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ABSTRACT

Rabies remains a critical global public health concern, particularly in regions with dense free
roaming dog populations serving as viral reservoirs. This study develops a mathematical model
using ordinary differential equations (ODEs) to analyze the transmission dynamics of rabies
among humans, free-range, and domestic dogs. By leveraging next-generation matrices, the
basic reproduction number % is derived to assess disease persistence. The study establishes
that the disease-free equilibrium is globally asymptotically stable when %y < 1, while the en-
demic equilibrium remains stable when %y > 1. To identify the key drivers of rabies trans-
mission, the Partial Rank Correlation Coefficient (PRCC) analysis was conducted. The results
revealed that contact rates between infectious agents and hosts play a significant role in in-
fluencing the spread of rabies. A comparative analysis between Stochastic Continuous-Time
Markov Chain (CTMC) and deterministic models provides insights into rabies persistence. The
stochastic threshold was determined using a multitype branching process, demonstrating the
influence of stochasticity on disease extinction probabilities. Simulations using 10 000 sample
paths affirmed that stochastic models closely align with deterministic predictions while captur-
ing variability in outbreak probabilities, particularly in low-infection scenarios. The integration
of environmental reservoirs and multi-host interactions further strengthens the model’s applica-
bility while also recommending keeping dogs indoors. Numerical simulations employing mesh
and contour plots illustrate an inverse relationship between the effective reproduction num-
ber #Z, and control measures. Strategies such as domestic dog vaccination, health promotion,
and post-exposure treatment effectively reduce rabies transmission, with vaccination and treat-
ment emerging as the most impactful interventions for achieving disease elimination within five
years. Optimal control models substantiate these findings, emphasizing the need for sustained
community engagement and multifaceted intervention strategies. To align with the Global Ra-
bies Control (GRC) initiative by 2030, this study advocates for comprehensive control measures
prioritizing the regulation of free-range and domestic dogs, increased vaccination efforts, and
targeted health interventions. By integrating deterministic and stochastic modeling approaches,
this research provides a robust framework for understanding rabies dynamics and optimizing

control strategies to mitigate its public health burden.



AUTHOR’S DECLARATION

I, Mfano Charles, do hereby declare to the Senate of Nelson Mandela African Institution of

Science and Technology that this dissertation titled: Mathematical Modelling and Analysis of

Emerging and Re-emerging of Rabies Transmission Dynamics: Deterministic and Stochastic

Approaches with Control Strategies is my own original work and that it has neither been

submitted nor presented for degree award in any other institution.

Mfano Charles
Candidate

e

Signature

The above declaration is confirmed

Prof. Dr-Ing. Verdiana G. Masanja
Supervisor

Prof. Dr-Ing. Delfim F. M. Torres
Supervisor

Prof. Sayoki G. Mfinanga

Supervisor

Dr. Geminpeter Augustino Lyakurwa

Supervisor

WM@

Signature

CQlfe T S

Signature

Mifumi {Jfﬁr

Signature

Signature

il

January 27, 2026
Date

January 27, 2026
Date

January 27, 2026
Date

January 27, 2026
Date

January 27, 2026
Date



COPYRIGHT

This dissertation is copyright material protected under the Berne Convention, the Copyright Act
of 1999 and other international and national enactments, in that behalf, on intellectual property.
It must not be reproduced by any means, in full or in part, except for short extracts in fair deal-
ing; for researcher private study, critical scholarly review or discourse with an acknowledgment,
without a written permission of the Deputy Vice- Chancellor for Academic, Research, and In-
novation, on behalf of both the author and the Nelson Mandela African Institution of Science

and Technology.

il



CERTIFICATION

The undersigned certify that they have read and hereby recommend for acceptance by the Nel-
son Mandela African Institution of Science and Technology the dissertation entitled: Mathemat-
ical Modeling and Analysis of Emerging and Re-emerging of Rabies Transmission Dynamics:
Deterministic and Stochastic Approaches with Control Strategies, in fulfillment of the require-
ments for the degree of Doctor of Philosophy in Mathematical and Computer Sciences and

Engineering of the Nelson Mandela African Institution of Science and Technology.

The above declaration is confirmed

Prof. Dr-Ing. Verdiana G. Masanja L January 27, 2026
Supervisor Signature Date

— 5
Prof. Dr-Ing. Delfim F. M. Torres Q}Jf o S s January 27, 2026

Supervisor Signature Date

W,m Mfﬁt
Prof. Sayoki G. Mfinanga January 27, 2026

Supervisor Signature Date
Dr. Geminpeter Augustino Lyakurwa January 27, 2026
Supervisor Signature Date

v



ACKNOWLEDGEMENTS

The journey over the past three years has been both enriching and intellectually rewarding. |
would like to extend my heartfelt gratitude to all those who have directly or indirectly con-

tributed to the successful completion of this dissertation.

Firstly, I would like to dedicate this work to my almighty God, without whom my efforts would
not have borne fruit. He is my source of strength, guidance, and enlightenment throughout this
endeavor. I am particularly thankful for the blessings of life and good health, as well as for

divine guidance, protection, and love.

I extend my deep appreciation to my supervisors: Prof. Dr-Ing. Verdiana Grace Masanja,
Adjunct Professor at NM-AIST, Arusha, Tanzania; Prof. Dr-Ing. Delfim F. M. Torres of the
University of Aveiro, Portugal; Prof. Sayoki G. Mfinanga (MD) of the National Institute for
Medical Research (NIMR) in Dar es Salaam, Tanzania; and Dr. Gemnipeter A. Lyakurwa of
NM-AIST, Arusha, Tanzania. I am particularly grateful for their patience and understanding as

I navigated various challenges during this period.

I would also like to acknowledge my fellow PhD Scholar in AMCS program: Trazias Herman,
Mussa Amos Stephano, Alex Mwalyego, Christopher Ngalya, Sr. Serapia Soka, Philbert F.
Mushumbusi, Gideon Eustance Rwabona, Erick Kyojo, Sifa Baseka, and Edwiga Renald. The
mutual encouragement and camaraderie we shared during our research endeavors were invalu-
able.

Furthermore, I must express special gratitude to my family, who had to endure my prolonged
absence during this academic pursuit. During challenging times when I felt disheartened, my
beloved wife, Violeth Peter Mchau, my sons, Ivan and Ethan, and my daughters, Gabriella and
Aryana, served as my pillars of strength, motivating me to persevere. Their understanding and
support, particularly during my focused research periods, were vital to the completion of my
studies at NM-AIST.

Finally, I wish to thank my parents Sophia Mfano and Charles Petro for their unwavering love,
encouragement and unconditioned support. Additionally, I am deeply appreciative of the fi-
nancial assistance provided by the College of Business Education (CBE) in Dar es Salaam,

Tanzania, which made this work possible.



DEDICATION

This dissertation is dedicated to my esteemed parents, Charles Petro Magudule and Sophia
Mfano Kachilabusa, whose invaluable guidance has significantly influenced my academic

endeavours throughout my life.

vi



TABLE OF CONTENTS

ABSTRACT . . . e e 1
DECLARATION . . . . . e e e il
COPYRIGHT . . . . . e il
CERTIFICATION . . . . e e e e e e e e v
ACKNOWLEDGEMENTS . . . . . o e v
DEDICATION . . . . . e e e vi
TABLE OF CONTENTS . . . . . . . e e e e vii
LIST OF ABBREVIATIONS . . . . . . . e xi
LISTOF TABLES . . . . . e e e e Xii
LISTOF FIGURES . . . . . e e e Xiii
CHAPTER ONE . . . . . s e e e 1
INTRODUCTION . . . . e e e e e e e e 1
1.1 Background of the Problem . . . . . . . ... ... ... ... .......... 1
1.1.1  Economic Burdenof Rabies . . . . . ... ... ... .......... 2

1.1.2 Rabies Control Strategies and Costs in Tanzania. . . . . . ... ... .. 2

1.1.3  Role of Mathematical Modelling in Rabies Research . . . . . ... ... 5

1.1.4 Transmission Dynamics of the Rabies Diseases . . . . . . ... ... .. 5

1.1.5 Symptoms of Rabies Diseases . . . . . .. ... ... ... ....... 6

1.1.6  Environmental Determinants of Rabies Transmission . . . . . . . . . .. 6

1.2 Statementof the Problem . . . . . . . . ... ... oo 7

1.3 Research Objectives . . . . . . . . . . . . . . e 7
1.3.1 MainObjective . . . . . . . . . . . e 7

1.3.2  Specific Objectives . . . . . . . . . . . e 7

vii



1.4 Research Questions . . . . . . . . . . . . v v i i i e 8

1.5 Rationaleofthe Study . . . . . . . . .. ... . 8

1.6 Significance of the Study . . . . . . . . . . ... L 9

1.7 Delineationof the Study . . . . . . . ... .. . oo 10
CHAPTER TWO . . . . . . e e e 11
LITERATURE REVIEW . . . . . . . e e 11
2.1 Introduction . . . . . . . . ... 11

2.2 Mathematical Models on the Trasmission Dynamics of Rabies . . . . . ... .. 11

2.3 Non-Mathematical Modelling on the Trasmission Dynamics of Rabies . . . . . . 14
2.4 Key Observation in Rabies Research Agenda . . . . . . ... ... ... .... 15
CHAPTER THREE . . . . . . . . e 16
MATERIALS AND METHODS . . . . . . . e 16
3.1 Introduction . . . . . . . . ... 16

3.2 Formulation of the Model without Intervention . . . . ... ... ... ..... 16
3.2.1 Model Assumptions . . . . . . . ... e 18

3.2.2 Description of Model Interaction . . . . . . ... ... ... ....... 20

3.3 Model Parameters and Variables . . . . . ... ... ... L0 21
3.3.1 Description of State Variables . . . . ... ... ... ... ....... 21

3.3.2 Description of Model Parameters . . . . . .. ... ... ........ 22

333 FlowDiagram . . .. ... ... .. ... 23

33.4 Model Equations . . . ... ... ... ... ... 23

3.4 Properties of the RabiesModel . . . . . .. ... ... ... ... ... ... 24
34.1 Model’s InvariantRegion . . . . . .. ... ... ... .......... 24



4.1

3.4.2 Positivity of the Solution . . . . . . ... ... oo
3.5 Model Analysis . . . . . . . . e e e
3.5.1 Rabies Disease Free Equilibrium Point (&) . . . . . . . ... ... ...
3.5.2 The Basic Reproduction Number, Zy . . . . ... ... ... ......
3.5.3 Existence of the Steady State Solution &™* . . . . . . ... ... .....
3.6 Stability Analysis . . . . . ...
3.6.1 Local Stability of the Disease Free Equilibrium Point &, . . . ... . ..
3.7 Global Stability of the Disease Free Equilibrium Point . . . . . .. .. ... ..
3.8 Global Stability of Endemic Equilibrium Point & . . . . . .. ... ... ....
3.9 Rabies StochasticModel . . . . . .. ... . oo
3.9.1 Positivity of the Model (3.57) . . . . ... ... ... ... .. ... ..

3.9.2 Rabies Continuous Time Markov Chain (CTMC) Stochastic Model
3.9.3 Multitype Branching Process . . . . . . . ... ... ... ........
3.10 Mathematical Model with Control Strategies . . . . . . ... ... .. .. ...
3.11 Formulation of the Optimal Control Problem . . . . ... ... ... ... ...
3.12 Analysis of the Optimal Control Problem . . . . . .. ... ... ... .....
3.12.1 Existence of a Unique Optimal Control . . . . . .. .. ... ... ...
3.12.2 Characterization of the Optimal Control . . . . . . ... ... ... ...
CHAPTER FOUR . . . . s e e e e e

RESULTS AND DISCUSSION . . . . . . e

Introduction . . . . . . . . . e
4.1.1 Model Fitting . . . . . . .. .. L

4.1.2 Parameter Value and Estimation . . . . . . . . . . . . . . ... .....

X



4.1.3 Evaluation of Error Metrics and Model Performance . . . . ... . . .. 78

4.1.4 Local Sensitivity Analysis . . . . . . . .. ... .. ... ... ... 82

4.1.5 Global Sensitivity Analysis (GSA) . . . . .. . ... ... .. ... 84

4.2 Numerical Results for Deterministic Model . . . . . . .. ... ... ... ... 90
4.2.1 Effect of Varying the Most Sensitive Parameters . . . . . . . ... ... 93

4.2.2 The Correlation Coefficients in Rabies Transmission Dynamics . . . . . 97

4.3 Numerical Results for CTMC Stochastic Model . . . . . .. ... ... .. ... 99
4.4 Numerical Simulations for Optimal Control Model . . . . .. .. ... .. ... 107
44.1 Comparisonbetween Zoand Zy . . . . . . . ..o 108
CHAPTER FIVE . . . . 123
CONCLUSIONS AND RECOMMENDATIONS . . . .. ... ... ... .. ..... 123
5.1 Conclusions . . . . . . oL e 123
5.2 Recommendations . . . . . . . . . .. ... 124
5.2.1 Limitationofthe Study . . . . . . .. ... ... ..o oL 125
REFERENCES . . . . . e 126
RESEARCH OUTPUTS . . . . . . . e e e 133
APPENDICES . . . . . e 133
PUBLICATIONS . . . . . e e e e 170



CDC
CTMC

DALYs
FAO
LGDs
LMICs
MDV
MoLF
NRCs
PEP
PFU/mL
SEIV
WHO

LIST OF ABBREVIATIONS
Centers for Disease Control and Prevention
Continuous Time Markov Chain
Disability adjusted life Years
Food and Agriculture Organization of the United Nations
Livestock Guardian Dogs
Low-and middle income Countries
Mass dog vaccination
Ministry of Livestock and Fisheries
The National Rabies Control Strategy
Post-exposure Prophylaxis
Plaque Forming Units per milliliter
Susceptible-Exposed-Infectious-Vaccinated

World Health Organization

xi



Table 1:

Table 2:

Table 3:

Table 4:

Table 5:

Table 6:

Table 7:

Table 8:

Table 9:

LIST OF TABLES

Projected Budget for the Rabies Elimination Strategy (2019-2028) in millions TZS

(NRGCs, MOLF, 2019) . . . .o e e 3
Model state variables and their descriptions . .. ........... ... ... ... . . ..., 21
Model parameters and their descriptions. . . ...ttt 22
State transitions and rates of occurrence forthe CTMC . .................... 53

Estimated model parameters (Year™!), initial guess for parameters (Year™!) and

their TESPECHIVE SOUICE . . . . v vttt ettt e et e e e e e e e 70
Quantitative Assessment of Model Performance .......................... 78
Sensitivity indexes for Zp parameters. . ... .......o.uiii i 83
Correlation Coefficients of Rabies Transmission Dynamics. . ................ 98
Probabilities of extinction and outbreak ......... ... ... ... .. .. o .. 107

Xii



Figure
Figure
Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

10:

11:

12:

13:

14:

15:

LIST OF FIGURES

Transmission dynamics of rabies to humans (Paul, 2024) . . . . . .. . .. 5
Basic Compartmental Model Diagram . . . . . . . ... .. ... ..... 23
Compartmental diagram for rabies transmission with control . . . . . . . . 61

Model (3.5) fitting against reported incidence data of infected humans
rabies Iy (¢) from 1990t0 2018 . . . . . . .. ... ... 68

Model fitting and scatter plot with parameter estimate for human popu-

lation with standard deviation ¢ = 0.05 and confidence interval (C.I.) =

Model fitting and scatter plot with parameter estimate for free range dogs
with standard deviation ¢ = 0.05 and confidence interval (C.1.)=95% . . . 72

Model fitting and scatter plot with parameter estimate for domestic dogs
with standard deviation o = 0.05 and confidence interval (C.1.) =95% . . . 72

Normal distribution of the rabies model variable with standard deviation

0=0.05 and Confidence interval (C.I1.)=95% for human population . . . . . 73

Normal distribution of the rabies model variables with standard deviation

0=0.05 and Confidence interval (C.1.)=95% for free-range dogs population 73

Normal distribution of the rabies model variable with standard deviation

0=0.05 and Confidence interval (C.I1.)=95% for domestic dogs population . 74
Normal distribution plots (a-f ) of parameter values . . . . . . . ... ... 75

The sample autocorrelation of the residuals in relation to human popula-

tion indicating the lack of significance at the 5% level . . . . .. ... .. 76

The sample autocorrelation of the residuals in relation to domestic dogs

indicating the lack of significance at the 5% level . . . . . . . . ... ... 76

The sample autocorrelation of the residuals in relation to free range indi-
cating the lack of significance at the 5% level . . . . . . . ... ... ... 77

The sample autocorrelation of the residuals in relation to environment

indicating the lack of significance at the 5% level . . . . . . .. ... ... 77

Xiii



Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

16:

17:

18:

19:

20:

21:

22:

23:

24:

25:

26:

27:

28:

29:

30:

31:

32:

33:

Comparison of Mean Absolute and Relative Errors forNg . . . . . . . .. 79
Comparison of Mean Absolute and Relative Errors forNp . . . . . . . .. 79
Comparison of Mean Absolute and Relative Errors for Np . . . . . . . .. 80
Comparison of the Model and Fitted Solution of model (3.5) for Ny . . . . 80
Comparison of the Model and Fitted Solution of model (3.5) for Np . . . . 81
Comparison of the Model and Fitted Solution of model (3.5) for Np. . . . 81
Comparison of the Model and Fitted Solution of model (3.5) forM . . . . 82
Effect of (a) k1, k» and (b) v , y, withrespectto Zy . . . . . ... ... 83

Sensitivity analysis of the model output Iy, showing (a) the time-

invariant, and (b) the time-variant profile across the simulation period . . . 85

Sensitivity analysis of the model output Ir, showing (a) the time-

invariant, and (b) the time-variant profile across the simulation period . . . 86

Sensitivity analysis of the model output Ip, showing (a) the time-

invariant, and (b) the time-variant profile across the simulation period . . . 86

Sensitivity analysis of the model output M, showing (a) the time-

invariant, and (b) the time-variant profile across the simulation period

........................................ 87
Probability distribution of sampled input parameters for Np . . . . . . . . 88
Probability distribution of sampled input parameters for Ny. . . . . . . . 89
Probability distribution of sampled input parameters for Np . . . . . . . . 89
Convergence to the equilibrium point for varying initial values when
Ro<landwhenRyg>1 ... .. ... .. .. ... . . ... . . ..... 90
Convergence to the equilibrium point for varying initial values when
Ry<landwhenRyp>1 .. .. ... ... ... . ... ... .. ..... 91
Population dynamics for all Human , Free range and Domestic dogs . . . 92

X1V



Figure

Figure

Figure

Figure

Figure
Figure
Figure
Figure

Figure

Figure
Figure
Figure
Figure
Figure

Figure

Figure

34:

35:

36:

37:

38:

39:

40:

41:

42:

43:

44

45:

46:

47:

48:

49:

Population dynamics rabies concentrationinM . . . . ... ... .. 93

Simulation results of model (3.5) for (a) Ey and (b) Iy with respect to contact

1 94

Simulation results of model (3.5) for (a) Ep and (a) Ip with respect to contact

Simulation results of model (3.5) for (a) to (b) for Er and (c) to (d) for I for

with respect to contact rate K . . . . . . . ... .o u e e e e e e 96
Impact of p on the transmission dynamics of rabies for Np of model (3.5) . . . . 97
Correlation for Iy, Ir, Ip with M for rabies transmission . . . . . . . . . . 98
Correlation between Iy, Ir, Ip rabies transmission . . . . . . . . . .. .. 99
Stochastic and deterministic rabies transmission dynamics in humans . . . 100

Stochastic and deterministic rabies transmission dynamics in (a) Free

range dogs (b) Environment . . . . . ... ... L0 100

Stochastic and deterministic rabies transmission dynamics in Domestic dogs100

Stochastic trajectory of human due to impact of contactrate T . . . . . . . 101
Stochastic trajectory of Environment due to impact of shedding rate v . . 102
Stochastic trajectory of Free range dogs due to impact of contact rate k¥ . . 102
Stochastic trajectory of domestic dogs due to impact of contact rate y . . 103

Comparison of Deterministic (dotted lines) and CTMC sample paths for
rabies transmission dynamics: (a) susceptible humans and (b) exposed

humans . . . . . . . e 104

Comparison of deterministic (dotted lines) and CTMC sample paths for
rabies transmission dynamics: (a) infected humans and (b) recovered hu-

MANS .+ . v v o e e e e e e e e e e e e e e e 104

XV



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure

Figure

50:

51:

52:

53:

54:

55:

56:

57:

58:

59:

60:

61:

62:

63:

64:

65:

Comparison of deterministic (dotted lines) and CTMC sample paths for
rabies transmission dynamics: (a) susceptible domestic dogs and (b) ex-

posed domesticdogs . . . . . .. ... 105

Comparison of deterministic (dotted lines) and CTMC sample paths for
rabies transmission dynamics: (a) infected domestic dogs and (b) recov-

ereddomesticdogs . . . . . . ... 105

Comparison of deterministic (dotted lines) and CTMC sample paths for
rabies transmission dynamics: (a) susceptible free range dogs (b) ex-

posed free range dogs and (c) infected free range dogs . . . . . . . . . .. 106

Mesh and contour plots showing the integrated effect of parameters on

(a) %, in terms of up and ug (b) Z, intermsof uyanduy . . . . . . . . .. 108

Mesh and contour plots showing the integrated effect of the parameters

on (a) %, in terms of up and ug (b) #, intermsof uzanduyg . . . . . . .. 109

Variations in %, and %, with respect to changes on (a) the rate that Sp
gets infection from /r and yq; (b) the rate that Sp gets infection from Ip
and W1 .. 109

The combined influence of parameters on %, (a) %, in terms of deter-

rence factors, p; and pp (b) Z, intermsof pyandp, . . . . . . ... ... 110
Impact of Strategy A to human population . . . ... .. ... ...... 111
Impact of Strategy A to domestic dogs population . . . . ... ... ... 111

Impact of Strategy A to free-range dogs and rabies virus in the environment 112
Impact of Strategy B to human population . . . .. ... ... ... ... 113
Impact of Strategy B to domestic dogs population . . . . ... ... ... 113
Impact of Strategy B to free-range dogs and rabies virus in the environment 114
Impact of Strategy C to human population . . . . ... ... ....... 115
Impact of Strategy C to domestic dogs population . . . . ... ... ... 115

Impact of Strategy C to free-range dogs and rabies virus in the environment 116

Xvi



Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure

Figure

66:

67:

68:

69:

70:

71:

72:

73:

74:

Impact of Strategy D to human population . . . . ... .. ... .. ... 117
Impact of Strategy D to domestic dogs population . . . . .. .. .. ... 117
Impact of Strategy D to free-range dogs and rabies virus in the environment 118
Impact of Strategy E to human population. . . . . . ... ... ... ... 119
Impact of Strategy E to domestic dogs population. . . . . ... ... ... 119
Impact of Strategy E to free-range dogs and rabies virus in the environment 120
Impact of Strategy J to human population . . . . . . ... ... ... ... 121
Impact of Strategy J to domestic dogs population . . . . . ... ... ... 121

Impact of Strategy J to free-range dogs and rabies virus in the environment 122

Xvii



CHAPTER ONE

INTRODUCTION

1.1 Background of the Problem

Rabies is a zoonotic viral disease that affects mammals, including humans, and is caused by the
Rabies lyssavirus. Following exposure, the virus travels from the infection site to the central
nervous system, resulting in severe neuroinflammation and progressive neurological decline
(De Benedictis et al., 2022; Kumar et al., 2023). This disease is present on every continent
except Antarctica and remains a significant public health threat, particularly in low- and middle-

income countries (LMICs).

Globally, approximately 95% of human rabies deaths occur in Asia and Africa, with an es-
timated 35 000 deaths annually in Asia and 25 000 in Africa (Mbilo et al., 2021; Tian et al.,
2018). These numbers are widely regarded as underestimates due to substantial under-reporting,
especially in rural and remote areas where limited healthcare infrastructure hampers timely case
detection and diagnosis (Acharya et al., 2021). Factors such as weak surveillance systems, a
lack of understanding of dog population dynamics, inadequate control of animal reservoirs, and
limited access to both pre-exposure and post-exposure prophylaxis (PEP) further obscure the
true burden of the disease (Patane et al., 2025).

In many endemic regions, free-roaming and unvaccinated dogs represent the primary reservoirs
for transmission, complicating control efforts (Charles et al., 2024; Zhu & Guo, 2016; Organiza-
tion, 2018). Tanzania exemplifies these challenges and, similar to many LMICs, is particularly
vulnerable to zoonotic diseases (Lushasi et al., 2021). Although rabies has been documented in
Tanzania since the 1930s, transmission persists, with approximately 1500 human cases reported

each year (Rweyemamu et al., 1973; Mpolya et al., 2017).

An estimated 1.5 million Tanzanians live in proximity to wildlife livestock human interfaces,
heightening the risk of disease spillover to humans, livestock, and domestic dogs (Mtema et al.,
2016). Despite the long-standing presence of rabies in the region, key epidemiological charac-
teristics including spatial spread, reservoir interactions, and mechanisms of persistence remain
insufficiently characterized. Addressing these gaps necessitates the strengthening of surveil-
lance systems and the implementation of evidence-based, sustainable control strategies (Komol
et al., 2020).



1.1.1 Economic Burden of Rabies

Rabies represents a significant global economic burden, with annual losses estimated at approx-
imately $8.6 billion (Rather & Vasavi, 2024). According to FAO (2017), roughly 6% of these
losses are attributable to livestock-related impacts. The economic burden associated with hu-
man rabies cases, measured in disability-adjusted life years (DALYSs), is estimated to be nearly
$4 billion each year (Anothaisintawee et al., 2019). Additionally, preventive and control mea-
sures, including mass vaccination campaigns and post-exposure prophylaxis (PEP), contribute
another $500 million to $583 million annually across Africa and Asia. Acknowledging the
urgency of this public health issue, the World Health Organization (WHO) initiated the “Zero
Rabies by 2030 program, which aims to eradicate human deaths from dog-mediated rabies by
2030 (Akinsulie et al., 2024). A crucial component of this strategy is mass dog vaccination

(MDV), which is widely regarded as a highly cost-effective intervention (Kanda et al., 2022).

1.1.2 Rabies Control Strategies and Costs in Tanzania

In Tanzania, vaccinating a single dog costs between $2.50 and $22.49, whereas treating an ex-
posed individual can cost approximately 200 000 Tanzanian shillings (about $75.64) (Stephen
et al., 2022). Economic analyses highlight the need for at least 40% vaccination coverage to
achieve cost-effectiveness, particularly in high-risk areas such as Ngorongoro and Serengeti
(Ramsey, 2017). Tanzania’s Rabies Control Strategy and projected budget for 2019-2028 (Ta-
ble 1), submitted to the World Organisation for Animal Health (WOAH), emphasizes improving
access to affordable vaccines and strengthening national eradication efforts. Consistent with this
strategic direction, local governments have begun allocating dedicated funds for MDYV, under-

scoring a growing commitment to sustainable and long-term rabies control (NCRs, 2019).
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1.1.3 Role of Mathematical Modelling in Rabies Research

Mathematical modeling has played a central role in understanding infectious disease dynamics
and has been particularly valuable in rabies research. These models help elucidate transmission
pathways, assess the impact of interventions, and account for key determinants such as human—
dog contact patterns and environmental differences between urban and rural settings. They
support predictive analyses and guide the development of effective control strategies. A wide
range of modeling frameworks has been applied to study rabies transmission in human and dog
populations (Abdulmajid & Hassan, 2021; Amoako et al., 2021; Ruan, 2017a; Ayoade et al.,
2019; Chapwanya & Dumani, 2022; Kadowaki et al., 2018; Ayoade & Ibrahim, 2023; Tulu
& Koya, 2017; Pantha et al., 2021). Collectively, these studies have identified major drivers
of transmission and evaluated diverse intervention strategies, contributing to evidence-based

policy design for rabies control and elimination.

1.1.4 Transmission Dynamics of the Rabies Diseases

Mammals, including humans, are at risk of contracting rabies through bites from rabid animals,
non-bite exposures such as scratches, open wounds exposed to infected saliva or other conta-
gious material, and inhalation of aerosolized rabies virus (Peng et al., 2022). Upon entering
the body through a bite, the rabies virus travels to the brain via nerve cells, where it rapidly
replicates. This results in pronounced inflammation of the central nervous system, particularly
affecting the brain and spinal cord, leads to rapid neurological degeneration and death (Oertli,
2019; Grieve, 2022).
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Figure 1: Transmission dynamics of rabies to humans (Paul, 2024)



According to the World Health Organization (WHO, 2017), dogs are the primary source of
rabies transmission for over 99% in endemic regions, with an estimated three billion people
living in rabies-affected areas worldwide (Organization, 2018; Pongsumpun & Puntani, 2022;
Jawaz et al., 2022). The CDC states that casual contact with infected individuals or exposure
to non-infectious bodily fluids such as urine, blood, or feces does not pose a risk of rabies
transmission. Furthermore, receiving a rabies vaccination does not constitute exposure, nor
does it require PEP (World Health Organization, 2006; Laishram et al., 2016).

1.1.5 Symptoms of Rabies Diseases

Symptoms of rabies typically appear between 20 days to 3 months after exposure, though they
may surface as early as one week or as late as one year, depending on factors such as the location
of the virus entry and the viral load. Common symptoms include fever, headaches, fatigue,
restlessness, anxiety, hallucinations, hydrophobia, difficulty swallowing, and paralysis. In rare
cases, the incubation period may extend up to 7 years. If not treated promptly with appropriate
medical care, such as vaccination, the disease can progress to a comatose state and ultimately
result in death (Nigg & Walker, 2009; Johnson et al., 2010; Hailemichael et al., 2022).

1.1.6 Environmental Determinants of Rabies Transmission

Although rabies is primarily transmitted through direct contact with virus-laden saliva via an-
imal bites, the possibility of indirect environmental transmission cannot be entirely excluded
(Rees et al., 2021). The rabies virus loses infectivity upon drying or exposure to sunlight and is
rapidly inactivated at temperatures above 50°C; however, it can survive for several hours to days
at ambient temperatures (Lugelo et al., 2020; Wilson, 2025). This environmental persistence
raises concerns about indirect exposure through contaminated surfaces, animal carcasses, and
shared resources, particularly in areas with poor sanitation, high densities of free-roaming dogs,

and inadequate veterinary infrastructure (Simon et al., 2019).

Urbanization and anthropogenic land-use changes further complicate rabies dynamics by in-
creasing contact between wildlife reservoirs (e.g., bats, foxes, jackals), humans, and domestic
animals (Marrana, 2022). Inadequate waste management in urban and peri-urban areas exac-
erbates the problem by attracting scavengers key rabies reservoirs such as stray dogs and wild
carnivores (Wright er al., 2021). These conditions sustain dense animal populations and pro-

mote rabies endemicity, especially where vaccination coverage is low.

Environmental factors also contribute to seasonal patterns in rabies transmission. Cooler tem-

peratures enhance viral survival, while breeding seasons and migration cycles among reservoir



hosts increase the number of susceptible individuals and intensify interspecies contact (Moran,
2020; Gilbert, 2023). Recognizing these ecological patterns is vital for effective control strate-

gies and predictive modeling.

1.2 Statement of the Problem

WHO estimates that rabies is responsible for approximately 60 000 deaths globally each year.
The majority of these fatalities occur in Asia and Africa, with an estimated 35 000 and 25 000
deaths, respectively, collectively comprising 86% of global rabies-induced mortality (Zhu &
Guo, 2016; Organization, 2018). In Tanzania, rabies accounts for approximately 1500 deaths
annually, representing 6% of Africa’s total rabies-related fatalities (Sambo et al., 2022). No-
tably, nearly 40% of rabies cases occur in individuals under the age of 15, underscoring the
disproportionate impact of the disease on pediatric populations in endemic regions (Ndii et al.,
2018). Despite the availability of rabies vaccination and post-exposure prophylaxis (PEP), ac-
cess remains limited due to high costs, leaving many infected individuals without treatment and

at risk of mortality.

The situation is further complicated by environmental factors, such as varying interaction rates
between dogs and humans, climate change and seasonality, which can exacerbate the spread
of rabies. Furthermore, conventional methods for treating and managing rabies remain chal-
lenging, exacerbated by the lack of diagnostic tests for pre-clinical rabies infection. Although
substantial research has been conducted (Sambo et al., 2013; Mtema et al., 2016; Mpolya et al.,
2017; Asamoah et al., 2017; Aydogan et al., 2020; Hou et al., 2012; Jawaz et al., 2022), a deeper
understanding of rabies persistence in dog populations and the associated human health risks
requires integrating stochastic and deterministic modeling approaches (Rysava et al., 2020).
Therefore, it is imperative to investigate the incidence of dog bites, estimate the likelihood of

rabies transmission, and assess the likelihood of clinical disease onset.

1.3 Research Objectives

1.3.1 Main Objective

The general objective of the study is to develop and analyze mathematical models of dog bites

and estimate probability of developing rabies.

1.3.2 Specific Objectives

The specific objectives are:



(i) To formulate and analyze a deterministic model that captures the transmission dynamics

of rabies in human and dog populations.

(i) To conduct parameter estimation and sensitivity analysis for a deterministic model of

rabies transmission in human and dog populations.

(i1i1) To quantitatively assess the performance of the deterministic model in predicting rabies

transmission .

(iv) To formulate and analyze a CTMC stochastic model for predicting the probability of

getting rabies disease.

(v) To assess the impact of various interventions used to control rabies disease transmission

using optimal control theory .

1.4 Research Questions

This study is influenced by the following research questions:

(1) How can we quantify the interactions and contact rates between humans and dogs to

incorporate them into the mathematical model?

(i1)) What are the potential intervention strategies for controlling rabies transmission, and how

can they be represented in the mathematical model?

(iii)) What are the key parameters and transition rates that should be incorporated into the

CTMC model to accurately predict the probability of contracting rabies?

(iv) How does uncertainty and parameter estimation influence the prediction of dog bite inci-

dents and the probability of rabies transmission?

(v) What are the key indicators and metrics to measure the performance of the model in

predicting the risk of rabies transmission?

1.5 Rationale of the Study

Dog bites represent a substantial global public health challenge, with millions of individuals
affected annually. Among the most severe consequences of dog bites is the transmission of
rabies, a fatal viral zoonosis spread primarily through the saliva of infected animals, particularly
dogs. Understanding the probability of rabies transmission and the factors driving its emergence

or re-emergence is therefore essential for effective prevention and control.



Mathematical models play a central role in predicting future patterns of disease transmission.
These models incorporate key determinants such as dog population demographics, vaccination
coverage, and environmental influences. By examining these variables, researchers can estimate
the likelihood and dynamics of rabies spread, thereby supporting more targeted public health

interventions and preventive strategies.

A comprehensive assessment of dog bites and rabies transmission requires a One Health per-
spective, which recognizes the interconnections of human, animal, and environmental health.
Mathematical modeling provides an effective platform for integrating insights from veterinary
science, epidemiology, ecology, and the social sciences. This interdisciplinary orientation deep-
ens understanding of the complex interactions among dog behavior, human exposure, and rabies

epidemiology, ultimately enhancing the design of robust and holistic control measures.

Therefore, conducting a study on the mathematical modeling of dog bites and the probability of
rabies transmission is crucial for addressing the substantial public health burden posed by this
disease. Through the combined use of epidemiological data, analytical modeling techniques,
and interdisciplinary collaboration, researchers can generate evidence that strengthens policy
development, informs intervention design, and supports long-term strategies to reduce dog-bite

incidence and mitigate rabies transmission risk.
1.6 Significance of the Study

Rabies has remained a global zoonosis, posing public health risks and economic loses world-
wide (Salyer et al., 2017). Statistics from WHO revealed that rabies transmitted by dogs is re-
sponsible for the loss of over 1.8 million DALY (disability adjusted life years) every year, with
direct and indirect economic costs (PEP, animal tests, dog vaccination, and livestock losses)
totaling $5.5 billion per year (Shwiff et al., 2018; Lembo et al., 2010). In addition, the costs
linked to the potential for human mortality contributed to the approximately $120 billion global
cost of canine rabies (Shwiff et al., 2018).

Therefore, this study has comprehensively examined the dynamics of rabies transmission be-
tween humans and dogs by employing mathematical modeling integrated with stochastic ap-
proaches. These methodologies capture the intrinsic randomness and uncertainty associated
with disease transmission, offering a more realistic and resilient analytical framework for as-
sessing the probability of rabies outbreaks. Consequently, the study provides critical insights
that can inform the design and implementation of strategic interventions. The outcomes of this
research contribute to the effective management and control of rabies, with the ultimate goal

of minimizing its public health burden and socioeconomic impacts through the following key



contributions:

@

(i)

(iii)

(iv)

v)

Enhancing public awareness of the transmission dynamics of rabies among human and

dog populations, thereby promoting proactive behavioral and health interventions.

Supporting nomadic pastoralist communities residing near wildlife reserves by identify-
ing practical strategies to protect their livestock from rabies infection, thereby safeguard-

ing their livelihoods and improving economic resilience.

Assisting educators, health professionals, and community leaders in disseminating knowl-
edge on rabies prevention and control through training programs, awareness campaigns,

workshops, media engagement, and educational seminars.

Recommending cost-effective and evidence-based control measures aimed at reducing

the risk of rabies transmission and mitigating its public health impact.

Contributing to the body of existing literature by offering a multidisciplinary perspective,
thus serving as a foundation for future research and policy development in rabies control

and prevention.

1.7 Delineation of the Study

This study focuses on modeling the transmission of rabies in humans and dogs. For the nu-

merical simulations, most parameter values were sourced from existing literature, while others

were estimated using least squares fitting based on data from the WHO. The optimal control

model takes into account four intervention measures: vaccination, treatment, and public aware-

ness campaigns. Strategies can involve any combination of one, two, or all four measures. The

prediction models were developed based on the dynamics of rabies transmission and include hu-

man, domestic dog, and free-ranging dog populations. The epidemiological data were gathered

from veterinary and public health reports.

10



CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Rabies modeling has advanced considerably over the past three decades, alongside major devel-
opments in mathematical methods for studying infectious disease ecology. These advancements
have enabled a deeper understanding of rabies virus dynamics and host—pathogen interactions
(Asamoah et al., 2017; Jeon et al., 2019). Classic models examining the spread of fox rabies in
Western Europe typically divide populations into four epidemiological compartments: suscep-
tible (S), exposed (E), infectious (I), and recovered or removed (R), and employ both ordinary

differential equations (ODEs) and stochastic agent-based simulations.

More recent work has strengthened these frameworks by integrating host demographic variabil-
ity, spatial heterogeneity, and environmental stochasticity, leading to more realistic depictions
of transmission dynamics. As a result, contemporary rabies models provide strong predictive
capacity for tracking spatial spread and now serve as essential tools for guiding public health
planning, especially when combined with optimal control strategies. In this chapter, we review
key mathematical models addressing rabies transmission in humans and dogs, continuous-time
Markov chain models for infectious diseases, optimal control and cost-effectiveness analyses

for environmentally transmitted infections, and relevant non-mathematical studies on rabies.
2.2 Mathematical Models on the Trasmission Dynamics of Rabies

Renald et al. (2020) developed a deterministic SEIV model to assess the impact of vaccina-
tion and culling on rabies transmission dynamics among domestic, stray, and Maasai dogs in
Arusha, Tanzania. The model was validated using five years of incidence data from the re-
gion. The next-generation matrix method was employed to compute the basic reproduction
number %, and the effective reproduction number Z,, which characterize disease persistence
in the absence of interventions and disease extinction under implemented control strategies,
respectively. Local and global stability of the disease-free equilibrium were established using
eigenvalue analysis and the Metzler matrix approach. Analytical findings demonstrated that
the disease-free equilibrium is locally and globally asymptotically stable whenever %y < 1.
Simulation results evaluating the relationship between %, vaccination coverage, and culling
rates further revealed that vaccination remains the most effective strategy for reducing rabies

transmission.
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Asamoah et al. (2021) developed a deterministic SEIR-type model to evaluate the impact of
dog vaccination and public health interventions on rabies transmission. Stability and sensitivity
analyses were employed to derive analytical expressions for the basic reproduction number %,
demonstrating that the stability of the endemic equilibrium is contingent upon maintaining vac-
cination coverage above a critical threshold. Through threshold theory and equilibrium analysis,
the study provides strong analytical clarity, offering public health authorities a concrete target
for vaccination efforts. Numerical simulations further illustrated that achieving vaccination lev-
els above the calculated threshold substantially reduces transmission and can drive the system

toward disease elimination.

Ayoade and Ibrahim (2023) developed a first-order nonlinear compartmental model (VDSD
EDTD ID: Vaccinated-Susceptible-Exposed-Treatment-Infected Dogs) to analyze rabies trans-
mission and control specifically within the dog population of Lagos State, Nigeria. Applying
threshold theory and stability analysis, the study derived the effective reproduction number Rp
and established conditions for disease-free and endemic equilibria. Using sensitivity analysis
and the concept of herd immunity, the key finding was that while the government’s campaign
to vaccinate 60% of dogs is a positive step, it is mathematically insufficient for eradication.
The model calculated that a herd immunity threshold of approximately 87% vaccination cov-
erage is required to eliminate the disease. More critically, bifurcation analysis revealed that a
vaccination-only strategy is inadequate due to the phenomenon of backward bifurcation, where
the disease can persist even when the reproduction number is below one. For a successful out-
come, the mass vaccination program must be integrated with two complementary interventions:
enhanced surveillance for the early detection and treatment of exposed dogs, and the culling of

infectious animals.

Hampson et al. (2020) used a metapopulation modelling framework based on interconnected de-
terministic compartmental systems to quantify the global rabies burden, with a focus on Africa
and Asia. Their methodology integrated SEIR-type transmission dynamics with empirical data
on spatial dog movement and connectivity between subpopulations, utilizing a data-driven pa-
rameterization approach that synthesized demographic, epidemiological, and mobility datasets.
Applying spatial simulation and burden estimation techniques, this approach highlighted how
high dog population turnover and unrestricted mobility are fundamental drivers of disease per-
sistence across regions. The model’s numerical simulations produced global burden estimates,
indicating substantial under-reporting and predicting that targeted vaccination in high-mobility
corridors could significantly reduce regional transmission. However, a significant limitation
persists: the uncertainty in foundational data, particularly for dog population estimates and
inter-regional contact rates, which can propagate through the model and affect the precision of

burden estimates in numerical outputs.
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Leung et al. (2021) constructed a stochastic branching-process model using probabilistic meth-
ods and Monte Carlo simulation to explore rabies spillover risks from domestic dog reservoirs
into wildlife populations. Their methodology involved parameterizing the branching process
with estimated reproduction numbers and cross-species transmission probabilities to quantify
the distribution of potential outbreak sizes following a spillover event. Their approach excelled
at capturing the inherent variability and chance in rare cross-species transmission events, dy-
namics often smoothed over or missed by deterministic mean-field models. The numerical
results from extensive simulations demonstrated that the tail of the outbreak size distribution is
heavy, leading to the key conclusion that even low-probability spillover events, when they occur,
can seed and sustain independent transmission cycles in wildlife reservoirs, thereby complicat-

ing long-term elimination efforts by creating new maintenance reservoirs.

Samanta and Chattopadhyay (2022) introduced time-dependent control strategies using an
SEIRS-type model, applying Pontryagin’s Maximum Principle from optimal control theory to
evaluate cost-effective vaccination and culling policies. Their methodology involved formu-
lating an objective function that minimized the total cost of interventions and infections over
a finite time horizon, then deriving the necessary optimality conditions to solve for the time-
varying control profiles. The numerical results, obtained by solving the resulting two-point
boundary value problem, revealed that a combined, dynamically adjusted strategy yields the
most significant and economically efficient reduction in rabies prevalence over time, with opti-

mal resource allocation shifting from high-intensity initial culling to sustained vaccination.

Zhao et al. (2023) extended classical deterministic frameworks by incorporating environmental
stochasticity random fluctuations in transmission rates using stochastic differential equations
(SDEs) based on Wiener processes. Their methodology involved deriving the probability den-
sity function of the infected population and performing stochastic stability analysis. Numeri-
cal simulations using Euler-Maruyama methods demonstrated that the intensity of this "noise"
strongly influences the probability of disease extinction, with simulation results showing that
even when % > 1, there remains a 15-30% probability of stochastic extinction within one year
depending on the noise amplitude. This finding underscores that chance environmental factors

can lead to unexpected outbreak fade-out or persistence.

Ali et al. (2024) developed a hybrid deterministic—stochastic rabies model where human infec-
tions followed deterministic ordinary differential equations (ODEs), while dog transmission was
modelled with randomness via a continuous-time Markov chain (CTMC). Their methodology
included Gillespie algorithm simulations for the stochastic component and analytical threshold
derivation for the deterministic framework. Numerical results from 10 000 Monte Carlo simula-

tions demonstrated "stochastic fade-out," showing that infections can die out by chance in 22%
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of outbreaks in small, localized dog populations N < 100 even when the deterministic threshold

suggests endemicity Zy > 1.

Mtema et al. (2025) constructed a spatially explicit deterministic model using reaction-diffusion
partial differential equations (PDEs) to analyse the interplay between dog mobility and hetero-
geneous vaccination coverage. Their methodology involved finite difference numerical solu-
tions on a two-dimensional grid with heterogeneous diffusion coefficients representing differ-
ential mobility. Numerical simulations demonstrated that patchy or spatially clustered vaccina-
tion creates transmission hotspots that act as sources for re-invasion, allowing rabies to persist
regionally despite adequate average coverage with simulations showing that even with 80%
overall coverage, local pockets of 40% coverage led to persistent hotspots that maintained re-

gional transmission.

Mbu et al. (2025) introduced a network-based mathematical model that captures heterogeneity
in dog-to-dog contact patterns by representing individual dogs as nodes and their interactions
as edges. Their approach employed both synthetic scale-free networks and empirically derived
contact structures informed by observational studies. The numerical results demonstrated that
high-degree nodes typically dominant or widely roaming dogs act as critical super-spreaders
that sustain rabies transmission. Notably, targeted vaccination of the top 20% highest-degree
individuals reduced the final outbreak size by approximately 73%, compared with only 52%

under random vaccination at equivalent coverage.

2.3 Non-Mathematical Modelling on the Trasmission Dynamics of Rabies

Sambo et al. (2014) provides one of the most influential non-mathematical investigations into
rabies by examining community knowledge, attitudes, and practices in Tanzania. Their cross-
sectional survey revealed that although most respondents recognised rabies as a fatal disease,
preventive behaviour such as timely post—exposure prophylaxis (PEP) seeking and routine dog
vaccination remained remarkably low. This gap between awareness and practice highlighted
how socio cultural beliefs, distance to health facilities, and reliance on traditional healers con-

tinue to hinder effective rabies prevention.

Qin et al. (2025) analyzed the global burden of rabies from 1990 to 2019 using Age-
Standardized Incidence Rates (ASIRs) and Estimated Annual Percentage Changes (EAPCs)
from Global Burden of Disease data. The study found a significant global decline of 43.1%
in rabies cases, with an EAPC of -3.35% , driven by major reductions in low- and middle-
income regions. However, progress was unequal, with the highest burden persisting in low

Socio-demographic Index areas, while some high-income regions saw increasing trends. The
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analysis concludes that rabies remains a major endemic threat in socio-economically disadvan-

taged regions, underscoring the critical need for targeted, equity-focused control strategies.

