implemented over a prolonged time frame.

Similarly, we extended the sensitivity analysis by considering the time invariant of the system dynamics. When 𝑡 = 8, representing 
an early time point in the system dynamics, and 𝑡 = 80, representing a later time point, the two specific time points were arbitrarily 
selected. The results are shown in Figs. 6(a)–6(d) and Figs. 7(a)–7(d), and they are consistent with the time–varying sensitivity 
analysis.

Furthermore, we performed significance tests to determine whether the PRCC values for the two parameters in relation to forest 
biomass 𝐵 varied significantly. Since the value of the PRCC can take any value from -1 to 1, before computing the p–values, we 
performed the Fisher transformation [29] to address the skewness in the distribution. The pairwise comparison was carried out for 
parameters whose PRCCs differed from zero significantly (p<0.05), the null hypothesis of no significant difference was tested for 
the compared sensitive parameters. The computed p–values between the compared parameters are presented in Table A.3. Further, 
the False Discovery Rate (FDR) adjusted p–values (see Table A.4) are computed to reduce the chance of making a Type 1 statistical 
error [36]. The p–values that are less than 0.05 are regarded as significantly different, and thus we fail to reject the null hypothesis. 
Utilising the results in Table A.4, the results of the pairwise comparison are presented in Table A.5, whereby the output is “TRUE” 
when the compared PRCCs values are observed to be significantly different (p<0.05) and “FALSE” when they are insignificantly 
12

different (p>0.05), thus rejecting the null hypothesis. We observed that the most of the sensitive parameters also differ significantly.
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Fig. 5. A visual representation showcasing the evolution of parameter sensitivity throughout the progression of the system dynamics. PRRC values over time span of 
100 years with respect to (a) forest biomass, 𝐵(𝑡) (b) forest–dependent wildlife population, 𝑊 (𝑡) (c) population pressure, 𝑃 (𝑡) and (d) human activities, 𝐻(𝑡).

The time variations of forest biomass, population pressure, and human activities when technological efforts (𝜌) and economic 
measures (𝜔) are in place versus when they are not are shown in Figs. 8(a)–8(c). From this figure we observed that technological 
efforts increase the density of forest biomass, while economic measures reduce the intensity of population pressure, ultimately leading 
to decrease in human activities.

5. Discussion and conclusion

The need to conserve forest resources while meeting the demands for forest products may not be overemphasised. Studies consis-
tently show that the continuous increase in human population and the corresponding increase in human activities exert significant 
pressure on both the intrinsic growth rate and carrying capacity of forests. The increase in human population size and its associated 
activities motivate more people to move into the forest areas for the purpose of establishing settlements, agricultural lands, and 
different economic activities. This paper explores the conservation of forest biomass and wildlife species that are reliant on forest 
ecosystems, considering the dynamics of human population and its associated activities. The study proposed the use of economic 
measures such as property rights, market charge systems, fiscal instruments, and livelihood support to reduce population pressure 
on forest resources. These economic measures serve the dual purpose of meeting the livelihood needs of individuals dependent on 
forest resources while concurrently alleviating the pressure exerted on these resources. Moreover, technological efforts are being 
13

proposed to enhance forest biomass density. These efforts involve the utilisation of drones in the seeding process and the adoption 
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Fig. 6. The sensitivity analysis of the dynamics of the model output for 𝑛 = 1000 simulations with time constancy. PRRCs values with respect to (a) forest biomass, 
𝐵(𝑡) (b) forest–dependent wildlife population, 𝑊 (𝑡) at 𝑡 = 8 (c) forest biomass 𝐵(𝑡) and (d) forest–dependent wildlife population, 𝑊 (𝑡) at 𝑡 = 80.

of genetically modified seeds that exhibit resilience to adverse environmental conditions and accelerated growth, thereby increasing 
the overall density of forest biomass. The analysis of the model was conducted using the stability theory of differential equations 
which reveals six non–negative equilibrium points. While the local stability of the interior equilibrium point was not immediately 
evident, we established the conditions for both local and global stability of the interior equilibrium point by employing the theory of 
Lyapunov function.