Acharya et al. (2020) explored the application of the One Health framework for rabies con-
trol. Through qualitative policy analysis, they found that weak intersectoral coordination and
limited diagnostic capacity frequently undermine integrated rabies management despite strong

theoretical endorsement of One Health approaches.

Bunuma et al. (2025), whose scoping review showed that rabies remains heavily underreported
in Mainland Tanzania due to fragmented data systems, poor laboratory infrastructure, and in-

consistent reporting between veterinary and human health departments.

Selleck et al. (2025) demonstrated that the financial burden of rabies especially indirect costs
such as transportation to clinics and lost productivity is substantially underestimated. Their
review further indicated that while free or subsidised dog vaccination is widely considered
cost-effective, many low-income countries continue to lack sustainable financing structures for

long-term campaign implementation.

2.4 Key Observation in Rabies Research Agenda

Despite a substantial body of reviewed research on mathematical models (Asamoah et al., 2021;
Ayoade & Ibrahim, 2023; Hampson et al., 2020; Mtema et al., 2025; Samanta & Chattopadhyay,
2022), a significant gap persists. Many existing studies overlook important interconnected fac-
tors, particularly the interactions between various host populations, such as domestic and free-
range dogs, as well as environmental reservoirs. This deficiency underscores the urgent need for
integrated, system-level approaches that capture the full ecological complexity of rabies dynam-
ics. Such frameworks should extend beyond single-host or purely deterministic models to en-
compass stochastic events, host behavioural. Furthermore, although global trends suggest some
progress, the burden of the disease remains heavily concentrated in high-risk, low-resource
regions, where the challenges surrounding surveillance and intervention logistics are particu-
larly pronounced. To address these shortcomings, our study develops an advanced modeling
framework designed to formulate effective, multi-faceted control strategies for emerging and
re-emerging outbreaks. Importantly, we include critical environmental and socio-behavioural
deterrent factors, such as habitat connectivity and community compliance dynamics, which are
frequently overlooked in previous models. By integrating these elements, our work aims to
provide a more comprehensive and realistic understanding of systems, thereby informing the

design of cost-effective, sustainable, and locally adaptable interventions.
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CHAPTER THREE

MATERIALS AND METHODS

3.1 Introduction

In this chapter, we developed a comprehensive mathematical framework using ordinary dif-
ferential Equations (ODESs) to capture the dynamic interactions among susceptible individuals,
infectious dog populations (both domestic and free-roaming), and the environmental reservoir
of the rabies virus. The modelling approach is systematically structured to transition from a
deterministic formulation to a more nuanced stochastic representation, reflecting the evolution

and increasing sophistication of epidemiological modelling techniques.

Initially, we formulated a deterministic Model (3.5) to describe the average behavior of the
system over time, which provides foundational insights into the transmission dynamics of ra-
bies under the assumption of homogeneous mixing and continuous population changes. This
model clarifies key thresholds such as the basic reproduction number, equilibrium states, and
the conditions under which the disease may persist or be eradicated. Next, to account for the
inherent randomness and discrete nature of real-world disease transmission, we formulated a
stochastic Model (3.57) based on a continuous-time Markov chain (CTMC) framework. This
stochastic formulation introduces variability in the transmission process, capturing fluctuations
due to demographic stochasticity, which are particularly important in low-population settings
or during the early phases of an outbreak. Both models are presented alongside a detailed
methodological explanation, including the formulation of transition rates, model assumptions,
parameter estimation strategies, and numerical implementation procedures. This rigorous ap-
proach ensures methodological transparency and facilitates a more robust interpretation of the
simulation results. Furthermore, the chapter discusses the broader epidemiological implications
of the modeling outcomes (3.83), offering insights into effective intervention strategies and pub-
lic health policies aimed at controlling and ultimately eliminating rabies transmission in both
human and dog populations.

3.2 Formulation of the Model without Intervention

The model for the transmission dynamics of rabies is structured into three interacting compo-
nents: the human population, the dog population, and rabies-causing viruses in the environment.
The dog population is further subdivided into two distinct subgroups, namely free-range dogs
and domestic dogs. Free-range dogs are defined as dogs that roam in public areas without di-
rect human control. This category includes stray dogs, street dogs, feral dogs, village dogs,

and African wild dogs, whose global population is estimated to be approximately 900 million.
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In contrast, domestic dogs are community-owned animals that remain under continuous direct

human control (Gompper, 2013; Lescureux & Linnell, 2014).

The free-range dogs population defined by Nr is divided into three compartments; first com-
partment is susceptible denoted as Sr, these are group of free-range dogs who are not infected
but may get infection after adequately contact with either infected free-range dogs symbolized
as Ir, infected domestic dogs symbolized as Ip or with environment that contains rabies virus
symbolized as M. The second compartment is exposed free-range dogs symbolized as Er which
include all the free-range dogs who have contracted the disease but can not transmit the disease
and dot not have symptoms of rabies infections. The third compartment is /r made up of dogs

who have contracted rabies virus with fully developed rabies symptoms and are infectious.

The domestic dogs population defined by Np is divided into four compartments; first compart-
ment is susceptible denoted by Sp, these are group of domestic dogs who are not infected but
may get infection after they adequately contact with either infected free-range dogs,infected
domestic dogs or environment that contains rabies virus. The second compartment is exposed
symbolized as Ep which include all the domestic dogs who have contracted the disease but can
not transmit the disease and dot not have rabies disease symptoms. The third compartment is
infectious domestic dogs denoted as Ip made up of dogs who have contracted rabies virus and
are infectious. The fourth compartment is recovered denoted as Rp these are domestic dogs
who get post-exposure prophylaxis after they contact with rabies infectious agent and develop

temporary immunity, but can become susceptible due to temporary immunity lose.

Environment represents the virus causing rabies disease that are in the physical object or any
other materials in the environment. These virus containing material are considered as virus
transmitting media or the infectious agent and denoted as M(¢). Once the virus is shed into
the environment, it can survive on surfaces for some time, making it possible for humans and
animals to contract the virus if they come into adequate contact with the contaminated areas or
objects. Therefore, proper hygiene, handling of animals, and vaccination are important mea-

sures to prevent the spread of rabies.

Infected dogs can shed the rabies causing virus to the environment through several ways: Saliva:
Infected dogs can shed the virus in their saliva and spread it through coughing, sneezing, or
breathing. Feces: Dogs infected with some viruses like parvovirus or distemper virus can shed
the virus in their feces for a long time. This can contaminate the environment, including soil,
water, and surfaces. infected dogs with some viruses like Lyme disease or Rocky Mountain
spotted fever can shed the virus in their blood, which can transmit to other dogs or humans

through contact with infected blood or ticks. It’s important to note that proper hygiene and
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disinfection practices can help reduce the spread of viruses in the environment.

The Human population denoted by Ny, is divided into four compartments; first compartment are
those human who have not acquired the rabies infection but may get if they adequately get into
contact with infectious I, Ip or contaminated environment A (M) referred to susceptible human
and denoted by Sy. The second compartment is exposed Human symbolized as Eg which are
individual who have contracted the disease but can not transmit the rabies virus and do not have
symptoms of rabies infections. The third compartment is the infected Human symbolized as Iy
which consist of individual who have contracted the rabies virus showing all the symptoms of
rabies and are infectious. The fourth compartment are recovered human beings denoted by Ry
which consist of individuals who get post-exposure prophylaxis after they contact and develop

temporary immunity.
3.2.1 Model Assumptions

The mathematical model describing the transmission dynamics of rabies among human popu-
lations, free-range dogs, domestic dogs, and environmental reservoirs is grounded in a set of
biologically and epidemiologically plausible assumptions. These assumptions are critical in
defining the structure, compartments, and interactions within the model, ensuring both mathe-

matical tractability and relevance to real-world rabies transmission patterns.

(i) All non-infectious humans and dogs are subject to natural death:

This assumption captures the background mortality rate affecting all susceptible, exposed
(non-infectious) and recovered individuals. It is biologically reasonable to consider that
individuals who are not currently infected still face risks of death due to aging, accidents,
or other unrelated diseases. The inclusion of natural mortality in non-infectious compart-

ments allows for accurate modelling of population turnover.

(i) There is reduced chance for domestic dogs to get the disease due to protection from

human beings:

Domestic dogs often live under close human supervision and may receive vaccinations
or veterinary care, reducing their exposure to infectious free-ranging animals and con-
taminated environments. This assumption introduces a differential risk between domestic
and free-range dogs, acknowledging the role of human intervention in disease prevention

among companion animals.

(iii)) The recruitment rate for each population is greater than natural mortality:

This assumption implies a net population growth or sustainability, ensuring that the pop-

ulations of humans, domestic dogs, and free-range dogs are not declining due to natural
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(iv)

v)

(vi)

(vii)

(viii)

causes alone. A recruitment rate exceeding natural mortality maintains a dynamic pop-
ulation structure and supports the long-term persistence of the system being modeled. It

also facilitates sustained disease transmission dynamics.

Each population is homogeneously mixed, that is, each individual (human or dog)

has an equal chance of getting the disease:

The homogeneous mixing assumption simplifies the model by treating individuals within
the same population as having equal probabilities of interacting with infectious agents.
While real-world interactions may be heterogeneous due to spatial or social factors, this
assumption is necessary for analytical tractability and is commonly employed in com-

partmental models to represent average transmission dynamics.

No Post-exposure Prophylaxis (PEP) or Pre-exposure Prophylaxis (PrEP) is applied

for free-range dogs:

This assumption reflects the practical reality that free-ranging or stray dogs typically do
not have access to medical intervention or vaccination, especially in resource-limited set-
tings. It also highlights a critical gap in rabies control, making free-range dogs significant

contributors to the maintenance and spread of rabies within the ecosystem.

The environment is any material or object that is contaminated by the viruses that

cause rabies disease:

This assumption expands the transmission pathways to include indirect routes via en-
vironmental contamination. Saliva from infected animals can contaminate surfaces or
fomites, serving as a potential reservoir for the virus. While environmental transmission
is less common than direct bites, this inclusion enhances the comprehensiveness of the

model, particularly in areas where exposure to contaminated materials may occur.

All humans and dogs are recruited at a constant rate:

This assumption implies a continuous and uniform inflow of new individuals (births or
migration) into the respective compartments, such as susceptible humans or dog popula-
tions. Constant recruitment ensures that the model reflects sustained population renewal

over time, which is essential for capturing long-term disease dynamics.

Upon exposure, human beings and domestic dogs receive Post-exposure Prophylaxis
(PEP):

This assumption acknowledges existing public health interventions aimed at preventing
disease progression following exposure. Post-exposure Prophylaxis is effective in humans

and domestic dogs when administered promptly and correctly.
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3.2.2 Description of Model Interaction

Susceptible humans Sy are constantly recruited at a rate of 6;. When they come into adequate
contact with I, Ip, or the virus in the environment A (M), individuals in the Sy category become
exposed at rates T, T2, and 73 respectively. Thus the force of infection for human is given by
Equation (3.1).

X1 = (tlr + 2lp + 134 (M)) S, (3.1
Where;
M
AM)=—.
(M) M+C

After contracting rabies infections, susceptible humans become exposed individuals, denoted
by Ep, typically for 1 to 3 months. Those in the Ey category who receive PEP recover at the
rate 3». Since PEP does not confer permanent immunity, individuals in the Ry category can
lose immunity and become susceptible again at the rate 3. The remaining proportion of the
exposed class progresses to the infectious state Iy at a rate ;. Infected humans can die due to

the disease at a rate 07. All human compartments experience natural death at a rate of ;.

Free-range dogs that are susceptible to rabies are continuously introduced into the population
at a rate denoted by 6,. These dogs become infected when they get into contact with infected
free-range dogs (Ir), infected domestic dogs (Ip), or the virus in the environment, at rates ki,
K2, and k3, respectively. The force of infection for free-range dogs is calculated using Equation
(3.2).

X2 = (Kilp + 10Ip + K3A (M)) SF. (3.2)

After contracting the rabies infection, free-range dogs that are susceptible progress to the ex-
posed state, Er, which lasts for 1 to 3 months. The exposed free-range dogs then progress to
the infectious state, Ir, at a rate of y. Infected free-range dogs may die due to the disease at a

rate of 0>. Additionally, all free-range dog compartments experience natural death at a rate of

M.

Susceptible domestic dogs are constantly recruited at a rate of 63. These dogs become exposed
when they come into adequate contact with Ir, Ip, or the rabies virus in the environment, at the
rates Y1, ¥, and y3, respectively. Since domestic dogs are under human control, they have a

lower risk of contracting the disease. Hence, the force of infection for free-range dogs is given

by Equation (3.3).
vilr | Yalp Vs
= A(M) ) Sp. 33

x <1+P1+1+P2+1+P3 ( )) b G-

After contracting a rabies infection, domestic dogs enter a state Ep, where they stay for several
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months at a rate of ;. If dogs in the Ep category receive post-exposure prophylaxis, they move
to the Rp category at a rate of 5. However, PEP does not provide permanent immunity, and
dogs in the Rp category can lose their immunity and become susceptible again at a rate of 3.
Meanwhile, the remaining proportion of the exposed class progresses to the infectious state Ip
at arate of ;. Infected domestic dogs can die from the disease at a rate of 03. All compartments

of domestic dogs experience natural death at a rate of 3.

Rabies virus is spread in the environment through shedding by infected free-range and domestic
dogs, as well as humans, at rates denoted by v,, v3, and vy, respectively. Equation (3.4) can be

used to estimate the virus recruitment in the environment.
0, = (V]IH+V2]F—|—V3ID)M. 3.4)
The viruses are removed from the environment at a rate 4.

3.3 Model Parameters and Variables

The state variables and model parameters utilized in the formulation of the rabies transmission
dynamics are comprehensively defined in Tables (2) and (3). These tables provide precise de-
scriptions and relevant notations that underpin the structure of the mathematical model, thereby

facilitating clarity in the interpretation and analysis of the system’s behavior, respectively.

3.3.1 Description of State Variables

Table 2: Model state variables and their descriptions

Variable Description

SH (1) susceptible Human at time t

Epy (1) Exposed Human at time t

Iy (1) Infected Human at time t

Ry (1) Recovered Human at time t

Sr (1) Susceptible free- range dog at time t
Er (1) Exposed free-range dog at time t

Ir (1) Infected free-range dog at time t

Sp (1) Susceptible domestic dog at time t
Ep (1) Exposed domestic dog at time t

Ip (1) Infected domestic dog at time t

Rp (1) Recovered domestic dog at time t
M (1) Number of rabies virus per unit volume in the environment at time t
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3.3.2 Description of Model Parameters

Table 3: Model parameters and their descriptions

Parameters Descriptions

0, Recruitment rate of susceptible human

T] The rate that Sy gets infection from /.

T The rate that Sy gets infection from Ip.

T3 The rate that Sy gets infection from M.

Bi Progression rate out of Ey to Iy .

B Recovery rate of Ey .

B3 Rate of immunity loss of human being.

W1 Natural death rate of human being.

(o] Disease induced death rate for /5.

6, Recruitment rate of free-range dogs.

Kj The rate that Sr gets infection from /.

%) The rate that S gets infection from Ip.

K3 The rate that S¢ gets infection from M.

o) Disease induced death rate of Ir

U Natural mortality rate of free-range dogs

6; Recruitment rate of domestic dog population

74} The rate that Sp gets infection from Ip.

17) The rate that Sp gets infection from /.

V3 The rate that Sp gets infection from M.

us Natural death rate for domestic dog population.
o3 Disease induced death rate for Ip.

Y The rate at which Er becomes If.

T The rate at which Ep becomes Ip.

%) Recovery rate of Ep

Y Rate of loss of temporary immunity for Rp.

Vi,V2, V3 Environmental virus shedding rate from Iy, Ir and Ip respectively
Ug Natural removal rate of rabies from the environment.
p1 The deterrent coefficient of domestic dog from /.
P2 The deterrent coefficient of domestic dog from Ip.
P3 The deterrent coefficient of domestic dog from M.
C Concentration of rabies in the environment.
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3.3.3 Flow Diagram

Based on the model description, underlying assumptions, and the compartmental flow diagram,
a system of twelve differential equations was systematically formulated, as presented in Equa-
tion (3.5). The corresponding dynamics of rabies transmission among free-range dogs, domestic

dogs, humans, and the environment are comprehensively depicted in Fig. 2.

Figure 2: Basic Compartmental Model Diagram

3.3.4 Model Equations

Based on an analysis of the model parameters and their relationships to the state variables, we

construct a model in the form of a system of ODEs as delineated in Equation (3.5).
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Su =61+ BsRy — Sy — X1,
En =21 — (W + B+ B2) En,
In  =PiEn— (01 + ) 1u,
Ru = En— (B3 + 1) R,
Sr =6, —x2— I2SF,

Er =x— (M +7)Er,

Ir  =YEF — (k2 +02)IF,

Sp =63—u3Sp— 13+ 13Rp,
Ep =2—(M3+%+%)Ep,
Ip =vEp—(u3+03)Ip,
Rp =vEp—(u3+73)Rp,

M = (V11H+V21F—|—V3ID)—[U4M.

(3.5)

Subject to the following non-negative conditions;

Su(0) >0, Ep(0) =20, 15(0) =0, Ry(0) =0, Sr(0) >0, Ep(0) =0, Ir(0) =0,
>0.

3.4 Properties of the Rabies Model

3.4.1 Model’s Invariant Region

In this subsection, we consider the Model (3.5) under the assumption that all state variables and
parameters are non-negative for all # > 0. Under this framework, Theorem (3.1) is employed to
analyze the system within a biologically meaningful and mathematically feasible region. This
analysis leads to the determination of the invariant region of the rabies model, as described

below:

Theorem 3.1
Solution of the rabies Model (3.5) is uniformly bounded if Q € R}? and Q@ = Qz UQpUQF U
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Qu € RY xR} x R} xR} where,
0
Qp = {(SH;EH,IH,RH) € [Ri 0< Ny < ‘u_l},
1

0
Qp = {(SFvEFaIF) ERI:0<Np < “_2},
2

0
Qp = {(SDaED,ID,RD) € [Rj_ :0<Np < ‘u_3} )
3

and Q is the positive invariant region.

Proof. By utilizing Theorem 3.1, we derive the invariant region of the rabies model as follows.

Consider the population of the human from Equation (3.5) as:

dN, ds dEy dly  dR
H o dbw | dlp | dRh

= 3.6
dt dt dt dt dt (36)
Then, Equation (3.6) implies to Equation (3.7) as follows:
dN
— = 01— (Su+En+1y+Ru) tn — Gl (3.7)
But if Ny = Sy + Ey + Iy + Ry, then Equation (3.7) can be written as:
dNy
—=0—N 3.8
I 1 —Nupi, (3.8)
and by utilizing the integrating factor in Equation (3.8) and ¢t — 0, we have:
91 0 91
Np(0) < —+4Ce” = Ny(0)—— <C. (3.9

Ui 231

By simplifying Equation (3.9) and after simple manipulations, it follows that,

0
QH: {(SH;EH,IH,RH) € lRiOSNH < ‘u_l}
1

Employing the same procedures for free range and domestic dog populations, we obtain:

0 0
Qp = {(SF,EF,IF> €R}:0< N < “—i} Qp = {(SD,ED,ID,RD> €RL:0<Np < —3}.

M3
(3.10)
Again, from the environment that contains rabies virus,
M= (V1[H+V2[F+V3ID)—[.L4M. 3.11)
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0 ;) 0 0 ;)
Since Ny < —], Nr < —2, and Np < —3, it follows that Iy < —1, Ir < —2, and Ip < —.

1 3 25 %)
Therefore, Equation (3.11) can be expressed as:

) v10 V>0 v36
M§<11Jr 22Jr 33>—M4M~
Hi H2 H3

Now, let Y be the solution which is unique to the initial value problem such that:

) v10 V>0 v36
Y§<11+22+33

> —usM, for t >0
i 12%) U3

By using integration factor Equation (3.13) as t — oo, we get the expression:

(M(O) —~ (v' O v | V393> ie”“)
M1 J25) us /) Hyg

and as Equation (3.14) goes to zero, we have:

M(l‘) < Quy.

03
M3

(3.12)

(3.13)

(3.14)

(3.15)

Thus, the Model (3.5) is biologically and mathematically meaningfully such that their solution

relies in the region Q2.

3.4.2 Positivity of the Solution

]

For the Model (3.5) to be epidemiologically meaningfully and well-posed , we need to prove

that the state variables are non-negative such that V¢ > 0.

Lemma 3.1

All solutions of the system that start in the region Q C [Rﬁ_2 remain positive all the time.

Proof. To prove the existence of a solution to Model (3.5), we consider initial conditions and

t
apply the integral operator [ (-)ds on each compartment of the Model (3.5) as:
0

Su = 01 + B3Ry — 1Sy — (Tl + Tolp + T3A(M)) Sh.

Integrating (3.16) both sides over [0,7], we get that:

t t
/OSHdl‘Z/O (91—{—[33RH—M13H—(111F+TQID+T3A<M))SH)CZZ.
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Then, the left-hand side of (3.17) leads to Sy (¢) — Si(0) and the right-hand side of the same

Equation leads to:

t t t t
/ 91dl‘—|—/ ﬁ3RHdl‘—/ .ulSHdt_/ (T11F+12]D+T3A(M))5Hdl‘. (3.18)
0 0 0 0

By simplifying each integral in (3.18), we have:

(001, if f(s) = 1.
: Bs [ Ruts)ds, i £(5) = B (s).
/f(S)ds= & (3.19)
0 i [ Su(s)ds, if f(s) = 11Su(s).
/Ot (t1lr(s) + talp(s) + 3A(M)) Su(s)ds, for disease dynamics.

By combining and rearranging the results in (3.19), it follows that:

t t t
S (1) = St (0) + 617+ B3 /0 Ru(s)ds— /0 Si(s)ds— /0 (tIr (s) + lp(s) + TsA (M) Sy (s) ds.
(3.20)
Thus, we conclude with the non-negativity of the integral terms:

t
SH(I)ESH(0)+91I+[53/ORH(S)dS—IJl (tilr(s) + 12Ip(s) + A (M /SH s, (3.21)

since Sy(0) >0, 6; >0, PB3Ru(s) >0, s€]|0,z]. It follows that Sy (z) > 0 for all r > 0.

Similarly, we prove the positivity of Iy (¢) by considering:

Iy = BiEy — (01 + 1) In. (3.22)

Rearranging Equation (3.22) and applying the integrating factor w(z), it results in Equation
(3.23):
t
O — Iy (0) + / Brel o R By (5)ds. (3.23)
0

By solving for Iy (¢) in Equation (3.23), we obtain:

t
Iy(t) = e~ (@) (1H(0) + / ﬁ1e<<’l+ﬂl>SEH(s)ds) .
0
Since Iy (0) > 0 and Eg(s) > 0 for s > 0, it follows that:

Iy(t) >0 Vi >0. (3.24)
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Using the same procedure, we conclude that:

Su(t) >0, Ey(t) >0, Iy(t) >0, Ry(t) >0, Sp(t) >0, EF(t) >0, Ip(t) >0,
Sp(t) >0, Ep(t) >0, Ip(t) >0, Rp(t) > 0,Vt > 0.

and the proof is complete. ]

3.5 Model Analysis

3.5.1 Rabies Disease Free Equilibrium Point (&)

The term &) represents the state of no rabies disease within a population. To achieve & in both
human and dog populations, all infectious compartments in Equation (3.5) must be set to zero,

resulting in:

0 0 0
50 = (_170707();_270707_37O7O>070> .
231 25) U3

3.5.2 The Basic Reproduction Number, %

The %, predicts whether rabies will spread across the community or die out. If % < 1, it means
that every infectious individual will cause less than one secondary infection, hence the disease
will die out in the community. If % > 1, it means that every infectious individual will cause
more than one secondary infection, leading to the persistence of rabies in the entire population.
To compute the %, we utilize the next-generation matrix approach, following the methods of
LaSalle (1976) and Yang (2014), in conjunction with the Jacobian matrix, as follows:

=Zi(x)— (% () -7 (v) (3.25)
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Where .%; is the new infections in the compartment i while 7/i+ and ¥, are the transfer terms

in and out of the compartment i respectively. From Equation (3.5), .%; and ¥; can be defined as;

(’L’]IF + lp +13A (M))SH

(U1 +P1+B2)Exn
0 (o1+u1) Iy — BiEn
(k1lr + 10Ip + K3A (M)) Sp (M2 +7)EF
F = I b - V= (eto)lr—vEr | (3.26)
(‘Vl G £ £ A(M))SD (u3+n+n)Ep
l+p1 14+p2 1+p3
0 (U3 +83)Ip —nEp
0 0

For Q = uuM — (vi1y + volp + v3Ip). The Jacobian Matrices F and V at &) is given by Equation
(3.27) ;

9.7 (&)
8xj

_ 9% (&%)

F =
8xj

V (3.27)

From Equation (3.26) , F and V at & is given in Equation (3.28) and (3.29) respectively;

000 B, o2&
Hi Hi

00 0 0 0 0 0
6 6

oy 00 0 % 0 % 0
i 2 2

ox |, ~F= 000 0 0 0 0 (3.28)

' 0 0

00 0 Y103 0 Y03 0

(I+p1) 13 (1+p2) 3
00 0 0 0 0 0
00 0 0 0 0 0

In the linearized system (3.28), the entry F;; represents the rate at which individuals in the
infected state j give rise to or develop new infections in individuals in the infected state i, with
reference to the infected states indexed by i and j for i, j € [1,2,3,4,5,6,7]. As a result, when

a person in an infected condition j does not instantly produce any new instances in an infected
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state i, we have F;; = 0, and,

w+pi+pB 0 0 0 0 0 0
B o+t O 0 0 0 0
0 0 + 0 0 0 0
9 U +v
=V = 0 0 —Y U+ 0y 0 0 0 (3.29)
axj @@0
0 0 0 0 wm+n+r O 0
0 0 0 0 -n  M3+o30
0 —Vi 0 —Vs 0 —V3 U
Then, the inverse of matrix V is obtained using Maple software, and its result is given as:
! 0 0 0 0 0 0
i+ B+ B
ﬁl 1
0 0 0 0 0
(014 1) (11 + Br+ fp) o1tk
1
0 0 0 0 0 0
M2 +Y
-1 _ 1
vl= 0 0 4 0 o o (330
(L247) (U2 +02) p2+02
1
0 0 0 0 _ 0 0
M3tV + 7%
1
0 0 0 0 0
U3 + 03
Y \% V- 1
B ¢ (12+7)(H2+02) g (u2+<2rz)u4 D (u3+;3)u4 Ha
Where;
_ N _ viBi
(B3+03) (B3 +7+ 1) (o1 + 1) (1 + Br+ B2) s’
_ Vi _ Vit
(01 + 1) pa” (U3 +03) (M3 + 71+ 1) pa”

In the context of computing the %, in epidemiology, the (V~!);; obtained in Equation (3.30)
represents the generation matrix. The generation matrix describes the expected number of newly
infected individuals that a single infectious individual in each of the different susceptible classes
generates. Meanwhile, the diagonal elements represent the rate of leaving the corresponding

susceptible class due to other causes such as recoveries caused by administration of PEP. In
1 1 1

articular, , )
P i+Bi+B w+y w+n+r

respectively, represent the average incubation pe-
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1 1
Hi+01 U+0n

riod for rabies in humans, free-range dogs, and domestic dogs. Meanwhile,

1
U3 + 03

respectively, represent the average time spent by an infective human, free-range dog,

and domestic dog in the infectious state, and “— is the average time the rabies virus spends in
4

M. The next generation Matrix F' V1 is then calculated as in Equation (3.31):

0 0 Rz Ru Rs Rgeg O
0 0 0 0 0 0 0
0 0 Rz Ry Ry R O
Fv'l=|lo o o 0 0 0 0 (3.31)
0 O Rs3 Rssu Rss Rsg O
0 0 0 0 0 0 0
0 0 0 0 0 0 0
Where,
( B 7101y LY B 701y
Rz = , Ru=—F——, Ri5= )
pi (U2 +7) (U2 +02) Ui (U2 + 02) (U3 + 7 +7)(Us+03)
B K162y K6 B K102y
R33 = y Ryg = ————, R35s=
to (2 +7) (U2 + 02) (U + 02) (U3 + 7 +7) (U3 + 03)
Res — Y103y Rey — Y163
(14p1) (2 +7) (M2 + 02) 3’ (1+p)u3(t2+02)’
Rsg — Y265 Rg— 20 p o K&
(1+p2)u3(uz+03)’ w (U3 +03)’ o (U3 +03)’
Rss — YL 03y
\ (14+p2)(u3+7 +7) (U3 +03)u3
(3.32)

Where R3 denotes the average number of humans who become exposed following adequate
contact with infected free-range dogs, and R4 represents the average number of humans who
progress to infection after being exposed through contact with free-range dogs. Similarly, R;5
is the average number of humans exposed after adequate contact with infected domestic dogs,
while Ry captures the average number of humans who progress to infection after exposure

resulting from contact with domestic dogs.

Furthermore, R33 denotes the average number of free-range dogs exposed through adequate
contact with infected free-range dogs, whereas R34 represents the average number of free-range
dogs that become infected following progression from the exposed class due to contact with in-
fected free-range dogs. Likewise, Rs3 is the average number of domestic dogs exposed through
adequate contact with infected domestic dogs, and Rs4 represents the average number of do-

mestic dogs that become infected after progressing from exposure due to contact with infected
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free-range dogs.

Finally, Rs5 denotes the average number of domestic dogs exposed through adequate contact
with infected domestic dogs, while Rs¢ represents the average number of domestic dogs that
become infected after progressing from exposure resulting from contact with infected domestic

dogs.

From Equation (3.31), we obtained the eigenvalues as:

1 1 1
(0, 0,0,0,0, §R55 + §R33 ts \/ R3; —2R33Rss +4R3s5Rs3 + R,
1 1 1 (3.33)
§R55 + 5R33 — 5 \/R%3 —2R33R55 4+ 4R35R53 +R§5) .

The (i, k) element of the FV ~! of the next generation matrix represents the expected number of
secondary infections in the compartment i caused by individuals in compartment k, assuming
that the individual’s environments remain consistent throughout the infection. It is worth noting
that FV~! Matrix is non-negative, meaning has a non-negative eigenvalue. This non-negative
eigenvalue corresponds to a non-negative eigenvector that represents the distribution of infected
individuals who generate the highest number of secondary infections per generation, also known

as %o. Xy according to Dharmaratne ef al. (2020) is the largest eigenvalue of FV~! given by;
Ao =p(FV1). (3.34)

The basic reproduction number, %, is given by the spectral radius of the next-generation ma-

trix;
. (Rss+Rs3)+ \/ R33 (R33 — 2Rss) + 4R35Rs3 + R2,
Ho=p (FV') = 3 : (3.35)
Where,
( Ras — K16,y Ras — K16y
t2 (2 +7) (U2 +02)’ (U3 + v+ 1) (U3 + o3)
Rs3 = V10 , (3.36)
(14+p1) (M2 +7) (U2 + 02) 3
Rss — Y63y
x (1+p2) (U3 +71 +7) (13 +03) 13

Where R33 denote the average number of free-range dogs exposed through interactions between
susceptible and infected free-range dogs, while R35 represents exposure of free-range dogs re-

sulting from contact with infected domestic dogs. Likewise, Rs3 and Rss correspond to the
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average number of domestic dogs exposed through interactions with infected free-range and

infected domestic dogs, respectively.

3.5.3 Ecxistence of the Steady State Solution &*

The endemic equilibrium point is the steady state where rabies is present in humans, free-range
dogs, and domestic dogs. To find this point, we set the Equations of the Model (3.5) to zero
and solve the resulting system simultaneously. The state variables for each compartment are

represented by;

& (S, Eg> In> Ry, Sk Ers Ir, Sp, Ep, Ip, Rp, M”).

g o Plontu)ly o, (o tm)ly
B Bi(Bs+m) " B
I — Bi(Bs + u3) (o1 + 1) (B + B2 + B3 ) w1 + Bi B3 (o1 + py)?

(o1 4 1) ((B1 + B2+ Bs) 1 + BiB3)
Bi(Bs + p3) (01 + 1) B3 — 01 (B3 + 13) (01 + wy)?
(o1 +u1)2((B1 + B2+ B3) 1 + B1B3) ’

g = BBlotum)ly  (m+tbi+h)(or+m)ily 6
(7 Bi(Bs ) B i

Re-writing Eq. (3.35) as

(R() — 1) (R() — R33 — R55 + 1) + (1 —R33) (1 —R55) — R35R53 = (), (3.37)
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where R33, Rss, R35, and Rs3 are defined in Equation (3.32), we get:

( nwili(1+p2)(1+ p3)M* +yiysM*(1+p1) (1 + p2)

(WB+n+r)?—nwv(l+p)(l+p3)M* (i3 +7+1)’

(+03)lp o _ L+ L (2t}
= RUBTO)D g V2T O
Y

Ep=-2"2D R
b N P (s +p)

g Bus+o3)ly (Wtn+r)pst+o)l 6

U3 V(U3 +73) U3 u3’
o8 (M2 +7) (U2 +02) I = It velp +vily
ST YU ’ I ’
where;
( (Mo + Y2 (14 (Ro—1))(1+ p1) U3 (U2 + 02)

(3 (1+p1)(14p2) (43 +03) (U3 +71 + 12)Ro — O3 11 (Wa (1 + p1) s + wi (1 + p2))] vk
X[(1+p2)(m3+03) (3 +7+ 1)1+ (Ro—1)) — B3y011],

g, — [T H2(k2 +02) (k2 + V)R + Y1 62] (1 + (Ro — 1)) (1 + p1) 3 (1 + p2) (M3 + 03) (M3 + 71 + 2)
- [~ 12(p2 + 02) (2 + V) (1 + (Ro — 1)) + ¥k162] (1 + p1) Walts + 1K1 691 (1 + p2)

The endemic equilibrium point &* of the rabies disease persists when Iy, Ir, Ip, M > 0 and

Xy > 1, as summarized in Theorem 3.2.

Theorem 3.2
The system (3.5) has a unique & if Zy > 1 and Iy, Iy, Ip, M > 0.

3.6 Stability Analysis

3.6.1 Local Stability of the Disease Free Equilibrium Point &
We prove local stability of the disease free equilibrium point with the help of the Routh—Hurwitz
criterion.

Theorem 3.3
&) is locally asymptotically stable if %y < 1 and all eigenvalues of the Jacobian matrix (J (&p))

evaluated at &) have negative real parts.
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Proof. To show that all the eigenvalues of the matrix J (&p) in Equation (3.38) of the Model
(3.5) at the &y have negative real parts. Subsequently, since the endemic equilibrium exists if,
and only if, Zy < 1, we utilize the Jacobian matrix at the disease-free state J(&p), which is

expressed as:

7101 0

—u; 0 0 0 0 0 0 0 0 —2h 0 0
0 0

0 = 0 0 0 0 2 o o 22 g
251 My

0 B —a2 0 0 0 0 0 0 0 0 0

0 B 0 —a3 0 O 0 0 0 0 0 0
K‘192

0 0 0 0 —w O e 0 0 — 8% 0 0
K'192 Kz@z

0 0 0 0 0 —ay —= 0 0 = 0 0

J(&) = BT 1 :

O 0 0 0 0 vy —as 0 0 0 0 0
V163 V263

O 0 0 0 O 1B — 25 0

w(l+p) 12 us(l+py) °
0O 0 0 0 0 vt 0 —ag Wb 0
3 (1+p1) 3 (1+p1)

O 0 0 0 0 O 0 0 vy —a 0 0

O 0 0 0 0 O 0 0 p 0 —ag 0

0 0O vi O 0 0 \'%) 0 0 V3 0 — U4

(3.38)

where;

ar=m+Pi+P,axa=w+01,a3=u+PB3, as=r+7,
as =HUy+ 02, a6 = U3+ N+, a7 = U3+ 03, ag = Uz + 73.

The first, fourth, fifth, eighth, and twelfth columns of J(&p) in Equation (3.38) contain the

diagonal terms. It is obvious from the eigenvalues A} = —u, A» = —a3, A3 = — Uy, Ay = — U3,
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and A5 = — g, respectively. Thus, J(&p) reduces to:

J1 (&) =

0
—a; 0 0 A %
I
B —az O 0 0 0
0 ¢
0 0 —a 22 o B2
H2 Ha2
0 0 y —as 0 0
0 0
0 0 Y103 _ag Y203
u3 (1+p1) 3 (1+p1)
O 0 O 0 Y —ay
0 0 0 0O p 0

o |- (3.39)

0

Again, the second and seventh columns of the J; (&) in (3.39) contain the diagonal terms. It is

obvious from the eigenvalues A¢ = —ay and A7 = —ag. Thus (J;(&p)) reduces to;

Jr (&)

T
20!

0 —ay KL—SZ

-1 0 v —as

0 V163

(%) 91
M1
K> 92

45
0

Y 63

0 O 0

Y

w(Ltpn) O ps(1+p1)

(3.40)

Again, the first column of J>(&)p) in Equation (3.40) contains the diagonal term, and it is obvious

from eigenvalues Ag = —aj. Thus J>(&)) reduces to;
K1 92
H2
Y —as
J3(&0) =
(%) V163

0 0

Y

K6,

H2
0

Y65

us(l+p1) “Cus(1+p1)

(3.41)

Computing the eigenvalues of the given matrix J3(&p) in Equation (3.41) involves solving the
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characteristic polynomial equation:
P(A) =det(J3(8p) — AI) =0,
where I is the identity matrix and A represents the eigenvalues. Thus,
A O+ CA+CA+Cy = 0. (3.42)

Equations (3.38), (3.39), and (3.40) evidence that A;, Ay, A3, A4, As, Ag, A7, and Ag exhibit
negative real parts. By applying the Routh—Hurwitz criterion, the other four eigenvalues of the
matrix Equation (3.41) will also have negative real parts if all coefficients in Equation (3.42)
are greater than zero.
,Cl >0,

C1C, —C3 >0,

CiCy — (C1C2 —C3) > 0,
\C4 > 0.

(3.43)

If these conditions hold, all eigenvalues have negative real parts, ensuring local asymptotic
stability of &y. Then, the other four eigenvalues of the matrix Equation (3.41) will also have

negative real parts if all coefficients in Equation (3.42) are greater than zero. Then,

(

Ci =aj+asg+tas+as >0,
Cy = —Yby—Yby+asas+ agas + ajas + agas + azas + ayag > 0,

C3 = ((ag+ar)as —ybs+ajas)as+ (—ybs+azas)as — ybi(as +az) >0,

\C4 = ¥?b1bs — Y*brbs — Yasasby — yasarby + asasagar > 0,
where;
0 0
by = 2, by = L,
Ho U3 (14 pr)
0 0
by — K 27 by — Y203

w ' T w4

Since all eigenvalues of J(&p) evaluated at & have negative real parts, the Model (3.5) at the
&y 1s locally asymptotically stable if Z < 1. [
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3.7 Global Stability of the Disease Free Equilibrium Point

The model behavior &, is investigated using a Metzler matrix as applied by Castillo-Chavez
et al. (2002). Let X denote non-transmitting class, X;, be transmitting class and X, be the

Disease Free equilibrium, whereby:

dX;
- =B (X, —Xg,) +BiXn,
(3.44)
ax,, B-X
dt — D2Am

Then, from the Model (3.5), it can be deduced that:

XS = (SHa RH7 SF? SD7 RD)T7 Xm - (EH7 IH7 EF7 IF7 ED7 IDaM)T7

01
T u B 0 0 0
RH92 0 —(Bs+m) O 0 0
Xs—Xg =1 S _E , B= 0 0 —u 0 0
Sp— () 0 0 0 —u3 &
s 0 0 0 0 —(w+n)
Rp
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716 70,

0 0O —_— 0 —_— 0
2 y
B, 00 0 0 0 0
0 0
Bi=| o oo BZ o B2 4| 44
“29 Nze
0 0 Y103 0 Y03
3 (1+p1) 13 (1+p2)
0 00 0 » 0 0
710, 760,
—u B — 0 0 - 0 =27 0
=P — B2 m m
Bi —01 — I 0 0 0 0 0
6 6
0 0 7 K% 0 K% 0
25) 12%)
B, = 0 0 ¥ —lh— 0 0 0
Y163 V203
0 0 B - —2E 0
‘u3(1+pl) H3 bl )7 u3(1+p1)
0 0 0 0 Y —U3z — O3 0
0 Vi 0 %) 0 V3 — U4

Matrix B is a Metzler matrix due to its non-negative off-diagonal entries. To establish its
stability, we must show it meets the criteria for a Metzler matrix and that its eigenvalues have
negative real parts. We will use the concept of a stable Metzler matrix and apply the following

Lemma 3.2.

Lemma 3.2 ( (Kamgang & Sallet, 2008))

Let N be a square Metzler matrix written in block form

A B
N = ) (3.45)
C D

where A, B and D are rectangular matrices while C is a square matrix. Then N is Metzler stable
if, and only if, matrices A and D — CA~1B are Metzler stable.
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In our case one has

—u—B1— B 0 0
A= Bi —0] — Uy 0 ;
0 0 —M—Y

7191 0 1'291 0

24| 2

0 0 0 0

K'192 0 K192 0 00 0
J2%) 2%)

B= 0 0 0 0. C=]1v 00,

V163 Y2 6; 0 000

u3(1+p1) u3(1+p1)

Vi 0 %) 0
and
—Uy — 0> 0 0
D= 0 —W—Nn—"n 0
0 Y —U3 — 03

Since the off-diagonal elements of A are ; and 0, both of which are non-negative, we conclude
that matrix A is Metzler stable.

Next, matrix D — CA~! B can be calculated as follows:

T1 91 0 ’L'291
Ui Ui
CA 'B= 0 0 0
0 v —lb—0o
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Subtracting CA~!' B from D gives:

0 0 0
D-CA'B=| 0 —u—o 0
0 0 —U—Y—0p

Since the eigenvalues of the Matrix Bare A} = —u3, Ay = —p, Az = —u1, Aa = — (U3 + 13), and
As = — (B3 + u1) and the off-diagonal elements of D — CA~'B are all 0, which are non-negative,
thus matrix D — CA~ !B is also Metzler stable. Since both matrices A and D — CA~!B have non-
negative off-diagonal elements, they are Metzler stable. Thus, B, is also Metzler stable. There-

fore, &y of the Model (3.5) is globally asymptotically stable if %y < 1 and unstable otherwise.
3.8 Global Stability of Endemic Equilibrium Point &*

Theorem 3.4
& of the rabies Model (3.5) is globally asymptotically stable whenever %, > 1.

Proof. To prove Theorem (3.4), we adopted the approach of Chapwanya & Dumani (2022) and
Charles et al. (2024) by constructing a Lyapunov function of the form

= Z% (Ui—Ui*-l-Ul-*ln (ﬁ)) ,9;>0 for i=1,2,3,...,n,

i=1 i

where Z; represents a positive constant that needs to be determined, U; stands for the popu-
lation variable at compartment i, and U;* denotes the equilibrium point of the rabies model at
compartment i for i € {1,2,3,...,12}. Therefore, we define the Lyapunov .# for Model (3.5)
as follows:

4 S*
7 (SH SH—i—SHlH(S— + D EH—E;I—}-EHIH

BEEgi

H

*

*
_H
Ey
R}

+ D IH—IE—{-IHIII(I + 9y RH—R;_I—FRHIH R_H
H
Er
Er

+Ys SF—S}ky—f—SFll’l S—F + Y (EF—E;—}-EFI
F

) + D (SD—S;}—FSDln(

*

F

) (3.46)

Sp
Sp
E*
—|—@9 Ep— ED+ED1n(E ))—l—@m([p ID—I—IDI ( ))
D

R* M*
+%1(RD—R;3+RDln (R—D)>+@12 (M—M*+M1 ( ))
\ D
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Evaluating Equation (3.46) at &* gives
H =8 (Sy ,Ef I ,Ry ,Sr Ep ,Ir- S, ,Ep Iy ,Rp,M*) = 0.

Then, using the time derivative of .7 in Equation (3.46) gives

[ _9, —%)djf + D 1—%)%+@3(1—%)‘%’
ax 9y (1= 22 ) B gy (1) D g (1- 22 ) 2 .
] g —%)%ﬂ@%u@@%%+%0_%a%?

Consider &* of Equation (3.5) such that

0, = <T11;+TQIE+T3)L (M*))S?_I—f—[yllS}; ﬁ3R7_1,
Tl + 0l + A (M*))S
w+pB+p = (1F 21p 3( ))H
_gZEH
I* H
6, = (KIIF + K'QIB-{- KA (M*))SF + U SF,
Ki1l: + 1005 + T34 (M*)) S% £
,uz+}/:( UFr ZDE*3 (M~)) F 62+ﬂ2:yI*F»
F F
vilp Wl A (M) . \
= + SH+ u3Sy, — B3R,

vilp Wi WAMFDS*

o1+ U1 = , B3+

(3.48)

1+ 1+ 1+ b
LAY +7 = P1 Pij* P3 ,
D
N YEI*) B (V1];1—|—V2[;}+V3I;3)
\G3+IJ3— I* , BTM3 = R, U4 = e .
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Then, by substituting (3.48) into (3.5) , we have

d#
dt

(

Su
+D —E—H) x1— (1 +B1+B2) En)
H

+ D —ﬁ> (B1Ex — (014 1) In)

S*
9 (1——) (61 + B3Ry — 1Sy — x1)

~

R*
+ 9y R_H) (B2Ex — (B3 + 1) Ru)
H
S*
+Ys S—F> (62— x2 — UW2SF)
F
+Gg E_> X2 — (U2 +7)EF)
7 (3.49)
+%7 i) YEF — (U2 + 02) IF)
Sh
+9 —D (63 —u3Sp — X3+ 13Rp)
E*
+99(1— ﬁ) (x3— (U3 +7+7)Ep)
I*
+%10(1— ID) (nEp — (U3 + 83) Ip)
R*
+911 11— R_D) (rEp— (U3 +73)Rp)
M*
+Z12(1— ﬁ) ((vilg +wvalp + v3lp) — usM) .
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Using &* described in Equation (3.48), we simplify the Equation (3.49) as:

d#
dt

(

\

S*
=9 (1 — i) ((1711; + ol + A (M*))S}} + 1Sy — ﬁ3R}} — U1SH

— (Tllp +nlp + 134 (M))SH —|—[33RH>

Ej; 715+l +T3A (M*))SHE
+%, (1——) T11F+TQID+”L’3/1(M))SH—< UF T 2D Ei (M) Sy En
H

L9 <1__> IEHIH)+@4 <1_&> (ﬁzEH—BzEZRH>
Ry R,

+.@5 1—— (K11;+K21;5+K3A(M*))SF+,U2$F WSk

— (K']IF + K lp + K34 (M))SF)

E*
1—=E | (kI +%2Ip + K34 (M)) Sp — .
E E;

I YELIF
1—-£ Ep — A8
) (e 1)
( vilg el wA (M
_I._
l+p1 1+4+p2 1+4+p3

vilr  wip YA (M))
Sp — U3Sp + KR
I+p  14pr 11p3 D — H39p + 3Kp

E}, vilr | wip w2 (M)>
2 - S
i 9< ED)<(1+P1+1+P2 1+ps )77
vilp  wlj llfsl(M*)> .
SiE
(1+p1+1+p2 14+p; )07

(T I+ Kol + KA (M*))s;;EF>

)> Sp+m3Sp — 3Ry

+

Ep
I WER R* »EXSRp
+Z1p(1-F YlED—y—fD + I (1-2 YzED—y+
M* vili; +valy + vl ) M
+%12 1—ﬁ V11H+V21F+V3ID—( LH 21\,1;* )

(3.50)

Then, Equation (3.50) can be expressed as follows:
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dt
dt

( * 2

S
—9\USH (1 - —H> + 1 01Sulr (1 -
Su

Su\ (1FSu _ 1)
St ) \IrSH

+Z10nEp (1 ) + 211 »Ep

- () (-
Epl; Rp

+.@12V3[D 1—

+D1ovily (1

M M (
— + Dvalp | 1 —
i él IHM*) 12ValF

| IpM
CIpM* )

45

) (-

AN
+-@1TZSHID (I—S—H Iﬁ—SH—l
Si\ (A (M9)Sy, AV
+ 911355 (M) ( SZ (m —1)+ 91B3RH Si Ry
* Q% * * Q% E
+720Suly ( EZ) = IrSyE;, +nSulp \1-¢ IpSHE;
Ey A (M*)SHEH
+2,13S5A (M) E) (1_ A (M) SyE],
* * *R
(e 5)(55)
- == — —|—.@ E 1_ *
+23B1En (1 IH)2<1 Enl, 4B2En S*RH EnR;,
Sk Sk (1FSk )
_2F 1= 2F ) (F2F
—D5oSF (1 SF) +@5K15F1F( SF) (IFSF
ST I5S%
+95xSklp (l—é ﬁ—
SE\ (A (M) S CERN (| _ TSk >
+Ps5Kk3SFA (M) (1 - E) (m — 1)+ ZexiSrlr Er 1rSFE}
E; I;S:Ep
+Zek2SFIp ( - E_1;> (1 ISFE
E} AMYSEER | oo (T (L EFIF)
TS A (=5 )\ Tonser; ) T\ )\ B
DelinS 1_& 2+ V1Splr 78 ( SD) (I;;Sf) _1)
Il (1+p1) Sp ) \IrSp
WaSpleZs (| Sp\ (IbSp
(1 +p2) Sp * InSp * QX S* R;
y3SpA (M) I3 _S_D A (M )SD—1)+@8'}’3RD 12D 1—=D
LTS YA E*SD o
v1Splr Dy 1_@ 1_I;*ST)ED n V2Splr Yo (1 ) (1_ D DEI*>>
(1+p1) Ep IrSpE}, (14p2) Ep IpSpE},
WsSDIF% EE) (1 A (M*)SDE*D
(I+p3) A (M) SpEy,

EjRp
EDR*

M
M~

(3.51)



Equation (3.51) can be written as:

W _y.
dt
where;
S5\ 2 S5\ 2 S:\ 2
P=-uSu|1-L) —~DspuSp (1-L ) —ZyusSp (1 -2
Sy Sk Sp
and

N\

S [:8% S* I58%
I Sylp [1—22 ) (22 1)+ 9 08ylp [ 1 -2 ) | 222
s HF( SH) (IFSH T noHD Su IpSy

Si\ (A (M*)S; S
+91T35H/1(M)< SZ W%)Jﬁ%ﬁg&z 1—£ —H

+ Dt SulF ( — —H) 1— M) + D2t%Sulp ( — —H) 1— i{j)

Ey IrSHE; Ey IpSHE;,
E* A(M*)SHE
+D 138y A (M) < EH> (1 — —)L((M))S:Eg)
I Ex Iy R E*Ry
Eg(1-H)[1-2H Ey(1--H)(-=H
+25B1 H( IH) ( Enl, ) + 43> H( RH) ( Enk;,
S* IS S* IS5
Ir(1-=2E F7F Splp [ 1—2E£ ) [ 22£
+@5K15FF< SF> (IFSF +.@5K2 FD( YAV
Sl (128 (1=
+P5sk3SpA (M) ( SF) <7L (1) 5k + Dek1SFlF Er IeSPE?
E I SLE
+.@6KQSF[D ( — ﬁ) (1 — IZSIZE{:
@ — F
E} A (M*) S:Er I Ejlr
/i N P lbl) il Er(1-F) (1
+ 76Kk A (M)< Er ! A (M) SFE; + e Ir Erl}
I//]SDIF.@g (1 SD) (IFSD 1) n l[/zSDIF@g (1 _ &) <IL*)SB _ 1)
(1+p1) IrS +p2) Sp/) \IpSp

i (1 )( ) (-5) (%)
+ Z57sR — = 1—
+ (1L+p3) M SD 3YV3D S Rp
(1—}—[)1) ED IFSDE* (1—|—p2) ED IDSDEL*)
Ez*))

I//3SDIF@9 <1 (1_ )L(M*)S*DED

(14p3) I*ED EI)L (M) SpE;, . .
i) - -2
+Z12Viln I—Mﬁ* (1—3%) + D12ValF (1—%) (1—5%)

\‘I'QIZVSID 1—% (1—5}%)

(3.52)
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To simplify (3.52), let

Su Ey Iy Ry SF Er Ir
a= - b=—,c=—,d=—-,e= -, f=—, 8=+,
SH Ep Iy Ry Sk Ep Iy
S E 1 A(M R
h="2 =22 - = ( ),l:—D,andk:—.
s T Ey I A(M*) TR} M

We express the Equation (3.52) as:

( b 1 1 1 1 1
ac ac b an an a
1 1 1 I 1 1
SHA M) | — — 14+ ——+ - Ryll1l—-—-4+—
+13SHA (M) - +a2m+a)+ﬁs H( ] a+ad>
b 1 1 b 1 1
Syl |1 ————+— Sylp[1— — ——+ —
+TIHF( af b+af>+T2HD( = b+an
b 1 1 b 1 1
SuAM) |1 —— — -+ — Sylp[1— — — -4+ —
TS )< af b+af)+szD( am b+am>
b 1 b b 1 b
Egll————+4+—= Eoll—-Z2—-—Z—4+—
+51H< - C+62)+ﬁ2 H( p d+d2)
+K1SF1, ! 1 1+1 + 1SF ! 1 1+1
19FIF of 2f e 20FID | L
1 1 1 I 1
+K3SF)'(M)(__1_2_+—>+KISFIF<1—1——+—)
Q:{ em esm e en en
for 1 f 1 1
+10Splp (1 ————4+— |+ K3SpA (M) (1 — — — —+ —
en f en me [ me
g 1 &8 %SDIF( 11 1
+YEp|(1—-=—=-++% l—————+-
yF( fof f2) (1+p1) ho kg h
l[/zSDIF 1 1 1 l[/3SD), (M) 1 1 1
+ -4 |+ =15+
(1+p2) h h’g h (14+p3) \mh h’m  h
1 1 l[/]SDIF r 1
Rp(l—=——-4+— -t —
””( l h+hl)+<1+p1>( hg v hg)
+WZSDIF or 11 wSplp (1
(1+p2) hn r  hn (14p3) hm r  hm
1 r
Ep(l—-—-4+- Enll——— -+ —
+N D( l+r)+}/2 D e 7 hg)
1 1 1 1 1
tvilg |\ 1l—=——-+—|+Valp(1———-+—|+Vv3ilp| 1 ——— -+~

Now we make use of the following basic inequality.

Theorem 3.5
If e(y) = 1 —y+1Iny, then £(y) < 0 such that | —y < —Iny if and only if y > 0.
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From Equation (3.53), we have:
I 1 1 1 1 1
l————4+—=1-= l——)—(1——]). 3.54
d a * ad ( d ) * ( a) ( ad ) (3:54)
Using Theorem (3.5) and the concept of geometric mean, Equation (3.54) can be written as:

(a) (o) (s = m(a) (o) o)

1
<1 dx— | =In(1)=0.
_n(ax Xad) n(l)

(3.55)

Following similar procedures in (3.55), we get:

l————-4-<0, 1-S—-—4+_—<o0, 1-

c 1 1 p 1 1 d
b ¢ b m p m b

d# d#
From Equation (3.51), the global stability holds only if o < 0. Now, if & < ¥, then o

dt I
will be negative definite, which implies that e < 0 and e 0 only at &*. Hence, by
LaSalle’s invariance principle (LaSalle, 1976), any solution to the rabies Model (3.5) which
intersect the interior Ile limits to &* is globally asymptotically stable whatever %y > 1. ]

3.9 Rabies Stochastic Model

In this section, we formulate a stochastic framework in form of (3.56):
dX, = £(X,)dt +g(X,) W}, (3.56)

Where dW; is a Wiener process, integrating a deterrent factor, Gaussian noise as (Brownian
motion) dL;(t), the integral of stochastic jumps state-dependent scaling |, ri2\{0} With intensity
zi(&). By adopting a stochastic approach, the Model (3.5) captures the inherent randomness and
variability in the transmission process, recognizing that real-world outcomes often deviate from
average trends due to chance events. This extension is particularly useful for understanding the
unpredictable nature of transmission, especially in smaller populations, where random fluctua-

tions can result in unexpected outbreaks or even the elimination of the disease. The dynamics
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of the rabies stochastic process are described by system (3.57) as:

(Si = 01+ B3Ry — Sy — 21 + S dLy () + Rlz\{o}Z1(§)SH(I_)Zl(dlad§),
Eq=x1— (i +Bi+B2) En+EndLy(t) —i—/Rlz\{O}Zz(é)EH(t)Zz(dt,dé),

Iy = Bi1Ey — (01 + 1) Iy +IHdL3(t)+/Rlz\{o}zg(é)IH(I_)Z3(dl,d§)7

Ry = (B2 +us) En — (Bs+ 1) R + R dLa(t) + (E)Rn (1) Za(dt,dS),

24
R12\{0}
Sk = 62— X2 — loSF +SpdLs(t) + z5(8)Sk(t™)Zs(dt,dS),

R12\ {0}
Er =2 — (W2 +7)Er + ErdLe(t) +/Rlz\{0} 26(8)EF(t™)Zs(dt,dS),
[p = YEp — (a4 02) Ir + Ir dL7 (1) + k2 (0) 27(E)IF(t7)Z7(dt,dS),
SD =0;— usSp — x3+BRp —f—SDdLg(I) + /Rlz\{o}Zg(é)SD(l_)Zg(dhdé)?
Ep=x3— (U3 +Y +%+us) Ep+EpdLo(r) +/Rl2\{0} 29(8)Ep(t™)Zo(dt,d&),
Ip=1Ep— (U3 +03)Ip+1IpdLio(t) + /Rlz\{o}zm(ﬁ)lo(t)Zlo(dt,dé),

RD = (72-|—u4)ED— (1.13+Y3)RD+RDCIL11(I)-|-/Rlz\{o}Zu(&)RD(l_)ZH(Cll‘,dg),

M = (VllH + Wi+ V3ID) — /.L4M—|—MdL12(l‘) +/R12+\{0}Z12<§)M<t>le<dt’d§>’
(3.57)

\

subject to initial non-negative conditions:

SH(O) > 0, EH(O) >0, IH(O) >0, RH(O) >0, SF(O) > 0, EF(O) >0, IF(O) >0,
Sp(0) > 0, Ep(0) > 0, Ip(0) > 0, Rp(0) > 0.

3.9.1 Positivity of the Model (3.57)

Proof. Consider the stochastic differential equation for infected free range dogs:

d]F(t) = [YEF(Z) — (,l.tz + Gz)lp(t)]dl‘ —I—IF(Z‘) dL7(t)

[y 1), o

with ¥, tr, 00 > 0, IF(O) > 0, and Z7((§) > —1.

Theorem 3.6 (It6’s Formula for Jump-Diffusion Processes)
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Let X; be a jump-diffusion process defined by:

R"\{0

where B, is a standard Brownian motion, Z(dt,d&) is a Poisson random measure, and h(z,§) is

the jump size function. Let f(¢,x) € C!2. Then Itd’s formula gives:

2
df(t.%,) = (aa—f )+ 162@,&)&—’;) d
t dx 2 ox (3.59)
5 :
vo(tX) 5L am o [ 704 +h(,8)) — ) Z(d )
X R\{0}
Equation (3.58) rewrites as:
dip(t) _ (YEF(t)
) (IF(t_) (IJ2+<72)> dt +dL;(t) + Rlz\{o}z7(§)27(dt,d§). (3.60)
From (3.59), Define Y (t) = Inlr(¢). Applying (3.59) with jumps yields:
dy(t) = (yfF ) _ (k2 + Gz)) dt +dL;(t)
k(1) (3.61)

+/[Rl2\{0} In(1+27(8))Z(dt,d).

Hence, the explicit solution of (3.58) is:

Ir(t) = Ir(0) exp (/ot {YEF(S)_(HZ—%GZ)} ds+Ly(t)+ Y, 1n(1+AJs)>. (3.62)

Ir(s) 0<s<t

Given I (0) > 0 and z7(&) > —1, the exponential term in (3.62) is finite a.s., ensuring Ig (1) > 0
for all # > 0. Thus, the positivity of Ir(t) is preserved. O

Again, Consider the stochastic differential equation for Sy () given by:

dSu(t) = [61 + B3Ry (t) — 1Sk (t) — x1]dt 4 Su(t)dLy (t)

# [y (€IS )21 a2 oo
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To ensure Sy () > 0, we apply (3.59) to V(t) = InSg(t). Let b(t) = 61 + B3Ry (t) — 1 Su(t) —
X1, 0(t) = 01Su(t), and y(1,&) = z1(&). The result from (3.59) is:

dlnSH(t): [91—l—ﬁ3RH(l‘)—,u1SH(t)—xl]dt—l—dlq(t)

1
SH(I)
- 5otk [ (14 a(8) ~a (6)) vidg)d (3.64)

v/ oy 121DV )

For InSy(¢) to remain well-defined, we require 1+ z;(&) > 0, such that, z;(§) > —1. The

process update due to jumps is:

Sg(tT) =Syt )(1+21(&)) (3.65)

Thus, for Sy (0) > 0 and z;(§) > —1, Sy(r) remains positive for all z. The drift term does not
push Sy (¢) to zero when Sy — 07 if 6, + B3Ry > x1. Combining Equations (3.63), (3.64), and
(3.65), we conclude that Sy (¢) >0 forallz >0

under the conditions Sy (0) > 0, z;(&) > —1, and bounded coefficients. Thus using the same
steps as in (3.58) to (3.65) the stochastic Model (3.57) is positive for for all t >0, z;(§) > —1.

3.9.2 Rabies Continuous Time Markov Chain (CTMC) Stochastic Model

Stochastic CTMC models utilize Galton—Watson Branching Processes to delineate the proba-
bilities of various events, offering valuable insights into dynamics, control strategies, prediction
of expected case numbers, extinction time, and the assessment of surveillance and response sys-
tem effectiveness. While deterministic models rely on the basic reproduction number (%) to
determine whether a disease persists or diminishes in a population, stochastic models view %
as a stochastic threshold, recognizing that the disease can still cease to exist even if the thresh-
old exceeds one, contingent upon the initial number of infectives introduced into a susceptible

population.

A Stochastic CTMC model for rabies transmission dynamics has been developed based on the
assumptions employed in the stochastic Model (3.57). For the sake of simplicity, the same no-
tations and parameters as those used in the deterministic Model (3.5) have been adopted. Let

Su,Eq,Ig,Ry,Sr,Er,Ir,Sp,Ep,Ip,Rp,M, denote the discrete random variable for suscepti-
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ble humans, exposed humans, infectious humans, recovered humans, susceptible free-range

dogs, exposed free-range dogs, infectious free-range dogs, susceptible domestic dogs, exposed

domestic dogs, infectious domestic animals, recovered domestic dogs, and environment respec-

tively. Let

X (1) = (Su,Ep 11, Ri, S, Er 15, Sp, Ep,Ip, Rp,M)"

be the associated random vector for all discrete random variables Sy, Ey, Iy, Ry, Sk, EfF, I,

Sp. Ep, Ip, Rp, and M. Given the time-homogeneous nature of CTMC model and its adherence

to the Markov property, it is established that the future state of the process at (¢t + At) hinges

entirely upon the current state at time 7. As a result, the interval between events follows an

exponential distribution characterized by a specific parameter:

where;

P (X)

Ny =Sy+Eg+Ig+Ry, N =Sp+Er+1Irand Np =Sp+Ep+Ip+Rp.

= 6+ B3Ry + Ny + T1lrSu + ©IpSu + (

M
M+C

) SF + UNF + YEF + 02IF + 63

) Su+ Bi1En

KM
M+C

Vi [ M
" <1 +P1> frop+ (1 +P2) b3+ <(1+P3)(M+C)> Sp

+UW3Np +V3Rp + Y Ep+ BEp+ 03lp + Vilg + Valp + V3ip
+usM + BrEy + 011y + 65,

+K1IrSF + K2 IpSF + (

(3.66)

For modeling the transmission dynamics of rabies between humans and dogs using a CTMC

model, event transitions and their corresponding rates are typically derived from the determin-
istic Model (3.5) using Equation (3.67) and (3.68).

(S,I,M) — (S',I',M") with rate:
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VppSplp, —1,Ep+1) (Dog-to-dog transmission)

touSulp, (Sy—1,Eg+1,Ip) (Dog-to-human transmission)
vomuSpM, (Sp—1,Ep+1,M) (Environmental transmission to dogs)
VamMSaM,

(Sp

(

(

(Sy —1,Eg+1,M) (Environmental transmission to humans)
Aplp, (Ip,M +1) (Virus shedding by infected dogs)

(

(

(

q(S,1,M) =

uMm, M —1) (Environmental virus decay)

Uiy, Iy —1) (Removal of infected humans)

\ uslp, Ip—1) (Removal of infected dogs)

(3.68)
These transitions occur as individuals move between compartments due to recruitment or move-
ment, assuming an initial presence of only one individual while other sub-populations are not
yet established. Table 4 summarizes the events and their associated transition rates, where the
values 1, -1, and O represent an increase by 1, a decrease by 1, and no change in state, respec-
tively, for the variable from time 7 to ¢ + Ar.

Table 4: State transitions and rates of occurrence for the CTMC

Event Rate, r Transition AZ(t)
Recruitment of Sy 0, (1,0,0,0,0,0,0,0,0,0,0,0)
Natural death of Sy [T 2 (—1,0,0,0,0,0,0,0,0,0,0,0)
Contact of Sy and I T pSy (-1,1,0,0,0,0,0,0,0,0,0,0)
Contact of Sy and Ip TIpSy (-1,1,0,0,0,0,0,0,0,0,0,0)
Contact of Sy and M ijz H (-1,1,0,0,0,0,0,0,0,0,0,0)
Progression from Ey to Iy BiEy (0,-1,1,0,0,0,0,0,0,0,0,0)
Recovery of Ey BEn (0,—1,0,1,0,0,0,0,0,0,0,0)
Natural death of Ey wEy (0,-1,0,0,0,0,0,0,0,0,0,0)
Disease induced death of Iy o1ly (0,0,—1,0,0,0,0,0,0,0,0,0)
natural death of Iy wily (0,0,—1,0,0,0,0,0,0,0,0,0)
Natural death of Ry WRy (0, 0 0,—1,0,0,0,0,0,0,0,0)
Rate of immunity loss of Ry B3Ry (1,0,0,—1,0,0,0,0,0,0,0,0)
Recruitment of Sg 6, (0,0,0,0,1,0,0,0,0,0,0,0)
Natural death of Sy Sk (0,0,0,0,—1,0,0,0,0,0,0,0)
Contact of Sr and I KilpSp (0,0,0,0,—1,1,0,0,0,0,0,0)
Contact of Sr and Ip K IpSF (0,0,0,0,—1,1,0,0,0,0,0,0)

Continued on next page
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Table4 — Continued from previous page

Event Rate, r Transition AZ(¢)
Contact of S and M 1\14‘{1:36' I3 (0,0,0,0,—1,1,0,0,0,0,0,0)
Progression of Ef to I YEp (0,0,0,0,0,—1,1,0,0,0,0,0)
Natural death of Ef W EFR (0,0,0,0,0,—1,0,0,0,0,0,0)
Natural death of I Wolp (0,0,0,0,0,0,—1,0,0,0,0,0)
Disease induced death of I o lr (0,0,0,0,0,0,—1,0,0,0,0,0)
Recruitment of Sp 6; (0,0,0,0,0,0,0,1,0,0,0,0)
Natura death of Sp w3Sp (0,0,0,0,0,0,0,—1,0,0,0,0)
Contact of Sp and I 11’3_1;1 Sp (0,0,0,0,0,0,0,—1,1,0,0,0)
Contact of Sp and Ip 11'?152 Sp (0,0,0,0,0,0,0,—1,1,0,0,0)
Contact of Sp and M B g 1(0,0,0,0,0,0,0,—1,1,0,0,0)
(L+p3)(C+M)
Progression of Ep to Ip MEDp (0,0,0,0,0,0,0,0,—1,1,0,0)
Recovery of Ep »ED (0,0,0,0,0,0,0,0,—1,0,1,0)
Disease induced death of Ip o3lp (0,0,0,0,0,0,0,0,0—1,0,0)
Natural death of Ep WEp (0,0,0,0,0,0,0,0,—10,0,0)
Natural death of Ip ¥3Rp (0,0,0,0,0,0,0,0,0—1,0,0)
Natural death of Rp WRp (0,0,0,0,0,0,0,0,0,0,—1,0)
Remove of rabies in the environment | psM (0,0,0,0,0,0,0,0,0,0,0,—1)
shading of Iy to M vily (0,0,0,0,0,0,0,0,0,0,0,1)
shading of Ir to M wolp (0,0,0,0,0,0,0,0,0,0,0,1)
shading of Ip to M vslp (0,0,0,0,0,0,0,0,0,0,0,1)

3.9.3 Multitype Branching Process

The multitype branching process framework is utilized to examine the dynamics of the nonlinear
Continuous-Time Markov Chain (CTMC) in the vicinity of the rabies-free equilibrium point
&o. This analytical approach is critical for estimating the probabilities of disease extinction or
outbreak under varying initial conditions. In CTMC-based models, the branching process either
exhibits exponential growth or converges to extinction, particularly when the initial number of
infective individuals is small, as typically observed at the early stages of an outbreak. In order
for the multitype branching process to be applicable, it necessitates a sufficiently large initial
susceptible population. As per the parameters of this study, we have established the initial

0 0 0
susceptible populations as follows: Sy (0) = u—l, Sr(0)= u—z, and Sp (0) = #_3 We assume that
1 2 3
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infectives of type i, /;, produce infectives of type j, /;, and the number of offspring produced by
an individual of type /; is independent of the number of offspring produced by either type /; or
type /;, where j # i. The term ’birth’ describes the infection transmission between susceptible
humans, infected humans, susceptible domestic dogs, infected domestic dogs, susceptible free
range dogs, infected free range dogs, and the rabies in the environment. Given that the multitype
branching process exhibits linear behavior near the disease-free equilibrium, birth and death
events occur independently. Probability generating functions (PGFs) are defined for rabies-
related births and deaths within the environment, infected humans, and both domestic and free-
ranging dog populations. These functions are instrumental in quantifying the probability of

rabies extinction or outbreak among human and canine hosts.

Let {Y ji}}}zl be the offspring random variable for type i, where i = 1,2,...,n infectious hosts.
Here, Y;; represents the number of offspring of type j produced by an infective of type i. The
offspring probability generating function (pgf) for the infectious population /; is defined under
the condition that there is initially one infectious host at the beginning of the disease outbreak,
i.e., I;(0) = 1, and all other types are zero: I; = 0. The offspring pgf f; : [0,1]" — [0, 1] for type
i individuals, given 1;(0) = 1 and 1;(0) = O for j # i, is expressed as:

(o) (o) [}

filurun,cow) =Y Y o Y P, b, G Uy (3.69)
{1=0k,=0 l,=0

where;
P(l1,0n,...,0,) = PI‘Ob{Ylj = gl,Yzj =/l,... Yoj = 0y} (3.70)

is the likelihood that a single infectious individual of type i will produce k offspring of type
J. Equation (3.69) is utilized to establish an n X n non-negative and irreducible expectation
matrix .#, = [mj;|, where mj; denotes the expected number of offspring of type j generated
by an infected individual of type i. The elements of matrix .# are calculated by finding the
derivative f; with respect to u; and then evaluating all u variables at 1 (Lahodny et al., 2015;
Maity & Mandal, 2022), meaning that

mj; = g_z{; < oo, (3.71)

u=1

The likelihood of disease extinction or outbreak is evaluated by the size of the spectral radius
of the expectation matrix ./, p(.#1). If p(.#1) < 1, then the likelihood of disease extinction
1s one, that is,

Po = lli_}rgProb{f(t) =0} =1, (3.72)

and if p(.#}) > 1, then there exists a positive chance such that the possibility of disease extinc-
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tion is given by
T = AL 1 i
Po = tl;n;Prob{I(t) =0} =q/q5...q; <1, (3.73)

where (q1,42, .- .,qx) is the unique fixed point of the k offspring pgf, fi(q1,¢2,---,qr) = qi, and
0<gi<l,i=1,2,...,k(Lahodny et al., 2015; Lahodny & Allen, 2013; Maliyoni et al., 2023).
The likelihood of disease outbreak is

1-Po=1-¢42...q% (3.74)

where Pg is the possibility of extinction or outbreak (Lahodny et al., 2015; Maity & Man-
dal, 2022). Predictions concerning disease extinction and the occurrence of outbreaks can be
made using stochastic epidemic theory, which focuses on the number of infectious individuals
within each group. If a disease originates from an infectious group with a reproduction number

(%o > 1), and i infective individuals are introduced into an entirely susceptible population, the

l
probability of a significant outbreak is approximately 1 — ((%0) . Conversely, the probabil-
i

ity of the disease becoming extinct is approximately % . In the early stages of a rabies
outbreak, with only a few infected dogs, there is a limited potential for generating infectious
humans and dogs. Exposed humans and both free-range and domestic dogs can progress to in-
fectious classes. The offspring probability generating function for the exposed class Ep, given
that Ey (0) =1, Iy (0) =0, Ep (0) =0, Ir (0) =0, Ep (0) =0, Ip (0) =0, and M(O) =0, is
given by

B+ B+
BBt

The expression B/ + B2 + ) represents the likelihood of exposed individual move to the

fi(uy ,uz ,u3 ug, ... u7) (3.75)

infectious class Iy. The term 3,/ + B> + W represents the probability of exposed individuals
recovering as a result of Rabies PEP, while u; /B + B> + 1 indicates the likelihood of exposed

individuals naturally dying before transitioning to the infected class.

If Eg(0)=0,Ig(0)=1,Er(0)=0,1r(0) =0, Ep(0) =0, Ip (0) = 0, and M (0) = 0, then the

offspring likelihood generating function for /g is given by

_ Viupu7 + 01 + U

(3.76)
V1 + o1 + Uy

f2(ul yU2 yU3 U4, ... U7 )
In pgf (3.76), the term v; /) + v| + 0] represents the probability of infected humans shedding
the rabies virus in the environment; w; /i) + v 4 o signifies the probability of infected humans
dying naturally; and the term o} /u; + v; + 0 refers to the likelihood of infected humans dying

due to the disease.
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The offspring probability generating function for Er, such that E (0) =0, Iy (0) =0, Ef (0) =
1,1Ir (0) =0, Ep (0) =0, Ip (0) = 0, and M (0) = 0, is given by

_ Yust o

Y+ 377)

f3 (ur,up,uz,ug, .. u7)
where y/y+ 1y denotes the chance of the exposed free range dogs class progressing to the
infected class, and /v U, represents the possibility of exposed free dogs dying naturally

before progressing to the infected class.

The offspring probability for Ir, given that Ey (0) =0, Iy (0) =0, Ef(0) =0, Ir(0) =1,
Ep(0)=0,1p(0) =0, and M (0) =0, is given by

_ Muiug + Apugus + Asuzug + Uy + Gy + Vouguy
- I

M+ L+ +b+w (3.78)

for il = ‘L'IS?_I, jtz = %IPIS%, 13 = KIS%.

f4(u1,u2,u3,u4, ...,u7)

In pgf (3.78), the term il / il + ;12 + 13 + 07 + Uy + v, represents the probability of infected
free range dogs to cause rabies infection to susceptible humans, 12 / 11 + 12 + jtg + 0o+ U+ V2
signifies the probability of an infected free range dogs causing infection to susceptible domestic
dogs, 13 / M+ Ao+ ;13 + 0> + U + V> denotes an infected free range dogs causing infection to
free range dogs, v,/ A+ M+ 13 + 07 + Uy + v, represents the probability of free range dogs to
shade rabies virus in the environment, i,/ il + ﬁ,z + ;13 + 02 + Uy + V> denotes the probability
of infected free range dogs dying naturally, and the term o,/ 11 + jtz + 13 + 0 + Uy + V3 is the
probability of infected free range dogs dying from rabies disease.

If E (0)=0,15(0) =0, Er (0) =0,1r (0) =0, Ep (0) = 1, Ip (0) = 0, and M (0) = 0, then the
offspring probability of generating function for Ep is given by

_ N+t

U3 Has 7)) = , 3.79
fs (uy,un,u3,us, .. .u7, ) P (3.79)

where 71 /71 + 72 + U3 represents the probability of exposed domestic dog progressing to in-
fected class, y2/%1 + 72 + U3 denotes the probability of exposed domestic dogs recovering from
exposed class as a result of Rabies PEP before progressing to infected class, and u3/y1 + 79 + U3
signifies the probability of infected domestic dogs dying naturally before progressing to infected

class.

The offspring probability generating function for Ip, such that Ey (0) =0, Iy (0) =0, Er (0) =
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0,17 (0) =0, Ep(0) =0,Ip(0) =1, and M (0) = 0, is given by

Aausig -+ Asuyug + Aguzug + Uz + 03 + V3M6M7
/14+15+7%+G3+H3+V3 (3.80)

for 2‘4 - 1_{"_/2 S )‘5 - TZSHv A6 - KZS%'

fo(ur,uz,uz,ug,... ,u7) =

In pgf (3.80), the term 5L4 / 5L4 + 15 + jL(, + 03+ U3+ v3 represents the probability of
infected domestic dogs causing rabies infection to susceptible domestic dogs, 15 /
A+ 15 + 16 + 03 + U3 + v3 signifies the probability of a domestic dogs causing infection
to susceptible humans, 16 / 14 + 15 + 516 + 03 + U3 + v3 denotes domestic dogs causing infec-
tion to susceptible free range dogs, v3/ 14 + 15 + 5145 + 03 + U3 + v3 represents the probability
of domestic dogs to shade rabies virus in the environment, 3/ 14 + 15 + % + 03+ Uz + V3
denotes the probability of infected domestic dogs dying naturally, and the term o3/
Aa+ 15 + 16 + 03 + U3 + V3 is the probability of infected domestic dogs dying from rabies dis-
ease.

If £ (0)=0,15(0) =0, Er (0) =0,1r (0) =0, Ep (0) =0, Ip (0) = 0, and M (0) = 1, then the
offspring probability of generating function for M is given by

i7u5u7 + ﬁgulw + %u3u7 + Ug

f7(u1 7”27”37”47"'7“7): a a N )
A7+ Ag 4 Ao+ g (3.81)
for 17 = sz S%, ng = 73521, j.g = K3S?:,
3

where 17 / A7+ ﬁ,g + j.g + U4 represents the probability of rabies in environment causing infec-
tion to susceptible domestic dogs, As / A7+ g+ Ao + U signifies the probability of rabies in
environment causing infection to susceptible humans, ﬁg / ;17 + ig + ng + U4 denotes the prob-
ability of rabies in environment causing infection to susceptible free range dogs, and 4/

A7+ g+ j..g + U4 denotes the probability of removal of rabies in environment.

The expectation matrix .# of the branching process is a 7 x 7 matrix, which is defined by

Equation (3.82). It is derived from the offspring probability generating functions (pgfs) given
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in Equations (3.75) to (3.81), with all variables (uy,us,us,ug,us,ug,u7) = (1,1,1,1,1,1,1):

) As A
0 0 0 el 0 58
Ji o J3
b i 0 0 0 0 0
1 Js
s ds Ao
0 0 0 ] 0 229
Js JrJg
Y G1
w=1o0 0 b 0 0o 0|, 3.82
(y+m) I (3.82)
0 0 0 M 0 MM
Ji S I3
0 0 0 o . n_ By
n+r+u)
S P 0 vi Ao
(Vi+u +op) J1 JH N3

where;

=4 A+ 3400+ o+ Vo, Jo = Aa+ As+ Ag + 03 + [ + V3, J3 = A7 + Ag -+ Ao + Lla,
Ja=PBi+B+1, Js=Vi+01+1, Js=A+Ar+ A3+ U+ 0y + Vo, Gy = Ay +As+ g+ V3,
1=+ A5+ e+ 13+ 03+ V3, Jg = Mg+ Ag+ Ao+ a, Gy = A1+ + A3+ v

The Continuous-Time Markov Chain (CTMC) model identifies a stochastic threshold that de-
termines whether rabies will die out or lead to an outbreak in human and dog populations. This
threshold is represented by the spectral radius of the expectation matrix, p (.#). There is a
relationship between p (.#) in the stochastic model and the basic reproduction number % in
the deterministic model. For rabies to be eliminated from both human and dog populations, it is
required that p (.Z) < 1 or Zy < 1. Conversely, in deterministic models, rabies persists in hu-
mans and dogs if % > 1. The relationship between the deterministic and stochastic thresholds
for rabies extinction can be expressed as %y < 1 <= p (.#) < 1. In stochastic models, when
p () < 1, there is a possibility of either an outbreak or extinction of the Rabies lyssavirus,

depending on the initial number of infectives at the onset of the disease outbreak. Conversely,
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if p(A) > 1, afixed point

(fl: f27 f37 f47 f57 f6> f7) € (07 1)7

can be determined using offspring generating functions, which are then used to assess the prob-
ability of disease extinction. These generating functions are nonlinear, making analytical com-

putation challenging, and thus numerical methods are typically employed for their calculation.

3.10 Mathematical Model with Control Strategies

Time-dependent control variables to Model (3.5) were administer to assess their efficacy in
mitigating the transmission of rabies disease in both humans and dogs. The selection of these
variables is guided by strategic interventions aimed at decreasing the likelihood of rabies infec-
tions in host population, as well as minimizing the shedding rate of rabies virus by dogs within
the environment, including both domestic and free-range populations. To achieve optimal con-
trol over rabies transmission in humans, domesticated, and free-roaming dogs, we integrated
four distinct time-dependent control variables that are meticulously tailored to address the intri-
cacies of this complex epidemiological scenario: u;(¢) measures the effect of promoting good
health practices and management (surveillance and monitoring) in reducing the possibility of
human and dog infections with rabies; u,(¢) represents the control effort due to vaccination of
domestic dogs; u3(f) measures the impact of educating communities about rabies related risks
and preventive measures against exposure (public awareness and education); u(f) represents
treatment efforts for individuals exposed to suspected rabid animals through bites or scratches
(Post-Exposure Prophylaxis-PEP). Figure 3 illustrates the transmission of rabies and incorpo-

rates model assumptions, variable definitions, and parameter specifications.
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Figure 3: Compartmental diagram for rabies transmission with control

Ordinary differential Equations (ODESs) depict the dynamics of rabies as follows:

( Sy = 01+ B3Ry — U1 Sy — (1 — (u1 +u3)) (‘L’llF + tlp + T3A(M))SH7

Ey = (1 —(uy14+u3)) (tilp + lp+A(M)) Sy — (1 + B1 + B2 + ua) Ex,
Iy = BiEg — (01 + ) I,
Ry = (B2 +us) Ey — (B3 + 1) R,
Sr = 6, — (x1lr + k2Ip + K3A (M) Sp — ISF,
Ep = (x1lf + 10lp + K34 (M) Sp — (U2 + ) EF,
Ir = YEp — (M2 + 02) IF,
l+pr 1+p2 1+4p3

S = 01— 8o~ (1~ w1 +u)
. yilp ylp Y3

Ep=(1— AM) ) Sp— Ep,
p= (1= (1) ({25 4 P22 Y0 u) )5 (a4 b aa) i

Ip =1Ep—(u3+03)Ip,

Rp = (2 +us)Ep— (U3 +79)Rp,

M= (V1]H +wip+ V3ID) — UsM,

Yl W Ip Y3

l(M)> Sp+¥%Rp,

\

(3.83)
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where

subject to initial non-negative conditions

Su(0) >0, Eg(0) >0, Iy(0) >0, Ry(0) >0, Sp(0) >0, EF(0) >0, Ir(0) > 0,
Sp(0) >0, Ep(0) >0, Ip(0) >0, Rp(0) > 0.

3.11 Formulation of the Optimal Control Problem

We aim to reduce the infected human and dog populations while also optimizing the costs linked
to the implementation of control strategies. The objective function that reduces the M, Ey , Iy

, Ep and Ip is given by:

. ' 1
J(uj)\<jcq = ~min /t <K1M+K2EH+K3IH+K4ED+K5ID—K651)+E

4
Ajus | dt
(u17u27u37u4) 0 i—1

j=
(3.84)

subject to the control system (3.83), where K| represents the constant weight for the environ-
ment while K> and K4 are the constant weights for the exposed classes of humans and dogs,
respectively. Likewise, K3 and K5 are the constant weights for the infectious classes of humans
and dogs, respectively, and K is the constant weight for vaccinated domestic dogs. The coef-
ficients A, A>, A3, and A4 are relative cost weights allocated to each specific control measure
to transform the integral into the cost occurred over a time frame of 7y years. This duration
represents the time period for implementing the controls. In essence, the cost associated with

2
1U7

each control scenario is considered to follow a non-linear quadratic pattern, denoted as
This cost reflects the expenses incurred in implementing control strategies aimed at promot-

ing environmentally sustainable health practices and management, specifically surveillance and
213 . . Az
represents the cost of vaccinating domestic dogs, while — is

monitoring. Similarly,

linked to community education about the risks of rabies exposure and prevention (public aware-

2

ness and education). Meanwhile, pertains to the gradual treatment of infected individuals
by potentially rabid animals (PEP). Each of these costs contributes to the overall expenditure

required to address and mitigate the risks associated with rabies.

Considering J (uy,up,u3,us), the primary goal is to minimize the number of exposed and
infected for both human and domestic dogs while simultaneously maximizing the num-

ber of recovered humans and domestic dogs. Consequently, our aim is to determine uj,
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uh, i, uj that satisfy the condition J (uf,uj,uf,u}) = minJ (u1,uz,u3,us), where U =
{u :uis measurable and 0 < u;(¢r) <1,j=1,...,4, for t € [to,tf] } is the control set, with the
state variables Sy (l‘), Ey (Z‘), Iy (l‘), Ry (l‘), Sk (t), Er (l‘), Ip (Z‘), Sp (Z‘), Ep (l‘), Ip (l‘), Rp (t), and
M (1) satisfying the control system (3.83) and given initial conditions (3.10).

3.12 Analysis of the Optimal Control Problem

This can be proved by characterizing the optimal control via Pontryagin’s maximum principle,
elucidating its essential features and providing a comprehensive understanding of its structure

and dynamics.

3.12.1 Existence of a Unique Optimal Control

The solution to our optimal control problem is ensured by applying the results found in Stoddart
(1967) and Sagamiko et al. (2015).

Theorem 3.7

The optimal control problem formulated in Section 3.11 admits a solution.

Proof. We want to show that there exists a control i = (i, iy, i3,i4) € U such that J(i1) <
J(u) for all u = (uy,un,us,us) € U subject to (3.5)—(3.10). This follows fromStoddart (1967);
Sagamiko et al. (2015) noting that: (a) the control system (3.83) is linear with respect to the
control variables; (b) the control set U is bounded, convex and closed, and (c) the integrand of

the objective functional (3.84) is convex in U. ]

Theorem 3.8

The solution to the optimal control problem formulated in Section 3.11 is unique.

Proof. Assume that there exists optimal controls iy, itp, i3, il4 and iy, iy, i3, ii4 for the problem

of Section 3.11, both achieving the minimum value of the objective functional:
J(l’_‘17ﬁ271’_‘37ﬁ4) :J(ﬂ17ﬂ27ﬂ37ﬂ4) = min J(ulau27u3au4)' (385)
Up,uz,u3,uq

Consider the difference between the two optimal controls such that:

5uj:ﬂj—ﬂj for j=1,2,3,4.
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Since both controls are optimal, we have:
J(ity, dio, i1z, 1i4) < J (i1 + Ouy,dip + Oup, 3 + Ous, fig + Oug). (3.86)
Expanding the expression (3.86), and subtracting J (i1, i, i3, ii4) from both sides, we get:

J(dy + Suy, diy + Suy, itz + Sus, iig + Suy) — J (il , iy, i3, ily)

tr 4 4 ) (3.87)
:/ ZZAjﬁj5uj+ZAj5uj dt.
o\ j=1 j=1
Since all terms in expression (3.87) have non-negative integrand,
tr 4 4
0< / 2Aji;duj+ Y A8 ) dr. (3.88)
o \j=1 Jj=1

Now, since 0 <i;(t) < 1 and 0 < du;(t) < 1forallt € [to,7/] and j = 1,2,3,4, we have:
0< 2Ajl7tj6uj < 2Aj|5uj\
and
OSAJSI/t? SAJ'|5MJ",
where |Su ;| represents the absolute value of du . Therefore,
tr 4 4 Iy 4 4
og/ 2Ajii;duj+ Y A dzg/ 24|8u;| + Y AjlSu;| | dr =0. (3.89)
o\ j=1 j=1 o\ j=1 j=1

The inequality (3.89) holds if du;(t) =0 for all # € [t9,¢7] and j = 1,2,3,4. This implies that
uj(t) =1;(t) forall t € [to,1f] and j = 1,2,3,4, which means the two optimal controls are the
same. [

3.12.2 Characterization of the Optimal Control

Pontryagin’s Maximum Principle (PMP), as applied in Silva et al. (2021) and Yamada et al.
(2019), is now employed to characterize the solution in Section 3.11. The conditions outlined
by the PMP transform the optimal control problem into the task of minimizing a pointwise

function.
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We introduce the Hamiltonian H given by:

1 1
H=KM+KEy+K3ly +KisEp + KsIp — KeSp + Eu%A 1+ Eu%Az

+%M§A3 + %@43 + A1 (6014 B3Ry — 1Sy — (1 — (u1 +u3)) x1)
+A (1= (w1 +u3)) x1 — (1 +Bi+ Bo+us) En) + 23 (B1Eg — (01 + 1) In)
+A4 (B2 +ua) En — (B3 + 1) Ry ) + A5 (62 — 22 — WaSF)

+A6 (%2 — (M2 +Y)Er)+ A7 (YEF — (l2 + 02) IF)

+18 (63 —u3Sp — (1 — (u1 +u2)) X3 + 15Rp)

Ao (1= (w1 +u2)) 23— (U3 + 71 + V2 +us) Ep)

Ao (NEp — (U3 +03)Ip) +A11 (Y2 +ua) Ep — (U3 +73) Rp)

+l12 ((Vilg +Vvalp +Vv3lp) — uaM)

" (3.90)
where;
X1 = (tlr + lp+ BA(M))Su, x> = (K1l + Kolp + K34 (M) SF,
vilr | Wi V3 ) M
= + + AM) |Sp, A(M) = ——,
X3 <1+p1 gy T 1xps M) 5o AM) = s
and A1,..., A, represent the adjoint variables. The result stated below is a direct implication of

Pontryagin’s maximum principle and the results of Section 3.12.1.

Theorem 3.9

If the optimal control to the problem formulated in Section 3.11 is u* = (u},u},u3,u}), then
there exist corresponding adjoint variables A1, A3, A3, A4, A5, Ag, A7, Ag, Ao, Ai0, A11, and Ajp
that satisfy the adjoint condition:

subject to A; (tf) =0, for 1 < j < 12. Furthermore, the optimal controls u}, i = 1,...,4, are
characterized by the maximality condition: A; (tf) =0 for j=1,2,3,...,12 for control set u;.

Hence, we have:
oH

du;

The solutions for the adjoint and optimality conditions are presented in Equations (3.91) and

=0 wherei=1,2,3,4,
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(3.92), respectively.

. TsM*
- (—,I.Ll - (1 —uj —u3) (T21D+T11F+M*+C))

T3M* .
_lz(l—ul —u3) (T2ID+T]IF+M*—|—C> i=1,
—Ko+ Ao (i + Br+ Bo+ua) — AP — Aa(Bo +usg), i=2,
—K3+7L3(H1+61)—)\.12V1, i=3,
—1B3+ (B3 + ), i=4,
" 1\4”< " 1('3]V[>’< .
7L5(K1]F+K21D+M*+C+u2) 2,6(K11F+K210+M*+C) i=35,
(U2 +7) — AsY, i=6,
(/h —lg)(l — U —u3)T1SI*_I—|— (/15 —16)1(15;}
S5 (1 —uy —un) (A —
+A7(U2 + 02) + p(l = —w)(As = Ao)vi — A2 vy, i=7,
1+p
vilg | wlp v M* )>
Ke—Ag | —pt3 — (1 —uj — +
iy 6 8( w3 —(1—u uz)(1+p] 1+p2+(M*+C)(l+p3)
dr vilp | Wl M .
- 1 - - + + ) :87
ot ) (5 0 ’
—Ks+Ao(us+ 7+ v +us) — Aoy — A (i +ua), i=9,

—K5+SI*_I(A1 —lz)(l — U —u3)’L'2
1 —up — £ (dg —
—I—S;(AS —/l(,) + ( ui uz)WZSD(}L% 29) i

1+p>
+A10(u3 +03) — A1 vs, i=10,
—Ag¥s + A1 (U3 +73), i=11,
T3 M*
—K A=) (1 —up— *
1 (= A) (1 - u3)(M*+C+(M*+C)2)SH
K] K']M*
A'_ %
+(%s }%)(M*+C+(M*+C)2)
Y3 y3M*
F (s — o) (1 — 1y — .
a1 = =) (G * G )
+A12 4, i=12.

\

(3.91)
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u = = max

Where:

0, min

M
(A=) (Tzlz) +7lr + M3—+C> St + (A9 —Ag) GSp

Ay

Yl yalp M )
) n + s
0o—10) (0 e e ia)

A
=M
(A2 —21) <T11F + nlp + 3—) Su

M+C

Az
Exg (A2 —A4) +Ep (Ao — A11)
Ay

_wilr | yalp Y3 M

S l4pr l+py (M4C)(1+p3)

“(3.92)

In Section 4.4 we follow Maliyoni et al. (2023) to implement Theorem 3.9 in MATLAB in an

algorithm way.

67



CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Introduction

In this chapter, mathematical models of rabies interactions presented in the chapter three were
simulated in Matrix Laboratory (MATLAB) programming language to support analytical find-
ings and demonstrate the strength and impact of mitigation strategies.