Furthermore, we conducted uncertainty and sensitivity analysis using the Latin Hypercube Sampling (LHS) and Partial Rank Cor-
relation Coefficient (PRCC) method, which is a correlation–based approach to assess the impact of input model parameter uncertainty 
on model outputs. Our findings indicate that some of the most sensitive parameters include the implementation rate of economic 
measures (𝜔), depletion rate of population pressure due to economic measures (𝜙1), implementation rate of technological efforts 
(𝜌), and growth rate of forest biomass due to application of technology (𝜌2). These results suggest that the management measures 
proposed in our study could be valuable for achieving sustainable forest management while satisfying the demands of the human 
population for forest resources. Nevertheless, the fact that these parameters are sensitive over the entire time span suggests that the 
measures should be evaluated and implemented over a prolonged time frame. This would allow for a comprehensive assessment of 
their effectiveness in achieving sustainable forest management. Furthermore, despite the fact that both economic and technological 
14

efforts have demonstrated to be potential measures, these efforts can only be used to a limited extent. The stability analysis of the 
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Fig. 7. The time–invariant sensitivity analysis of the dynamics of the model for 𝑛 = 1000 simulations. PRRCs values with respect to (a) population pressure, 𝑃 (𝑡) (b) 
human activities, 𝐻(𝑡) at 𝑡 = 8 (c) population pressure, 𝑃 (𝑡) and (d) human activities, 𝐻(𝑡) at 𝑡 = 80.

Fig. 8. Impact of technological efforts to increase the density of forest biomass and economic measures to reduce the intensity of population pressure. Variations of (a) 
forest biomass with time when there is no technological efforts (𝜌 = 0) and when are in place (𝜌 ≠ 0) (b) population pressure with time when no economic measures 
15

are applied (𝜔 = 0) and when are in place (𝜔 ≠ 0) (c) human activities with time when no economic measures are applied (𝜔 = 0) and when are in place (𝜔 ≠ 0).



Heliyon 9 (2023) e16948I.M. Fanuel, S. Mirau, D. Kajunguri et al.

interior equilibrium provides conditions that must be met for the system to be stable, further attempts to apply measures that violate 
the stability conditions will destabilise the system.

Overall, our uncertainty and sensitivity analysis using the LHS/PRCC method provides valuable insights into the most significant 
parameters, which can inform forest management policies aimed at balancing ecological, social, and economic objectives. However, 
the approach assumes input model parameters and model output exhibit monotonicity and non–linear relationship which may not 
hold true in certain scenarios. To obtain a more comprehensive evaluation of model uncertainties, future research could combine the 
approach with other sensitivity indices such as variance–based methods (e-FAST and Sobol) that do not require the assumption of 
monotonicity. By combining these approaches, we might gain a better understanding of how specific parameter changes impact the 
output variability, however, the issue of computational costs should be taken into account as most of the variance–based methods 
are prone to computational resources [15].
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Appendix A. Tables

Table A.1

Estimated parameter values.

Parameter Initial value Source Estimated values Parameter Initial value Source Estimated values

𝑠 0.8 [7] 0.69 𝜙0 0.5 [11] 0.4323

𝛼 0.05 [13] 0.0487 𝜙 0.1 [11] 0.09

𝜂 0.9 [13] 0.8045 𝜙1 0.01 [37] 0.011

𝛽1 0.003 [20] 0.0029 𝜙2 0.2 Assumed 0.18

𝛽2 0.0004 Assumed 0.0004 𝜌 0.01 [38,11] 0.028

𝜈1 0.002 [20] 0.002 𝜌1 0.03 [38,11] 0.0738

𝜈2 0.0001 [20] 0.0001 𝜌2 0.02 [11] 0.0215

𝜃 0.5 [20] 0.75 𝜔 0.05 [37] 0.0524

𝜆 0.05 [20] 0.045 𝜔1 0.1 [11] 0.1067

𝜎 0.001 [20] 0.0012 𝜋 0.002 [20] 0.023

𝛾 0.004 Assumed 0.0039 𝛾1 0.01 [20] 0.0429

Table A.2

Mean values and ranges of parameters values used in LHS.