4.1.1 Model Fitting

The model is calibrated using real-world data from Tanzania spanning the period 1990 to 2018
(Fig.4) through optimization techniques. Specifically, the Nelder—-Mead algorithm was em-
ployed to minimize the discrepancy between the model’s predictions data ¥ (®;) and the ob-

served data Y through discretization Iy (¢;) of the system (3.5) without controls, as given below

]H(t,' —l—Al) = IH(l‘i) —+ ([31 'EH(t,') — (Gl +,u1) 'IH(l‘i)) -At. “4.1)

350 T T T T T

300 .

n

(62

o
T

O Actual Incidence
Model Solution

200 y

150 g

100 4

Commulative incidence of rabies
D

50 .

O 1 1 1 1 1
1990 1995 2000 2005 2010 2015 2020

Year

Figure 4: Model (3.5) fitting against reported incidence data of infected humans rabies 7y () from
1990 to 2018
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4.1.2 Parameter Value and Estimation

To generate the rabies model-predicted dataset of infected individuals, denoted as RD(t;; ®;), at
time 7; for a given parameter vector ®;, random Gaussian noise 1;(¢;;®;) was incorporated into
the measurements. This adjustment simulates real-world dynamics, where measurement errors

are inherently present. Consequently, the observed dependent data were expressed as:
I(t;;0;) =RD(t; ©;)+n;(t; ©;) for each time #; € [1, n], 4.2)

where n is the number of data points. The objective function quantifies the difference between
the model’s predictions /(#;; ®;) and the estimated data Iesimated,;- We define the objective func-
tion J(0;) as the sum of squared differences between model predictions and estimated dataset

as

33
1©) =Y ai (1(1:0;) — Lestimateas) 4.3)
i=1

where Iegimated,; 1S the estimated number of infected rabies individuals at time #;. The term
(I (1:;©;) —Iestimated,i)z represents the squared difference between the model-predicted value
1(#;;0;) and the estimated value Iesimated; at time #;; a; typically represents the weighting or
importance assigned to each term in the summation. The goal is to find the parameter vector 0,

that minimizes the objective function J(®;) given by
0, = argminJ(0;). (4.4)

The expression indicates that ; is the parameter vector that optimally fits the model to the
estimated data by minimizing the objective function J(®;). The symbol argmin is used to find
the argument (in this case, ©;) that minimizes the function J(®;). To find the parameter value ©;,
we apply partial derivatives on Eq. (3.5) with respect to each of the 33 parameters represented
by ®; such that

&J(@z) 33 a(l(tla@)l)
36, = ; 2 (I(l‘l'; 0,) — IeStimated,i> a—®l

=0 for i=1,2,...,33, (4.5)

where

0, = {pj79k7rkvﬁk7umaGM7YnaKka‘lfkavpac}7 j,kE {17273}3 me {1327374}7 n,p & {17253}

The results of the simulation are shown in Table 5 and Fig. 8 through 10.
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Table 5: Estimated model parameters (Year~'), initial guess for parameters (Year—!) and their
respective source

Parameters | Baseline Value | Source Estimated | Mean (i) and Std (o)
Value
6, 2000 (Estimated) 1993.382113 .4 (1996.691056 4.4679553)
T 0.0004 Tian et al. 2018) | 0.000405 | .4 (0.000402 4 x 107°).
(5} 0.0004 Tian et al. 2018) | 0.000604 | .4 (0.000502 1.44 x 10~*).
T3 [0.0003 0.0100] | (Estimated) 0.000303 | .4 (0.000302 2 x 107°) .
Bi i Zhang et al. (2011) | 0.165581 | .4 (0.166124 7.68 x 10~*).
and Tian et al
(2018)
B> [0.54 1] Zhang et al. (2011) | 0.540487 | .4 (0.5402435 3.7815 x 1074).
Bs 1 (Estimated) 0.999301 | .47 (0.9996505 1.6521 x 10~ 4)|
i 0.0142 Organization 0.014417 | .4 (0.014309 1.53x10™%).
(2010) and Organi-
zation (2013)
oy 1 Zhang et al. (2011) | 1.006332 | 4 (1.03166 4.47 x 107?).
and Abdulmajid &
Hassan (2021)
6, 1000 (Estimated) 1004.12044 | .4 (1002.060222 2.913594).
Ky 0.00006 (Estimated) 0.000020 | .4 (0.000040 2.8 x 107°).
K> 0.00005 (Estimated) 0.000081 | .#(0.000066 2.2 x 1077).
K3 [0.00001 0.00003] (Estimated) 0.000040 | .4 (0.000025 2.1 x 1072).
Y i Zhang et al. (2011) | 0.166374 | 4 (0.166520 2.07 x 10~*).
and Tian et al
(2018)
o 0.09 Zhang et al. (2011) | 0.089556 | .4 (0.089778 3.14 x 107%).
15} 0.067 Addo (2012) 0.066268 | 4 (0.066634 1.58 x 1074).
63 1200 (Estimated) 1203.844461| .4 (1201.922230 2.718444).
Vi 0.0004 Hampson et al. | 0.000077 | .4 (0.000238 2.28 x 10~%).
(2019)
v 0.0004 Hailemichael er al. | 0.000066 | .4 (0.000233 2.36 x 10~%).
(2022)
V3 0.0003 (Estimated) 0.000030 A (0.0003 1.91 x107%).
13 0.067 (Estimated) 0.080129 | .#(0.073565 8.056 x 1073).
o 0.08 Zhang et al. (2011) | 0.091393 | .4 (0.085697 8.056 x 10~?).
i i Tian et al. 2018) | 0.172489 | .4 (0.169578 4.117 x 107%).
) 0.09 Zhang et al. (2011) | 0.090308 | .4 (0.090154 2.18 x 10~*).
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Table 5 — Continued from previous page

Parameters | Baseline Value | Source Estimated | Mean (i) and Std (o)
Value

7 0.05 (Estimated) 0.050128 A (0.050128 9.1 x 107?).
Vi 0.001 (Estimated) 0.001958 | .4 (0.001479 6.77 x 107%).
%) 0.006 (Estimated) 0.008971 | .4 (0.007485 2.101 x 1073).
V3 0.001 (Estimated) 0.005735 | .4 (0.003367 3.3348 x 1073).
s 0.08 (Estimated) 0.080625 | .4 (0.080313 4.42x 107%).
p1 10 Ruan (2017b) 9.920733 | A (9.960366 5.605 x 1072).
P2 8 (Estimated) 8.116421 | .4 (8.058211 8.2322x 1072).
P3 15 (Estimated) 14.917005 | .4 (14.958502 5.8686 x 1072),
C 0.003 (Estimated) 0.003011 | .#(0.003005 8.0000 x 107°).

(PFU)/mL

Figures 5 through 7 present the residual histograms, which validate the consistency of the model with the

estimated parameters. The autocorrelation analysis illustrated in Figures 12 through 15 remains within

the range of 0.2, indicating a moderate to weak correlation among consecutive residuals. This finding

suggests minimal error dependence and confirms that the model is unbiased, devoid of systematic trends.

Furthermore, Figures 8 through 10 depict the dynamics of rabies, wherein an increase in infections ()

leads to a decrease in the susceptible S(z) population, ultimately resulting in a non-negative equilibrium

due to increase in contact rates.
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Figure 5: Model fitting and scatter plot with parameter estimate for human population with stan-
dard deviation ¢ = 0.05 and confidence interval (C.I.) = 95%
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Figure 6: Model fitting and scatter plot with parameter estimate for free range dogs with standard
deviation o = 0.05 and confidence interval (C.1.) = 95%
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Figure 7: Model fitting and scatter plot with parameter estimate for domestic dogs with standard
deviation o = 0.05 and confidence interval (C.1.) = 95%
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Figure 8: Normal distribution of the rabies model variable with standard deviation 6=0.05 and
Confidence interval (C.I.)=95% for human population
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Figure 9: Normal distribution of the rabies model variables with standard deviation 6=0.05 and
Confidence interval (C.1.)=95% for free-range dogs population
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Figure 11: Normal distribution plots (a-f ) of parameter values

All parameter values followed a normal distribution, as illustrated in Fig. 11 (a-f).
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4.1.3 Evaluation of Error Metrics and Model Performance

To evaluate the performance of the model given in equation (3.5),coefficient of determination (R?), MAE
and MRE were employed as metrics to quantify the deviation between the predicted and observed values.
Let Xobs,i and Xpreq,; represent the observed and predicted values of X for i = 1,2,...,n. The MAE and
MRE were computed using algorithm. Where X € {Sy,Ey,Iy,Ry,Sr,Er,Ir,Sp,Ep,Ip,Rp,M}, and
X € R'? represents the relevant variables. The results of these evaluations are provided in Table 6 and

visualized in Fig. 16 through 22.

Table 6: Quantitative Assessment of Model Performance

Variable | MAE | MRE (%) R? Variable | MAE | MRE (%) R?

SH 753.83 4.25 0.99656 Ir 126.11 4.00 0.98384
Ey 533.204 3.95 0.98500 Sp 168.23 4.20 0.99544
Iy 89.54 4.00 0.98543 Ep 123.00 4.20 0.97963
Ry 959.60 4.00 0.98407 Ip 104.33 4.00 0.98516
SF 181.78 391 0.99381 Rp 62.74 4.10 0.98638
Er 138.90 4.17 0.97505 M 20.37 3.85 0.98573

Table (6) presents a quantitative evaluation of model performance using Mean Absolute Error (MAE),
Mean Relative Error (MRE%), and the coefficient of determination (R?). The high R? values across all
variables ranging from 0.97505 to 0.99656 indicate that the model captures the observed dynamics with
strong accuracy and reliability. Among the human compartments, the susceptible humans (Sy) exhibit
a high MAE of 753.83 and an R? of 0.99656, suggesting large absolute prediction errors but very good
overall fit. The exposed (Ey) and infected (/i) humans maintain moderate MAE values (533.204 and
89.54, respectively) with high R? values (> 0.985), reflecting the model’s ability to closely approximate
both latent and active stages of infection in humans. The recovered human compartment (Rg) also shows
strong fit (R? = 0.98407) despite a high MAE. In free-ranging dogs, susceptible (Sr), exposed (Er), and
infected (Ir) exhibit relatively low MAEs (ranging from 126.11 to 181.78) and strong R? values (above
0.975), reinforcing their critical role in rabies transmission and confirming the model’s capability in cap-
turing their disease dynamics accurately. Similar patterns are observed in domestic dog compartments,
with all categories (from susceptible to recovered) showing low errors and consistently high R* values
above 0.979. This highlights the effectiveness of the model in representing rabies transmission within

this important reservoir host group.

Finally, the environmental viral concentration (M) demonstrates the lowest MAE (20.37) and maintains
a high R? of 0.98573, indicating excellent model performance in tracking the environmental component
of rabies transmission. Overall, the model displays strong predictive power across all compartments,
particularly in host categories that play central roles in disease spread, underscoring its suitability for

simulating and evaluating rabies control strategies (Fig. 16a through 22).
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Figure 16: Comparison of Mean Absolute and Relative Errors for Ny
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Figure 18: Comparison of Mean Absolute and Relative Errors for Ny

For comparative analysis, Fig. 16 through 22 presents the solutions from the literature alongside the

estimated parameter values. It is evident that the solutions exhibit a strong alignment with each other.
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4.1.4 Local Sensitivity Analysis

In order to assess the sensitivity of the parameters within the rabies model in relation to the disease, a
normalized sensitivity index was employed, as proposed by Zhang et al. (2011), Asamoah et al. (2017)
and Bornaa et al. (2020) given by:

7 39270 c@i
b 4,
=35 %7 (4.6)

Where %, denotes the basic reproduction number for rabies, &7; signifies the parameters applied within

the rabies model were derived using Equation (4.6) as follows:

9 &%’0 "N
0= 0 M 0.105552
v a X Ze 0.10
2 0% P
0= S0 B 0.056998
v I A
w97 KL 0891720
31(1 %0 (4 7)
% &%{) K> '
h = 220 B 0051422
o 7% X Zo +0.05
0%
w70 B2 616021
Yo ol * %o ’
2 OZ%o I3
= 90 B 0105358
=S < g, = 0105
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Thus, using Equation (4.6) and parameter values in Table 5, we obtain sensitivity indexes for each

parameter as shown in Table 7.

Table 7: Sensitivity indexes for %, parameters

Parameter sensitivity index Parameter sensitivity index

7 -0.105552 Vi +0.051422
» -0.056998 v +0.005436
K1 +0.897120 K> +0.051422
T -1.616021 ) -0.046747
113 -0.105358 o -0.004832
o -0.540654 o3 -0.05144
0, +0.941420 05 +0.056858

The results presented in Table 7 clearly indicate that parameters yi, Y», k1, and k>, which are associated
with the rabies model (3.5), positively influence the value of %, when increased. In contrast, an increase
in parameters Y1, %, U2, U3, P1, P2, Oz, and o3 is linked to a reduction in the value of %,. Specifically,
a 20% increase in any of v, y», ki, or k; results in a proportional 20% increase in the value of %,.
Conversely, increasing any of Y1, 15, Uz, Uz, P1, P2, O2, Or 03 results in a comparatively smaller increase
in %.

Furthermore, the analysis suggests that Y, y», ki, and k» have a positive influence on Z%y. This finding
implies that intervention strategies significantly impact the prevalence of rabies within the population

examined.

%10 %10

1.95

(b)
Figure 23: Effect of (a) k|, x» and (b) y; , y» with respect to %

83



4.1.5 Global Sensitivity Analysis (GSA)

The Global Sensitivity Analysis (GSA) for modeling uncertainty and parameter estimation of rabies
transmission for model (3.5) was conducted using Latin Hypercube Sampling (LHS) and the Partial Rank
Correlation Coefficient (PRCC). The goal was to identify the key factors influencing the transmission of
a new infection under a specific intervention, following the approach outlined in Organization (2013).
This method involved using LHS to sample parameters that contribute to the variable %, and calculating
the PRCC. If X; is the sampled input parameter, and Z; is the model output corresponding to X;, with
means X and Z respectively, then the PRCC value r of X; and Z; was given by:

. . N ‘__ '__
. Cov(X;,Zi) Yo (Xi—X)(Zi—Z) (4.8)

= v/ Var(X;) Var(Z;) B \/Z?L](Xi —X)2yN (z —Z)Z'

for these parameters, as defined in equations (4.8) through (4.12). A total of 1,000 simulations were
performed for each LHS run. Parameter sampling was based on a uniform distribution, treating the
model parameters as input variables and % as the output variable. The PRCC values range from —1 to
+1, where values closer to these extremes indicate stronger correlations on %. If p > 0.05, it is assumed
that a parameter is not statistically significant for %. Positive PRCC values denote positive correlations,
while negative values signify negative correlations. Values within the range of -0.2 to +0.2 represent weak
or negligible correlations. The PRCC values greater than +0.3 or less than -0.3 indicate strong positive
or strong negative correlations, respectively. Furthermore, values in the range of 0.2 < PRCC < 0.3 or

—0.3 < PRCC < —0.2 indicate moderate positive or moderate negative correlations.

The PRCC was calculated between a parameter 6; and the output Y, while controlling for the effects of

other variables Z. The mathematical formulation was as follows:

Y =f(61,6,,...,6,), 4.9)

where Y is the model output, and 6; are uncertain parameters.

LHS generates a sample matrix P:

6 ol 5,
0} 67 62
p=|" 7 ", (4.10)
or oy oy
where each GL-j is sampled as:
. b4yl
6/ — F-! (rjv ) J=12,.N. @.11)



For each parameter set P/, evaluate:

Y/ = f(6],65,...,6)). (4.12)

A high |PRCC;| indicates strong sensitivity of ¥ to 6;.

Using the baseline values outlined in Table 5, the PRCC and LHS values were calculated for each pa-
rameter. These values were subsequently plotted against the model output to evaluate their impact, as

shown in Figures 24 through 27.
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Figure 24: Sensitivity analysis of the model output /5, showing (a) the time-invariant, and (b) the
time-variant profile across the simulation period

The results shown in Fig. 24 indicate that the contact rates 7;, 7, and 73 between susceptible humans and
infectious sources are positively correlated with the number of infected humans (/). This correlation
suggests that increases in these contact rates by 10% contribute to a higher incidence of human rabies in-
fections. Additionally, factors such as the viral shedding rate (v;) and the environmental concentration of
the rabies virus (C) play a significant role in maintaining environmental contamination, which facilitates
indirect transmission of the virus. In contrast, deterrent parameters p;, P2, and p3, along with the human
and domestic dog recovery rate (3, and ) respectively, are negatively correlated with Iy, as indicated by
their low PRCC values. This implies that increasing these parameters leads to a reduction in the number
of Iy. Moreover, host-to-host transmission rates specifically ki, k», k3, ¥, and Y3 have a positive effect
on Iy, with the greatest impact coming from free-ranging dogs and domestic dogs (k») as well as contact
rate of domestic dogs and the environment containing rabies virus (y3) . These findings highlight the
essential roles of both direct and indirect transmission pathways in influencing the dynamics of human

rabies infections.
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Figure 25: Sensitivity analysis of the model output /r, showing (a) the time-invariant, and (b) the
time-variant profile across the simulation period

The results shown in Fig. 25 shows that the contact rates k7, k», and k3 between susceptible free range
dogs and infectious sources are positively correlated with the number of infected free range dogs (Ir).
This correlation suggests that increases in these contact rates by 10% contribute to a higher incidence
of Free range rabies infections. Additionally, factors such as the viral shedding rate (v;, Vo, v3) and the
environmental concentration of the rabies virus (C) play a significant role in maintaining environmental
contamination, which facilitates indirect transmission of the virus. In contrast, deterrent parameters pj,
P2, and p3, along with the recovery rate domestic dog () respectively, are negatively correlated with I,
as indicated by their low PRCC values. This implies that increasing these parameters leads to a reduction
in the number of /. Moreover, host-to-host transmission rates specifically yi, ¥, and y3 have a positive

effect on Iy, with the greatest impact coming from domestic dogs and the environment containing rabies

virus (Y3) .
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Figure 26: Sensitivity analysis of the model output /p, showing (a) the time-invariant, and (b) the
time-variant profile across the simulation period
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The results shown in Fig. 26 indicate that the contact rates Y, ¥, and Y3 between susceptible domestic
dogs and infectious sources are positively correlated with the number of infected domestic dogs (Ip).
This correlation suggests that a 10% increase in these contact rates contributes to a higher incidence
among domestic dogs. Additionally, factors such as the viral shedding rates (v;, V», v3) and the envi-
ronmental concentration of the rabies virus (C) significantly contribute to environmental contamination,
which facilitates the indirect transmission of the virus. In contrast, the deterrent parameters p;, p», and
p3, as well as the recovery rate (9») for domestic dogs, are negatively correlated with Ip, as evidenced
by their negative partial rank correlation coefficient (PRCC) values. This implies that increases in these
parameters lead to a reduction in the number of infected domestic dogs (Ip). Moreover, the host-to-host
transmission rates, specifically ky, k», and k3, have a positive effect on Ip, with the most significant

impact stemming from domestic dogs and the environmental presence of the rabies virus (y3).
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Figure 27: Sensitivity analysis of the model output M, showing (a) the time-invariant, and (b) the
time-variant profile across the simulation period

The results shown in Fig. 27 indicate that host-to-host transmission parameters specifically ki, k», K3,
V1, ¥, and Y3 have a positive impact on the environmental concentration of the rabies virus (M). This
positive correlation suggests that an increase in these transmission rates leads to higher levels of the rabies
virus in the environment, which in turn heightens the risk of indirect transmission among humans and
dogs. Additionally, the rates of viral shedding (vy, v, v3) and the environmental concentration parameter
(C) significantly contribute to environmental contamination, further promoting the indirect spread of
the virus. In contrast, the deterrent parameters pi, P2, and p3 show negative partial rank correlation
coefficients (PRCCs), suggesting that higher values of these parameters are linked to a reduction in the

environmental burden of the rabies virus.
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4.2 Numerical Results for Deterministic Model

In this section, a model system (3.5) is solved numerically using ODE45 method implemented in MAT-
LAB software. The goal is to showcase the analytical results presented in the previous sections. Pa-
rameters used for numerical simulations are presented in Table (5) together with the following initial
conditions: Sy (0) = 36000, Ey (0) =40, Iz (0) =0, Ry (0) =0, Sp (0) = 8750, Ep (0) =25, 1p (0) =0,
Rp (0) =0, SF(0) = 6720, Er (0) = 20, Ir (0) = 0, M (0) = 90. In this context, all trajectories that orig-
inate from the region of attraction converge toward the rabies transmission-persistence & (Fig. 31) and
(Fig. 32).

(a) (b)
4500 T T T T T 350
4000 - 300
R R0<1
= 3500 [ =
- u
- o 250
2 3000 - 2
© ©
S 2500 & 2001
= c
o [
g 2000 8 sl
w w
B 1500 f 3
§ § 100
£ 1000 =
50
500
0 . . . . . 0 = <
2000 4000 6000 8000 10000 12000 14000 0.8 0.9 1 1.1 1.2 1.3 1.4
Susceptible free range dogs S () Susceptible free range dogs S(t) x10%*
(c) (d)

Figure 31: Convergence to the equilibrium point for varying initial values when Ry < 1 and when
Ry >1
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(a) (b)

Figure 32: Convergence to the equilibrium point for varying initial values when Ry < 1 and when
Ro>1

Figure (33) (a) depict a rapid decrease in Sy within the first 50 years due to the natural deaths and
Infections resulted from /g, Ip, and M. The decline stabilizes to non-negative constant number after
50 years , implying that Sy does not finish due to continuous recruitment and treatment. The results
in Fig. 33 (b) show the increase in number of individuals resulting into the development of infectious
individual , leading into the increase on the number of Ey, Iy and Ry within the first 50 years. The results
in Fig. 33 (a) coincides with the results in Fig. 33 (b) in the sense that more susceptible individuals
get infections. Furthermore the results in Fig. 33 (b) indicates more number of exposed individuals in
relation to infected individual because exposed individuals takes proportionality large incubation period
before exposing the symptoms. This trend can be attributed to the fact that a greater number of exposed

and infected individuals receive immediate PEP following contact with a rabid animal.

Figure (33)(c) illustrates a declining trend in the count of Sy individuals, which eventually stabilizes
after a 50-year duration. In contrast, Figure (33) (d) depicts an increase in the number of infected and
exposed individuals, which then levels off after 50 years. Notably, the number of infected individuals
surpasses that of the exposed ones because a significant portion of free-range dogs does not receive PEP

after being exposed to rabid animals.

Figure (33) (e) portrays a rapid decline in the population of Sp to rabies infection, which eventually
levels off after a 60-year time frame. In contrast, Figure (33) (f) illustrates an initial increase followed
by a decline in the numbers of exposed, infected, and recovered individuals within the first 50 years.
This pattern suggests that as the counts of infected, exposed, and recovered individuals rise, the number
of susceptible individuals decreases. Moreover, the rate of increase in exposed domestic dogs is lower
compared to those in the exposed or infected categories. This phenomenon can be attributed to the fact

that a portion of exposed individuals promptly receive PEP following contact with a rabid animal.
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Figure (34), depicts that the presence of the rabies virus in the environment increases as the shedding rate

rises, eventually reaching a stable level after 40 years. This stabilization of rabies could be indicative of

the environment’s influence on the transmission dynamics of the rabies disease.
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Figure 33: Population dynamics for all Human , Free range and Domestic dogs
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4.2.1 Effect of Varying the Most Sensitive Parameters

The contact rates 3;; govern rabies transmission, with the infection rate given by (4.13)
A=Y Bijlj, (4.13)
J

where I; is the infected population in compartment j. Higher B;; increases A;, accelerating disease
spread. Mitigation strategies include vaccination (V'), population control (N; = aN;, 0 < o < 1), and
contact reduction (B;; — 6;j, 0 < 8 < 1). We now examine the impact of f3;; between infectious agents

and (i) Infected humans, (ii) Infected domestic dogs, and (iii) free-range dogs.

(i) Impact of contact rate on susceptible human

The results presented in Figures (35) (a)-(c) indicate that contact rates (7) significantly affect the trans-
mission dynamics among susceptible humans. It was noted that the number of exposed individuals (Eg)
and infected individuals (Iy) increases as the contact rate (7) rises, ultimately reaching an equilibrium
state after 50 years. This finding underscores the critical importance of education and awareness regard-
ing the interactions between susceptible humans and sources of rabies. Such knowledge is essential for

mitigating the transmission of rabies within the human population.
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Figure 35: Simulation results of model (3.5) for (a) £y and (b) Iy with respect to contact rate ©

(ii) Impact of contact rate on susceptible domestic dogs

Based on the observations presented in Figure (36)(a)—(d), it is clear that as the contact rates yi, Y»,
and y3 increase, the number of exposed and infected domestic dogs also rises. Notably, after the 50-
year mark, the population of infected domestic dogs tends to stabilize. This trend highlights the critical
importance of reducing contact between susceptible domestic dogs and those that are infected, as well as
limiting interactions with free-ranging dogs and contaminated environmental reservoirs. Such measures

are essential to curbing the long-term transmission dynamics of rabies within domestic dog populations.
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Figure 36: Simulation results of model (3.5) for (a) £p and (a) Ip with respect to contact rate y

(iii) Impact of contact rate on free range dogs

Figure (37) (a) to (d) illustrates that an increase in the contact rate ¥ among free-range dogs leads to a
higher number of exposed free-range dogs (Ey) and infected free-range dogs (/). This indicates that

the absence of control measures results in a rise in both carriers and symptomatic infections.
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Figure 37: Simulation results of model (3.5) for (a) to (b) for £ and (c) to (d) for /; for with respect
to contact rate x

(iv) Effect of deterrent factor (p) on the spread of rabies among domestic dogs

Figure 38 indicates that a rise in deterrent factors results in a reduction in the number of domestic dogs
that are exposed to or infected by rabies. This implies that deterrent factors are important in ensuring

that domestic dog populations do not contract rabies.
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Figure 38: Impact of p on the transmission dynamics of rabies for Np of model (3.5)

4.2.2 The Correlation Coefficients in Rabies Transmission Dynamics

The correlation coefficients quantify the relationships in rabies transmission dynamics. Using MATLAB,
the correlation coefficient r from Equation (4.8) was computed and summarized in Table (8) and Fig. 39
through 40. based on Equation (4.14)

1 Perfect positive correlation.
-1 Perfect negative correlation.
r=40 No correlation. (4.14)

O0<r<«l1 Positive correlation.

—1 <r<0 Negative correlation.

It was observed that, there is a strong correlation corr(Ip,Ip) = 0.97994 indicates a near-perfect propor-
tionality between infected free-range (Ir) and domestic dogs (Ip), highlighting their interdependence.
Similarly, corr(Ig,Iy) = 0.79184 and corr(Ip,Iy) = 0.75283 confirm that human infections (/) are pri-

marily driven by dog populations.

Moderate correlations exist between infected dogs and environmental factors, with corr(lp,M) =
0.56781 and corr(lr,M) = 0.46526, indicating the environment (M) as a contributing factor to rabies
persistence. Additionally, corr(Iy, M) = 0.4023 suggests that environmental contamination plays a sec-

ondary role in human infections.
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Table 8: Correlation Coefficients of Rabies Transmission Dynamics

Variables Correlation Coefficient Mathematical Relation

COIT(IF,IH) 0.79184 TIply = Ip o<y
corr(Ip, Iy) 0.75283 Tiply = Ip < Iy
corr(ly, M) 0.4023 FigM = Ig <M
corr(Ig, Ip) 0.97994 TIelp = Ip < Ip
COI‘I‘(IF, M) 0.46526 M = Ip <M
corr(lp, M) 0.56781 TIpM = Ip <M
IH vs M (r = 0.4023) IF vs M (r = 0.4653) ID vs M (r = 0.5678)
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Figure 39: Correlation for Iy, Ir, Ip with M for rabies transmission
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Figure 40: Correlation between Iy, I, Ip rabies transmission

4.3 Numerical Results for CTMC Stochastic Model

The simulation for CTMC Stochastic Model performed 10 000 random sample paths, with the results pre-
sented graphically alongside the corresponding deterministic numerical solutions for comparative anal-

ysis. To conduct the simulations, Euler’s method and the Gillespie algorithm are utilized, applying the
0

specified initial conditions E (0) = 10, Iy (0) =5, Ry (0) =0, Sy (0) = 'u—l —(En (0) 41 (0) + Ry (0)),
1

Er (0) = 20. 15 (0) = 0, 5 (0) = fz (B (0) +1r (0)). Ep(0) = 40. I (0) = 5.Rp(0) = 0, and
S0 (0) = ;9; — (Ep (0)+1Ip (0)+ R (0)).

Figures 41-43 illustrate the deterministic and stochastic transmission dynamics of rabies between human

and dog populations.
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Figure 41: Stochastic and deterministic rabies transmission dynamics in humans

Figure 42: Stochastic and deterministic rabies transmission dynamics in (a) Free range dogs (b)
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Figure 43: Stochastic and deterministic rabies transmission dynamics in Domestic dogs

Figure 41(b) demonstrates that the number of susceptible humans initially decreases stochastically over

the first 40 years, eventually stabilizing to a variable, non-constant level. In contrast, Fig. 41(a) shows an
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increase in stochastic fluctuations within the exposed, infected, and recovered human populations during
this same period, followed by a decline that approaches a steady, non-zero value. The observed patterns
of increase and decrease in the exposed, infected, and recovered populations likely reflect the impact
of control interventions, such as the administration of PEP for individuals exposed to rabid animals.
Fig. 42(a) illustrates that the number of susceptible free-range dogs initially declines as the population
of exposed and infected free-range dogs increases stochastically over the first 20 years, eventually stabi-
lizing at a variable, non-constant level. Meanwhile, Fig. 42(b) shows increasing stochastic fluctuations
in the environmental rabies concentration, which subsequently stabilize toward a steady, non-zero level.
Fig. 43(a) illustrates that the number of susceptible domestic dogs initially experiences periodic declines
as the population of exposed, infected, and recovered domestic dogs in Fig. 43(b) stochastically increases

over the first 20 years, eventually stabilizing at a variable, non-constant level.
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Figure 44: Stochastic trajectory of human due to impact of contact rate t
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Figures (44) through (47) clearly demonstrate a stochastic increase in the number of infected individu-
als among humans, domestic animals, and free-range dogs, while there is a decrease in the number of
susceptible individuals within the same populations. Additionally, there is a simultaneous stochastic in-
crease in the concentration of rabies in the environment, attributed to variations in contact and shedding
rates. These scenarios provide evidence that there is a possibility of rabies outbreak due to movement of

free roaming dogs that may introduce new infection.
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Figure 47: Stochastic trajectory of domestic dogs due to impact of contact rate y

Figures 48—52 present both deterministic and CTMC stochastic results, showing a comparable trend in
rabies transmission dynamics. These figures illustrate a decrease in the susceptible populations following
exposure, infection, and recovery events, stabilizing after approximately 20 to 40 years. Similarly, sus-
ceptible humans, free-range dogs, and domestic dogs experience a decline, ultimately reaching a steady
state. Both models exhibit a similar general pattern, with deterministic results showing an average trend
across CTMC sample paths, while stochastic outputs capture natural fluctuations. The relationship be-
tween the susceptible groups and the exposed, infected, and recovered classes is inverse. At first, the

populations of exposed, infected, and recovered humans, free-range, and domestic dogs rise, peaking
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around the first 20 years, after which they decline gradually and stabilize by year 30. This pattern sug-
gests that initial increases in infections contribute to immunity within populations, ultimately leading to

stabilization.
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Figure 48: Comparison of Deterministic (dotted lines) and CTMC sample paths for rabies trans-
mission dynamics: (a) susceptible humans and (b) exposed humans
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Figure 49: Comparison of deterministic (dotted lines) and CTMC sample paths for rabies trans-
mission dynamics: (a) infected humans and (b) recovered humans
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Figure 50: Comparison of deterministic (dotted lines) and CTMC sample paths for rabies trans-
mission dynamics: (a) susceptible domestic dogs and (b) exposed domestic dogs
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Figure 51: Comparison of deterministic (dotted lines) and CTMC sample paths for rabies trans-
mission dynamics: (a) infected domestic dogs and (b) recovered domestic dogs
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Figure 52: Comparison of deterministic (dotted lines) and CTMC sample paths for rabies trans-
mission dynamics: (a) susceptible free range dogs (b) exposed free range dogs and (c) in-
fected free range dogs

The probabilities of rabies extinction and outbreak, referred to as (Ext. Prob) and (Outb. Prob) respec-
tively, were estimated using a branching process and numerical simulations. The simulation with 10 000
random sample paths of the continuous-time Markov chain (CTMC) epidemic model (3.9), varying the
initial values of the infected classes were conducted. The results presented in Table 9 reveals that rabies
transmission is highly sensitive to initial infection levels across compartments. High initial infections
in humans, free-roaming, and domestic dogs yield a high outbreak probability (0.87), indicating strong
persistence potential. In contrast, isolated infections (e.g., only Ep(0) = 1) show extinction probability
up to 1.00, reflecting limited transmission capability. Environmental presence (M (0) = 1) alone yields
moderate outbreak probability (0.26), confirming its contributory role. Free-roaming dogs significantly
influence dynamics, with 7 (0) = 1 leading to outbreak probabilities up to 0.72. These results emphasize

the critical need for early intervention and targeted control in high-risk compartments.
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Table 9: Probabilities of extinction and outbreak

Ey(0) Iy(0) Erp(0) Ir(0) Ep(0) Ip(0) M(0) Ext. Count Outb. Count Ext. Prob Outb. Prob
0 0 1 1 1 1 1 2743 7166 0.27 0.72
0 0 1 1 0 0 0 4568 5322 0.46 0.53
1 1 1 1 1 1 1 1171 8746 0.12 0.87
1 1 1 1 0 0 0 2056 7852 0.21 0.79
0 0 0 0 1 1 0 9554 436 0.96 0.04
0 0 0 0 0 0 1 7380 2569 0.74 0.26
0 0 1 0 0 0 0 6898 3027 0.69 0.30
0 0 0 1 0 0 0 6575 3362 0.66 0.34
0 0 0 0 1 0 0 10000 0 1.00 0.00
0 0 0 0 0 1 0 9500 487 0.95 0.05
1 1 0 0 0 0 0 4524 5384 0.45 0.54
1 1 0 0 1 1 0 4329 5568 0.43 0.56
0 0 1 1 1 0 0 2671 7220 0.27 0.72
0 0 1 1 1 1 1 2660 7237 0.27 0.72
0 0 0 0 0 1 1 6836 3091 0.68 0.31

4.4 Numerical Simulations for Optimal Control Model

Numerical simulations were conducted using an optimal control framework to examine the transmission
dynamics and management of rabies in human populations, as well as in free-range and domestic dog
populations. The optimal control solution was derived by solving the optimality system comprising the
system of state equations and the corresponding adjoint system formulated in accordance with Theo-
rem 3.9. To obtain the optimal trajectories, the coupled state adjoint system was solved iteratively using
a fourth-order Runge—Kutta scheme, with the control variables initialized over the prescribed simulation
horizon. This method, with a truncation error of O (hs), where h represents the step size, ensures high

accuracy in each step due to the proportionality of error to 4 (Sauer, 2012).

In terms of stability, the fourth-order Runge—Kutta method is designed to exhibit stability across a broad
spectrum of problems and is widely acknowledged for its stability (Ketcheson et al., 2009). The method’s
convergence rate is O (hs), signifying rapid reduction of error in the numerical solution as the step
size diminishes (Ketcheson et al., 2009). For solving the adjoint equations, the backward fourth-order
Runge—Kutta scheme is employed, leveraging existing solutions of the state equations in accordance with
the transversality conditions (Yusuf ef al., 2022). Furthermore, updates to the controls (u; ,up ,u3 ,us)
are made using a convex combination of the prior controls and values from the characterizations (Yusuf
et al., 2022). This iterative process continues until the values of unknowns in subsequent iterations
closely approximate those in the current iteration (Sagamiko et al., 2015). The values used for numerical
simulation are shown in Table 5. We incorporate four time dependent control variables that are: u; (¢),
which measures the effect of promoting good health practice and management (surveillance and moni-
toring) in reducing the possibility of human and dogs infection with rabies; u (¢), which represents the

control effort due to vaccination of domestic dogs; u3 (¢), which measures the impact of educating com-
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munities about rabies transmission risks and protective measures to avoid exposure (public awareness
and education); u4 (1), which represents the treatment effort to individuals exposed to suspected rabid
animals through bites or scratches (Post-Exposure Prophylaxis-PEP). Strategies for eliminating rabies
in humans and dog populations have been ranked based on their effectiveness, starting from the least
effective and advancing to the most effective as follows.

4.4.1 Comparison between %, and %

Mesh and contour plots are shown in Fig. 53 and 54. They illustrate the relationship between %, and
uj (1), which measures the impact of promoting good health practice and management; u; (), which
represents control effort due to vaccination of domestic dogs; and uy (1), which measures the treatment
effort given to people bitten or scratched by a potentially rabid animal (PREP and PEP), along with the
recovery rate as a result of treating infected individuals. It is observed that the magnitude of %, decreases
with an increase in u (t), uy (), and uy (¢). This observation highlights the effectiveness of u; (1), us (1),

and uy4 (¢) interventions in reducing the transmission of rabies across the community.
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Figure 53: Mesh and contour plots showing the integrated effect of parameters on (a) %, in terms
of u, and uy (b) %, in terms of u; and uy
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Variation of R with u; and u,
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Figure 54: Mesh and contour plots showing the integrated effect of the parameters on (a) %, in
terms of u; and uy (b) %, in terms of u3 and uy

The mesh and contour plot representing Ze as a function of y; and y,, which influence the effective
reproduction number in the spread patterns of rabies, are shown in Fig. 55. The results demonstrate that
the effectiveness increases along with the values of y; and y,. This indicates that increased rates of

contact have a positive effect on the rabies transmission in domestic dogs.
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Figure 55: Variations in &%, and %, with respect to changes on (a) the rate that S, gets infection
from I and y; (b) the rate that Sp gets infection from /p and y,

Figure (56) shows the contour and mesh graph of %, as a function of deterrence factors influencing
the effective reproduction number in the transmission dynamics of rabies in domestic dogs. The results
revealed that as the deterrence factor p; and p, increases the effective reproduction number decreases.
This results implies that deterrence factors has higher impact on the transmission dynamics of rabies on

domestic dogs.
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Figure 56: The combined influence of parameters on %, (a) %, in terms of deterrence factors, p;
and p, (b) Z, in terms of p; and p,

Strategy A: The use of all controls u;, i =1,2,3,4.

Here we measure the impact of promoting good health practices and management, vaccinating domestic
dogs, educating communities, and lastly, providing treatment for those who have been in contact with a
potentially rabid animal through bites or scratches (Post-Exposure Prophylaxis-PEP). This strategy aims
to eradicate rabies within the community by focusing on four key interventions: promoting good health
practices and management, denoted by u (); vaccinating domestic dogs, represented by u5(¢); educating
communities, captured by u3(¢); and administering treatment to individuals exposed to potentially rabid
animals through Post-Exposure Prophylaxis (PEP), modeled by u4(z). The results demonstrate that the
strategy effectively eliminates rabies within five years (Fig. 57, 58, and 59), with optimal utilization of
up(r) and u4(t) at 100% during the first 16 and 6 years respectively, followed by a gradual reduction to
non-zero. Meanwhile, u;(¢) and u3(¢) declined over time, reflecting the fact that vaccination does not

confer permanent immunity, as illustrated in the control profile.
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Figure 58: Impact of Strategy A to domestic dogs population
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Figure 59: Impact of Strategy A to free-range dogs and rabies virus in the environment

Strategy B: Using controls u3 and uy.
We assess the outcomes of public education and awareness campaigns and the availability of treatment

for people exposed to potential rabies via animal bites or scratches (Post-Exposure Prophylaxis-PEP).

The results are given in Fig. 60, 61 and 62.
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Figure 61: Impact of Strategy B to domestic dogs population
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Figure 62: Impact of Strategy B to free-range dogs and rabies virus in the environment

Strategy C: Using only control u4.

Now we concentrate on the impact of providing treatment for bitten or scratched individuals by an animal
suspected to be rabid (Post-Exposure Prophylaxis-PEP). Figures 63, 64, and 65 illustrate that the timely
administration of PEP at 100% effectiveness plays a pivotal role in reducing rabies mortality and curbing
disease transmission within the first five years. By treating individuals immediately after exposure, PEP
significantly reduces the risk of death and halts secondary transmission, particularly in high-risk areas.
The results also reveal that PEP complements long-term rabies control measures, such as vaccination and
health education. While these strategies are vital, PEP offers immediate protection, ensuring effective

containment of the disease even after exposure.
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Figure 63: Impact of Strategy C to human population

(a)
40 g : :
. ’ U#0 = = .u =0, 1,234, =4
N (b)
\
A N 10 '
L 20 ~ ~ /’ = N ~
N o -~ _0 5 /\\\ - ]
0 0
0 10 20 0 10 20
Time (years) Time (years)
(c)
1 :
<@
o “2*
g 05 [ u3 =
= u, #0
8 4
. ‘ ‘ ‘
0 5 10 15 20

Time (years)

Figure 64: Impact of Strategy C to domestic dogs population
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Figure 65: Impact of Strategy C to free-range dogs and rabies virus in the environment

Strategy D: Using controls «; and u;.

On this strategy, we consider the impact of promoting good health practices and management (surveil-
lance and monitoring) and vaccinating on domestic dogs. This strategy focuses on the combined impact
of promoting good health practices and management, including surveillance and monitoring, represented
by u;(t), along with the vaccination of domestic dogs, denoted by u,(¢). The results indicate that the
strategy is most effective when both control measures are applied at 100%, as illustrated in Fig. 66, 67,
and 68. The effectiveness of the strategy was observed between the 4th and 14th years, followed by
a decline after the reduction in control application. These findings suggest that promoting good health
practices and vaccination can significantly reduce periodic rabies transmission. However, the data also
highlights that vaccinating domestic dogs alone is not sufficient to fully prevent cyclical rabies transmis-

sion, primarily due to the movement of free-roaming dogs that may travel to rabies-free areas and initiate

new outbreaks.
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Figure 66: Impact of Strategy D to human population
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Figure 68: Impact of Strategy D to free-range dogs and rabies virus in the environment

Strategy E: Using controls «#; and u,.

On this strategy, consider the impact of promoting good health practices and management (surveillance
and monitoring) and vaccinating on domestic dogs. This strategy focuses on the combined impact of
promoting good health practices and management, including surveillance and monitoring, represented
by u;(t), along with Implementation of administration of PEP, denoted by u4(¢). The results indicate
that the strategy is most effective when u4 () control measure is applied at 100% for the first 6 years
and u; () is applied between 10% to 25% , as illustrated in Fig. 69, 70, and 71. The effectiveness of the
strategy was observed between the 8th to 10th years followed by a decline after the reduction in control
application. These findings suggest that promoting good health practices and administration of PEP can
significantly reduce periodic rabies transmission. However, the data also highlights that administration
of PEP on domestic dogs and human alone is not sufficient to fully prevent cyclical rabies transmission,

primarily due to the movement of free-roaming dogs that may travel to rabies-free areas and initiate new

outbreaks.
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Figure 71: Impact of Strategy E to free-range dogs and rabies virus in the environment

Strategy J: Using controls u, and u3 .

Finally, we consider the impact of combination of vaccination of domestic dogs , public awareness and
education with risk associated with rabies. This strategy focuses on the combined impact of combination
of vaccination of domestic dogs, represented by u;(¢), along with implementation of public awareness
and education with risk associated with rabies denoted by u3(¢). The results indicate that the strategy is
most effective when u3(¢) control measure is applied at 100% for the first 10 years and u»(¢) is applied for
100% for 18 years , as illustrated in Fig. 72, 73, and 74. The effectiveness of the strategy was observed
between the 1st to 10th years followed by a rise after the reduction in control application. These findings

suggest that combination of vaccination of domestic dogs , public awareness and education with risk

associated with rabies.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusions

In this study, we developed and analyzed a deterministic model to estimate parameters and assess uncer-
tainty in the transmission dynamics of rabies among humans and dogs. Parameter values were estimated
using the non-linear least squares method, based on data generated by adding random Gaussian noise
to real-world observations. The basic reproduction number Ry was derived using the next-generation
matrix approach. Stability analysis showed that the rabies-free equilibrium is globally asymptotically
stable when Ry < 1, while the rabies-endemic equilibrium is globally stable when Ry > 1. Sensitivity
analysis, conducted through Latin Hypercube Sampling and Partial Rank Correlation Coefficient meth-
ods, identified key parameters influencing model outcomes. Results indicate that increased contact rates

between humans and dogs contribute significantly to rabies transmission.

The study further explored the role of environmental factors and contact rates in rabies spread, partic-
ularly through dog bites. Stability analysis, employing Jacobian and Metzler matrices, confirmed that
higher contact rates (Y1, Yo, W3, K|, K2, and k3) lead to an increase in Ry, exacerbating disease trans-
mission. These findings provide critical insights into the complexity of rabies dynamics and inform the

development of targeted, sustainable prevention and control strategies.

To further assess rabies persistence, we conducted a comparative analysis of stochastic continuous-time
Markov chain (CTMC) models and deterministic approaches. Using a multitype branching process, we
established the stochastic threshold for rabies persistence, offering insights into the role of randomness
in disease extinction. Numerical simulations demonstrated that, while deterministic and stochastic mod-
els produce similar outcomes in high-infection scenarios, stochasticity significantly affects low-infection
conditions. Unlike deterministic models, which assume fixed transmission rates, stochastic models cap-
ture variations due to regional differences, population behaviors, and environmental fluctuations. These
insights support the design of dynamic vaccination programs, real-time monitoring, and targeted inter-

ventions in high-risk areas.

Moreover, It was noted that a threshold parameter, the reproduction number was qualitatively and quan-
titatively used to investigate the local and global stability of the model’s steady state. For the two steady
states the model has (that is the pest-free equilibrium and the pest persistence equilibrium points), it was
observed that they were both locally and globally stable. In particular, the pest-free equilibrium point is
both locally and globally stable whenever the reproduction number is less than unity. However, when the
reproduction number is greater than unity there exists a pest persistence equilibrium point which is also

both locally and globally stable.

Finally, we compared the effective reproduction number R, with the basic reproduction number Ry, as

established in Charles et al. (2024), emphasizing the need for robust control measures. Our findings
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underscore the effectiveness of vaccination, post-exposure prophylaxis (PEP), and public health educa-
tion in reducing rabies transmission. However, a single intervention may not suffice for eradication. A
comprehensive strategy combining vaccination, treatment, education, and control of free-roaming dog
populations proves to be the most effective approach. Sustained efforts, particularly in regions with high
contact rates between dogs and humans, are essential for long-term rabies elimination. By integrating
vaccination, education, treatment, and deterrence measures, rabies transmission can be significantly re-

duced, ultimately bringing the effective reproduction number below the critical threshold for eradication.

5.2 Recommendations

Based on the findings of this study, the following recommendations are proposed:

(1) Governments and health organizations should prioritize mass vaccination campaigns for both do-

mestic and stray dogs to reduce the basic reproduction number Ry and curb rabies transmission.

(i) Public health education programs should be enhanced to raise awareness about rabies prevention,

post-exposure prophylaxis (PEP), and responsible pet ownership.

(iii)) Implementation of effective stray dog population control measures, such as sterilization and regu-

lated culling, should be considered to minimize uncontrolled contact between dogs and humans.

(iv) Active surveillance and real-time monitoring systems should be established to track rabies inci-

dence, detect outbreaks early, and implement rapid intervention strategies.

(v) Incorporating stochastic modeling approaches in epidemiological studies can provide a more re-

alistic understanding of rabies dynamics, particularly in regions with low infection prevalence.

(vi) Governments should enforce stricter regulations on dog vaccinations, bite reporting, and move-

ment control to minimize cross-regional transmission risks.

Furthermore, the following future Works are proposed:

(1) Explore the role of environmental factors and socio-economic conditions in shaping rabies trans-

mission patterns to improve control strategies.

(i) Spatial-Temporal Dynamics: Investigate the role of geographic heterogeneity and mobility pat-

terns in rabies transmission.

(iii) Climate and Environmental Factors: Assess the impact of seasonal variations, urbanization, and

habitat changes on disease persistence.

(iv) Optimized Vaccination Strategies: Develop cost-effective, data-driven vaccination models using

optimal control and stochastic approaches.
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(v) Stochastic Threshold Analysis: Examine extinction probabilities under demographic and environ-

mental variability.

(vi) Socio-Economic and Policy Impact: Evaluate the economic burden of rabies and the effectiveness

of public health interventions.

(vii) Multi-Species Transmission: Extend models to include wildlife reservoirs and interspecies inter-

actions affecting rabies dynamics.

(viii) Machine Learning Applications: Utilize Al-driven models for outbreak prediction and real-time

disease monitoring.

5.2.1 Limitation of the Study

This study was limited to various constraints which need to be acknowledged. The following were the

limitations of this study:

(i) The proposed model were calibrated based on data extracted from literature, however, model

validation was not done due to unavailability of observed data.

(i) Unavailability of enough funds for travelling to meet my supervisors who were living outside the

country for face to face consultation.

125



REFERENCES

Abdulmajid, S., & Hassan, A. S. (2021). Analysis of time delayed rabies model in human and dog
populations with controls. Afrika Matematika, 32(5), 1067-1085.

Acharya, K. P., Subedi, D., & Wilson, R. T. (2021). Rabies control in South Asia requires a one health
approach. One Health, 12, 100215.

Acharya, K. P., Wilson, R. T. et al. (2020). One Health Approach for Rabies Control: Policy and Institu-

tional Perspectives. Infectious Diseases of Poverty, 9(1), 1-10.

Addo, K. M. (2012). An SEIR mathematical model for dog rabies: Case study of Bongo District, Ghana.
PhD thesis. Kwame Nkrumah University of Science and Technology.

Akinsulie, O. C., Adebowale, O. O., Adesola, R. O., Banwo, O. G., Idris, I., Ogunleye, S. C., Fasakin, O.,
Bakre, A., Oladapo, 1. P.,, & Aliyu, V. A. (2024). Holistic application of the one health approach
in the prevention and control of rabies: Plausible steps towards achieving the 2030 vision in
africa. One Health Outlook, 6(1), 22.

Ali, N., Khan, M. A., & Islam, S. (2024). A hybrid deterministic-stochastic model for rabies transmission
in small dog populations. Mathematical Biosciences and Engineering, 21(1), 789—812.

Amoako, Y., El-Duah, P., Sylverken, A., Owusu, M., Yeboah, R., Gorman, R., Adade, T., Bonney, J.,
Tasiame, W., & Nyarko Jectey, K. (2021). Rabies is still a fatal but neglected disease: A case
report. Journal of Medical Case Reports, 15(1), 1-6.

Anothaisintawee, T., Genuino, A. J., Thavorncharoensap, M., Youngkong, S., Rattanavipapong, W.,
Meeyai, A., & Chaikledkaew, U. (2019). Cost-effectiveness modelling studies of all preventive

measures against rabies: A systematic review. Vaccine, 37, A146—-A153.

Asamoah, J. K. K., Oduro, F. T., Bonyah, E., & Seidu, B. (2017). Modelling of rabies transmission

dynamics using optimal control analysis. Journal of Applied Mathematics, 2017.

Asamoah, J. K. K., Oduro, F. T., Bonyah, E., & Seidu, B. (2021). A mathematical model for rabies
transmission dynamics with vaccination and public health education. Computational and Math-
ematical Methods in Medicine, 2021, 1-15.

Aydogan, S. M., Baleanu, D., Mohammadi, H., & Rezapour, S. (2020). On the mathematical model
of rabies by using the fractional caputo fabrizio derivative. Advances in Difference Equations,
2020(1), 1-21.

Ayoade, A. A., & Ibrahim, M. O. (2023). Modeling the dynamics and control of rabies in dog population
within and around Lagos, Nigeria. The European Physical Journal Plus, 138(5), 397.

Ayoade, A. A., Peter, O. J., Ayoola, T. A., & Victor, A. (2019). A saturated treatment model for the

transmission dynamics of rabies. Malaysian Journal of Computing, 4(1), 201-213.

126



Bornaa, C. S., Seidu, B., & Daabo, M. L. (2020). Mathematical analysis of rabies infection. Journal of
Applied Mathematics, 2020.

Bunuma, E. K., Keyyu, J., Maziku, J., Bitanyi, S., Fyumagwa, R., Changula, K., Mubemba, B., Simu-
lundu, E., Chitanga, S., Horton, D. L., Ekiri, A. B., Sawa, H., & Muleya, W. (2025). Rabies
surveillance in Mainland Tanzania: A scoping review of animal rabies occurrences (1993—
2023). Pathogens, 14(9), 919.

Castillo-Chavez, C., Feng, Z., & Huang, W. (2002). On the computation of basic reproduction number
and its role on global stability. /n: Mathematical Approaches for Emerging and Re—emerging

Infectious Diseases: An Introduction. Springer. pp. 229-250.

Chapwanya, M., & Dumani, P. (2022). Environment considerations on the spread of rabies among
African wild dogs (Lycaon pictus) with control measures. Mathematical Methods in the Ap-
plied Sciences, 45(8), 4124-4139.

Charles, M., Masanja, V. G., Torres, D. F. M., Mfinanga, S. G., & Lyakurwa, G. A. (2024). Mathematical
model to assess the impact of contact rate and environment factor on transmission dynamics of
rabies in humans and dogs. Heliyon, 10(11), €32012.

De Benedictis, P., Leopardi, S., Markotter, W., & Velasco-Villa, A. (2022). The importance of accurate
host species identification in the framework of rabies surveillance, control and elimination.
Viruses, 14(3), 492.

Dharmaratne, S., Sudaraka, S., Abeyagunawardena, 1., Manchanayake, K., Kothalawala, M., & Gu-
nathunga, W. (2020). Estimation of the basic reproduction number for the novel coronavirus

disease in Sri Lanka. Virology Journal, 17, 1-7.

Gilbert, A. T. (2023). The ecological range and principles of wildlife rabies virus perpetuation in the
Americas. In: History of Rabies in the Americas: From the Pre-Columbian to the Present,
Volume I: Insights to Specific Cross-Cutting Aspects of the Disease in the Americas. Springer.
pp. 61-75.

Gompper, M. E. (2013). Free-ranging dogs and wildlife conservation. Oxford University Press.
Grieve, S. (2022). Rabies: What nurses and travellers should know. Practice Nursing, 33(7), 10-14.

Hailemichael, D. D., Edessa, G. K., & Koya, P. R. (2022). Effect of vaccination and culling on the dynam-
ics of rabies transmission from stray dogs to domestic dogs. Journal of Applied Mathematics,
2022, 1-14.

Hampson, K., Ferguson, E., Lembo, T., & Cleaveland, S. (2020). Global rabies elimination: A metapop-
ulation modelling approach to assess burden and identify drivers of persistence. The Lancet
Planetary Health, 4(11), e531-e540.

127



Hampson, K., Ventura, F., Steenson, R., Mancy, R., Trotter, C., Cooper, L., Abela-Ridder, B., Knopf,
L., Ringenier, M., & Tenzin, T. (2019). The potential effect of improved provision of rabies
post-exposure prophylaxis in gavi-eligible countries: a modelling study. The Lancet Infectious
Diseases, 19(1), 102—-111.

Hou, Q., Jin, Z., & Ruan, S. (2012). Dynamics of rabies epidemics and the impact of control efforts in
Guangdong Province, China. Journal of Theoretical Biology, 300, 39-47.

Jawaz, M., Rehman, M., Ahmed, N., Baleanu, D., Igbal, M. S., Rafigq, M., & Raza, A. (2022). Analy-
sis and numerical effects of time-delayed rabies epidemic model with diffusion. International

Journal of Nonlinear Sciences and Numerical Simulation, 23(1), 45-59.

Jeon, S., Cleaton, J., Meltzer, M. 1., Kahn, E. B., Pieracci, E. G., Blanton, J. D., & Wallace, R. (2019).
Determining the post-elimination level of vaccination needed to prevent re—establishment of
dog rabies. PLoS Neglected Tropical Diseases, 13(12), e0007869.

Johnson, N., Cunningham, A. F., & Fooks, A. R. (2010). The immune response to rabies virus infection
and vaccination. Vaccine, 28(23), 3896-3901.

Kadowaki, H., Hampson, K., Tojinbara, K., Yamada, A., & Makita, K. (2018). The risk of rabies spread
in Japan: A mathematical modelling assessment. Epidemiology and Infection, 146(10), 1245—
1252.

Kamgang, J. C., & Sallet, G. (2008). Computation of threshold conditions for epidemiological mod-
els and global stability of the disease-free equilibrium (DFE). Mathematical Biosciences,
213(1), 1-12.

Kanda, K., Jayasinghe, A., Jayasinghe, C., & Yoshida, T. (2022). A regional analysis of the progress of

current dog-mediated rabies control and prevention. Pathogens, 11(10), 1130.

Ketcheson, D. 1., Macdonald, C. B., & Gottlieb, S. (2009). Optimal implicit strong stability preserving
runge—kutta methods. Applied Numerical Mathematics, 59(2), 373-392.

Komol, P., Sommanosak, S., Jaroensrisuwat, P., Wiratsudakul, A., & Leelahapongsathon, K. (2020).
The spread of rabies among dogs in Pranburi District, Thailand: A metapopulation modeling

approach. Frontiers in Veterinary Science, 7, 570504.

Kumar, A., Bhatt, S., Kumar, A., & Rana, T. (2023). Canine rabies: An epidemiological significance,
pathogenesis, diagnosis, prevention and public health issues. Comparative Immunology, Micro-

biology and Infectious Diseases, p. 101992.

Lahodny, Jr., G. E., & Allen, L. J. S. (2013). Probability of a disease outbreak in stochastic multipatch
epidemic models. Bulletin of Mathematical Biology, 75(7), 1157-1180.

128



Lahodny, Jr., G. E., Gautam, R., & Ivanek, R. (2015). Estimating the probability of an extinction or
major outbreak for an environmentally transmitted infectious disease. Journal of Biological
Dynamics, 9, 128-155.

Laishram, J., Chaudhuri, S., Devi, H. S., & Konjengbam, S. (2016). Knowledge and practice on rabies in
an urban community of Manipur, India. Journal of Evolution of Medical and Dental Sciences,
5(37), 2234-2238.

LaSalle, J. P. (1976). Stability theory and invariance principles. In: Dynamical Systems. Elsevier.
pp- 211-222.

Lembo, T., Hampson, K., Kaare, M. T., Ernest, E., Knobel, D., Kazwala, R. R., Haydon, D. T., &
Cleaveland, S. (2010). The feasibility of canine rabies elimination in Africa: Dispelling doubts
with data. PLoS Neglected Tropical Diseases, 4(2), €626.

Lescureux, N., & Linnell, J. D. (2014). Warring brothers: The complex interactions between wolves
(Canis lupus) and dogs (Canis familiaris) in a conservation context. Biological Conservation,
171, 232-245.

Leung, T., Davis, A. J., & Begon, M. (2021). Assessing spillover risk of rabies from domestic
dogs to wildlife using a stochastic branching model. Journal of The Royal Society Interface,
18(179), 20210105.

Lugelo, A., Hampson, K., Bigambo, M., Kazwala, R., & Lankester, F. (2020). Controlling human ra-
bies: The development of an effective, inexpensive and locally made passive cooling device

for storing thermotolerant animal rabies vaccines. Tropical Medicine and Infectious Disease,
5(3), 130.

Lushasi, K., Hayes, S., Ferguson, E. A., Changalucha, J., Cleaveland, S., Govella, N. J., Haydon, D. T.,
Sambo, M., Mchau, G. J., & Mpolya, Emmanuel, A. (2021). Reservoir dynamics of rabies in
south-east Tanzania and the roles of cross—species transmission and domestic dog vaccination.
Journal of Applied Ecology, 58(11), 2673-2685.

Maity, S., & Mandal, P. S. (2022). A comparison of deterministic and stochastic plant-vector-virus mod-
els based on probability of disease extinction and outbreak. Bulletin of Mathematical Biology,
84(3), 41.

Maliyoni, M., Magamba, K., & Kadaleka, S. (2023). Extinction threshold in a stochastic epidemic

model for rotavirus dynamics with contaminated environment. Journal of Biological Systems,
31(1), 141-168.

Marrana, M. (2022). Epidemiology of disease through the interactions between humans, domestic ani-
mals, and wildlife. /n: One Health. Elsevier. pp. 73-111.

129



Mbilo, C., Coetzer, A., Bonfoh, B., Angot, A., Bebay, C., Cassam4, B., De Benedictis, P., Ebou, M. H.,
Gnanvi, C., & Kallo, V. (2021). Dog rabies control in West and Central Africa: A review. Acta
tropica, 224, 105459.

Mbu, R., Perez, A. M., & VanderWaal, K. (2025). Network-based modelling of rabies transmission:
Identifying superspreaders in dog contact networks. Scientific Reports, 15(1), 1234.

Moran, E. J. (2020). The spread and Persistence of Rabies in the Arctic: A modeling study. PhD thesis.

Memorial University of Newfoundland.

Mpolya, E. A., Lembo, T., Lushasi, K., Mancy, R., Mbunda, E. M., Makungu, S., Maziku, M., Sikana, L.,
Jaswant, G., & Townsend, S. (2017). Toward elimination of dog-mediated human rabies: Expe-
riences from implementing a large-scale demonstration project in Southern Tanzania. Frontiers

in Veterinary Science, 4, 21.

Mtema, Z., Changalucha, J., Cleaveland, S., Elias, M., Ferguson, H. M., Halliday, J. E., Haydon, D. T.,
Jaswant, G., Kazwala, R., & Killeen, G. F. (2016). Mobile phones as surveillance tools: Imple-

menting and evaluating a large-scale intersectoral surveillance system for rabies in Tanzania.
PLoS Medicine, 13(4), e1002002.

Mtema, Z., Changalucha, J., & Haydon, D. T. (2025). Spatially explicit modelling of rabies con-

trol: The role of dog mobility and vaccination heterogeneity. Journal of Theoretical Biology,
576, 111645.

Ndii, M., Amarti, Z., Wiraningsih, E., & Supriatna, A. (2018). Rabies epidemic model with uncertainty
in parameters: Crisp and fuzzy approaches. In: IOP conference series: Materials science and
Engineering. Vol. 332. IOP Publishing. p. 012031.

Nigg, A. J., & Walker, P. L. (2009). Overview, prevention, and treatment of rabies. Pharmacotherapy:
The Journal of Human Pharmacology and Drug Therapy, 29(10), 1182-1195.

Oertli, E. H. (2019). Rabies postexposure prophylaxis: Who, what, when, where, why, and how. Rabies:

Clinical Considerations and Exposure Evaluations, p. 79.

Organization, W. H. (2010). Working to overcome the global impact of neglected tropical diseases: First
WHO report on neglected tropical diseases. number WHO/HTM/NTD/2010.1. World Health

Organization.

Organization, W. H. (2013). WHO expert consultation on rabies: Second report. Vol. 982. World Health

Organization.

Organization, W. H. (2018). WHO expert consultation on rabies: Third report. Vol. 1012. World Health

Organization.

130



Pantha, B., Giri, S., Joshi, H. R., & Vaidya, N. K. (2021). Modeling transmission dynamics of rabies in
Nepal. Infectious Disease Modelling, 6, 284-301.

Patane, N., Eades, O., Morris, J., Mac, O., McCaffery, K., & McGuinness, S. L. (2025). The deadly
details: How clear and complete are publicly available sources of human rabies information?.

Tropical Medicine and Infectious Disease, 10(1), 16.
Paul, J. (2024). Nervous system infections. In: Disease Causing Microbes. Springer. pp. 315-356.

Peng, H., Yang, Q., Zhang, X., & Jiang, D. (2022). Transmission dynamics of a high dimensional ra-
bies epidemic model in a markovian random environment. Qualitative Theory of Dynamical
Systems, 21(2), 1-27.

Pongsumpun, & Puntani (2022). Dynamical model of rabies disease in human and dog. In: 2022 4th

International Conference on Management Science and Industrial Engineering. pp. 462—466.

Qin, X, Liu, K., Fu, T., Song, S., Zhao, C., Li, Z., Lu, X., & Shao, Z. (2025). Global burden, trends,
and predictions of rabies: An analysis from the global burden of disease study 1990-2019 and
projections for 2030. Journal of Public Health, 33, 69-78.

Ramsey, E. C. (2017). Rabid response: Unpacking the history of the rabies virus to examine resource

allocation.

Rather, M. M., & Vasavi, K. (2024). Unleashing the truth: Understanding Rabies in Humans and An-
imals. In: Emerging Human Viral Diseases, Volume II: Encephalitic, Gastroenteric, and Im-

munodeficiency Viral Infections. Springer. pp. 289-306.

Rees, E. M., Minter, A., Edmunds, W. J., Lau, C. L., Kucharski, A. J., & Lowe, R. (2021). Transmission
modelling of environmentally persistent zoonotic diseases: A systematic review. The Lancet
Planetary Health, 5(7), e466—e478.

Renald, E. K., Kuznetsov, D., & Kreppel, K. (2020). Desirable Dog-Rabies Control Methods in an Urban
Setting in Africa: A Mathematical Model. International Journal of Mathematical Sciences and
Computing, 1, 49—67.

Ruan, S. (2017a). Modeling the transmission dynamics and control of rabies in China. Mathematical
Biosciences, 286, 65-93.

Ruan, S. (2017b). Spatiotemporal epidemic models for rabies among animals. Infectious Disease Mod-
elling, 2(3), 277-287.

Rweyemamu, M., Loretu, K., Jakob, H., & Gorton, E. (1973). Observations on rabies in Tanzania.
Bulletin of Epizootic Diseases of Africa, 21(1), 19-27.

131



Rysava, K., Mancero, T., Caldas, E., de Carvalho, M. F,, Castro, A. P., Gutiérrez, V., Haydon, D. T., John-
son, P. C., Mancy, R., & Montebello, L. R. (2020). Towards the elimination of dog-mediated
rabies: Development and application of an evidence-based management tool. BMC Infectious
Diseases, 20, 1-14.

Sagamiko, T. D., Shaban, N., Nahonyo, C. L., & Makinde, O. D. (2015). Optimal control of a threatened
wildebeest-lion prey-predator system in the Serengeti ecosystem. Open Journal of Ecology,
5(4), 110-119.

Salyer, S. J., Silver, R., Simone, K., & Behravesh, C. B. (2017). Prioritizing zoonoses for global health
capacity building—themes from one health zoonotic disease workshops in 7 countries, 2014—
2016. Emerging Infectious Diseases, 23(Suppl 1), S55.

Samanta, S., & Chattopadhyay, J. (2022). Optimal control strategies for rabies eradication: A cost-
effectiveness analysis using pontryagin’s principle. Applied Mathematical Modelling, 105, 459—
478.

Sambo, M., Cleaveland, S., Ferguson, H., Lembo, T., Simon, C., Urassa, H., & Hampson, K. (2013).
The burden of rabies in Tanzania and its impact on local communities. PLoS Neglected Tropical
Diseases, 7(11), €2510.

Sambo, M., Ferguson, E. A., Abela-Ridder, B., Changalucha, J., Cleaveland, S., Lushasi, K., Mchau,
G. J., Nanai, A., Nonga, H., & Steenson, R. (2022). Scaling-up the delivery of dog vaccination
campaigns against rabies in Tanzania. PLoS Neglected Tropical Diseases, 16(2), €0010124.

Sambo, M., Lembo, T., Cleaveland, S., & Ferguson, E. (2014). Knowledge, Attitudes and Practices
(KAP) about Rabies in Tanzania. PLoS Neglected Tropical Diseases, 8(6), €2935.

Sauer, T. (2012). Numerical Analysis. Pearson Education Inc, Upper Saddle River.

Selleck, M., Koppes, P., Jareb, C., Shwiff, S., Liu, L., & Shwiff, S. A. (2025). The economic landscape
of global rabies: A scoping review and future directions. Tropical Medicine and Infectious
Disease, 10(8), 222.

Shwiff, S. A., Elser, J. L., Ernst, K. H., Shwiff, S. S., & Anderson, A. M. (2018). Cost—benefit analysis
of controlling rabies: Placing economics at the heart of rabies control to focus political will.
PLoS Neglected Tropical Diseases, 12(1), e0006227.

Silva, C. J., Cruz, C., Torres, D. F. M., Muiluzuri, A. P., Carballosa, A., Area, 1., Nieto, J. J., Fonseca-
Pinto, R., Passadouro, R., Santos, W., & Mira, J. (2021). Optimal control of the COVID-19
pandemic: Controlled sanitary deconfinement in Portugal. Scientific Reports, 11(1), 3451.

Simon, A., Tardy, O., Hurford, A., Lecomte, N., Bélanger, D., & Leighton, P. A. (2019). Dynamics and

persistence of rabies in the Arctic. Polar Research, 38, 3366.

132



Stephen, K. J., Assenga, J., Bernard, J., Eblate, E., Mwakapeje, E., Mghamba, J., Chinyuka, H., & Kam-
barage, D. (2022). After-action review of rabies and anthrax outbreaks multisectoral response
in Tanzania, challenges and lessons. Journal of Public Health in Africa, 13(2), 2023.

Stoddart, A. (1967). Existence of optimal controls. Pacific Journal of Mathematics, 20(1), 167-177.

Tian, H., Feng, Y., Vrancken, B., Cazelles, B., Tan, H., Gill, M. S., Yang, Q., Li, Y., Yang, W., Zhang, Y.
et al. (2018). Transmission dynamics of re—-emerging rabies in domestic dogs of Rural China.
PLoS Pathogens, 14(12), e1007392.

Tulu, A. M., & Koya, P. R. (2017). The impact of infective immigrants on the spread of dog rabies.
American Journal of Applied Mathematics, 5(3), 68.

Wilson, V. G. (2025). Rabies: From attenuation to inactivation. /n: The Conquest of Viruses: A History
of Viral Vaccines. Springer. pp. 39-61.

World Health Organization (2006). Schistosomiasis. Weekly Epidemiological Record, (115), 145-164.

Wright, N., Subedi, D., Pantha, S., Acharya, K. P., & Nel, L. H. (2021). The role of waste management

in control of rabies: A neglected issue. Viruses, 13(2), 225.

Yamada, A., Makita, K., Kadowaki, H., Ito, N., Sugiyama, M., Kwan, N. C., & Sugiura, K. (2019).
A comparative review of prevention of rabies incursion between Japan and other rabies-free

countries or regions. Japanese Journal of Infectious Diseases, 72(4), 203-210.

Yang, H. M. (2014). The basic reproduction number obtained from jacobian and next generation matri-

ces: A case study of dengue transmission modelling. Biosystems, 126, 52-75.

Yusuf, T. T., Abidemi, A., Afolabi, A. S., & Dansu, E. J. (2022). Optimal control of the coronavirus
pandemic with impacts of implemented control measures. Journal of the Nigerian Society of

Physical Sciences, pp. 88-98.

Zhang, J., Jin, Z., Sun, G.-Q., Zhou, T., & Ruan, S. (2011). Analysis of rabies in China: Transmission
dynamics and control. PLoS One, 6(7), €20891.

Zhao, Y., Li, M. Y., & Wang, J. (2023). Impact of environmental stochasticity on rabies extinction: A
stochastic differential equation approach. Bulletin of Mathematical Biology, 85(4), 32.

Zhu, S., & Guo, C. (2016). Rabies control and treatment: From prophylaxis to strategies with curative
potential. Viruses, 8(11), 279.

133



APPENDICES

APPENDIX I: MATLAB Code for Model Without Control

clear all

close all

clc

global rho_1 rho_2 rho_3 C theta_l tau_1 tau_2 gamma tau_3 mu_3 beta_1l beta_2
beta_3 mu_1 sigma_1l theta_2 kappa_1l kappa_2 kappa_3 sigma_2 mu_2 theta_3
psi_1l psi_2 psi_3 sigma_3 gamma_l gamma_2 gamma_3 mu_4 nu_1l nu_2 nu_3

rho_1=10; %Deterrent coeffiecient of domestic dogs from I_F
rho_2=8; %Deterrent coeffiecient of domestic dogs from I_D
rho_3=15; %Deterrent coeffiecient of domestic dogs from M

theta_1=2000; % recurement rate of susceptible human
tau_1=0.0004; %The rate that S_H get infections from I_F
tau_2=0.0006; %The rate S_H get infection from I_D %paremeter Estimation
tau_3=0.0003; %The rate that S_H get infection from M
beta_1=1/6; %progression rate out of E_.H to I_H(Incubation period of human)
beta_2=1; %Recovery rate of E_H

beta_3=0.54; %Rate of immunity loss of human being
mu_1=0.0142; %Natural death rate of human

sigma_1=1; %Disease induced rate of I H

theta_2=1000; %Recruitment rate of free range dogs

gamma=1/6; %Progression rate of E_F to I_F

kappa_1=0.00002; %The rate that S_F becomes I_F from I_F
kappa_2=0.00008;%The rate that S_F bceomes infection from I_D
kappa_3=0.00004; %The rate that S_F gets infection form M
sigma_2=0.09;% Disease induced death rate of I_F

mu_2=0.067; %Natural Mortality rate of free—range dogs
theta_3=1200;%Recruitment rate of domestic dog population
psi_1=0.00009; %The rate that S_D get infection from I_F
psi_2=0.00007; %The rate that S_ D get infection from I.D
psi_3=0.00003; %The rate that S D get infection from M
sigma_3= 0.09;%1; %Disease induced death rate for I_D
gamma_1=1/6; %The rate at which E_D becomes I_D
gamma_2=0.09; %Recovery rate of E_D

gamma_3=0.05; %The rate of loss of immunity of E_D
mu_3=0.08; % The naural Mortality rate of domestic dogs

nu_1=0.002; %Environment shedding rate from I_H
nu_2=0.009; %Environment shedding rate from I_F
nu_3=0.005; %Environment shedding rate from I_D
mu_4=0.08; %Naural removal rate of rabies

(=0.003; % Rabies concetration in the environment

R_33=(kappa_lxtheta_2xgamma)/(mu_2x*(mu_2+gamma)*(mu_2+sigma_2));
R_35=(kappa_lxtheta_2+xgamma_1)/(mu_2*(mu_3+gamma_l+gamma_2)*(mu_3+sigma_3));
R_53=(psi_1lxtheta_3*xgamma)/(mu_3x*(1l+rho_1)*(mu_2+gamma)x*(mu_2+sigma_2));
R_55=(psi_2xtheta_3*gamma_1)/((1+rho_2)*(mu_3+gamma_l+gamma_2)*(mu_3+sigma_3));
R_0=((R_55+R_33)+sqrt(R_33*(R_33—2+#R_55)+4*R_35*R_53+R_55"2))/2
tspan=[0:0.0001:100];
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y0=[142000,40,0,0,15000,20,0,12500,25,0,0,901];

[t,yl=0ded5(@(t,y)main_ty(t,y,rho_1,rho_2,rho_3,C,theta_1,tau_1,tau_2,gamma,tau_3
,mu_3,beta_1,beta_2,beta_3, mu_1,sigma_1,theta_2,kappa_1l,kappa_2,kappa_3,
sigma_2,mu_2,theta_3,psi_1,psi_2,psi_3,sigma_3,gamma_1l,gamma_2,gamma_3,mu_4,
nu_1,nu_2,nu_3),tspan,yo0);

figure(2)
plot(t,y(:,1), 'LineWidth"',2)
grid on
xlabel('Time[Years]")
ylabel('Susceptible Human')
figure(3)
plot(t,y(:,2), 'LineWidth',2)
hold on
grid on
% grid on
plot(t,y(:,3), 'LineWidth"',2)
plot(t,y(:,4), 'LineWidth',2)
legend('E_H','I_ H','R.H")
xlabel('Time[Years]")
ylabel('Human Population')
figure(5)
plot(t,y(:,8), 'LineWidth',2)
%shold on
grid on
xlabel('Time[Years]")
ylabel('Susceptible Domestic dog')
figure(6)
plot(t,y(:,9), 'LineWidth',2)
hold on
grid on
% grid on
plot(t,y(:,10), 'LineWidth',2)
plot(t,y(:,11), 'LineWidth',2)
legend('E_.D','I_D','R.D")
xlabel('Time[Years]"')
ylabel('Domestic dog Population')
figure(7)
plot(t,y(:,5), 'LineWidth"',2)
grid on
xlabel('Time[Years]")
ylabel('Susceptible free range dogs')
figure(8)
plot(t,y(:,6), 'LineWidth',2)
hold on
grid on
plot(t,y(:,7), 'LineWidth',2)
legend('E_F','I_F")
xlabel('Time[Years]"')
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ylabel('Free Range dog Population')
figure(9)
hold on
grid on
plot(t,y(:,12), 'LineWidth',2)

xlabel('Time[Years]"')
ylabel('Rabies in the environment')

figure(10)
bar(t,y(:,12))
xlabel('Time[Years]"')
ylabel('Rabies in the environment')
function dy = main_ty(t,y, rho_1,rho_2,rho_3,C,theta_1,tau_1,tau_2,gamma, tau_3,
mu_3,beta_1,beta_2,beta_3, mu_1,sigma_1,theta_2,kappa_1,kappa_2, kappa_3,
sigma_2,mu_2,theta_3,psi_1,psi 2,psi_3,sigma_3,gamma_1,gamma_2,gamma_3,mu_4,
nu_1,nu_2,nu_3)
dy=zeros(12,1);

S_H=y(1);

E_H=y(2);

I_H=y(3);

R_H=y(4);

S_F=y(5);

E_F=y(6);

I_F=y(7);

S_D=y(8);

E_D=y(9); % assining the model equations

I_D=y(10);

R_D=y(11);

M=y (12);

%Model equations

dy(1l)=theta_l+beta_3*R_H-mu_1*S_H—(tau_1xI_F+tau_2xI_D+tau_3+M/(M+C))=*S_H;

dy(2)=(tau_1xI_F+tau_2*xI_D+tau_3*M/M+(C)*S_H—(mu_l+beta_l+beta_2)*E_H;

dy(3)=beta_1xE_H—(sigma_1l+mu_1)*I_H;

dy(4)=beta_2*E_H—(beta_3+mu_1)*R_H;

dy(5)=theta_2—(kappa_1xI_F+kappa_2*I_D+kappa_3*M/(M+C))*S_F-mu_2x*S_F;

dy(6)=(kappa_1l*I_F+kappa_2*xI_D+kappa_3*M/(M+C))*S_F—(mu_2+gamma)*E_F;

dy(7)=gammaxE_D—(mu_2+sigma_2)*I_F;

dy(8)=theta_3—((psi_1/(1+rho_1))*I_F+(psi_2/(1+rho_2))*I_D+(psi_3*M/(1+rho_3))=*(M
+C) ) *S_D-mu_3*S_D+gamma_3*R_D;

dy(9)=((psi_1l/(1+rho_1))*I_F+(psi_2/(1+rho_2))*I_D+(psi_3*M/(1+rho_3))*(M+C))=*S_D
—(mu_3+gamma_l+gamma_2)x*E_D;

dy(10)=gamma_1+E_D—(mu_3+sigma_3)*I_D;

dy(11)=gamma_2+E_D—(mu_3+sigma_3)*R_D;

dy(12)=(nu_1*I_H+nu_2*I_F+nu_3*I_D)—mu_4xM;

end
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APPENDIX II : MATLAB Code for Parameter Estimation

clc;

clear all

close all

% Parameters

par = [10, 8, 15, 2000, 0.0004, 0.0006, 0.0003, 1/6, 1, 0.54,
0.0142, 1, 1000, 1/6, 0.00002, 0.00008, 0.00004, 0.09,
0.067, 1200, 0.00009, 0.00007, 0.00003, 0.09, 1/6, 0.09,
0.05, 0.08, 0.002, 0.009, 0.005, 0.08, 0.003];

% Time
time = linspace(0, 100, 500);

% Initial conditions
y0 = [142000, 40, 0, 0, 15000, 20, 0, 12500, 25, 0, 0, 90];
%y0=[142000,40,3,0,15000,10,0,12500,40,5,0,90];

% ODE solver
[t, x] = oded5(@(t,y) model_1(t, y, par), time, y0);

% Adding noise
sigy = 0.05;
yy = X.*(1 + randn(size(x)) * sigy);

% Data structure
data.ydata = yy;
data.tdata = time;
data.y0@data = yo0;

% Optimization

theta® = par;

opt = optimset('maxiter', 500, 'Display', 'iter');
[estimate, ~] = fminsearch(@LSM, theta@, opt, data);

% Compute the mean and standard deviation for each parameter
mean_estimate = mean(estimate);
std_dev_estimate = std(estimate);

% Display the results
for i = 1:length(par)
disp([sprintf('Parameter %2d:', i), sprintf('sl5.6f', estimate(i)), sprintf('
%15.6f', mean_estimate), sprintf('s15.6f', std_dev_estimate)]);

end

% Display the results

fprintf('Parameter Estimated Value Mean Std. Deviation\n');
fprintf(' \n');

for i = 1:length(par)
lower_bound = estimate(i) — std_dev_estimate;
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upper_bound = estimate(i) + std_dev_estimate;
disp([sprintf('%9d', i), sprintf('%20.6f', estimate(i)), sprintf('%12.6f"',
lower_bound), sprintf('s12.6f', upper_bound)]);
end

% ODE solver with optimized parameters
[~, x_est] = ode45(@(t,y) model_1(t, y, estimate), time, y0);

% Residuals
r =yy — x_est;

figure;
variable_labels_humans = {'S_H', 'E_H', 'I_H', 'R_H'};
for i = 1:4

subplot(2, 2, 1i);
scatter(data.tdata, data.ydata(:, i), 'b', 'filled');
hold on;
plot(t, x(:, i), 'r', 'LineWidth', 2);
plot(t, x_est(:, i), —k', 'LineWidth', 2);
xlabel('Time(Years)');
ylabel(sprintf( variable_labels_humans{i})); %'domestic Dogs: %s'
legend('Noisy Data', 'Initial Parameter', 'Estimated Parameter');
title(sprintf( variable_labels_humans{i})); %'domestic Dogs: %s'
grid on;
hold off;

end

figure;

variable_labels_free_range_dogs = {'S_F', 'E_LF', 'I_F'};

for i = 1:3
subplot(1, 3, i);
scatter(data.tdata, data.ydata(:, i+4), 'b', 'filled');
hold on;
plot(t, x(:, i+4), 'r', 'LineWidth', 2);
plot(t, x_est(:, i+4), k', 'LineWidth', 2);
xlabel('Time(Years)');
ylabel(sprintf( variable_labels_free_range_dogs{i})); %'domestic Dogs: %s
legend('Noisy Data', 'Initial Parameter', 'Estimated Parameter');
title(sprintf( variable_labels_free_range_dogs{i})); %'domestic Dogs: %s
grid on;
hold off;

end

figure;

variable_labels_domestic_dogs = {'S_.D', 'E.D', 'I_.D', 'R.D'};

for i = 1:4
subplot(2, 2, 1i);
scatter(data.tdata, data.ydata(:, i+7), 'b', 'filled');
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hold on;
plot(t, x(:, i+7), 'r', 'LineWidth', 2);
plot(t, x_est(:, i+7), —k', 'LineWidth', 2);
xlabel('Time(Years)');
ylabel(sprintf( variable_labels_domestic_dogs{i})); %'domestic Dogs: %s'
legend('Noisy Data', 'Initial Parameter', 'Estimated Parameter');
title(sprintf( variable_labels_domestic_dogs{i})); %'domestic Dogs: %s'
grid on;
hold off;

end

% Plot variable M separately

figure;

%ssubplot(l, 2, 1);

plot(t, x(:, 12), 'r', 'LineWidth', 2);

hold on;

plot(t, x_est(:, 12), '—k', 'LineWidth', 2);
scatter(data.tdata, data.ydata(:, 12), 'b', 'filled');
title('M");

xlabel('Time (Years)');
ylabel('Variable M');
legend('Model', 'Fitted', 'Actual');

grid on;
figure;
variable_labels = {'S_H', 'E_H', '"I_H', 'R_H'};
for i = 1:4
subplot(2, 2, 1i);
histogram(r(:, i), 'Normalization', 'probability');

title(sprintf(variable_labels{i})); %'Residuals for %s',
xlabel('Residual');

ylabel('Probability"');

grid on;

% Compute histogram values for line plot
[counts, edges] = histcounts(r(:, 1i));

centers = (edges(l:end—1) + edges(2:end)) / 2;
values = counts / sum(counts);

% Plot line plot
hold on;
plot(centers, values, 'm—', 'LineWidth', 2);
%legend('Histogram', 'Line Plot');
end
variable_labels_domestic_dogs = {'S_D', 'E_LD', 'I_D', 'R.D'};

figure;

for i = 1:4
subplot(2, 2, i);
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% Plot all three datasets for this variable

scatter(data.tdata, data.ydata(:, i+7), 40, 'b', 'filled', 'MarkerFaceAlpha’,
0.7);

hold on;

plot(t, x(:, i+7), 'r', 'LineWidth', 2);

plot(t, x_est(:, i+7), —k', 'LineWidth', 2);

xlabel('Time (Years)');
ylabel('Population');
title(variable_labels_domestic_dogs{i});
legend('Noisy Data', 'Initial Parameter', 'Estimated Parameter', 'Location',
'best');
grid on;
hold off;
end

figure;
variable_labels_free_range = {'S_F', 'E_F', '"I_F'};
for i = 1:3
subplot(1, 3, i);
histogram(r(:, i+4), 'Normalization', 'probability');
title(sprintf( variable_labels_free_range{i})); %'Residuals for Free Range
Dogs: %s',
xlabel('Residual');
ylabel('Probability"');
grid on;

% Compute histogram values for line plot
[counts, edges] = histcounts(r(:, i+4));
centers = (edges(l:end—1) + edges(2:end)) / 2;
values = counts / sum(counts);

% Plot line plot
hold on;
plot(centers, values, 'm—', 'LineWidth', 2);
%legend('Histogram', 'Line Plot');
end

figure;
variable_labels_domestic_dogs = {'S_.D', 'E.D', 'I_.D', 'R.D'};
for i = 1:4
subplot(2, 2, 1i);
histogram(r(:, i+7), 'Normalization', 'probability');
title(sprintf( variable_labels_domestic_dogs{i})); %'Residuals for Domestic
Dogs: %s',
xlabel('Residual');
ylabel('Probability');
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grid on;

% Compute histogram values for line plot
[counts, edges] = histcounts(r(:, i+7));
centers = (edges(1l:end—1) + edges(2:end)) / 2;
values = counts / sum(counts);

% Plot line plot
hold on;
plot(centers, values, 'm—', 'LineWidth', 2);
%legend('Histogram', 'Line Plot');
end

figure;

histogram(r(:, 12), 'Normalization', 'probability');
title('M");

xlabel('Residual');

ylabel('Probability"');

grid on;

% Compute histogram values for line plot
[counts, edges] = histcounts(r(:, 12));
centers = (edges(l:end—1) + edges(2:end)) / 2;
values = counts / sum(counts);

% Plot line plot

hold on;

plot(centers, values, 'm—', 'LineWidth', 2);
%legend('Histogram', 'Line Plot');

% Compute the posterior distribution
posterior = fitdist(r(:), 'Kernel');

% Plotting the four variables in a subplot

% (Existing code for plotting other variables goes here...

% QQ plots for Humans

figure;

subplot(2, 2, 1); % Subplot for S_H

ggplot(r(:, 1)); % QQ plot for susceptible Humans (S_H)
title('QQ Plot for Susceptible Humans (S_H)');

subplot(2, 2, 2); % Subplot for E_H
ggplot(r(:, 2)); % QQ plot for Exposed Humans (S_H)
title('QQ Plot for Exposed Humans (E_H)');

subplot(2, 2, 3); % Subplot for I_H

ggplot(r(:, 3)); % QQ plot for Infected Humans (I _H)
title('QQ Plot for Infected Humans (I_H)');
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subplot(2, 2, 4); % Subplot for R_H
qgplot(r(:, 4)); % QQ plot for Recovered Humans (R_H)
title('QQ Plot for Recovered Humans (R_H)');

% Adjust the layout for better visibility
% sgtitle('QQ Plots for Humans');

% QQ plots for Free—Range Dogs
figure;

subplot(1l, 3, 1); % Subplot for S_F
ggplot(r(:, 5)); % QQ plot for Susceptible Free—Range (S_F)
title('QQ Plot for Susceptible Free—Range Dogs (S_F)');

subplot(1, 3, 2); % Subplot for E_F
ggplot(r(:, 6)); % QQ plot for Susceptible Free—Range (S_F)
title('QQ Plot for Exposed Free—Range Dogs (S_F)');

subplot(1, 3, 3); % Subplot for I_F
qgplot(r(:, 7)); % QQ plot for infected Free Range (E_F)
title('QQ Plot for infected Free—Range Dogs (E_F)');

% Adjust the layout for better visibility
% sgtitle('QQ Plots for Free—Range Dogs');

% QQ plots for Domestic Dogs

figure;

subplot(2, 2, 1); % Subplot for S_D

ggplot(r(:, 8)); % QQ plot for Susceptible domestic dog (S_D)
title('QQ Plot for Infected FreeRange Dogs (I_F)');

subplot(2, 2, 2); % Subplot for E_D
qgplot(r(:, 9)); % QQ plot for Exposed Domestic (E_D)
title('QQ Plot for Exposed Domestic Dogs (E_D)');

subplot(2, 2, 3); % Subplot for I.D
qgplot(r(:, 10)); % QQ plot for Infected Domestic (I_D)
title('QQ Plot for Exposed Domestic Dogs (E_D)');

subplot(2, 2, 4); % Subplot for RD

qgplot(r(:, 11)); % QQ plot for Recovered Domestic (R_D)
title('QQ Plot for Recovered Domestic Dogs (R_D)');

figure;

ggplot(r(:, 12)); % QQ plot for envoronment concetration (M)
title('QQ Plot for concetrated envonment ,M');

figure;

variable_labels = {'S_H', 'E_H', '"I_H', 'R_H'};
for i = 1:4
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end

subplot(2, 2, i, 'LineWidth',2);

autocorr(r(:, 1));

title(sprintf( variable_labels{i})); %'Autocorrelation of Residuals for %s',
xlabel('Lag');

ylabel('Sample Autocorrelation');

grid on;

% Plot autocorrelation of residuals for Free Range Dogs variables
figure;
variable_labels_free_range = {'S_F', 'E_LF', '"I_F'};

for

end

i=1:3

subplot(1, 3, i, 'LineWidth',2);

autocorr(r(:, i+4));

title(sprintf( variable_labels_free_range{i})); %'Autocorrelation of
Residuals for Free Range Dogs: %s',

xlabel('Lag');

ylabel('Sample Autocorrelation');

grid on;

% Plot autocorrelation of residuals for Domestic Dogs variables
figure;
variable_labels_domestic_dogs = {'S_.D', 'E.D', 'I_.D', 'R.D'};

for

end

i=1:4

subplot(2, 2, i, 'LineWidth',2);

autocorr(r(:, i+7));

title(sprintf(variable_labels_domestic_dogs{i})); %'Autocorrelation of
Residuals for Domestic Dogs: %s',

xlabel('Lag');

ylabel('Sample Autocorrelation');

grid on;

% Plot autocorrelation of residuals for Variable M

figure;

autocorr(r(:, 12));

title('M'); %Autocorrelation of Residuals for Free Range Dogs: Variable
xlabel('Lag');

ylabel('Sample Autocorrelation');

grid on;

function dy = model_1(~, y, par)

% Parameters

rho_1 = par(1l); rho_2 = par(2); rho_3 = par(3);

theta_1l = par(4); tau_l = par(5); tau_2 = par(6); tau_3 = par(7);
beta_1l = par(8); beta_2 par(9); beta_3 = par(10); mu_l = par(1ll);
sigma_1l = par(12); theta_2 = par(13); gamma = par(14);

kappa_l = par(15); kappa_2 = par(16); kappa_3 = par(17);
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sigma_2 = par(18); mu_2 = par(19); theta_3 = par(20);
psi_l = par(2l); psi_2 = par(22); psi_3 = par(23);
sigma_3 = par(24); gamma_1l = par(25); gamma_2 = par(26);
gamma_3 = par(27); mu_3 = par(28); nu_1l = par(29);

nu_2 = par(30); nu_3 = par(31); mu_4 = par(32); C = par(33);

% Variables

S.H=y(l); EEH = y(2); I_H = y(3); R.H = y(4);
S F=y(5); EEF =y(6); I_.F =y(7);

S.D=y(8); EED =y(9); I.D = y(10); R.D = y(11);
M=y(12);

% Model equations

dy = zeros(size(y)); % Initialize output vector

dy(1l) = theta_l + beta_3 * R.H—mu_1l * S_H— (tau_l x I_F + tau_2 x I_.D +
tauu3 *x M/ (M + C)) * S_H;

dy(2) = (tau_l * I_F + tau_2 * I.D + tau_3 * M/ (M + C)) * S_H— (mu_1 +
beta_1l + beta_2) * E_H;

dy(3) = beta_1l * EEH — (sigma_1 + mu_1) * I_H;

dy(4) beta_2 * E_LH — (beta_3 + mu_1) * R_H;

dy(5) = theta_2 — (kappa_l * I_F + kappa_2 *x I.D + kappa_3 * M/ (M + C))

S_F—mu_2 x S_F;

dy(6) (kappa_1l * I_F + kappa_2 * I.D + kappa_3 * M / (M + C)) * S_F — (mu_2
+ gamma) * E_F;

dy(7) = gamma * E_F — (mu_2 + sigma_2) * I_F;

dy(8) = theta_3 — ((psi-1 / (1 + rho_1)) = I_F + (psi_2 / (1 + rho_2)) = I_D
+ (psi3 *M/ (1 +rho_3)) * (M+C)) * SD—mu_3 * S_D+ gamma_3 * R_D

dy(9) = ((psi-1l / (1 + rho_1)) = I_F + (psi_2 / (1 + rho_2)) = I_.D + (psi_3 =
M/ (1L + rho_3)) * (M+C)) » SSD— (mu_3 + gamma_1 + gamma_2) * E_D;
dy(10) = gamma_1l * E.D — (mu_3 + sigma_3) * I_D;
dy(11) = gamma_2 * E.D — (mu_3 + sigma_3) * R_D;
dy(12) = (nu_1 * I_H + nu_2 * I_F + nu_3 * I_.D) — mu_4 x M;
dy = dy(:); % Ensure dy is a column vector
end

function ss = LSM(theta, data)
% ODE solver
[~, y] = oded45(@(t,y) model_1(t, y, theta), data.tdata, data.yOdata);

% Residuals
res = data.ydata — vy;

% Sum of squared residuals
ss = sum(sum(res.”2));
end
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APPENDIX ITI: MATLAB Code for CTMC Model

%CTCM for transmission dynamics of rabies

%By Mfano Charles

%College of Busines Education , P.0. BOX 1968 DSM , +255783625429
%PhD Student (AMCS) — NM-AIST, Arusha, Tz

%21 June, 2024

format short

clear all

close all

clc;

set (0, 'DefaultAxesFontSize', 12)%Increases axes labels
set(gca, 'fontsize',18);%Changes font size in a figure.