Parameter Range Mean value Source Parameter Range Mean value Source

𝑠 [0.01 – 1] 0.69 Fitted 𝜋 [0 – 1] 0.023 Fitted

𝐿 – 100 [7] 𝛾 [10−4 – 0.4] 0.0039 Fitted

𝛼 [10−4 – 0.09] 0.0487 Fitted 𝛾1 [10−3 – 0.05] 0.0429 Fitted

𝜂 [00.8045– 1] 0.8045 Fitted 𝜙0 [0.01 – 0.9] 0.4323 Fitted

𝛽1 [10−4 – 0.3] 0.0029 Fitted 𝜙 [0.01 – 0.9] 0.09 Fitted

𝛽2 [10−5 – 0.04] 0.0004 Fitted 𝜙1 [10−4 – 0.5] 0.011 Fitted

𝜈1 [2 × 10−4 – 0.2] 0.002 Fitted 𝜙2 [0.02 – 0.9] 0.18 Fitted

𝜈2 [2 × 10−5 – 0.1] 0.0001 Fitted 𝜌 [0.01 – 0.8] 0.028 Fitted

𝜃 [0.01 – 1] 0.75 Fitted 𝜌1 [10−3 – 0.5] 0.0738 Fitted

𝑀 – 100 [7] 𝜌2 [10−4 – 0.6] 0.0215 Fitted

𝐾0 – 20 [13] 𝜔 [0.01 – 0.5] 0.0524 Fitted

𝐾1 – 3 [13] 𝜔1 [0.003 – 0.8] 0.1067 Fitted
16

𝜆 [0 – 1 ] 0.045 Fitted 𝜎 [10−3 – 0.1] 0.0012 Fitted
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Table A.3

Pairwise PRCC comparisons (unadjusted p-values).

𝛽2 𝜃 𝛾1 𝛾 𝜙 𝜙1 𝜙2 𝜌 𝜌1 𝜌2 𝜔 𝜔1

𝛽2 6.80e-11 0 1.36e-11 0 0 1.50e-05 0 0.12 0 0 0
𝜃 0 0.81 0.006 0 0.028 0 6.61e-16 0 0 0.002
𝛾1 0 0 9.3e-07 0 2.21e-11 0 2.21e-11 9.336e-07 0
𝛾 0.011 0 0.015 0 0 0 0 0.005
𝜙 1.31e-13 7.077e-07 0 0 0 1.31e-13 0.8215
𝜙1 0 0 0 0 1 7.037e-13
𝜙2 0 4.40e-09 0 0 2.163e-07
𝜌 0 1 0 0
𝜌1 0 0 0
𝜌2 0 0
𝜔 7.037e-13
𝜔1

Table A.4

Pairwise PRCC comparisons (FDR adjusted p-values).

𝛽2 𝜃 𝛾1 𝛾 𝜙 𝜙1 𝜙2 𝜌 𝜌1 𝜌2 𝜔 𝜔1

𝛽2 9.13e-11 0 1.95e-11 0 0 1.753e-05 0 0.1332 0 0 0
𝜃 0 0.84 0.006 0 0.030 0 1.072e-15 0 0 0.003
𝛾1 0 0 1.141e-06 0 3.04e-11 0 3.04e-11 1.141e-06 0
𝛾 0.01269 0 0.016 0 0 0 0 0.006
𝜙 2.025e-13 8.982e-07 0 0 0 2.0e-13 0.8472
𝜙1 0 0 0 0 1 1.03e-12
𝜙2 0 5.81e-09 0 0 2.7e-07
𝜌 0 1 0 0
𝜌1 0 0 0
𝜌2 0 0
𝜔 1.03e-12
𝜔1

Table A.5

Parameters different after FDR adjustment?

𝛽2 𝜃 𝛾1 𝛾 𝜙 𝜙1 𝜙2 𝜌 𝜌1 𝜌2 𝜔 𝜔1

𝛽2 TRUE TRUE TRUE TRUE TRUE TRUE TRUE FALSE TRUE TRUE TRUE
𝜃 TRUE FALSE TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
𝛾1 TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
𝛾 TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
𝜙 TRUE TRUE TRUE TRUE TRUE TRUE FALSE
𝜙1 TRUE TRUE TRUE TRUE FALSE TRUE
𝜙2 TRUE TRUE TRUE TRUE TRUE
𝜌 TRUE FALSE TRUE TRUE
𝜌1 TRUE TRUE TRUE
𝜌2 TRUE TRUE
𝜔 TRUE
𝜔1
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