[+
©

% Parameter values of the model
time=99; %time

[+
(]

rho_1=10; %Deterrent coeffiecient of domestic dogs from I_F
rho_2=8; %Deterrent coeffiecient of domestic dogs from I_D
rho_3=15; %Deterrent coeffiecient of domestic dogs from M

N

theta_1=2000; % recurement of susceptible human
tau_1=0.0004; %The rate that S_H get infections from I_F
tau_2=0.0006; %The rate S_H get infection from I_D %paremeter Estimation
tau_3=0.0003; %The rate that S_H get infection from M
beta_1=1/6; %progression rate out of E_.H to I _H(Incubation period of human)
beta_2=1; %Recovery rate of E_H

beta_3=0.54; %Rate of immunity Tloss of human being
mu_1=0.0142; %Natural death rate of human

sigma_1=1; %Disease induced rate of I_H

theta_2=1000; %Recruitment rate of free range dogs

gamma=1/6; %Progression rate of E_F to I_F

kappa_1=0.0002; %The rate that S_F becomes I F from I F
kappa_2=0.0008;%The rate that S_F bceomes infection from I_D
kappa_3=0.00004; %The rate that S_F gets infection form M
sigma_2=0.09;% Disease induced death rate of I_F

mu_2=0.067; %Natural Mortality rate of free—range dogs
theta_3=1200;%Recruitment rate of domestic dog population
psi_1=0.0009; %The rate that S_D get infection from I_F0.0009
psi_2=0.0007; %The rate that S_.D get infection from I_D
psi_3=0.00003; %The rate that S_D get infection from M
sigma_3= 0.09;%1; %Disease induced death rate for I.D
gamma_1=1/6; %The rate at which E_D becomes I_D
gamma_2=0.09; %Recovery rate of E.D

gamma_3=0.05; %The rate of loss of immunity of E_D
mu_3=0.08; % The naural Mortality rate of domestic dogs

nu_1=0.002; %Environment shedding rate from I_H
nu_2=0.009; %sEnvironment shedding rate from I_F
nu_3=0.005; %Environment shedding rate from I_D
mu_4=0.08; %Naural removal rate of rabies
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C=0.003; % Rabies concetration in the environment

o)
©

S_H= theta_1/mu_1;
S_F= theta_2/mu_2;
S_D= theta_3/mu_3;

o)
©

%X=S_H; X1=E_H; X2=I_H; X3=R_H; P=S_F; P1=E_F; P2=I_F; Y=S_D;Y1=E_D;Y2=I_D;
%Y3=R_D; Z=M

[+
©

%x=S_H; x1=E_H; x2=I_H; x3=R_H; p=S_F; pl=E_F; p2=I_F; y=S_D;yl=E D;y2=I_D;
%y3=R_D; z=M

[+
]

dt=0.05; tim=time/dt; kk=0:dt:time;

%Initial conditions

a0=2; b0O=1;c0=1; dO=1; e0=2;f0=1;90=1;q90=2; kO=1; hO=1;
mO=1;n0=1;

o)
(]

x(1)=a0
x1(1)=b0;
x2(1)=co;
x3(1)=d0o;
p(1l)=e0;
pl(1l)=f0;
p2(1)=g0;
y(1)=q0;
y1l(1)=ko;
y2(1)=ho;
y3(1)=moO;
z(1)=no0;

[+
(]

X(1)=S_H—(b0+c0+d0O) ;
p(1l)=S_F—(f0+g0);
y(1)=S_D—(k0+h0+m0) ;

[+
]

for jj=1:tim
% HUMAN POPULATION
x(jj+1) = x(jj) + dt * (theta_l + beta_3 * x3(jj) — mu_l * x(jj) — (tau_l *
P2(jj) + tau2 * y2(jj) + tau-3 * z(jj) / (z(3jj) + C)) = x(jj));
x1(jj+1) = x1(jj) + dt * ((tau_1 = p2(jj) + tau-2 * y2(jj) + tau-3 * z(jj) /
(z(jj) + C)) = x(jj) — (mu_l + beta_l + beta_2) * x1(jj));
x2(jj+1) x2(jj) + dt x (beta_1l * x1(jj) — (sigma_1 + mu_1) * x2(jj));
x3(jj+1) = x3(jj) + dt * (beta_2 * x1(jj) — (beta_3 + mu_1l) * x3(jj));

% FREE RANGE POPULATION
p(jj+1) = p(jj) + dt = (theta_2 — (kappa_1 * p2(jj) + kappa_2 * y2(jj) +
kappa_3 * z(jj) / (z(jj) + Q) * p(jj) — mu_2 * p(jj));
pl(jj+1) = pl(jj) + dt = ((kappa_1l x p2(jj) + kappa_2 * y2(jj) + kappa_3 x* z(
ji) /7 (z(33) + Q) * p(jj) — (mu_2 + gamma) * pl(jj));
P2(jj+1) = p2(jj) + dt = (gamma * pl(jj) — (mu_2 + sigma_2) * p2(jj));
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% DOMESTIC DOG POPULATION

y(jj+1) = y(jj) + dt * (theta_3 — ((psi_1 / (1 + rho_1)) * p2(jj) + (psi_2 /
(1 + rho_2)) * y2(jj) + (psi_3 * z(jj) / (1 + rho_3)) * (z(jj) + C)) = y(
ji) —mu_3 * y(jj) + gamma_3 * y3(jj));

y1(jj+1) = y1(jj) + dt = (((psi-1 / (1 + rho_1)) * p2(jj) + (psi_2 / (1 +
rho_2)) * y2(jj) + (psi-3 * z(jj) / (1 + rho_3)) * (z(jj) + C)) = y(jj) —

(mu_3 + gamma_1 + gamma_2) * y1(jj));
y2(jj+1) = y2(jj) + dt = (gamma_1 * y1(jj) — (mu_3 + sigma_3) * y2(jj));
y3(jj+1) y3(jj) + dt x (gamma_2 * y1l(jj) — (mu_3 + sigma_3) * y3(jj));

% RABIES IN THE ENVIRONMENT
z(jj+1) = z(jj) + dt = ((nu_1l * x2(jj) + nu_2 * p2(jj) + nu_3 * y2(jj)) —
mu_4 * z(jj));

o)
(]

end

for k=1:4

clear t X X1 X2 X3 P P1 P2Y Y1Y2Y32Z
i=1;

X(1)=a0;

X1(1)=b0O;

X2(1)=cO;

X3(1)=d0;

P(1)=e0;

P1(1)=f0;

P2(1)=g0;

Y(1)=q0;

Y1(1)=ko;

Y2(1)=ho;

Y3(1)=mO;

Z(1)=n0;
X(1)=S_H—(b0+c0+d0) ;
Y(1)=S_F—(e0+f0);
P(1)=S_D—(k0+h0+m0) ;
t(1)=0; %Starting at zero

[
]

while (X(7)+X1(j)+X2(j)+X3(j)+P(j)+P1(j)+P2(j)+YL(j)+Y2(j)+Y3(j)+Z(7))>0 && t(j)<
time

% Stop if it hits zero or at end time
randml=rand; %Uniform random number
randm2=rand; %Uniform random number

[+
]

NH(3)=X(j)+X1(j)+X2(j)+X3(j);
NF(j)=P(j)+P1(j)+P2(j);
ND(j)=Y(3)+Y1(3)+Y2(j)+Y3(j);

%Total sum of rates of all possible events at time (t+1)
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Total = theta_ 1l + beta_3.*xX3(j) + mu_1.xNH(j) + tau_1.*P2(j).*X(j) + tau_2.*Y2(j)
SX(F) + (tau_3.xZ(j))./(Z(j) + C).*xX(j) + beta_1l.xX1(j) + ...
kappa_1.*%P2(j).*P(j) + kappa_2.xY2(j).xP(j) + (kappa_3.%Z(j))/(Z(j) + C).xP(j

) + mu_2.xNF(j) + gamma.=*P1(j) + sigma_2.xP2(j) + theta_3 + ...

((psi-1)./(1 + rho_1).*P2(j)).*Y(j) + ((psi_2)./(1 + rho_2)).*Y2(j).xY(j) +

mu_3.xND(j) + gamma_3.x*Y3(j) + (gamma_1l + gamma_2).xY1(j) + sigma_3

m

[+

((psi3.*Z(j)/((1 + rho_3).x(Z(j) + C))).*Y(j)) + ...

Nu_1.*xX2(j) + nu_2.%P2(j) + nu_3.xY2(j) + ...
u_4.%Z(j) + beta_2.xX1(j) + sigma_1.xX2(j) + theta_2;

%Defi
evl
ev2 =
ev3 =
evd =
ev5 =
evb =
ev/ =
ev8 =
ev9 =
evl1o

evll

evl2

o)

ning all possible events at time (t+1)
theta_1/Total;
evl + mu_1%X(j)/Total;
ev2 tau_1xP2(j)*X(j)/Total;
ev3 + tau_2xY2(j)*X(j)/Total;
ev4 (((Z(3)/(Z(j)+C))*tau_3«X(j)))/Total;
evh beta_1+X1(j)/Total;
ev6 + beta_2#X1(j)/Total;
ev7/ mu_1xX1(j)/Total;
ev8 + sigma_1xX2(j)/Total;
= ev9 + mu_1xX2(j)/Total;
evl0 + beta_3*X3(j)/Total;
evll mu_1xX3(j)/Total;

+ + 4+ + + + +

+

©

evl3
evl4
evl5
evl6
evl7/=
evl8=
ev19=
ev20=
ev2l=

[

evl2 + theta_2/Total;

evl3 + mu_2xP(j)/Total;

evld + kappa_1xP2(j)*P(j)/Total;
+
+

evl5 kappa_2xY2(j)*P(j)/Total;

evle +((Z(3)/(Z(j)+C))=*kappa_3%P(j))/Total;
evl7+ gammaxP1l(j)/Total;

evl8 + mu_2*P1(j)/Total;

evl9 + mu_2xP2(j)/Total;

ev20 + sigma_2xP2(j)/Total;

]

ev22
ev23
ev24
ev25
ev26=
ev27=
ev28=
ev29=
ev30=
ev3l=
ev32=
ev33

[+

ev2l
ev22

theta_3/Total;

mu_3xY(j)/Total;

ev23 + ((psi_1/(1+rho_1))*P2(j)*Y(j))/Total;
ev24 + ((psi_2/(1l+rho_2))*Y2(j)*Y(j))/Total;
ev25 + ((psi_1/(1+rho_1))*(Z(j)/(Z(j)+C))*P2(j)*Y(j))/Total;
ev26+ gamma_1*Y1(j)/Total;

ev27 gamma_2x*Y1(j)/Total;

ev28 + mu_3xY1(j)/Total;

ev29 mu_3xY2(j)/Total;

ev30 + sigma_3%Y2(j)/Total;

ev3l + mu_3%*Y3(j)/Total;

ev32 + gamma_3*Y3(j)/Total;

+ + 4+ +

+ + + + +

©

ev34=
ev35=

ev33+ nu_1xX2(j)/Total;
ev34+ nu_2xP2(j)/Total;
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ev36= ev35+ nu_3x%Y2(j)/Total;

o)
©

t(j+1)=t(j)—log(randml)/Total; % Time to next event

o)
©

%Computing probabilities of each event occuring at time (t+1)
if randm2<evl; % Recruitment of SH
X(j+1) = X(j)+1;

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
Z(j+1) = Z(j);
elseif randm2>=evl & randm2<ev2 % Natural death of S_H
X(j+1) = X(j)—1;
X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(]);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(]);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
Z(j+1) = Z(j);
elseif randm2>=ev2 & randm2<ev3 % SH contact with IF
X(j+1) = X(j)—1;
X1(j+1) = X1(j)+1;
X3(j+1) = X3(j);
X2(j+1) = X2(j);
P(j+1) = P(]);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
Z(j+1) = Z(j);
elseif randm2>=ev3 & randm2<ev4 % Inf. of SH from ID.
X(j+1) = X(j)—1;
X1(j+1) = X1(j)+1;
X2(j+1) = X2(j);
X3(j+1) = X3(j);
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P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(]);
Y2(j+1) = Y2(]);
Y3(j+1) = Y3(j);
Z(j+1) = Z(3);
elseif randm2>=ev4 & randm2<ev5 % Inf. of SH from Env.
X(j+1) = X(j)-1;
X1(j+1) = X1(j)+1;

X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(3);

P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);

Y1(j+1) = Y1(j);
Y2(j+1) = Y2(3);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);
elseif randm2>=ev5 & randm2<ev6 % Progression of EH to IH
X(j+1) = X(3);

X1(j+1) = X1(j)-1;
X2(j+1) = X2(j)+1;
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(]);
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);

elseif randm2>=ev6 & randm2<ev7 % recovery of EH
X(j+1) = X(3);

X1(j+1) = X1(j)—1;

X2(j+1) = X2(j);
X3(j+1) = X3(j)+1;
P(j+1) = P(§);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(3);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);

Y3(j+1) = Y3(]);

Z(j+1) = Z(j);

elseif randm2>=ev7 & randm2<ev8 % Natural death of EH
X(j+1) = X(j);
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X1(j+1) = X1(j);
X2(j+1) = X2(j)—1;
X3(j+1) = X3(j);
P(i+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(]);
Y(j+1) = Y(i);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev8 & randm2<ev9 %Disease Ind. Death of IH
X(j+1) = X(j);

X1(j+1) = X1(j);

X2(j+1) = X2(j)—1;
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);
elseif randm2>=ev9 & randm2<ev10® %Natural death of IH
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3)—1;
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = 2(3);

elseif randm2>=ev10 & randm2<evll %Rate of loss of immunity of RH
X(j+1) = X(j)+1;

X1(j+1) = X1(j);

X2(j+1) = X2(j);
X3(j+1) = X3(j)—1;
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
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Z(j+1) = Z(j);
elseif randm2>=ev1l & randm2<evl2 %Natural death of RH
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j)—1;
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(3);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(3);
Y3(j+1) = Y3(j);

Z(j+1) = 2(3);

o)

elseif randm2>=ev12 & randm2<ev1l3 %Recruitment of SF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(j)+1;
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);

Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);
elseif randm2>=ev13 & randm2<evl1l4 %Natural death of SF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(j)—1;
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);

Y1(j+1) = Y1(j);
Y2(j+1) = Y2(3);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);
elseif randm2>=ev14 & randm2<evl5 %Conctact of SF and IF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(1)-1;
PL(j+1) = P1(j)+1;
P2(j+1) = P2(j);
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Y(j+1) = Y(3);

Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev15 & randm2<ev1l6 %Contact of SF and ID
X(j+1) = X(3);

X1(j+1) = X1(j);

X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j)—1;
PL(j+1) = P1(j)+1;
P2(j+1) = P2(]);
Y(j+1) = Y(3);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);
elseif randm2>=ev16 & randm2<evl1l7 %Contact between SF and Env.
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j)—1;
PL(j+1) = P1(j)+1;
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = 2(3);
elseif randm2>=ev1l7 & randm2<evl18 %Progression rate of EF to IF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j)—1;
P2(j+1) = P2(j)+1;
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);
elseif randm2>=ev18 & randm2<ev19 %Natural death of EF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
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P(j+1) = P(§);
P1(j+1) = P1(j)—1;
P2(3+1) = P2(j);
Y(3+1) = Y(§);

Y1(j+1) = Y1(j);
Y2(j+1) = Y2(3);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);
elseif randm2>=ev19 & randm2<ev20 %Natural death of IF
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);

P(j+1) = P(§);
P1(j+1) = P1(j);

P2(j+1) = P2(j)—1;
Y(3+1) = Y(3);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev20 & randm2<ev2l %Disease induced of IF
X(j+1) = X(3);

X1(j+1) = X1(j);

X2(j+1) = X2(3);

X3(j+1) = X3(j);

P(j+1) = P(j);

P1(j+1) = P1(j);

P2(j+1) = P2(j)—1;

Y(j+1) = Y(j);

Y1(j+1) = Y1(j);

Y2(j+1) = Y2(3);

Y3(j+1) = Y3(j);

Z(j+1) = Z(3);

elseif randm2>=ev2l & randm2<ev22 %Recruitment of SD
X(j+1) = X(3);

X1(3+1) = X1(3);
X2(3+1) = X2(3);
X3(3+1) = X3(j);
P(3+1) = P(3);

PL(j+1) = P1(j);
P2(j+1) = P2(j);
Y(3+1) = Y(§)+1;
Y1(3+1) = Y1(3);
Y2(3+1) = Y2(3);
Y3(3+1) = Y3(3);

Z(j+1) = Z(j);
elseif randm2>=ev22 & randm2<ev23 %Natural death of SD
X(j+1) = X(j);
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X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(i+1) = P(j);

P1(j+1) = P1(j);
P2(j+1) = P2(]);
Y(j+1) = Y(j)—1;
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev23 & randm2<ev24 %Contact of SD and IF
X(j+1) = X(j);

X1(j+1) = X1(j);

X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j)—1;
Y1(j+1) = Y1(j)+1;
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);
elseif randm2>=ev24 & randm2<ev25 % Contact of ID and SD
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j)—1;
Y1(j+1) = Y1(j)+1;
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev25 & randm2<ev26 % Contact of ID and Env
X(j+1) = X(j);

X1(j+1) = X1(j);

X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j)—1;
Y1(j+1) = Y1(j)+1;
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
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Z(j+1) = Z(j);
elseif randm2>=ev26 & randm2<ev27 % progression of ED to ID
X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j)—1;
Y2(j+1) = Y2(j)+1;
Y3(j+1) = Y3(j);

Z(j+1) = Z(3);
elseif randm2>=ev27 & randm2<ev28 % receovery rate of ED
X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j)-1;
Y2(j+1) = Y2(]);
Y3(j+1) = Y3(j)+1;

Z(j+1) = Z(j);
elseif randm2>=ev28 & randm2<ev29 % Natural death of ED
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(]);
Y(j+1) = Y(3);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j)—1;
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);

elseif randm2>=ev29 & randm2<ev30 % natural death of ID
X(j+1) = X(j);

X1(j+1) = X1(j);

X2(j+1) = X2(j);

X3(j+1) = X3(j);

P(j+1) = P(j);

P1(j+1) = P1(j);

P2(j+1) = P2(j);

Y(j+1) = Y(j);
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Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j)—1;
Y3(j+1) = Y3(j);

Z(j+1) = 2(3);
elseif randm2>=ev30 & randm2<ev3l %Induced death of Inf. domestic dogs
X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(i);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j)—1;
Y3(j+1) = Y3(j);

Z(j+1) = Z(j);
elseif randm2>=ev31 & randm2<ev32 % loss of immunity of RD
X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(i+1) = Y(j)+1;
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j)—1;

Z(j+1) = Z(j);
elseif randm2>=ev32 && randm2<ev33 % natural death of RD
X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);
P(j+1) = P(3);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(i+1) = Y(3)+1;
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j)—1;

Z(j+1) = Z(j);
elseif randm2>=ev33 & randm2<ev34 % shedding of IF to M
X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(3);
X3(j+1) = X3(j);

P(j+1) = P(§);
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P1(j+1) = P1(j);
P2(j+1) = P2(j)—1;
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);
Y3(j+1) = Y3(j);
Z(j+1) = Z(j)+1;

elseif randm2>=ev34 & randm2<ev35 % Shedding of

X(j+1) = X(j);

X1(j+1) = X1(j);
X2(j+1) = X2(j);
X3(j+1) = X3(j);
P(j+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(j);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j)—1;
Y3(j+1) = Y3(j);

Z(j+1) = Z2(j)+1;

elseif randm2>=ev35 & randm2<ev36 % Shedding of

X(j+1) = X(3);

X1(j+1) = X1(j);
X2(j+1) = X2(j)—1;
X3(j+1) = X3(j);
P(i+1) = P(j);
P1(j+1) = P1(j);
P2(j+1) = P2(]);
Y(j+1) = Y(j);
Y1(j+1) = Y1(j);
Y2(j+1) = Y2(j);

Y3(j+1) = Y3(j);

Z(j+1) = Z(j)+1;

else %Removal of rabies in Envi
X(j+1) = X(3);

X1(j+1) = X1(j);

X2(j+1) = X2(j);

X3(j+1) = X3(j);

P(j+1) = P(j);

P1(j+1) = P1(j);

P2(j+1) = P2(j);

Y(j+1) = Y(j);

Y1(j+1) = Y1(j);

Y2(j+1) = Y2(j);

Y3(j+1) = Y3(j)
Z(j+1) = Z(j)—1;
end

j=j+1;

end

!
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figure (1)
%ssubplot(2,3,6)

if k==1

plot(t,Y,'r—', 'linewidth',1.5)
hold on

end

if k==2
plot(t,Y, 'b—", 'linewidth',1.5)
hold on

end

if k==3

plot(t,Y,'g—', 'linewidth',1.5)
hold on

end

if k==

plot(t,Y,'g—', 'linewidth',1.5)
hold on

end

if k==5

plot(t,Y,'g—', 'linewidth',1.5)
hold on

end

hold on

end

%ssubplot(2,2,1)

% figure;
plot(kk,y, 'k—', 'LineWidth',2)
xlabel('Time (Years)', 'Fontsize',12)
ylabel('Susceptible domestic dogs ,S_D(t)','Fontsize',12)
%axis([0,time,0,120])

[+
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APPENDIX IV: MATLAB Code for Optimal Control Model

%FILE FOR RUNNING (File Name: Control_JAM)
%MATLAB code for the Optimal Control of Rabies
%By Mfano Charles

smfano.petro@cbe.ac.tz, +255783625429
%PhD Student (AMCS) — NM-AIST, Arusha, Tz
%24 June 2023

clc

clear

close all

format short

warning off

t0 = 0; tf=20; N=1000;

time =linspace(t0,tf,N);

%SINITIAL POPULATION VALUES

y0=[142000,40,10,0,15000,20,0,12500,40,5,0,90];

%SSECTION FOR PARAMETERS  ASSUMPTION for wul=0

Constant=[9.920733 8.116421 14.917005 1993.382113 0.00000405
0.0006981326147859037 0.000030701825796768864 0.16668019240094809
0.54000001903285143 ...

0.54 0.0142 1 1004.12044 1/6 0.00002 0.00008 0.00004 1 ...

0.067 1203.844461 0.000009 0.00007 0.00003 0.5 1/6 0.0009 0.00005 0.000008 ...

0.9 0.90.50.20.310651 10 ...

10 0 700000 25 5500 400];

% definition of varibles or terms used

rho_1=Constant(l);rho_2 = Constant(2);rho_3= Constant(3);theta_1l = Constant(4);

tau_1l = Constant(5);tau_2 = Constant(6);tau_3= Constant(7);beta_1l = Constant(8);

beta_2 =Constant(9);beta_3=Constant(10);mu_1= Constant(11l);sigma_l=Constant(12);

theta_2 = Constant(13);gamma = Constant(14);kappa_l=Constant(15);kappa_2=Constant
(16);

kappa_3=Constant(17);sigma_2=Constant(18);mu_2=Constant(19);theta_3 = Constant
(20);

psi_1l=Constant(21);psi_2=Constant(22);psi_3=Constant(23);sigma_3=Constant(24);

gamma_1l= Constant(25);gamma_2 = Constant(26);gamma_3 =Constant(27);mu_3=Constant
(28);

nu_l=Constant(29);nu_2=Constant(30);nu_3 =Constant(31);mu_4 =Constant(32);C =
Constant(33);

Kl= Constant(34); K2 = Constant(35);K3 =Constant(36);K4 =Constant(37);

K5 =Constant(38);K6 =Constant(39);Al=Constant(40);A2 =Constant(41);

A3 =Constant(42);A4 =Constant(43);

%sinitionalization

If=[00000000O0O0O0 0];

% TEST SECTION

init =y0;

init2 =1f;
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h (tf—t0)/N;

u = linspace(0,0,N+1);

ul=u'; u2=u'; u3=u'; ud=u';

U= [ul u2 u3 u4];

% IMPLIMENTATION OF THE ALGORITHM

%sTest 1 stoping condition 1

delta = 0.0000001;

X=init;

i=0; %Initialize iteration counter

mm=size(X);

NumXX =10el0;

Xnew = rand(N+1,mm(2)).*(repmat(X,N+1,1));

DenXnew=norm(Xnew) ;

while NumXX/DenXnew>delta

Xold = Xnew;

oldu = U;

%FORWARD RUNGE KUTTA FOR STATES

[Tx, X]=rk4foward(@kims,t0®, tf,N, init,U,Constant);

%BACKWARD RUNGEKUTA FOR COSTATES

[Tp, Pl=rk4back(@kims_costate,t0,tf,N,init2,U,X,Constant);

%UPDATE THE CONTROLS

fl =X(1,:);9 = X(2,:);h = X(3,:);] = X(4,:);L = X(5,:);

m=X(6,:);p = X(7,:);9 = X(8,:);r = X(9,:);s = X(10,:);

v= X(11,:);F = X(12,:);

L1 = P(1,:); L2 = P(2,:); L3

L6 = P(6,:); L7 = P(7,:); L8

L11 = P(11,:); L12 = P(12,:);

%sImplementation of all controls

%sCasel:ul\neq 0, u2\neq 0, u3\neq 0, ud\neq O,

ul =max(0,min(1l, (((((L2—L1).*fl.x((tau_2.*xs+tau_l.*p+(F.*xtau_3)./(F+C)))+q.*x(L9—
L8).*(((psi_l.*p)./(1l+rho_1)+(psi_2.*s)./(1+rho_2)+(psi_3.*F)./(1+rho_3).x(F+
€)))))))./AL));

u2 =max(0,min(1, ((((q.*x(L9-L8).x(((psi_1.*p)./(1+rho_1))+((psi_2.*s)./(1+rho_2))
+((psi_3.xF)./((1+rho_3).x(F+C)))))))./A2)));

u3 =max(0,min(1, ((((((p.*tau_l+s.xtau_2+(F.xtau_3)./((F+C))).*xfl.x(L2—L1))))./ (A3
1))

ud =max(0,min(1, (((r.*(L9-L11)+(g.*(L2-L4)))./A4))));

%Combination of vaccination of domestic dogs , public awareness and

%seducation with risk associated with rabies ,

%as well as the administration of post—exposure prophylaxis (PEP).

%Case2:ul= 0, u2\neq 0, u3\neq 0, ud\neq O,

% ul =zeros(1,N+1);

% u2 =max(0,min(1, ((((q.*(L9—L8).*(((psi_l.xp)./(1+rho_1))+((psi_2.xs)./(1+rho_2)
)+((psi_3.%F)./((1+rho_3).x(F+C)))))))./A2)));

% u3 =max(0,min(l, ((((((p.*tau_l+s.*xtau_2+(F.xtau_3)./((F+C))).*fl.x(L2—L1))))./(
A3)))));

% u4 =max(0,min(1, (((r.*x(L9L11)+(g.x(L2-L4)))./Ad))));

%sCombination of public awareness, and education with risk associated with rabies

P(3,:); L4
P(8,:); L9

P(4,:); L5 = P(5,:);
P(9,:); L10 = P(10,:);

’
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% as well as the administration of post—exposure prophylaxis (PEP).

% Case3:ul= 0, u2=0, u3\neq 0, ud\eq O,

% ul =zeros(1,N+1);

% U2 =zeros(1,N+1);

% u3 =max(0,min(1, ((((((p.*tau_l+s.*xtau_2+(F.xtau_3)./((F+C))).xfl.x(L2—L1))))./(
A3)))));

% u4 =max(0,min(1, (((r.x(L9—L11)+(g.*(L2—L4)))./A4))));

%sImplemetation of administration of post—exposure prophylaxis (PEP).

Cased4:ul= 0, u2=0, u3=0, ud\neq O,

% ul =zeros(1,N+1);

% u2 =zeros(1l,N+1);

% u3 =zeros(1,N+1);

% ud4 =max(0,min(1, (((r.*x(L9—L11)+(g.*x(L2—L4)))./A4))));

%sAdvocating for the implementation of sound environmental health practices

%and effective management through surveillance and monitoring.

% Case5:ul\neq 0, u2=0, u3=0, u4=0,

% ul =max(0,min(1, (((((L2—L1).*fl.*((tau_2.*s+tau_l.*p+(F.xtau_3)./(F+C)))+q.*(L9
—L8).x(((psi_l.*xp)./(1l+rho_1)+(psi_2.*s)./(1l+rho_2)+(psi_3.*F)./(1+rho_3).x*(F
+C)))))))./A1));

% u2 =zeros(1l,N+1);

% u3 =zeros(1,N+1);

% u4 =zeros(1l,N+1);

%sCombination of sound environmental health practices

% and effective management through surveillance and monitoring as well as
administration of post-exposure prophylaxis (PEP)

% Case6:ul\neq 0, u2= 0, u3= 0, u4 \neq O,

% ul =max(0,min(1, (((((L2-L1).*fl.*x((tau_2.xs+tau_1l.*p+(F.xtau_3)./(F+C)))+q.*(L9
—L8).x(((psi_1.xp)./(1+rho_1)+(psi_2.*s)./(1+rho_2)+(psi_3.*F)./(1+rho_3).x(F
+C)))))))./AL));

% u2 =zeros(1,N+1);

% u3 =zeros(1l,N+1);

% u4 =max(0,min(1l, (((r.x(L9—L11)+(g.*(L2—L4)))./A4))));

%sCombination of implementation of sound environmental health practices

%sand effective management through surveillance and monitoring as well as

vaccination of domestic dogs.

Case7:ul\neq 0, u2\neq 0, u3= 0, u4= 0,

ul =max(0,min(1, (((((L2—L1).*fl.*x((tau_2.xs+tau_l.*p+(F.xtau_3)./(F+C)))+q.*(L9

—L8).x(((psi_l.*p)./(1l+rho_1)+(psi_2.x%s)./(1l+rho_2)+(psi_3.*F)./(1+rho_3).x*(F
+C)))))))./AL));

u2 =max(0,min(1, ((((q.*(L9L8).x(((psi_1l.xp)./(1+rho_1))+((psi_2.*s)./(1+rho_2)

)+((psi_3.*F)./((1+rho_3).x(F+C)))))))./A2)));

u3 = zeros(1,N+1);

% ud=zeros(1l,N+1);

%sCombination of

%scase 8: ul\neq 0, u2=0,u3\neq 0,u4=0

% ul =max(0,min(1l, (((((L2—L1).*fl.x((tau_2.*xs+tau_l.x*p+(F.*tau_3)./(F+C)))+q.*(L9
—L8).*x(((psi_l.*p)./(1+rho_1)+(psi_2.*s)./(1+rho_2)+(psi_3.xF)./(1+rho_3).*(F
+C)))))))./AL1));

o°

o°

o°
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% u2 =zeros(1l,N+1);
% u3 =max(0,min(1, ((((((p.*tau_l+s.*xtau_2+(F.*tau_3)./((F+C))).*fl.x(L2-L1))))./(
A3)))));
% u4 =zeros(1,N+1);
%Combination of Vaccination of domestic dogs as well as public awareness ,
%sand Education (Educating the communities about the rsiks associated with
%rabies )
Case9:ul= 0, u2\neqO®, u3\neq 0, u4= 0,
ul =zeros(1,N+1);
u2 =max(0,min(1, ((((q.*x(L9L8).x(((psi_l.*xp)./(1+rho_1))+((psi_2.*s)./(1+rho_2)
)+((psi_3.*F)./((1+rho_3).x(F+C)))))))./A2)));
u3 =max(0,min(1, ((((((p.*xtau_l+s.xtau_2+(F.xtau_3)./((F+C))) .xfl.x(L2-L1))))./(
A3)))));
% Uu4 =zeros(1l,N+1);
%sCombination of Vaccination of domestic dogs as well as administration of
%spost—exposure prophylaxis (PEP)
CaselO:ul= 0, u2\neq 0, u3= 0, ud\neq O,
ul =zeros(1l,1+N);
u2 =max(0,min(1, ((((gq.*(L9L8).x(((psi_l.xp)./(1+rho_1))+((psi_2.*s)./(1+rho_2)
)+((psi_3.%F)./((1+rho_3).*(F+C)))))))./A2)));
u3 =zeros(1,N+1);
% u4 =max(0,min(1l, (((r.x(L9—L11)+(g.*(L2—L4)))./A4))));
%Educating people communities about the risk associated with rabies and
%show to prevent from exposure
Casell:ul= 0, u2\neq 0, u3=0, u4=0,
ul =zeros(1,N+1);
u2 =zeros(1,N+1);
u3 =max(0,min(1l, ((((((p.*tau_l+s.*xtau_2+(F.xtau_3)./((F+C))).*xfl.x(L2—L1))))./(
A3)))));
% u4 =zeros(1l,N+1);
%sImplementation of treatment effort to individual who have been bitten or
scratched by
%spontially rabid animal (post exposure prophylaxis—PEP) only
%Casel2:ul= 0, u2= 0, u3= 0, ud\neq O,
ul =zeros(1,1+N);
u2 =zeros(1l,1+N);
u3 =zeros(1,N+1);
ud =max(0,min(1, (((r.x(L9—L11)+(g.*(L2—L4)))./A4))));
%sImplemeting the Combination vaccination of domestic dogs and administering Post
—Exposure Prophylaxis (PEP)
%to individuals who have come into contact with a rabid animal
Casel3:ul= 0, u2=0, u3\neq 0, ud4\neq O,
ul =zeros(1,N+1);
u2 =zeros(1,N+1);
u3 =max(0,min(l, ((((((p.*tau_l+s.*xtau 2+ (F.*xtau_3)./((F+C))).*fl.x(L2—L1))))./(
A3)))));
% ud4 =max(0,min(1, (((r.x(L9—L11)+(g.*x(L2—L4)))./A4))));
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%sCaseld:ul=0,u2\neq0,u3\neq0, u4=0
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ul=zeros(1l,N+1);

u2 =max(0,min(1, ((((g.*(L9L8).x(((psi_l.*p)./(1+rho_1))+((psi_2.x*s)./(1+rho_2)
)+ ((psi_3.xF)./((1+rho_3).x(F+C)))))))./A2)));

u3 =max(0,min(1l, ((((((p.*tau_l+s.*tau_2+(F.xtau_3)./((F+C))).*xfl.x(L2—L1))))./(
A3)))));

ud=zeros(1,N+1);

o°

o°

o°

Uu=[ul' u2' u3' u4'];
U= 0.5xUu + 0.5%x0ldu; % Convex combination of the controls

Xnew = X';

NumXX =abs (norm(Xnew—Xold));

DenXnew =norm(Xnew) ;

i=i+1; %Update iteration counter

end

%% PLOTING

X=X";

Tx =Tx';

XX=X(:,1); YY=X(:,2); VV=X(:,3); ZZ=X(:,4); LL=X(:,5);

AA=X(:,6); BB=X(:,7); CC=X(:,8); DD=X(:,9); EE=X(:,10);

FF=X(:,11); GG=X(:,12);

Up = [0000 0];

[T,Y] = oded45(@kims,time,y0,[],Up, Constant);

%sobjective function update

J =sum((K1.*GG(1l:end)+K2.*xYY(1l:end)+K3.*VV(1l:end)+K4.+xDD(1l:end)+...

K5.+EE(1:end)—K6.+xCC(1l:end))+...

((A1/2)*Uu(:,1).%Uu(:,1)+(A2/2)*Uu(:,2).*xUu(:,2)+...

(A3/2)*Uu(:,3).xUu(:,3)+(A4/2)*Uu(:,4).xUu(:,4))); %Change to the suitable
objective function

S=[Tx,X];

figure(1l)

plot(Tx,X(:,8),'—b"',T, Y(:,8),'—r', 'LineWidth',2);

figure;

plot(Tx,X(:,8),'—b"',T, Y(:,8),'—r', 'LineWidth',2);

figure(1l)

subplot(2,2,1)

plot(Tx,X(:,2),'—b",T, Y(:,2),"—r"', 'LineWidth',2);

Sylim([0 7001])

ylabel('E_{H}");

xlabel('Time (years)');

legend('u_1 \neq 0 ,u_2 \neq 0, wu_3\neq0,u_4\neqg0','u_i=0, i=1,2,3,4")

%slegend('u_1 \neq 0 ,\newline u_2 \neq 0,u_3\neq0®,u_4\neqg0d','u_i=0, i=1,2,3,4"',"
FontSize', 9)

o® % o°

o°

% legend('ul= 0 ,u2 = 0,u3\neq0,ud\neqd', 'v_i=0, i=1,2,3,4")
%slegend('ul= 0 ,u2 = 0,u3=0,ud4\neq0', 'u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%slegend('ul= 0, u2\neq®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
title('(a)")
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subplot(2,2,2)

plot(Tx,X(:,3),"—b"', T, Y(:,3),"—r"', 'LineWidth',2);

%%ylim([0 700])

ylabel('I_{H}");

xlabel('Time (years)');

legend('u_1 \neq 0 ,u_2 \neq 0, wu_3\neq0,u_4\neqg0','u_i=0, i=1,2,3,4")

% %legend({'$u_1 \neq 0%, $u_2 \neq 0%, \newline $u_3 \neq 0%, $u_4 \neq 0$',
% '$u_i = 0%, $1 =1,2,3,4%'},

% "Interpreter', 'latex');

%legend('ul= ,u2 = 0,u3\neq0,ud\neq0d"', 'u_i=0, i=1,2,3,4")
%legend('ul= 0 ,u2 = 0,u3=0,ud4\neq0"', 'u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0","'u_i=0, i=1,2,3,4")
%legend('ul= 0, u2\neq0®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
(

title('(b)")

\O

s subplot(2,2,3)

% plot(T,Y(:,4),'—b',Tx, X(:,4),'—r"','LineWidth',2);

% Sylim([250 800])

% ylabel('R_{H}")

% Xxlabel('Time (years)');

% legend('ul= 0, u2\neq 0, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
% title('(c)"')

subplot(2,2,[3,4])
plot(Tx,Uu(:,1),"m',Tx,Uu(:,2)," k', Tx,Uu(:,3),"qg',...
Tx,Uu(:,4),'—c','linewidth',2);

ylim([0 11)

xlim([0 201)

ylabel('Control Profile');

xlabel('Time (years)');

%slegend('ul= 0, u2\neq®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
legend('u_1\neq0®', 'u_2\neq®"', 'u_3\neqd"', 'u_4\neq0d")
title('(c)")

figure (2)

subplot(2,2,1)

plot(Tx,X(:,6),"b', T, Y(:,6),"—r', 'LineWidth',2);
%sylim([250 8001)

ylabel('E_{F}");

xlabel('Time (years)');

legend('u_1 \neq 0 ,u_2 \neq 0, wu_3\neq0,u_4\neqg0','u_i=0, i=1,2,3,4")

%legend('u_1 \neq 0 ,u_2 \neq 0, \newline wu_3\neq0,u_4\neqg0','u_i=0, i=1,2,3,4")
%legend('ul= 0 ,u2 = 0,u3\neq0,ud4\neq0', 'u_i=0, i=1,2,3,4")

%legend('ul= 0 ,u2 = 0,u3=0,ud4\neq0"', 'u_i=0, i=1,2,3,4")

%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")

%legend('ul= 0, u2\neq0®, u3= 0, ud4\neq 0','u_i=0, i=1,2,3,4")

%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")

title('(a)")

subplot(2,2,2)
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plot(Tx,X(:,7),'—b",T, Y(:,7),"—7r", 'LineWidth',2);

%Sylim([250 8001])

ylabel('I_{F}");

xlabel('Time (years)');

legend('u_1 \neq 0 ,u_2 \neq 0, u_3\neq0®,u_4\neq0d','u_i=0, i=1,2,3,4")

%slegend('u_1 \neq 0 ,u_2 \neq 0,\newline wu_3\neq0,u_4\neqgO', 'u_i=0, i=1,2,3,4")
%legend('ul= 0 ,u2 = 0,u3\neq0,ud\neqd"', 'u_i=0, i=1,2,3,4")

%legend('ul= 0 ,u2 = 0,u3=0,ud4\neq0"', 'u_i=0, i=1,2,3,4")

%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0","'u_i=0, i=1,2,3,4")

%legend('ul= 0, u2=0, u3= 0, ud4\neq 0','u_i=0, i=1,2,3,4")

%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0","'u_i=0, i=1,2,3,4")

title('(b)")

subplot(2,2,3)

plot(Tx,X(:,12),'—b"',T, Y(:,12),"—r"','LineWidth',62);
%ylim([250 8001])
ylabel('M");
xlabel('Time (years)');
legend('u_1 \neq 0 ,u_2 \neq 0, u_3\neq0®,u_4\neq0d','u_i=0, i=1,2,3,4")
%legend('u_1 \neq 0 ,u_2 \neq0, \newline u_3\neq®,u_4\neq0d', 'u_i=0, i=1,2,3,4")
%legend('ul= ,u2 = 0,u3=0,ud4\neq0', 'u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%legend('ul= 0, u2\neq®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%slegend('u_1\neqg® 0', 'u_2\neq0', 'u_3\neq0', 'u_4\neq0"')
title('(c)")
subplot(2,2,4)
plot(Tx,Uu(:,1),"—m"',Tx,Uu(:,2),"—k',Tx,Uu(:,3),"—qg"',...
Tx,Uu(:,4),'—c','linewidth',2);
ylim([0 1])
xlim([0 201)
ylabel('Control Profile');
xlabel('Time (years)');
%legend('ul= 0, u2\neq®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
legend('u_1\neq0®', 'u_2\neq0d', 'u_3\neq0d', 'u_4\neq0d")
title('(d)")
figure(3)
subplot(2,2,1)
plot(Tx,X(:,9),"—b', T, Y(:,9),"—r"', 'LineWidth',2);
%ylim([250 8001])
ylabel('E_{D}");
xlabel('Time (years)');
%legend('u_1 \neq 0 ,u_2 \neq 0, \newline u_3\neq0,u_4\neq0', 'u_i=0, i=1,2,3,4")
legend('u_1 \neq O ,u_2 \neq 0, u_3\neq0®,u_4\neqd','u_i=0, i=1,2,3,4")
%legend('ul= 0 ,u2 = 0,u3\neq0,ud\neqd"', 'v_i=0, i=1,2,3,4")
%legend('ul= 0 ,u2 = 0,u3=0,ud4\neq0®"', 'u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0","'u_i=0, i=1,2,3,4")
(
(
(

%legend('ul= 0, u2\neq®, u3= 0, ud4\neq 0','u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%legend('Location', 'southoutside')
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title('(a)")

subplot(2,2,2)

plot(Tx,X(:,10),"b"',T, Y(:,10),"r', 'LineWidth',62);
%sylim([250 8001])

ylabel('I_{D}");

xlabel('Time (years)')

%legend('u_1\neq0® ,u_2\neq0®, \newline u_3\neq0®,u_4\neq®', 'u_i=0, i=1,2,3,4',

FontSize', 9)
legend('u_1 \neq 0 ,u_2 \neq 0, u_3\neq0d,u_4\neqg0d','u_i=0, i=1,2,3,4")

%legend('ul= 0 ,u2 = 0,u3\neq0,ud4\neqd"', 'u_i=0, i=1,2,3,4")
%slegend('ul= 0 ,u2 = 0,u3=0,ud4\neq0"', 'u_i=0, i=1,2,3,4")
%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%legend('ul= 0, u2\neq0®, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
(
('

%legend('ul \neq 0 ,u2 \neq 0,u3=0,u4=0",'u_i=0, i=1,2,3,4")
%legend('Location', 'southoutside')

title('(b)")

% subplot(2,2,3)

% plot(Tx,X(:,11),'—b",T, Y(:,11),'—r"','LineWidth',2);

% %Sylim([250 800])

% ylabel('R_{D}"');

% Xxlabel('Time (years)');

% legend('ul= 0, u2\neq 0, u3= 0, ud\neq 0','u_i=0, i=1,2,3,4")
% %legend('Location’', 'southoutside')

% title('(k)")

subplot(2,2,[3,4])
plot(Tx,Uu(:,1),"m',Tx,Uu(:,2)," k', Tx,Uu(:,3),"qg',...
Tx,Uu(:,4),'—c','linewidth',2);

ylim([@ 1])

x1im([0 201)

ylabel('Control Profile');

xlabel('Time (years)');
%legend('u_1=0"',"'u_2\neq0®', 'u_3=0"', 'u_4\neq0"')
legend('u_1\neq0', 'u_2\neq®"', 'u_3\neqd"', 'u_4\neq0d")
%legend('Location', 'southoutside')

title('(c)")

% subplot(2,4,8)

% plot(Tx,X(:,12),'—c"',T, Y(:,10),'—r"','LineWidth',1.5);
% %ylim([250 8001])

% ylabel('I_{D}")

% Xxlabel('Time (years)');

% title('(1)")

%legend('with control', 'Without Control')

%Control profile for the implementation of all controls respectively
% subplot(2,4,8)

% plot(Tx,Uu(:,1),'—b',Tx,Uu(:,2),'—k"',Tx,Uu(:,3),"—qg',...

% Tx,Uu(:,4),'—r','linewidth',2);
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% ylim([0 1])

% x1im([0 51])

% ylabel('Control Profile');

% xlabel('Time (years)');

% %legend('Location', 'southoutside')
% title('(h)")

oO

% collect all the incidence terms in the ODE

X=XX"'; % solution of the optimal control

U=[000 0]; % when no control

[Tx,Y] = ode45(@kims,time,y0,[],U, Constant);

%SInew=sum(Y(:,2))—sum(X(:,2))+sum(Y(:,3))—sum(X(:,3)) %averted

Inew=sum(Y(:,2))—sum(X(:,2))+sum(Y(:,3))—sum(X(:,3))+...

sum(Y(:,9))—sum(X(:,9))+sum(Y(:,10))—sum(X(:,10))+sum(Y(:,12))—sum(X(:,12))%
averted

Output=[J Inew]

Y=(Y);

% Defining function that solves the state system with 14 diff.eqns

%File Name: kims

function ydot = kims(t,yy,U,Constant)

%This function solves MU infection on human type three equations

fl=yy(1); g=yy(2); hl=yy(3); j=yy(4);l=yy(5);

m=yy(6); p=yy(7);a=yy(8); r=yy(9);s=yy(10);

v=yy(11);F=yy(12);

rho_1=Constant(1l);rho_2 = Constant(2);rho_3= Constant(3);theta_l = Constant(4);

tau_1l = Constant(5);tau_2 = Constant(6);tau_3= Constant(7);beta_1l = Constant(8);

beta_2 =Constant(9);beta_3=Constant(10);mu_1l= Constant(1l);sigma_l=Constant(12);

theta_2 = Constant(13);gamma = Constant(14);kappa_l=Constant(15);kappa_2=Constant
(16);

kappa_3=Constant(17);sigma_2=Constant(18);mu_2=Constant(19);theta_3 = Constant
(20);

psi_l1=Constant(21);psi_2=Constant(22);psi_3=Constant(23);sigma_3=Constant(24);

gamma_1l= Constant(25);gamma_2 = Constant(26);gamma_3 =Constant(27);mu_3=Constant
(28);

nu_l=Constant(29);nu_2=Constant(30);nu_3 =Constant(31);mu_4 =Constant(32);C =
Constant(33);

K1l= Constant(34); K2 = Constant(35);K3 =Constant(36);K4 =Constant(37);

K5 =Constant(38);K6 =Constant(39);Al=Constant(40);A2 =Constant(41);

A3 =Constant(42);A4 =Constant(43);

ul = U(1); u2=U(2); u3=U(3); ud =U(4);

ydotl=theta_1l+beta_3.xj—mu_1.*fl—((1—ul—u3).*(tau_1l.=*p+tau_2.*s+(tau_3.*F)./(F+C)
)) .xf1l;

ydot2=((1l—ul—u3).x(tau_1l.*p+tau_2.*s+(tau_3.*F)/(F+C))) .xfl—(mu_l+beta_l+beta_2+
ud).xg;

ydot3=beta_1.*g—(sigma_l+mu_1).xh1;

ydotd4=(beta_2+u4).xg—(beta_3+mu_1) .xj;

ydot5=theta_2—(kappa_1l.x*p+kappa_2.x*s+((kappa_3.*F)/(F+C))).*l—mu_2.x1;

ydot6=(kappa_1l.*p+kappa_2.*xs+( (kappa_3.x*F)./(F+C))).*1—(mu_2+gamma) .x*m;
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ydot7=gamma.*m—(mu_2+sigma_2) .x*p;

ydot8=theta_3—mu_3.*g—(1—ul—u2).*((psi_1.*xp)/(1l+rho_1)+(psi_2.x*s)/(1+rho_2)+(
psi_3.*F)/((F+C).*(1+rho_3))).*xq+gamma_3.x*v;

ydot9=(1—ul-u2) .x((psi_1.*p)/(1l+rho_1)+(psi_2.*s)/(1+rho_2)+(psi_3.*F)/((F+C)
.k (14rho_3))) .xg—(mu_3+gamma_1l+gamma_2+u4) . x*r;

ydotlO=gamma_1.*r—(mu_3+sigma_3).x*s;

ydotll=(gamma_2+u4) .xr—(mu_3+gamma_3).*V;

ydotl2=(nu_1l.xhl+nu_2.*xp+nu_3.*s)—mu_4.x*F;

ydot= [ydotl;ydot2;ydot3;ydot4;ydot5;ydot6;ydot7;ydot8;ydot9;...

ydotl0;ydotll;ydotl2];

end
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ARTICLE INFO ABSTRACT
Keywords: This paper presents a mathematical model to understand how rabies spreads among humans,
Rabies disease free-range, and domestic dogs. By analyzing the model, we discovered that there are equilibrium

Mathematical model points representing both disease-free and endemic states. We calculated the basic reproduction

number, R, using the next generation matrix method. When R, < 1, the disease-free equilibrium
is globally stable, whereas when R, > 1, the endemic equilibrium is globally stable. To identify
the most influential parameters in disease transmission, we used the normalized forward
sensitivity index. The simulations revealed that the contact rates between the infectious agent
and humans, free-range dogs, and domestic dogs, have the most significant impact on rabies
transmission. The study also examines how periodic changes in transmission rates affect the
disease dynamics, emphasizing the importance of transmission frequency and amplitude on the
patterns observed in rabies spread. To reduce disease sensitivity, one should prioritize effective
disease control measures that focus on keeping both free-range and domestic dogs indoors. This
is a crucial factor in preventing the spread of disease and should be implemented as a primary
disease control measure.

Environment
Contact rate
Periodic transmission

1. Introduction

Rabies is a viral disease that affects mammals, including humans, caused by the rabies virus (Rabies lyssavirus) that travels from
the site of infection to the brain, causing inflammation and damage to the nervous system [1,2]. Despite that dogs are the primary
host of the virus, causing more than 99% of human rabies infections worldwide, other animals such as bats, raccoons, skunks, and
foxes can also carry and transmit the virus through bites or scratches [1-3]. The transmission dynamics of rabies are influenced
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by environmental factors such as changes in habitat, land use patterns and wildlife populations which create varied and frequent
interactions between infected and susceptible individuals [4].

Symptoms of rabies include fever, headaches, fatigue, restlessness, anxiety, hallucinations, hydrophobia, difficulty swallowing
and paralysis that manifest between 20 days and 3 months after exposure. This may vary from 1 week to 1 year after exposure,
depending on the location of entry of the virus and the viral load. In rare cases, the incubation period can last up to 7 years, and
if left untreated and without appropriate medical care such as vaccination, the disease progresses into a coma state and ultimately
leads to death [5-7].

Rabies is responsible for 60,000 human deaths every year globally [8], and the effective management of rabies in low- and middle
income countries (LMICs) in Asia and Africa is often hindered by the lack of timely and accurate information on rabies cases in both
humans and animals [9,10]. The actual number of fatalities caused by rabies virus (RABV) infections in LMICs is believed to be
underestimated and the dynamics of rabid dog populations are poorly understood [10]. A study conducted by [11] revealed that the
mortality rate attributed to human rabies in the United Republic of Tanzania was significantly higher than what has been officially
reported. By analyzing the active surveillance data on bite incidence, it estimated an annual mortality rate of 1499 deaths, with a
confidence interval spanning from 891 to 2238 deaths. This indicates an annual incidence of 4.9 deaths per 100,000 population,
ranging from 2.9 to 7.2 deaths per 100,000.

The application of mathematical models has significantly enhanced the understanding and control of contagious diseases, includ-
ing rabies. This analytical tool has proven instrumental in predicting and analyzing various phenomena, enabling medical experts to
structure their approach toward disease management. Numerous mathematical models have been developed and analyzed to inves-
tigate the transmission dynamics of rabies in both human and dog populations [12-22]. These studies have identified several factors
that influence the dynamics of rabies and have addressed various strategies to control the disease.

None of the studies referred to have comprehensively analyzed the combined impact of environmental factors, human populations,
and free range and domestic dog populations on the transmission dynamics of rabies. These factors can result in increased interactions
between humans, domestic animals, and wildlife, which together make up a population of approximately 900 million worldwide.
This, in turn, increases the risk of rabies transmission [7,23]. The movement of infected animals, whether domestic or wild, also
contributes to the spread of the virus. Infected animals can travel long distances, introducing the virus to new areas or re-establishing
it in regions where it was previously under control. Studies by [24,25] have documented how these factors can result in increased
contact between humans and domestic animals, further facilitating the spread of the virus. As such, this study presents a deterministic
mathematical model designed to assess the effect of contact rates and environmental factors on the transmission dynamics of rabies
in both human and canine populations.

This paper is structured as follows. Section 2 outlines a deterministic mathematical model describing the dynamics of rabies.
Section 3 focuses on analyzing the proposed model. Real-world data is then used in Section 4 for model fitting and parameter
estimation, while Section 5 covers the implementation of numerical simulations. Sections 6 and 7 are dedicated to the discussion and
conclusion of the study, respectively.

2. Model formulation and model analysis

In this study, we formulated a mathematical model using ordinary differential equations by incorporating the interactions between
susceptible individuals, infectious dogs, and the environment [13,17,26,27]. The study used mathematical simulations to examine
how rabies spread and persist under different contact rates and environmental impacts.

2.1. Model formulation

We divided the model into three groups; the human population, the dog population and rabies viruses in the environment. The
dog population was divided into two subgroups: free-range and domestic dogs.

The free-range dog population defined by N was divided into three compartments namely: susceptible free-range dogs (.S F)
that were group of free-range dogs free of infection but could get infected after adequate contact with either infected free-range dogs
(Ir), infected domestic dogs (1) or the environment containing rabies virus (M), exposed free-range dogs ( Ey) which included
all the free-range dogs who had contracted the disease but could not transmit the disease and had no symptoms of rabies infections,
infected free-range dogs (I F) made up of dogs who had contracted the disease with fully developed rabies symptoms and were
infectious.

The domestic dog population defined by N, was divided into four compartments. First compartment is susceptible domestic
dogs denoted by Sp, who were not infected but could get infected after adequate contact with either infected free-range dogs,
infected domestic dogs or environment that contains rabies virus. The second compartment were exposed domestic dogs (E D)
who had contracted the disease but could not transmit the disease and did not have disease symptoms. The third compartment
is infectious domestic dogs (I D), who had contracted the disease and were infectious. The fourth compartment is recovered do-
mestic dogs, denoted by Ry, who get post-exposure prophylaxis after contract with rabies infectious agent and develop temporary
immunity.

The human population, denoted by N, was divided into four compartments; first compartment were humans who had not ac-
quired the rabies infection but could get if they adequately contacted with infectious free-range dogs, domestic dogs or contaminated
environment. The second compartment were exposed human (E H), who had contracted the disease but could not transmit it and
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do not have symptoms of the infections. The third compartment is the infected human (I H), who had contracted the rabies virus
and were showing all the symptoms of rabies and were, therefore, infectious. The fourth compartment is recovered human beings,
denoted by Ry, who get post-exposure prophylaxis after they contact and developed temporary immunity.

The environment represented the virus causing rabies, that are in the physical object or any other materials in the environment.
These virus containing materials are considered as virus transmitting media or the infectious agent denoted as M (7).

2.1.1. Description of model interaction

Susceptible humans are constantly recruited at a rate of ;. When they come into adequate contact with I, Ip, or the virus in
the environment, individuals in the Sy category become infected at rates 7|, 7,, and 73, respectively. Thus, the force of infection for
human is given by equation (1):

=t Ip+1Ip+134(M)) Sy, )
where
A=
M+C

After contracting rabies infections, susceptible humans become exposed individuals, denoted by E, typically for 1 to 3 months.
Those in the Ey category who receive post-exposure prophylaxis recover at the rate f,. Since post-exposure prophylaxis does not
confer permanent immunity, individuals in the Ry category can lose immunity and become susceptible again at the rate f;. The
remaining proportion of the exposed class progresses to the infectious state Iy at a rate f;. Infected humans can die due to the
disease at a rate ¢,. All human compartments experience natural death at a rate of y,.

Free-range dogs that are susceptible to rabies are continually added to the population at a rate of 6,. These dogs can contract the
disease when they come into contact with infected free-range dogs (), infected domestic dogs (1), or the virus in the environment,
at rates k|, k,, and k3, respectively. The force of infection for free-range dogs is calculated using equation (2):

o= (k1 + Kk I+ K34(M)) Sp. 2

After contracting the rabies infection, free-range dogs that are susceptible progress to the exposed state, E, which lasts for 1 to 3
months. The exposed free-range dogs then progress to the infectious state, I, at a rate of y. Infected free-range dogs may die due to
the disease at a rate of o,. Additionally, all free-range dog compartments experience natural death at a rate of y,.

Susceptible domestic dogs are constantly recruited at a rate of 65. These dogs become infected when they come into adequate
contact with I, Iy, or the rabies virus in the environment, at the rates y, y,, and y3, respectively. Since domestic dogs are under
human control, they have a lower risk of contracting the disease. Hence, the force of infection for free-range dogs is given by equation

3):

<WIIF w1 p V3
X3 =

AM) ) ShH. 3
L+p,  1+p, 1+4p; ( )> P ©

After contracting a rabies infection, domestic dogs enter a state E, where they stay for several months at a rate of f;. If dogs
in the E}, category receive post-exposure prophylaxis, they move to the Ry, category at a rate of y,. However, post-exposure
prophylaxis does not provide permanent immunity, and dogs in the R, category can lose their immunity and become susceptible
again at a rate of y;. Meanwhile, the remaining proportion of the exposed class progresses to the infectious state I, at a rate of y;.
Infected domestic dogs can die from the disease at a rate of o3. All compartments of domestic dogs experience natural death at a
rate of 3.

Rabies virus is spread in the environment through shedding by infected free-range and domestic dogs, as well as humans, at rates
denoted by v,, v3, and v;, respectively. Equation (4) can be used to estimate the virus recruitment in the environment:

04=(V11H+V21F+V3ID)M. (4)

The viruses are removed from the environment at a rate .

Fig. 1 illustrates the dynamics of rabies disease among free-range dogs, domestic dogs, humans, and the environment.

Based on the description of the model parameters and their connections to the state variables, we formulate a model in the form
of a system of ordinary differential equations, as presented in the model equation (5):
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Fig. 1. Flow diagram for rabies transmission among human, free range and domestic dogs with parameters.

Sy =0, +FRy —m Sy — 11,
Ey =x~ (#+P+5) Ey,
Iy =pEg—(oy+m)ly.
Ry =BEy — (B3 +m) Ry,

S_F =0, == S,
Ep =1~ (m+7) Ep,
Iy =vEp—(my+0y) I, - (5)

Sp =03 —u3Sp— 13+ 13Rp,
ED =13~ (3 + 11 +1) Ep,
Ip =71Ep—(u3+03) Ip.
Rp =1Ep—(u3+713) Rp,

M = (VIIH +v21F+v3ID) —/44M,J

subject to the non-negative conditions
Sy0)>0, E40)>0, I5(0)>0, Ry(0)>0, Sg0)>0, E£(0)>0, Ir(0)>0,
Sp(0) =0, Ep(0) 20, Ip0)=0, Rp(0) 20.

(6)

2.2. Model analysis

2.2.1. Model’s invariant region
Since the model (5) monitors the human and dog populations, we assume that the model’s state variable and parameters are
non-negative for V¢ > 0. Using Theorem 1, we obtain the invariant region of the rabies model.
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Theorem 1. Solution of the rabies model system (5) is uniformly bounded if Q € Rf and Q=QuUQHUQrUQ,, € [R‘jr X Ri X Ri X IRL,

where

4 9,
Qu=9 (Sy.Ey.Iy.Ry) €R, :0< Ny < e
1

3. 6
Qp= (SF,EF,IF)eR+.05NF5ﬂ—2 ,

4 03
Qp=1 (Sp.Ep.Ip.Rp) ER, : 0K Np<— &,
H3
and Q is the positive invariant region.

Proof. Consider the population of the human. From equation (5) one has

dNy _dSy  dEy  dly  dRy

+ +
dt dt dt dt dt
Then, the equation (7) leads to

dNg
T=€1—(SH+EH+IH+RH)MI—011H.
Thus, equation (8) becomes
dNyg
T=01_(SH+EH+IH+RH)/41'
Given that Ny =Sy + Ey + Iy + Ry, the equation (9) results in (10):
dNgy
——=0,— Ny
dt 1 HH1

From the integrating factor we have

t
Ny (1) = elomdt = gt

Then, for t - 0 equation (11) gives
6, 0 6,
Ny(0)<—+Ce" = Ny(0)——<C.
M1 M1

By simplifying equation (12) and performing simple manipulations, we have

4. 6,

Using the same procedures for free-range and domestic dogs, we have
op=d(spEp1)er? 0N, <2V o =L sy Ep1p Ry ERE 0N, < B
F=13 (Sp. Er.Ir) € +USNPS g 0= (Sp.Ep.Ip.Rp) € +:U= D—#—3 .

Regarding the environment that contains the rabies virus, we consider eq. (12) in the model system (5) as

M=(v11H+v21F+v31D)—y4M.
: 0, 0, 0; 0, 0, 0
Since Ny < —, Np < —and Np < —,itfollowsthat Iz < —, I < — and I, < —.
U U U

1 3 H3 1 Ho H3
Thus, equation (13) becomes

. v, 0 v, 0 21
Ms<41+£i+ii>—mM.
Hy Ho H3

Now, let Y be the unique solution to the initial value problem, such that

. v, 0 1Y) 212

YS(LJ+££+££)_MMJmt>Q
Hy Ha H3

Y (0)=M(©)

By using the integration factor, equation (15) becomes
v 0 v,0 V30 v, 0 v,0 V30
Mms(;;+gg+gg)L+<M@_<;¢+gg+gg>L)
Hi Ha H3 J H4 Hy H2 H3 ) H4

5

)

(8)

)

(10)

(1)

(12)

13

14

(15)

(16)



M. Charles, V.G. Masanja, D.F.M. Torres et al. Heliyon 10 (2024) e32012

As t — oo, the expression (M(O) - (VL—QI + V;—gz + ‘flﬂ) ”le/w) in equation (16) goes to zero, and we have
1 2 3 4

v, 0 v, 0 V30
Ms(—11+—22+—33>i. 17)
Hi H H3 J M4

Equation (17) gives

0,v 0,v O3v
o, V2 | B3vs

HiH4  HoH4  H3H4

Thus, the model system (5) is biologically and mathematically meaningful with its solution relying on the region Q. []

M(t)sQM=Max{ ,M(O)}. (18)

2.2.2. Positivity of the solution
For the model system (5) to be epidemiologically meaningful and well-posed, we need to prove that the state variables are
non-negative for all > 0.

Theorem 2. Let {S;;(0),Ez(0),1;(0), Ry (0),S(0), E(0), 11(0), S p(0), Ep(0),15(0),Rp(0), M(0)} € R'2. Then the set

{Su@®.Ex®).15@).Ry (1), Sp@).Ep(1),1(1),Sp (), Ep (). 1), Rp (1), M (1)}

of solutions of the model system (5) is positive V¢ > 0.

Proof. Consider the human subpopulation of the model system (5). We have

ds
d—sze‘ + B3Ry — Sy — (1 1p + 10 p + T34(M)) Sy 19
Then, equation (19) yields
ds
d—tH2—(111F+1:21D+13A(M)+u1)SH. (20)

Using integrating techniques on both sides, equation (20) leads to

t
dSy
<. 2 — (v Ip + 1ol p 4+ T3A(M) + py ) ds. (21)
o
Hence, using equation (21), we can derive the following result:
Sy > Sy (0) ofo ~(rUIp+ra Ip+rs M)+ )ds 5 22)
Thus, S is positive for all 7 > 0. Using the same procedure, from equations (19) to (46) we have
Ey > Ey(0)e™ Mt ATh) 5 0 [ > 1,(0)e™ @+ > 0, Ry > Ry (0)e™ Wit >,

t
Sp > Sp0)elo ~GrlrtralptasiMytu)ds 5 0 F > Ep(0)e™ 2t > 0, T > Ip(0)e™ #2025 0,

t_o¥ilE walp  v3 )
Jo~(CE+ T+ iy AM)+p3)ds

Sp = Sp0)e >0, Ep > Ep(0)e” W31+t 5

Rp > Rp(0)e™#3%13)1 5.0, ) > I (0)e™ #3493 > 0, M > M (0)e ™+ > 0.

Thus, the set of solutions {SH @O, Eg®), Iy, Ry®),Sp®), Eg(t), Ig(1),Sp(t), Ep(t), (), Rp(?), M(t)} of the model system (5) is
positive Vt > 0. []

2.2.3. Disease free equilibrium point &,

The disease-free equilibrium point, denoted as &, refers to the point at which there is no disease in a given population. In order
to obtain &; in the model system (5), we consider all infectious compartments to be equal to zero. Therefore, &, can be defined as
follows:

0, 0, 03
&=(—.,0,0,0,—,0,0,—,0,0,0,0 ).
H1 Ho H3

2.2.4. The basic reproduction number, R

The R predicts whether rabies will spread across the community or die out. If R < 1, it means that every infectious individual
will cause less than one secondary infection, hence the disease will die out in the community. If R, > 1, it means that every infectious
individual will cause more than one secondary infection, leading to the persistence of rabies in the entire population. In order to
determine R > 1, the next generation matrix, as applied by [28-30], and the Jacobian Matrix are used, such that

6
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dx; + B
= = Fi- (VF ) -V (), (23)
where F; is the new infections in the compartment i while vi+ and V_ are the transfer terms in and out of the compartment i,

respectively. From equation (5), we define 7; and V, by

(TIIF+72[D+T3A(M)) SH (Ml+ﬂ]+ﬂ2)EH
0 (o1 +m) Iy —BEy

(K11F+K‘21D+K3}.(M))SF (/42-}—)/)EF
0

P = i il v, , V= (,uz + 0'2) Ip—yEp . 24)
A(M)) Sp (w3 +71+72) Ep
1+4p, 1+p201+93 (u3+63) Ip—1,Ep

0 ;44M—(V11H+V21F+V31D)

The Jacobian Matrices F and V at the disease free equilibrium point & are given by equation (25):

JoF; (& aV; (&
F= :(0)’ V= 1(0). (25)
0x; 0x;

From equation (24), F and V' at &, is given by equation (26):

000 A9 o nh
Hi M1
00 0 0 0 0 0
) )
ooo0 22 o B2
ar[ Ho Hy
ox) 80=F= 000 0 0 0 ol (26)
0 0
0 0 Y103 0 Y,U3
(1+p1) 13 (1+p2) 13
00 0 0 0 0 0
00 0 0 0 0 0

In the linearized system (26), the entry F;; represents the rate at which individuals in the infected state j give rise to or develop
new infections in individuals in the infected state i, with reference to the infected states indexed by i and j for i, j € {1,2,3,4,5,6,7}.
As a result, when a person in an infected condition j does not instantly produce any new instances in an infected state i, we have

F;; =0. Similarly, V' at point & is given by

Hy + ﬂl + ﬁz 0 0 0 0 0
_ﬂl (e3] + M 0 0 0 0 0
0 0 My +y 0 0 0
Y,
— =V= 0 0 - Mptoy 0 0 0. (27)
0x; le
0 0 0 0 m+n+rmn 0 0
0 0 0 0 -7 H3 + 03 0
0 -V 0 —Vy 0 —V3 Hy
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The inverse of matrix V' is obtained using Maple software, and its result is given as

1

R 0 0 0 0 0 0

B 1
0 0 0 0 0

(o1+u1) (H1+B1+52) o1+H|
0 0 L 0 0 0 0
Haty
1
_ 0 0 a 0 0 0
vol= (o) (to) 1y + o0, : (28)
0 0 0 0 ! 0 0
H3tY1tr2
0 0 0 0 4 ! 0
(/43+U3) (pt3+3/1+}/2) ”3+O_3

vi By Vi vy V2 v3¥i v3 1
(o14m) (i+B1+82) s (or+m) s (ma+y)(ma+o2) s (pa+02)py (u3+03) (H3+71+72) Ha (u3+03)py s

In the context of computing the basic reproduction number R, in epidemiology, the (V1) ; obtained in equation (28) represents
the generation matrix. The generation matrix describes the expected number of newly infected individuals that a single infectious
individual in each of the different susceptible classes generates. Meanwhile, the diagonal elements represent the rate of leaving the

corresponding susceptible class due to other causes such as recoveries caused by administration of post-exposure prophylaxis (PEP).

. 1 1 1 . . . .
In particular, and represent the average incubation period for rabies in humans, free-range dogs,

Hi+B+B m+y’ M3+t
and domestic dogs, respectively. Meanwhile,

1 . . -
and represent the average time spent by an infective human,

w+oy pytoy’ H3 + 03
free-range dog, and domestic dog in the infectious state, respectively, and L is the average time the rabies virus spends in the
Ha
environment. The next generation Matrix is then calculated by
0 0 7,017 7,0, 7,0,y 70, 0
w (ua+7) (Ha+o2) w1 (u2+02) uy (m3+71+7) (13 +03) ui(uytos)
00 0 0 0 0 0
00 LS L A —K10% — mbr _mbh
) w2 (p2+02) #2 (3471472 (H3+03) 12 (p3+03)
-1
Fv=—"=l0 o 0 0 0 0 o
0 0 w103y 16, v,037 w6s
(L+p1) 13 (2 +7) (ma+0y)  Uodmbeton] (14 p)) s (s +71+12) (3 +03)  (Fe)slistes)
00 0 0 0 0 0
00 0 0 0 0 0
(29)
The expression of matrix FV ~! can be presented as
0 0 Rj3 Ry Ri5 Rig O
00 O 0 0 0 o
0 0 Ry3 Ry Rys Ry O
Fv7'=lo00 0 0 0 0 o0, (30)
0 0 Rs3 Rsy Rss Rsg O
00 O 0 0 (N
00 O 0 0 0 o

where
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Table 1
Sensitivity indices for R,.

Parameter  Sensitivity Index =~ Parameter  Sensitivity Index

" -0.105552 v +0.051422
i -0.056998 v, +0.005436
Ky +0.897120 K +0.051422
t -1.616021 pl -0.046747
H -0.105358 Px -0.004832
o, -0.540654 o -0.05144
0, +0.941420 0; +0.056858
710,y 7,0, 7,0y 7,0, )
R, = R R, = . Rz = , R, = _—
. My (ﬂz"‘)’?g(llz"'o’z) * ”I(WMZ) ? Hy (H3+71 +}’2)§M3+0'3) 1 M (ﬂ3+03)
K197 K19 K197 K19
Ry = , Ry=—>12 R, =  Ry=—%
» #y (2 +7) (/420‘" o,) * Hy (42 +02) » 0 to (3 +711+712) (M3 +03) * 9/42 (3 +03) $ (31)
Y03y Y03 Yousy
R:y = , Rsy= , Rss= >
> (1+Pl)(/4§+7/) (12 +02) i3 54 (14 p1) H3 (4 +03) » (1+02) (M3 +71+72) (M3 +03) 43
YhUs3
Rs6 = .
% (1+p2) p3 (u3 +03)

From equation (30), we obtained the eigenvalues as

1 1 1
<0, 0, 0, 0, O, ERSS + §R33 + z \/1{%3 - 2R33R55 +4R35R53 + Rgs,
(32)

%R55 + %R% - %\/R§3 — 2Ry3Rss +4Rs5 Ry + R§5> .
The (i, k) element of the FV~! of the next generation matrix represents the expected number of secondary infections in the com-
partment i caused by individuals in compartment k, assuming that the individual’s environments remain consistent throughout the
infection. It is worth noting that FV~! Matrix is non-negative, meaning has a non-negative eigenvalue. This non-negative eigenvalue
corresponds to a non-negative eigenvector that represents the distribution of infected individuals who generate the highest num-
ber of secondary infections per generation, also known as R. According to [31], the basic reproduction number R is the largest
eigenvalue of the next generation matrix, being given by

Ro=p(FV'). (33)

Therefore, the spectral radius of the next generation Matrix is

(Rss + Ry3) + \/R33 (Rs3 —2Rss) +4Rss Rs3 + R,

p(FV™')= 5 : 34)

2.2.5. Local sensitivity analysis

Local sensitivity analysis seeks to determine how each parameter P; affects the R and is determined by normalizing the sensi-
tivity indices as approached by [32,33]:

R, OR P;

= 5p X R (35)

where R, is the rabies basic reproduction number. Therefore, utilizing equation (35) and the parameter values from Table 2, we
calculate the sensitivity indices for each parameter, as indicated in Table 1.

The findings from the research presented in Table 1 are significant and provide crucial insights. This study highlights that an
increase in the values of the rabies model parameters, including v, y», k|, and k,, results in a proportional rise in the magnitude of
R, This indicates that careful consideration of these parameters is essential in predicting the transmission dynamics of the disease.
Furthermore, the study also reveals that an increase in the values of parameters such as y,, y,, #y, U3, p1, P2, 05, and o3 leads
to a decrease in the magnitude of R. This implies that controlling the spread of the disease can be achieved by adjusting these
parameters. It is noteworthy that a 20% increase in any of the parameters v, y», k|, Or k, corresponds exactly to a 20% increase in
the value of R,,.

2.3. Existence of the steady state solution
The endemic equilibrium point is the steady state where rabies is present in humans, free-range dogs, and domestic dogs. To find

this point, we set the equations of the model system (5) to zero and solve the resulting system simultaneously. The state variables for
each compartment are represented by
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E (S}, Ejp. 15, Ry, Sky Ef I3, Sy, En I, Ry, M¥)

with
. Plov+m)Iy ]
H= g, (B +uy)
= Bi(Bs + u3)(oy + uy)?(By + By + B3y + By 3oy + uy)?
(o) + u)>((By + Bo + P3)py + 1 B3)
_ BB+ p3)(oy + 1) Bs — 01(Bs + u3)(oy + uy)*
(o) + up)*((By + By + B3)uy + B B3) ’
3 (61 + ;41) Iy
H= b ’
L BBou) Iy (B B) (o +m) I O
- i3 (ﬁ3+;41);41 B Ml’)
_ i p (L4 po)(1 4 p) M 4y M (14 p))(1 + py)
P G+ 72 =L+ o)+ p)M* (a3 + 71 +12)
E: - (13 +03)Il*)’ R = 2 (ﬂ3+f73)11*),
" 1 (3 +7s)
. ruz+o)ly  (s+ri+ronws+o)ly 6, B (1o +05) Iy
b H3Y1 - 71(us +13)H3 M_3’ £ Y |
_ v E; . 0 (/42+y) (;42+0'2)I; M*_V3Iz‘)+v2[;'f.+v1[;
Fop+o” N v H T Ha |
where
_ (Hp + V(1 + (Ry — D) + p)ps(uy + 03) ((1 + ) (s +o3)(uz3 + 71 + )1+ (Ry— 1) — 93W271)
2 (#3(1 + o)L+ p )z + 03) (3 + 71 + 7)1+ (Rog — 1) — 037 (wo (1 + pus +y (1 + ,02))) YK|
b, = (—Hz(ﬂz +0y)(py + V)1 + (Ry — D) + J’K192) (I+ Ry = D) + pus(1 + pp)(uz +03) (3 + 1 + 72).

((—Mz(#z + o)y + )+ (Ry— 1)+ }’K192) I+ ppyrps +yi Oy (1 + Pz)) 71

The endemic equilibrium point of the rabies disease persists when Iy, I, I, M >0 and R > 1, as summarized in Theorem 3.
Theorem 3. The system model (5) has a unique endemic equilibrium if Ry > 1 and Iy, I, I, M > 0.

3. Stability analysis

We begin by studying the local stability of the disease free equilibrium (DFE) point (Section 3.1). Then, we investigate its global
stability (Section 3.2). The stability of the endemic equilibrium is given in Appendix A.

3.1. Local stability of the disease free equilibrium point

We prove local stability of the disease free equilibrium point with the help of the Routh-Hurwitz criterion.

Theorem 4. The DFE point & is locally asymptotically stable if R, < 1 and all eigenvalues of the Jacobian matrix ( J (80)) evaluated
at &, have negative real parts.

Proof. We need to show that all the eigenvalues of the matrix J (80) in equation (36) of the model system (5) at the DFE point have
negative real parts. Subsequently, since the endemic equilibrium exists if, and only if, R, < 1, we utilize the Jacobian matrix at the
disease-free state J (&), which is expressed as

10
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where

—H

0

—a,

B
B

0 0
0 0
—a, 0
0 —as
0 0
0 0
0 0
0 0
0 0
0 0
0 0
Vi 0

710,
My
710,

M

K16,
Ho
K16,

Ha

—as

w103

#3(1+P1)

v 03

s (1+p1)

Va

ay=p1+ P+ b ay=p +01, a3=pu3+ s, ay=pr +7v,

as =y + 03, Gg = 3+ 71 + 7V, a7 = l3 + 03, ag = Uz +73.

—ag

72

_nb
Hi

7,0,
My

_Kb
M2

K20
Ho

v, 03

_M3(1+/’2)

v, 03

M3(1+P1)

—ay

V3

73

Heliyon 10 (2024) e32012

(36)

The first, fourth, fifth, eighth, and twelfth columns of the matrix (J(£0)) in equation (36) contain the diagonal terms. It is obvious

from the eigenvalues 4,

J (&)=

—a;

B
0

0
0

=—py, Ay =—a3, A3 =—piy, Ay =—p3, and s

0

—a

0
0

0

0

—ay

Y

—as

w103
w3 (1+p1)

0
0

0
0

706,

0 Hy
0 0
0 K20y
H
0 0
14 —az
1) 0

0

—ag

—Hy, respectively. Thus, the matrix (J (80)) reduces to

37)

Again, the second and seventh columns of the matrix (J(£0)) in (37) contain the diagonal terms. It is obvious from the eigenvalues
4g = —a, and A; = —ag. Thus, the matrix (J(&)) reduces to

—a;

0

0

0

0

0

—ay

4
0

0

—as

v103

3 (1+p1)

0

14

70
H

K20,
Hy

0

y03

w3 (1+p1)

—ay

(38)

Again, the first column of the matrix (J (80)) in equation (38) contains the diagonal term, and it is obvious from eigenvalues
Ag = —a,. Thus, the matrix (J(é'o)) reduces to

11
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—a K16y 0 K26y
4 1 1
: 4 —as 0 0
J = . 39
( 0) vi0; _a v03 (39
3 (L+py) 6 w3 (1+e1)
0 0 4 —ay

Computing the eigenvalues of the given matrix J(&,) in equation (39) involves solving the characteristic polynomial equation

P(A)=det(J(&)—AI)=0,

where I is the identity matrix and A represents the eigenvalues. Thus,

Hra P+ +Ca+C=0. (40)
Equations (36), (37), and (38) evidence that A, 4,, 43, 44, 45, 44, 47, and Ag exhibit negative real parts. By applying the Routh—
Hurwitz criterion, the other four eigenvalues of the matrix equation (39) will also have negative real parts if all coefficients in
equation (40) are greater than zero. Then,

Cl =a7+a6+a5+a4>0,

Cz =-Y b] - }/b4 + asay + aeay + aray + aegas + asas + arag > O,

C3= ((06 +aj)as —y by + a7a6) a, + (—}/ by + a7a6) as —yby(ag+a;) >0,
L C= }/2b1 b4 - 72b2b3 - ya4a5b4 - ya6a7b1 + a,asagay > 0,

where

b]:’f1_92’ 2:7%03 >
) Hy uz(L+pp)
b= 2%y o 20
Mo us(1+py)

L

Since all eigenvalues of the Jacobian matrix (J (80)) evaluated at &, have negative real parts, the model system (5) at the &; is
locally asymptotically stable if Ry < 1. []

3.2. Global stability of the DFE point

We prove the global stability of the DFE point &, of the rabies model (5) using the theorem described by [38]. To apply the
theorem, we write the model system (5) as

dy,
dts =Gy (Y, ~Y (&)) +GY,,
dy,

a -

where Y is the vector representing the compartments that do not transmit the rabies disease, and Y; symbolizes the rabies-
transmitting vector compartments. In the case of G,, if G, is a Metzler matrix (i.e., the off-diagonal entries of G, are non-negative),
and G, has real negative eigenvalues, the rabies-free equilibrium is globally asymptotically stable. Based on the model system (5),

we have Y, = (Sy , Ry ,Sp,Sp . Rp)', Y, = (Ey . Iy »Ep . Ip ,Ep I, M)" and

5, -0
L
RH
0,
Y, -Y (&)= SF_,Tz ,
0
Sp——
H3
RD

12
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—H B3 0 0 0
0 —(B+u) O O 0
0 0 0 - 73
0 0 0 0 —(u3+n)
The eigenvalues of the matrix GO are ),1 = U3, A.z = Uy, 13 = Uy 14 =- (/43 + ]/3), 15 =- (ﬂ3 + /41), while
000 18, 2H
Hi Hi
p 0 0 0 0 0 0
0
G=[0o 00 =2 o 22 of
Hy My
0 0
0 0 0 Y103 YrU3
u3 (14 py) s (1+py)
0 00 0 2 0 0
710 750
—Hy =P = b 0 0 L_]l 0 /24_11 0
b1 -0 — U 0 0 0 0 0
oy — K10 x16
0 0 w2y Hy 0 Hy 0
G, = 0 0 4 —Uy — 0y 0 0 0
b _¥ls
0 0 0 u3(1+p1) m=n-=nr u3(1+p1) 0
0 0 0 0 4 —pu3—o3 O
0 Vl 0 V2 0 V3 —ﬂ4

Since the eigenvalues of the G, are negative and the off-diagonal entries of the Metzler matrix G, are non-negative, then the rabies
DFE point is globally asymptotically stable.

4. Model fitting and parameter estimation

After conducting model analysis of the dynamics and qualitative outcomes of the rabies model, it is essential to accurately
determine the model’s parameters for making quantitative predictions within a limited time frame using real-world data [39]. In this
study, we employed the non-linear least squares method (NLSM) to estimate the parameters of model equation (5). To achieve this,
we generated synthetic data that represented the expected disease spread patterns at various time points, denoted as ¢; [40]. These
patterns were computed by numerically solving equation (5) with a fifth-order Runge-Kutta method in the MATLAB environment,
initializing the parameters with values from literature denoted as ®; and initial condition for the number of .Sy (0) = 142000,
Ey (0)=40, I5(0)=0, Ry (0)=0, Sp(0)=15000, Ep (0) =25, I,(0)=0, Ry (0)=0, Sk (0)=12500, Er (0) =20, I (0)=0, and
M (0) =90. In order to generate the rabies dataset RD (#; ©;) we added random Gaussian noise #; (#; ®;) measurements to the data,
simulating real-world dynamics where measurement errors are common. Thus the observed/actual dependent data were given as

Y,=RD(1; ©;) +n; (t; ©,) for each time 1, €[1, n].
The parameter values YY of Table 2 were determined by minimizing the sum of squared residuals expressed as

YY(®)=min Z(Y,. —Y)?
k=1

between the model solutions (Y) obtained through solving the rabies (5) model using the real parameters from the generated data
and the synthetic data (Y;) generated by introducing random Gaussian noise to the model output RD (ti G),-) [39]. The estimated
parameter values were then used to fit the data (Y;), and the resulting best fits are depicted in Fig. 2(a)-(d) and the resulting estimated
parameters given in Table 2.

5. Numerical simulations

In this section, we employed the ode45 method available in MATLAB software to numerically solve a model system (5) using
parameters presented in Table 2 along with the initial conditions Sy (0) = 142000, Ef (0) =40, I5(0)=0, Ry (0)=0, Sp(0) =

13
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Table 2

Model parameters, their description and values.
Parameters Description Value (Year™!) Source
0, Recruitment rate S 2000 (Estimated)
7| The rate that .Sy, gets infection from I 0.0004 [10]
T, The rate that .S, gets infection from I 0.0004 [10]
73 The rate that .S;; gets infection from M [0.0003 0.0100] (Estimated)
b Progression rate out of E; to I é [10,32]
i Recovery rate of E [0.54 1] [12,32]
B3 Rate of immunity loss of humans 1 (Estimated)
Hy Natural death rate of humans 0.0142 [34,35]
o Disease induced death rate for I, 1 [12,32]
0, Recruitment rate of free-range dogs 1000 (Estimated)
K The rate that .S gets infection from I 0.00006 (Estimated)
Ky The rate that S gets infection from I, 0.00005 (Estimated)
K3 The rate that S gets infection from M [0.00001 0.00003] (Estimated)
y The rate that S gets infection from I % [10,12,32]
o, Disease induced death rate of I 0.09 [32,36]
Hy Natural mortality rate of free-range dogs 0.067 (Estimated)
0, Recruitment rate of domestic dog population 1200 (Estimated)
78 The rate that S}, gets infection from I, 0.0004 [24,36]
v, The rate that S}, gets infection from I 0.0004 [71
7 The rate that S}, gets infection from M 0.0003 (Estimated)
My Natural death rate for domestic dog population 0.067 (Estimated)
03 Disease induced death rate for I, 0.08 [32]
71 The rate at which E;, becomes I, % [10,32]
7 Recovery rate of E, 0.09 [32]
73 Rate of loss of temporary immunity for R;, 0.05 (Estimated)
Vi Environmental virus shedding rate from I 0.001 (Estimated)
vy Environmental virus shedding rate from I 0.006 (Estimated)
2 Environmental virus shedding rate from I 0.001 (Estimated)
Hy Natural removal rate of rabies from the environment  0.08 (Estimated)
2 The deterrent coefficient of domestic dog from I 10 [371
I The deterrent coefficient of domestic dog from I, 8 (Estimated)
P3 The deterrent coefficient of domestic dog from M 15 (Estimated)
C Concentration of rabies in the environment 0.003 (PFU)/mL (Estimated)

15000, Ep (0) =25, I (0)=0, Ry (0)=0, Sg(0)= 12500, Ef (0)=20, Ir(0)=0, and M (0) =90. The objective is to illustrate the
analytical findings discussed in earlier sections.

5.1. Impact of the periodic infection rate on the occurrence of rabies outbreaks

The periodic effect of rabies on bite incidence describes the cyclic variation in the number of dog bites within a population due
to recurrent outbreaks of rabies in dogs [41]. These outbreaks stem from the viral infection’s influence on dog behavior, causing
increased aggression and a propensity to bite. This cyclic pattern arises as rabies outbreaks occur intermittently, influenced by
factors like seasonal fluctuations, vaccination efforts, and animal movement. To investigate on the effect of periodic infection for bite
incidence, we employed the formula described as

Bite Incidence(t) = fean (1 + Asin2zf + ¢)) SI, (41)

where f_ .., is the infection rate, A is the amplitude,

= period of conti‘ol of outbreak — % is the frequency of sinusoidal variation, and ¢ is the phase shift of .S, I.

Therefore, to incorporate and unify the changing dynamics of rabies, transmission rates 7, 7,, 73, ¥, ¥, ¥3, K1, K3, K3, Vi, V, and
v3, as applied by [42], are considered as

. (2mt . (2mt
T; = T(mean) (1 +Ai51n(T +¢)>, Vi = V(mean) (1 +Ai31n<? +¢>>>,

. (2r;t . (2wt
K; = K(mean) <l +A,~sm<T +¢)>, Vi = V(mean) (1 +A,-sm<? +¢)>> ,

for i=1, 2 and 3.

The results of bite incidence are presented in Fig. 3(a)-(b), Fig. 4(a)-(b), Fig. 5(a)-(b), and Fig. 6(a)-(b).

Fig. 3(a)-(b), Fig. 4(a)-(b), and Fig. 5(a)-(b) illustrate that an increase in bite incidents leads to a rise in the number of exposed
and infected individuals while reducing the number of susceptible individuals in both human and dog populations. Furthermore, all
these figures demonstrate that the rabies outbreak, driven by a higher infection rate, remains active within the first 20 years and,

14
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Fig. 2. Scatter estimated with standard deviation of 0.05 and numerical simulation (sold) with confidence interval of 95%.
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Fig. 3. The impact of human population bite incidence on the occurrence of periodic rabies outbreaks.
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Fig. 4. The impact of free range dogs bite incidence on the occurrence of periodic rabies outbreaks.
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Fig. 5. The impact of domestic dogs bite incidence on the occurrence of periodic rabies outbreaks.

subsequently, exhibits periodic declines. This decline in the number of infections is attributed to the decrease in the infection rate
in both populations. On the other hand, Fig. 6(a)-(b) shows that an increase in the rate of shedding into the environment results
in periodic rises in rabies contamination within the environment. These scenarios highlight the significance of effective vaccination
campaigns, responsible pet ownership, and timely post-exposure prophylaxis for individuals who have been bitten. These measures
are essential for managing the public health impact of this periodic phenomenon, underscoring the importance of rabies control

strategies.

The results presented in Fig. 7(a)-(b) demonstrate that the parameters y, y,, k|, and x, have a positive impact on the basic
reproductive number, R,. The study reveals that changes in these parameters generate varying effects on R, ranging from 1.8 to
2.0 and 1.2 to 2.4, respectively. These findings support the estimates provided by [18] and suggest that intervention strategies can
have a significant impact on the incidence of rabies in a given population. Furthermore, the parameter values outlined in Table 2

indicate that increasing «, k,, w1, and y, corresponds to an increase in R,.

5.2. Effect of varying the most sensitive parameters

Now we investigate the impact of the contact rate between infectious agent and: (i) susceptible human; (ii) susceptible domestic

dogs; and (iii) free range dogs.
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Fig. 6. The impact of environment shedding incidence on the occurrence of periodic rabies outbreaks.
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Fig. 7. Effect of R, with respect to «, k,, y;, and y,.

5.2.1. Impact of contact rate between infectious agent and susceptible human

The findings presented in Fig. 8(a)-(c) demonstrate that the contact rates 7|, 7,, and 73 exert a significant influence on the
transmission dynamics among susceptible humans, infected free-range and domestic dogs, and the environment. Nevertheless, it is
noted that these dynamics ultimately reach a stable state after 80 years. This underscores the crucial role of education and awareness
in mitigating the transmission of rabies among the human population by reducing contact between susceptible humans and sources
carrying the rabies virus.

5.2.2. Impact of contact rate between infectious agent and susceptible domestic dogs

The findings presented in Fig. 9(a)-(c) reveal that an increase in contact rates, denoted as v, y,, and 3, results in a higher
prevalence of rabies in domestic dogs. After approximately 50 years, the number of infected dogs reaches a steady state, implying
that mitigating the contact between susceptible, infected, and free-range dogs and the environment carrying the rabies virus is critical
to reduce the transmission of the disease.

5.2.3. Impact of contact rate between infectious agent and free range dogs

Fig. 10(a) presents the finding that an increase in the contact rate x| results in a higher number of susceptible free-range dogs
becoming infected, which suggests an inadequacy of control measures. Conversely, Fig. 10(b) portrays that a rise in the contact rate
ik, with free-range dogs leads to an increase in carriers and symptomatic infections. In addition, Fig. 10(c) indicates that an increase
in the contact rate k3 between free-range dogs and the environment yields a slight upsurge in the number of infectious individuals
or carriers.
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Fig. 8. Simulation results of model (5) for I, with respect to 7, 7,, and 3.

6. Discussion

Rabies is a fatal viral disease that can easily spread from an infected animal to a human, making it a significant public health
concern worldwide. Dogs are the primary reservoir and transmitter of rabies to humans, causing most human cases. To understand
the transmission dynamics of rabies and develop effective prevention and control strategies, a study was conducted. The study aimed
to create a deterministic model to investigate how changes in contact rates and environmental conditions impact the spread of
rabies. Mathematical tools such as Jacobian and Metzler matrices were used to conduct stability analyses and uncover the underlying
dynamics of rabies transmission. The study also aimed to determine the relationship between contact rates, environmental factors,
and the basic reproduction number R, which is a crucial indicator of disease spread. By gaining insights into the complex dynamics
of rabies transmission, the study hopes to contribute to the development of targeted and sustainable strategies for its prevention and
control.

7. Conclusion

The transmission of rabies among humans and dogs is influenced by their contact rate and environmental factors. A deterministic
model was created to investigate how these factors affect the spread of rabies that results from dog bites. Stability analysis was
conducted using Jacobian and Metzler matrices. The study’s numerical simulations showed that the transmission of rabies from dog
bites has serious consequences for both human and dog populations. Furthermore, the study found that an increase in the contact
rate (such as yq, y», y3, Kk, k1, and k3) leads to a rise in the basic reproduction number R,,. By examining the relationship between
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Fig. 9. Simulation results of model (5) for I, with respect to v, y,, and ys;.

contact rate, environmental impact, and the transmission dynamics of rabies, this study provides insights into the complexity of
rabies transmission. Ultimately, it contributes to the development of targeted, sustainable strategies for preventing and controlling
the spread of rabies.
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Appendix A. Global stability of the endemic equilibrium E*
Here we prove the global stability of the endemic equilibrium characterized in Section 2.3.
Theorem 5. The endemic equilibrium point E* of the rabies model (5) is globally asymptotically stable whenever R > 1.

Proof. To prove Theorem 5, we adopt the approach of [19,43,44] by constructing a Lyapunov function of the form

n £3
yA
£=2Gi (yi—y;.“+y;."ln<7")> ,G; >0 for i=1,2,3,...,n,

i=1 i

20



M. Charles, V.G. Masanja, D.F.M. Torres et al

Heliyon 10 (2024) €32012
where G, represents a positive constant that needs to be determined, y; stands for the population variable at compartment i, and y
denotes the equilibrium point of the rabies model at compartment i for i € {1,2,3 }. Therefore, we define the Lyapunov L for
model system (5) as follows:

c G(SH—S;,+SH1n( >>+G2<EH E* +EH1n< )>+G3<IH I +1Iyn
S*

+G4(RH—R;,+RH1n< >)+GS<SF—S;+SF1n(S—F))+GG<EF E* +EF1n<
F

+G7(1F—I;+1F1n( ))+6s (555 +SDln<S )>+G9<ED—EZ+EDln<

+G10<ID—I;‘)+ID1n<I—D))+G”<RD R*+RDln<R >>+G12<M M*+M1n<

(7))
)

! (42)
)

)

Evaluating equation (42) at the endemic equilibrium point E* gives

L=E" (S} E} I} R, .Sy Ep I5,85 Ey I Ry, M*)=0.

Then, using the time derivative of the Lyapunov function £ in equation (42) gives

>\ dE 17N\ dr R: \ dR
_H>_H+G3<1_ H>_H+G4(1__H>_H
Ey ) dt Iy ) dt Ry ) dt
ST\ dS E7\ dE I\ dr SH\ dS
+G5<1——F>—F+G6<1——F>—F+G7<1 ) £ G8<1——> —2 (43)
Sp ) dt F f Ip) dt Sp ) dt
EXN\ dE I5N dI dR M*\ dM
+Gy(1-2) 2 +6 L) 246,(1- Rp —24G =.
9< ED> dt 1°< Ip) dt 1 Rp ) dt 12 M ) di
Consider the endemic equilibrium point (EEP),E* of equation (5) such that
. . ) i . . (TII;+1'2I}")+T3/1(M*))S
0, = (v 1} + 1ol +T3A(M*)) S5, + 1y Sty — B3Ry, iy + By + o = I ,
H
B E] B E;
61+y1=1—*H, By + py = R*H 0, = (k115 + k)1 + K34 (M*)) S% + 4y S,
H
(K11;+1<21;+T3A(M*))S* YEL
Mty = ,0'2+M2——,
Ej; IF - 44)
wily N Wl yy A (M*) -
vily  wly yaA(M™) T+p,  1+p, 1+p; D
03 = + ST+ u3Ss =3RS, 3ty +r= ,
3 <1+p1 1+p, 1+p; p TH3Op V3 Rp H3 TV TT2 B
ot nkp N nE} 3 (vll}"_,+v21;’;+v3lz‘))
3TH3= If) > V3t p3= R, > Mg = M
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Then, by substituting (5) into (43), we have

S* E*
% =G, (1 - SZ ) (0, + B3Ry — 1Sy — 11) +Gz<1— Eﬁ) (1= (u1 + P+ 52) Egr)
I* R*
+G3<l_ﬁ>(ﬂlEH_(61+/‘l)IH)+G4<1_ﬁ>(ﬁ2EH_<ﬁ3+Ml)RH)
S* *
+Gs (1 - S—F> (0, = 22— m2SF) +G6<1 - E—F> (2= (m2+7) Er)
i g . (45)
I* S*
+G7<1_ﬁ)(yEF_(/42+°-2)IF)+GS<1_§>(03_/43SD_)(3+7/3RD)
+Gy (1 - E—ﬁ> (x3 = (m3+71+7) Ep) +G10<1 - I—> (r1Ep— (u3 +83) Ip)
R* *
4Gy (1= 22) (Ep = (3 +73) Rp) + Gua (1= 20 ) (T + vl +v31p) = usM).

J

Using the endemic equilibrium point (E E P) described in equation (44), we simplify the equation (45) as

S .
< =g (1 - ﬁ) < (t1 1 + 10 + T3 A(M™)) S5+ uy ST, — B3R, — 1y Sy

—(T]1F+721D+T3/1(M))SH+ﬁ3RH>

. (r11 + 70+ T34(M*)) ST Ey
+G, (1 - ﬁ) ( (v11p + 120 +73A(M)) S

5,
I B E} 1y RY, B E}, Ry
+G3(1‘i><ﬂ'EH‘T +G4y(1-72) (B - TR,

S;k'" * * * * *
+Gs (1 - S—F> (k1T + Ky T + k3 ACM®)) S+ 1y S5 = S

— (ki Ip + 101 p + K34 (M) SF>

+Gg (1- E—F)( (k1T + K20+ K3A(M)) Sp —

I yErlp
+G7 (1~ 1—F><}’EF ;; >
F

( (t1 15 + k20 + k3A(M*)) St E >
s* wilp ) ysd(M9)N .
+G3<1 S—D><< + SH+u3ST, — 3R}

* 46
E: > (46)

L+p 14+pp 14p;

wilp W2[D‘I/3/1(M)
L+p 1+Pz 1+ p;

> Sp—#3Sp +3’3RD>

vily  wolpy yaA(M¥)

+ S*E
. 1 Ip y3A(M <1+ l+p, 1+ > p=b
+G9<1_&><<W1F+W2DW3( ))SD_ P P2 P3

I nEplp R rnELRp
+G10<1—ﬁ)<y1ED— 7 +Gy (1-22) R

(v I +win+ \/3[;;) M>

M*

G (1-47) <VIIH+V21F+V3ID—

Then, equation (46) can be expressed as follows:
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+G2r3SHA(M)(1—%> (1—%)

ES Iy R

+G35,Ey (1 - j-z) (1

) (_E;RH >
Ey Ry,

S S s
SZEN(ZEEE ) 4 GrySpl (1——F
SF)(IFSF >+ sK29F D SF

- ) 4 GupEy (1- 22
EHI;;>+ o R

*

S* 2
—Gsuy Sy (1 - ﬁ) +Gsk, Sply (1

s (M*) S} E* ISt Ep
+GsrySpAM) (1- 3 ) <——1>+G6K1SFIF<1——F> (1__*>
AT T Er I;SpE;
E* I* S* Ep
1__f) | _ D°FTF
+G5K25FID< Er < TpSiEy
+GéK3SF/1(M)<1——F>(1——>+G7}’EF<1——F><1— )
Ep A(M)SpE7, Iy EplIy,
—Ggii3S (1 - S_D>2 ¥1SplrGs < _ S_D) (I;SI*) _ 1) L+ ¥2SplrGs (1 _ S_D> <11*)5§3
’ 5 (1+p) S0/ \IpSp (1+p,) Sp) \ IpSp
vaSpAMGy ¢ s\ (AMDISy N o e (1ZSh) (1= R
+ +Ggr3Rp R
(14p3) Sp AM)S) Sp b
w1 SplrGy <1 _ ﬁ) <1 _ I;SZED> + v2SplpGy (1 _ ﬁ) (1 _ I;)ST)ED>
(1+p1) Ep IFSpEy, (14p,) Ep IpSpE},
w3 SpIpGo <1_ E_;> <1_ A(M*)S;ED>
(1+p3) Ep A(M)SDEZ
ELIp EXR)

GorEn(1-2Y(1 G En(1- 20
+Gor1 D( —E) +G11; D( _E> _EDR}S

IyM I'M M
> (1 - —I:M* ) +G12V21F <1 - ) (1 - —I:M* > +G12V31D (1 - 7) (l

Epl}

M*
™

M*

+G]2V]1H<l— M

Equation (47) can be written as

dL

E=Q+R,
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5\ 2 §% 1\ 2 N 2
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We express the equation (49) as

Heliyon 10 (2024) e32012

b 1 1 1 1 1
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Now we make use of the following basic inequality.
Proposition 6. If e(y) =1 — y + Iny, then e(y) <0 such that 1 — y < —Iny if and only if y > 0.
From equation (50), we have
1 1,1 1 1 1
e = (1= )+ (1-2) = (1-=-). 51
d a ad d a ad (51)
Using Proposition 6 and the concept of geometric mean, equation (51) can be written as
(1-7)+(1=2)-(1- ) ==m(g) - (5) +1n (55)
a a a a (52)

51n<axdx£)=ln(1)=0

Following similar procedures in (52), we get

<0.

From equation (47), the global stability holds only if E <0. Now, if R < Q, then % will be negative definite, which implies that

dL
dt

— <0and d—f =0 only at the endemic equilibrium point E*. Hence, by LaSalle’s invariance principle [28], the only invariant set in

{(Sg . Eg@0). 15 (®), Ry (®), Sp@), Ep(), 1p(1), Sp(), Ep(0), (), Ry (1)) € R s {(Sy (1), Ey(0), 1 (), Ry (1), Sp (1), Ep(0), 15(2),
Sp), Ep(t),Ip(t), Ry (t)) — [E*} is the singleton endemic point E*. Thus, any solution to the rabies model (5) which intersect the

interior Rf limits to E* is globally asymptotically stable whatever R, > 1.
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Rabies remains a pressing global public health issue, demanding effective modeling and control strategies. This
study focused on developing a mathematical model using ordinary differential equations (ODEs) to estimate
parameters and assess uncertainties related to the transmission dynamics of rabies in humans and dogs. To
determine model parameters and address uncertainties, next-generation matrices were utilized to calculate
the basic reproduction number R,,. Furthermore, the Partial Rank Correlation Coefficient was used to identify
parameters that significantly influence model outputs. The analysis of equilibrium states revealed that the

rabies-free equilibrium is globally asymptotically stable when R, < 1, whereas the endemic equilibrium is
globally asymptotically stable when R, > 1. To reduce the severity of rabies and align with the Global Rabies
Control (GRC) initiative by 2030, the study recommends implementing control strategies targeting indoor

domestic dogs.

1. Introduction

Rabies is a fatal and neglected viral disease that affects mammals,
including humans. The disease is primarily spread through bites and
scratches by infected animals [1-5]. The disease is caused by rabies
virus, a member of the family Rhabdoviridae and the genus Lyssavirus.
The disease typically presents with symptoms such as inflammation,
fever, headache, and malaise. These initial symptoms can progress to
more specific manifestations including anxiety, confusion, hallucina-
tions, dysphagia, muscle spasms, and paralysis, therefore, immediate
medical attention is essential in the event of a bite or scratch from
animals such as dogs and cats [6-9]. Prevention of rabies primarily
involves vaccinating humans and domestic dogs, and avoiding con-
tact with wild animals that are carriers of rabies virus [2,10]. In
many countries, vaccination programs have been successful in reducing
the incidence of rabies in humans and domestic dogs [11,12]. Post-
exposure prophylaxis (PEP) is a vaccine recommended for individuals
who have been bitten or scratched by an animal who are carrier of
rabies virus. PEP comprises a series of injections with both rabies

vaccine and rabies immune globulin to prevent the virus from causing
an infection [3].

Mathematical models are fundamental tools for comprehending and
addressing the transmission dynamics of rabies. They aid in describing
and predicting epidemiological phenomena, allocating resources, and
structuring control strategies. Researchers in different countries have
developed several mathematical models to study the transmission dy-
namics of rabies in dog populations [13-18], as well as interactions
between dog and human populations [19-21], and even among dog,
human, and other animal populations [22-24]. These studies have
identified several factors that can shape the dynamics of rabies in
different countries and ways of controlling the disease. However, due to
the complex nature of disease transmission dynamics and the inherent
variability in real-world data, parameter estimation poses significant
challenges. Estimating these parameters accurately is essential for de-
signing effective control measures and interventions to prevent the
spread of rabies. One common approach to parameter estimation in-
volves using the least square method and validating the model by fitting
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Fig. 1. Schematic diagram for the flow of transmission dynamics of rabies.

real-world data to the proposed model. It is crucial to assess uncertainty
in parameter estimates to understand the reliability of model predic-
tions and make informed decisions about disease control strategies.
Uncertainty can arise from various sources, including variability in
data, model structure, and parameter estimation techniques.

To address this issue, statistical techniques such as Latin Hyper-
cube Sampling (LHS) and Partial Rank Correlation Coefficient (PRCC)
are utilized for uncertainty and sensitivity analysis of input parame-
ters [25]. LHS generates random samples within the parameter space,
while PRCC assesses the correlation between model output and each
input parameter [25,26]. LHS enables efficient sampling of multi-
dimensional parameter space, while PRCC computes and ranks the
correlation coefficient between the model inputs (parameters) and the
model outputs (state variables). It gauges the degree of a non-linear and
monotonic relationship between model inputs (parameters) and model
outputs. Therefore, this paper discusses the transmission dynamics of
rabies, the parameter estimation, and the role of statistical techniques
such as LHS and PRCC in evaluating the impact of uncertainties on
model predictions.

The structure of this paper is organized with sections dedicated
to formulating the mathematical model (Section 2), qualitative anal-
ysis (Section 3), quantitative analysis (Section 4), and discussion and
concluding the findings (Sections 5 and 6, respectively).

2. Model formulation

The model for rabies transmission is divided into four distinctive
components. The first component pertains to the human population,

which is represented by Ny = Sy + Ey + Ry + Iy. The second
component is the environmental virus reservoir, represented by M.
The third component is comprised of free-range dogs, represented by
Ny = Sp+Ep+1p, which includes both stray and feral dogs. The fourth
component represents domestic dogs, represented by N, = .S, + Ep +
Rp+1p. Susceptible humans (S ) are individuals who can be infected.
They are recruited into the population at a rate of §,. Exposure happens
upon contact with infected free-range dogs (), domestic dogs (Ip),
or the virus (M) at rates of 7, 7,, or 73, respectively. The latency period
for exposed individuals is 1-3 months. Thus the force of infection for
human is given by

x =@ lp +700p+13A4M))Sy, 1)
where

M
M+C’

MM) =

Exposed individuals who receive post-exposure prophylaxis recover at
a rate of f,. Vaccinated individuals lose their protective immunity and
become susceptible at a rate of g;. In some cases, exposed individuals
vaccinated with less efficious vaccine may progress to infectious state
Iy at the transition rate of f,. Infected individuals may suffer to
induced deaths at a rate of o,. Susceptible free-range dogs S become
infected upon contact with infected individuals I, I, or the rabies
virus in the environment at rates of «;, k;, or k3, respectively. The force
of infection of free range dogs is given by

1= (k1 Ip + k0 + k34 (M) Sp. (2)
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Upon exposure to rabies, susceptible free-range dogs transition to the
latent state E, where they remain for 1 to 3 months. Subsequently,
they advance to the infectious state I at a rate y. Infected free-range
dogs face mortality at a rate o,, while all free-range dogs experience
natural death at a rate of y,.

Susceptible domestic dogs (Sp) are continually recruited at a rate 60,
and become infected through contact with either infected individuals
(Ip, Ip, M) or the virus in the environment at rates y,, y,, or s,
respectively, and the force of infection is defined as

v lp v lp 72}
= AM) ) Sp. 3
“ <1+ﬂ1 L+p, 1+4+p; 0 ) Sp ®

Following exposure to rabies, susceptible domestic dogs transition to
the latent state Ej,, where they remain for a period of time at a rate f,.
Those in E;, who receive post-exposure prophylaxis move to the recov-
ered state Rj, at rate y,. However, as post-exposure prophylaxis does
not provide permanent immunity, individuals in R can lose immunity
and become susceptible again at rate y;. The remaining portion of E,
progresses to the infectious state I, at rate y,. Infected domestic dogs
face mortality due to the disease at rate o;. Additionally, all domestic
dogs experience natural death at a rate of u;. The rabies virus in the
environment is introduced through shedding from infectious free-range
dogs, domestic dogs, and humans at rates v,, v3, and v,, respectively,
at the general rate defined as

0, = (vilg +vylp +v3Ip) M. (©))

The viruses are eliminated from the environment at a rate of yy.

Using the details provided about the model parameters and their
associations with the state variables, we develop a model represented
as a set of ordinary differential equations, as shown in Eq. (5),

Sy =01 +BRy — 1 — m Sp.
Ey =2 —(u + P +B)Ey,

Iy =P Eg—@©+p)ly,

Ry =PEg— B+ u)Ry,

Sp =6,— 12— mSk,

Epr =y - Ep.

JEF X2 — (p +7)Ep )
Iy =vyEp—(up+o))lp

Sp =03— 13— u3Sp +13Rp,

Ep =x3-(3+71 +1n)Ep,

Ip  =7Ep—(u3+03)p,

Rp =1Ep—(u3+13)Rp,

M =(VIIH+V21F+V3ID)—M4M,

subject to the following non-negative conditions:
Sy0)>0, E40)>0, I5(0)>0, R(0)>0, Sg0)>0, E£(0)>0,

I£(0) >0,
Sp0) >0, Ep0) >0, Ip(0)>0, Rp(0)>0.

(6)

The schematic diagram corresponding to (5) is given in Fig. 1.

3. Qualitative analysis

In this section we prove existence of a positive solution, its bound-
edness, we compute the Rabies free equilibrium and the basic repro-
duction number.
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3.1. Positivity of the solution

For the model system (5) to be epidemiologically meaningfully and
well-posed, we need to prove that the state variables are non-negative
vt > 0.

Lemma 1. All solution of the system in the region (5) that start in 2 C Rf

remain positive all the time.

Proof. To prove for the existence of model solution (5), we con-
sider initial conditions and apply the integral operator A{ (-)ds to all
equations in the model Eq. (5), to obtain:

Sp@0 =Sy = [i (01 + Ry —mSy —21)ds,

Ey-Ey O =f)(n (/41 + B+ ) Ey) ds.

g =15 0 = [y (BiEx = (o1 +m) ) ds.
(A.E

Ry =Ry 0 = [ (BEy— (B3 +u)Ry)ds,

=/g (92 _ﬂst)ds’
= fot (}(2 - (Mz + }’) EF) ds,
= Jo WEp = (my+03) 1) ds,

Sp(H—-Sp© = [,
Ep()—Ep(©0) =/
In0-Ip0) =/
Ry()=Rp(©0) =[5 (n

Sp @) —Sr0)
Er (- Er(0)

Ip ()= I7 (0) @)

03 — /43SD—;(;+y3RD)ds,
X ( s+ +7) Ep)ds,
nkE ( ';+O'3) ID)ds

- (/43 + y3) RD) ds,

/_\/.\/.\/_\

M@®-M©) =[5 (vIg+valp+vslp) - uyM)ds.

For convenience, from Eq. (7) we define the following functions:
fi ( s SH) =0+ bRy — Sy — 115
(Ill +ﬂl +ﬂ2 +u4) EH’

fr(t Ey) =
f3(t Ey) = ﬁ — (o1 +m) Ins
fa(t, Ry) = (ﬁ2+'44) Ey— (B3 +m) Ry,
fs(t. Sp) =0y — 12 — Sk,
fo(t. Ep) = xo — (uy +7) Ep,
V7 (t: Ip) =vEp — (uy + 03) I, ®)
fs (. Sp) =03 — 138y — 13 + 73R,
fo (1, Ep) = 15— (3 + 11 +12) Ep,
fio (l, ID) =nkp- (”3 """3) Ip,
i (& Rp) =1 Ep — (43 +73) Rp.

frot, M) = (vily +v,Ip +vilp) — uyM.

Since Sy, Ey, Iy, Ry, Sp, Ep, Ip, Sp, Ep, Ip, Rp, M are positive
and bounded in the region 2 c R!?
L;, i=1, 2, ...,12, such that
A1 S @) = f1e Sy @D < |01+ B3Ry ) = i Sy 0= 21 )
— (61 + ARy () — 1Sy D1 — 1 ), “
S ||Se @1 =Sy @) + 11 |Su @1 =Sy @ )
<(m+x) [Su 01 = Sy 0
<e |Sy ) —Sy |-

, there exist non-negative values
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Using similar approach as used in Eq. (9) we obtain for functions
fii=2.3,...,12, that
|£2G, Ex @) = £20 Eg O)|| £ & |Ex O — Eg O
53¢ Ly )= f30, Ig O S &5 |y O = 15 @)
| £4t, Ry ) = f4t, Ry 1)) S €4 || Ry )1 = Ry @)
/st Sp @)= 5, Sp@OD|| S €5 ||Sp @ = SF@) »
I f6t, Ep @) — fst, Ep )| < €6 | EF ) — EF )|
[£7@ Ip ) = f7t, Ir D < &7 [ 1p 0y = I @) 10)
/st Sp @) = f3t. Sp || S e [|Sp 1)1 = Sp @)
[fo(t. Ep ) = folt. Ep )| < € |Ep (1)) = Ep ]|
| f10@ Ip @) = f10(t. Ip D] < €50 |[Ip )1 = Ip @) »
[l F11@ Sp @) = f11t, Rp @] <epp |Rp @1 = Rp @)
| f12G, M (@) = f120, M (@0)))|| S €12 |M (1) — M )],

where e; = py + 1, € = py + Py + Po + Uy, €3 = o + py, €4 = P53+ py,
€5 = Uyt Yo, € = Mo+ Y, €7 = Uyt 0Oy, €g = U3+ )3, €g = Pz + Y|+ Vo Uy,
€19 = M3 + 03, €] = 3 + 73, €]o = py. Since the Lipschitz condition is
satisfied, then a solution to our model (5) exists. []

3.2. Boundedness of the model solution

Theorem 2. The solution of the rabies model system (5) is uniformly
bounded if 2 € R}? and 2 = Q4 UQpU QL UL, € REXR3 xRY xR,
where

4 2
Qy =9 (Sy-Ey.ITy.Ry) €RL:0< Ny < e
1

3. 02
Qp =1 (Sp, Ep. Ip) €R] 1 0< N < ol
2

4 b5
Qp =19 (Sp.Ep.Ip.Rp) €R] : 0< Np < |
3

O,v O,v. ;v
.QM=maX{L+£+ 3 3,M(0)},

HiHy  HoMg  H3Hy

and Q is the positive invariant region.

Proof. Since the model (5) monitors both human and dog populations,
we assume that the model’s state variables and parameters are non-
negative for all > 0. By utilizing Theorem 2, we derive the invariant
region of the rabies model as follows. Consider the population of the
human from Eq. (5) as

dNy dS, dE,; dI; dRy
AR i ¢ ST AT - R 11
dt dt dt * dt * dt an
Then, Eq. (11) implies to Eq. (12) as follows:
dNy
T=¢91—($H+EH+1H+RH),41—611,,. 12)
Butif Ny = Sy + Ey + Iy + Ry, then Eq. (12) can be written as
WNu_g N (13)
a HH1»
and by utilizing the integrating factor in Eq. (13) and ¢t — 0, we have
0 [4
NyO) < L +Ce® = Ny -2L<cC. 14)
Hy Hy

By simplifying Eq. (14) and after simple manipulations, it follows that
0

Qy = {(SH,EH,]H,RH) eR! 10Ny < —1}.
Hi

Employing the same procedures for free range and domestic dog pop-
ulations, we obtain:
(%
Qp = {(SF,EF,IF)GR’+ :0< Np < —2},
H2 (15)

0
Q)= {(SD,J:“D,ID,RD)elR‘jr t0< Np < M—‘}
3
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Again, from the environment that contains rabies virus,
M = (vily +vIp+vlp) — uM. (16)

Since Ny < i—l, Np < Z—Z, and N, < Z—3, it follows that I, < f—‘,
1 3 3

3 ]
Ip < ﬁ, and I < & Therefore, Eq. (16) can be expressed as
2.

H 3

. v, 0 Valy 7 V30

M§<'1+22+33)—u4M- an
H1 Ha H3

Now, let Y be the solution which is unique to the initial value problem
such that

F o< (W »h %) _
Y_(M1 ot usM, for t>0 as)
Y (0) = M(0).
By using integration factor Eq. (18) as t — oo, we get the expression
<M(0) - <—V'91 L, —V303> ie“«") (19)
Hi H2 H3 J Ha

and as Eq. (19) goes to zero, we have

M (1)< @y (20)

Thus, the model system (5) is biologically and mathematically mean-
ingfully such that their solution relies in the region 2. [

3.3. Rabies free equilibrium () and the basic reproduction number R,

In order to achieve a rabies-free equilibrium (E,) in both humans,
free-range, and domestic dog populations, we equate all infectious
compartments in Eq. (5) to zero, which leads to

0, 0, 63
Ey=( —.0,0,0,—=,0,0,—=,0,0,0,0 ) .
Hy H H3

In order to determine the basic reproduction R, the next generation
matrix method, as applied by [27-29], is adopted as follows:
dx; _
— == (V0 -V ), (C2Y)
where F; is the matrix new infections in the compartment i while V"
and V] are matrices of the transfer terms in and out of the compartment
i, respectively. From Eq. (21), we define F; and V), by
(v I +1odp + 134 (M) S

0

(K'IIF +ix0p + K»;l(M)) Sr

Fi= 0 ,
vilg | wolp | w3
<1+P1 + I+p) + 1+P3A(M)) Sp
0
0

(22)
(1 + B+ By) Ey
(o1 +m) Iy —PEy
(w2 +7) Ep
V= (;42+02)1F—yEF
(M3 +71+12) Ep
(#3+63) Ip =1 Ep
HaM — (VIIH +vIp+ V3ID)

The Jacobian matrices F and V at the disease free equilibrium point
[, are given by the expression of matrix F¥~! which can be presented
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as
0 0 ISH Ry4 Rys Ri6 0
0 0 0 0 0 0 0
0 0 R33 Ry Rss Rs6 0
Frv~t=|o 0 0 0 0 0 o], (23
0 0 Rs3 Rs, Rss Rs6 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
where
Tlely 7,0
Ry3 = , Ry=—44
B (12 +7) (1 +35) 47 i (ua+o2)
701y
Rys = ,
#y (3 +71+72) (13 +03)
K10,y K10,
Ry = , Ryy=—F7—7"7,
Ha (2 +7) (42 + 02) Ha (Hp + 03)
K10,y
Ry = ,
Ha (3 +71+12) (13 +03) (
Rew = yi03y Re. = v63
53 = s> Rsyy=——F—"7F"—,
(1+P}9) (2 +7) (12 +02) 3 (14 01) u3 (2 +0,)
Uy
Ry = ,
i (u3 +03)
Ree = Y637
55 = ,
(14p2) (3 + 71 +72) (3 +03) 13
yo03 K10,
Rss = , Ryg= .
(1+p2) 13 (3 +03) Hy (M3 +03)
24
From Eq. (23), we obtain the eigenvalues as
1 1 1
(o, 0,0.0.0. 3 Rss + 3 Rys + 3 \/R2 = 2R3 Rss +4Rys R + R,
1 1 1 (25)
5 Rss + 5 Rys — E\/R§3 —2R33Rs5 + 4R35 Rs3 + R§5> .

This non-negative eigenvalue corresponds to a non-negative eigenvec-
tor that represents the distribution of infected individuals who generate
the highest number of secondary infections per generation, also known
as R. According to [30], the basic reproduction number R is the
largest eigenvalue of the next generating matrix given by

Ro=p(FV7!). (26)

Therefore, the spectral radius of the next generation matrix is given by

(Rss + Ry3) + \/R33 (Ry3 — 2Rss) +4Ras Rsy + R,

Ry =p(FV) = :

(27)

3.3.1. Global stability of the rabies free equilibrium

The model behavior at the disease free equilibrium point, Ey,
is investigated using a Metzler matrix as applied by Castillo-Chavez
et al. [31]. Let X, denote non-transmitting class, X,, be transmitting
class and X5 be the Disease Free equilibrium, whereby

dx,

T B (X~ Xprg) + B X,

dx,,

dt
Then, from the model system (5), the equations in Box [ can be
deduced.

The non-negative out-diagonal entries of matrix B, indicate that it
is the Metzler matrix. To prove the stability of matrix B, using the
Metzler matrix block form, we need to demonstrate that it satisfies
the conditions for a Metzler matrix and has eigenvalues with negative
real parts. We adopt the idea of a stable Metzler matrix and apply the
following Lemma 3.

(28)

=B,X,,
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Lemma 3 (See [32]). Let N be a square Metzler matrix written in block
form

A B
N @

where A, B and D are rectangular matrices while C is a square matrix.
Then N is Metzler stable if, and only if, matrices A and D — CA~'B are
Metzler stable.

In our case one has

__/41 -b—h 0 0
A= b —01 — Hy (N B
| 0 0 —Hy =Y
[ 26 0 720; 07
Hy Hy
0 0 0 0
5L} 0 K16 0
Ha Ha
B=] o 0 0 of
V103 V203
pu3(1+py) 0 pu3(l+py) 0
0 0 0 0
Vi 0 Vo 0
[0 0 o0
C=|y 0 0},
|0 0 0
and
[—u, — 0, 0 0
D= 0 “H3=71—72 0
| 0 Y —H3 =03

To show that matrices A and D — CA~! B are Metzler stable, we need
to demonstrate that all their off-diagonal elements are non-negative.
Since the off-diagonal elements of A are g, and 0, both of which are
non-negative, we conclude that matrix A is Metzler stable.

Next, matrix D — CA~!B can be calculated as follows:

ub b,
Hi Hi
cA'B=]| o 0 0
0 v -m-o

Subtracting CA~! B from D gives

0 0 0
D-CA'B=|0 —U; — 0 0

0 0 —Hy =Y — 0y
Since the eigenvalues of the Matrix B are A, = —pu3, 4, = —u,
Ay = —py, 4 = —(u3+7;), and 45 = — (B3 + ;) and the off-diagonal

elements of D — CA~!' B are all 0, which are non-negative, thus matrix
D—CA~! B is also Metzler stable. Since both matrices A and D—CA~'B
have non-negative off-diagonal elements, they are Metzler stable. Thus,
B, is also Metzler stable. Therefore, the rabies free equilibrium point
of the model system (5) is globally asymptotically stable if R, <
1 and unstable otherwise.

3.3.2. Rabies Persistence Equilibrium Point (RPEP)

The endemic equilibrium point is the steady state where rabies
is present in humans, free-range dogs, and domestic dogs. To find
this point, we set the equations of the model system (5) to zero and
solve the resulting system simultaneously. The state variables for each
compartment are represented by

RPEP (S35, Ef. I, R, Sk, En, 15, S5, Ep, 15, Ry, M*)
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T
X, = (SHs Ry, S, Sp, RD) >
T
X, =(Ey. Iy, Ep, Ip, M),
N 0 1
Sy — =
Hy
Ry
6,
Xy = Xpre=|Sr—— |
Ho
0
Sp— =
H3
| Rp |
—H B3 0 0
0 —(f+m) O 0
B=]|0 0 —Hy >
0 0 0 -3 7
K 0 0 0 —(m+7)
_ 0 0 .
0 0 0 kel 0 2y
Hy Hy
f 0 0 0 0 0 0
[Z
B,=|l0 0 0 5102 0 K27 0| and
K2 Ho
0 0 o b vabs
pz (1+p1) w3 (1+p2)
o0 0 o0 0 7 0 0]
[y — 5 — 710 7,0, b
m—h=h 0 0 i 0 M 0
B o, — 1y 0 0 0 0 0
. K16y K16y
0 0 =Y 7 0 7 0
B, = 0 0 Y —py — 0,y 0 0 0
vi03 . y03
0 0 0 u3(1+p1) H=n=n e 0
0 0 0 0 4 — 3z — 03 0
| 0 7 0 v 0 V3 —Hy |
Box I.
such that where Rs3, Rss, Rss, and Ry; are defined in Eq. (24), we get
i1+ 14+ p3)M* + M*(1+ 1+
. B (‘71 +u1)1i, I = v i Pzz)( p3)1 3’11‘//3 ;4 pA* P2) )
=— +7 + - + + (s + v +
H B (B + 1) (3 + 71+ 712" —rwa( +p)A + p3)M*(u3 + vy +12)
Uy +o03) I 7y (13 +03) IS
po = BiBs + )+ 1B+ B+ B + Bifs(or + i) Ef = @ R = M
4 (01 + 1By + o+ By + Bis) n 7 (ks +13)
BBy + p3)(o1 + )2 B3 — 01(Bs + p3)(oy + my)? . st o)y (s +ri+rnlus+odly 6,
- 2 ’ ’ Sp = - +—,
(o + u)*((By + By + B3)py + B1B3) H3Y1 71(u3 +v3)H3 U
. (up + 03) I
. (o1 +m) 1}, d Y ’
H™ 5 , o 0, (ma+7)(ma+oy) I} M vl + v 0+ v I
o _ﬂ3ﬁ2(o‘1+ll1)1;;_(ﬂ1+ﬂ1+ﬁz)(al+ﬂl)1;‘i+ﬁ L YU ’ Ha ’
=
By (B3 + my) py B Hi where 0, and 0, are given in Box IL

The endemic equilibrium point of the rabies disease persists when
Iy, Ip, Ip, M >0 and R, > 1, as summarized in Theorem 4.
Re-writing Eq. (25) as
Theorem 4. The system (5) has a unique endemic equilibrium RPEP if
(Ry—1) (Ry— Ry3— Rss+1) + (1= Ry3) (1 — Rss) — RysRs3 =0, (30) Ry=1land Iy, I, Ip, M >0.
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(y + Py (1+ Ry = D) (1 + piuz(y + 05)

X [(1 + )3 +03) Uz + 71 + 1) (1+ Ry — D) — 9311’271] R

[143(1 + )1+ p)(p3 + 03)(H3 + 71 +72) (1 +(Ry — 1)) =037, (Wz(l +pus +y(1+ l’z))] i4s

0; =

[—Mz(llz +o)y+7) (1+ Ry - D) + }’K1‘92] (14 Ry = D) (1+ pus(L+ pp)(uz + 63) (43 + 71 +72)
[(—Mz(ﬂz +0,)(py +7) (1 + (Ry — 1)) + 7’(162) I+ pywops + v 0w (1 + Pz)] 71 '

Box II.

4. Quantitative analysis

In this study, we create artificial data sets that represents the
dynamics of infectious diseases and estimate model parameters using
the least squares technique. Baseline parameter values ©; of the rabies
model from the literature are used to numerically solve a non-linear de-
terministic model (5) in the Matlab environment, generating synthetic
datasets at each time ¢;. Initial conditions for the number of susceptible,
exposed infected, and recovered humans, free range and Domestic dogs
are also provided.

4.1. Parameter estimation and model fitting

In order to generate the rabies model-predicted number of infected
individuals RD(z;; ©;) dataset at time ¢, for a given parameter vector O,,
we added random Gaussian noise #; (#; ©;) measurements to the data
simulate real-world dynamics, where measurement errors are common.
Thus, the observed dependent data were given as

I(t;0,)=RD (1; ©;) +n,(1; ©,) for each time 1, € [1, n], (31)
where »n is the number of data points. The objective function quantifies
the difference between the model’s predictions I(7;;9;) and the esti-
mated data Iogmaceq;» We define the objective function J(0,) as the
sum of squared differences between model predictions and estimated
dataset as

33
J(@i) = Z a; (I(Ii; @i) - Iestimated,i)z ’ (32)

i=1

where [, is the estimated number of infected rabies individuals

estimated,i
at time 7;. The term (I(1;;0,) — Iestimmdy,-)2 represents the squared dif-
ference between the model-predicted value I(#;;0;) and the estimated
value Iogimated,; at time ¢;; a; typically represents the weighting or
importance assigned to each term in the summation. The goal is to find
the parameter vector ©, that minimizes the objective function J(0;)
given by
@, = argmin J(0,). (33)
The expression indicates that @, is the parameter vector that optimally
fits the model to the estimated data by minimizing the objective func-
tion J(O;). The symbol arg min is used to find the argument (in this case,
0,) that minimizes the function J(©,). To find the parameter value ©,,
we apply partial derivatives on Eq. (5) with respect to each of the 33
parameters represented by ©, such that
0I(6) o oI (13 0,)
a@i ; 2 (I(tn @/) Iestlmated,r) a@i

i=1,2,...,33,

0 for (34)

where (see Table 1)
O; =py, py. p3, 01, 71, Ty, T3, B1s Pas B3 My, Op, O, v,
Ky, K, K3, Op, Hy, 03,

Wi, W W3, O3, Y1s Y2s V3 H3s Vi, Vo, V3, Hy, C.

4.2. Parameter sensitivity analysis

For the modeling uncertainty and parameter estimation of rabies
transmission global sensitivity analysis (GSA), we employed LHS-PRCC
to analyze uncertainty, specifically in the context of a model with
33 parameters (referred to as model (5)). The aim is to identify the
key factors influencing the transmission of a new infection under a
specific intervention, following the approach outlined in Ref. [36]. This
approach involved using LHS to sample the parameters that contribute
to the variable R, and calculating Partial Rank Correlation Coefficients
(PRCC) for these parameters, as defined in Eq. (35). We conducted a
total of 1000 simulations for each LHS run. Our parameter sampling
was based on a uniform distribution, treating the model parameters as
input variables, and R, as the output variable. Larger absolute PRCC
values indicate a more substantial influence of a parameter on R,,. If the
p-value exceeds 0.05, it is assumed that a parameter is not statistically
significant for R,,. Positive values denote positive correlations, negative
values signify negative correlations, and values within the range of —0.2
to +0.2 represent weak or negligible correlations. PRCC values greater
than +0.6 or less than —0.6 indicate strong positive or strong negative
correlations, while values within the range of 0.2 < PRCC < 0.6 or
—0.6 < PRCC < —0.2 represent moderate positive or moderate negative
correlations, respectively.

The PRCC between parameter y; and output x;, controlling for the
effects of other variables Z, is then computed as

cov(X,Y Corr(y;, x;|Z)
PRCC(y;, x;]2) = &Y _ i X, e

ox%y \/Corr(y,-,yl-|Z)>< Corr(x;, x;|Z)

where X is the matrix of model outputs (e.g., disease incidence or
prevalence), Y is the matrix of model parameters (e.g., transmission
rates, recovery rates), Z is the matrix of other relevant variables,
cov(X,Y) is the covariance between the model output (X) and the input
parameter (Y), and oy and oy are the standard deviations of X and Y,
respectively.

Once PRCC and LHS values are computed for each parameter, they
were plotted against the model output to visualize their impact. This
visualization helps identify which parameters have the most significant
influence on the model output and how changes in those parameters
affect the model behavior. Additionally, these techniques aid in obtain-
ing solutions by guiding parameter estimation processes and improving
model calibration and validation.

The PRCC results provide insights into the impact of each parameter
on the model and its associated uncertainty. Parameters with PRCC
values close to zero, or equal to zero, are considered statistically
insignificant. Fig. 2 indicates that y, v, w3, 7y, 75, 73, k|, ky, and
k3 have positive correlation with the transmission dynamics of rabies
based on the model solution computed in Eq. (35), while p;, p,, p3,
Bis Bas B3y 115 O15 g5 Hay O35 W15 W2, W3, 03, 11, V25 V35 M3, and C have
negative correlation with the transmission dynamics of rabies. Fig. 3
illustrates the sensitivity of PRCC values across the entire time interval
of the model simulation. It assesses significance and demonstrates how
the sensitivity of each parameter influences the dynamics of the model
system. This suggests that, to control rabies in humans and dogs, more
efforts should be directed to reduce the rate of infections by intervening
the transmission and control of the contact rate.
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Table 1
Estimated model parameters (Year~!), initial guess for parameters (Year~!) and their respective source.

Parameters Baseline value Source Estimated value Mean (u) and std (¢)

0, 2000 (Estimated) 1993.382113 N (1996.691056 4.4679553).
T 0.0004 [33] 0.000405 N (0.000402 4x107°).

T 0.0004 [33] 0.000604 N (0.000502 1.44 x 107).
7 [0.0003 0.0100] (Estimated) 0.000303 N (0.000302 2% 1076).

B : [33,34] 0.165581 N (0166124 7.68 x 107).
Iy [0.54 1] [13,34] 0.540487 N (05402435 3.7815 x 1074).
s 1 (Estimated) 0.999301 N (0.9996505 1.6521 x 1074).
H 0.0142 [35,36] 0.014417 N (0.014309 1.53x 107).
o 1 [13,34] 1.006332 N (103166 4.47x1072).

0, 1000 (Estimated) 1004.12044 N (1002.060222 2.913594).
Ky 0.00006 (Estimated) 0.000020 N (0.000040 2.8 % 107°).

K 0.00005 (Estimated) 0.000081 N (0.000066 2.2 x 10*5).

K [0.00001 0.00003] (Estimated) 0.000040 N (0.000025 2.1 107%).

Y : [13,33,34] 0.166374 N (0166520 2.07 x 107).
o 0.09 [34,37] 0.089556 N (0.089778 3.14 x 10~ 4)
H 0.067 (Estimated) 0.066268 N (0.066634 1.58x 107).

0, 1200 (Estimated) 1203.844461 N (1201.922230 2.718444).
v 0.0004 [37,38] 0.000077 N (0.000238 2.28 x 107).
v, 0.0004 [39] 0.000066 N (0.000233 236 x 107).
w3 0.0003 (Estimated) 0.000030 N (0.0003 1.91x107%).

H 0.067 (Estimated) 0.080129 N (0073565 8.056 % 1073).
o3 0.08 [34] 0.091393 N (0085697 8.056 % 107%).
" : [33,34] 0.172489 N (0169578 4.117 x 1073).
" 0.09 [34] 0.090308 N (0.090154 2.18 x 107).
73 0.05 (Estimated) 0.050128 N (0050128 9.1x107°).

vi 0.001 (Estimated) 0.001958 N (0.001479 6.77 x 1074).
v, 0.006 (Estimated) 0.008971 N (0.007485 2.101 x 1073).
Vs 0.001 (Estimated) 0.005735 N (0.003367 3.3348 x 1073).
Hy 0.08 (Estimated) 0.080625 N (0080313 4.42x 107).
2 10 [40] 9.920733 N (9.960366 5.605x 1072).
I 8 (Estimated) 8.116421 N (8.058211 8.2322% 1072).
s 15 (Estimated) 14.917005 N (14.958502 5.8686 x 1072).
c 0.003 (PFU)/mL (Estimated) 0.003011 N (0.003005 8.0000 % 107°).
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Fig. 2. The sensitivity analysis of Rabies model dynamics involved 1000 simulations employing Latin Hypercube Sampling (LHS). The analysis evaluated Partial Rank Correlation
Coefficients (PRCCs) concerning (a) domestic dogs, (b) Environment, (c) Free-range dogs, and (d) Human population, respectively.

4.3. Numerical simulation

Due to the resource-intensive nature of individually solving for 33
parameters, we employed the MATLAB built-in function fminsearch,
which leverages the Nelder-Mead simplex algorithm [41] to identify

local minima for the residual sum of squares as presented in Eq. (34).
Our choice of initial parameter values was guided by the criteria estab-
lished during the qualitative analysis along with the initial conditions
Sy (0) = 142000, E; (0) = 40, I;; (0) = 0, Ry (0) = 0, Sp (0) = 15000,
Ep(0) = 25, I,(0) = 0, Rp(0) = 0, Sp(0) = 12500, E;(0) = 20,
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Fig. 3. A visual representation showcasing the evolution of parameter sensitivity throughout the progression of the system dynamics. PRRC values over time span of 100 years
with respect to (a) domestic dogs, (b) Environment, (c) Free-range dogs, and (d) Human population.
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Fig. 4. Model fitting and scatter plot with corresponding parameter estimation with standard deviation ¢ = 0.05 and Confidence interval (C.I.) = 95% for human population.

Ip(0) = 0, M (0) = 90. The estimated parameter values in Table 1
were then applied to model the data, and the outcomes are presented
in Figs. 4-7.

5. Discussion

Figs. 8-10 illustrate the histogram of residuals, which provide in-
sight into the consistency between the proposed model fitting and
the estimated parameter values, indicating that they stem from the
same probability distribution function. By examining the distribution of
residuals, which represent the differences between observed data and
model predictions, we can assess how effectively the model captures the
underlying dynamics of rabies transmission. Meanwhile, Figs. 11-13

show an autocorrelation between 0.2 and —0.2, implying a moderate to
weak correlation between consecutive residuals. This suggests that the
errors in the model predictions are relatively independent of each other
over time, which can be interpreted as a desirable property indicating
that the model adequately captures the underlying dynamics without
systematic biases or trends in the residuals.

However, the spread of infectious diseases among human and dog
populations often results in a dynamic interplay between the number
of susceptible individuals and the number of infected individuals. In
particular, Figs. 4-13 show trends for humans, free-range and domestic
dog populations. The data presented in these figures suggest that as the
number of infections increases, the number of susceptible individuals
decreases towards a non-negative constant value. This phenomenon
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Fig. 8. Normal distribution of the rabies model variable with standard deviation ¢ =

0.05 and Confidence interval (C.I.) = 95% for human population.
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Fig. 9. Normal distribution of the rabies model variable with standard deviation ¢ =
0.05 and Confidence interval (C.I.) = 95% for free-range dogs population.

can be explained by the increased contact rate between infectious and
susceptible compartments.

6. Conclusion

In this study, we developed and analyzed a deterministic model
to estimate parameters and assess uncertainty in the transmission dy-
namics of rabies in humans and dogs. Data were generated by adding
random Gaussian noise to a real world data, and parameter values
were estimated using the non-linear least squares method. The basic
reproduction number R, was derived using the next-generation matrix
approach. We determined model equilibria and found that the rabies-
free equilibrium is globally asymptotically stable when R, is less than
one, and the rabies-endemic equilibrium is globally stable when R, is
greater than or equal to one. Latin Hypercube and Partial Rank Correla-
tion Coefficient analyses were employed to identify which parameters
positively or negatively affect model outputs. Sensitivity analysis re-
vealed that contact rates between humans and dogs contribute to an
increase in average new rabies infections in the entire population.
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Fig. 10. Normal distribution of the rabies model variable with standard deviation ¢ =
0.05 and Confidence interval (C.I.) = 95% for domestic dogs population.
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Fig. 11. The sample autocorrelation of the residuals in relation to human population
indicating the lack of significance at the 5% level.
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ARTICLE INFO ABSTRACT

Keywords: Rabies continues to pose a significant zoonotic threat, particularly in areas with high populations of domestic
Rabies dogs that serve as viral reservoirs. This study conducts a comparative analysis of Stochastic Continuous-Time
CIMC Markov Chain (CTMC) and deterministic models to gain insights into rabies persistence within human and

Stochastic model canine populations. By employing a multitype branching process, the stochastic threshold for rabies persistence

was determined, revealing important insights into how stochasticity influences extinction probabilities. The
stochastic model utilized 10,000 sample paths to estimate the probabilities of rabies outbreaks, offering
a rigorous assessment of the variability in disease occurrences. Additionally, the study introduces a novel
mathematical formulation of rabies transmission dynamics, which includes environmental reservoirs, free-
ranging dogs, and domestic dogs as essential transmission factors. The basic reproduction number (R,) was
derived and analyzed within stochastic frameworks, effectively bridging the gap between these two modeling
approaches. Numerical simulations confirmed that the results from the stochastic model closely aligned with
those from the deterministic model, while also highlighting the importance of stochasticity in scenarios with
low infection rates. Ultimately, the study advocates for a comprehensive approach to rabies control that
integrates both the predictable trends identified through deterministic models and the impact of random events
emphasized by stochastic models.

Coefficient of correlation
Multitype branching process

1. Introduction exacerbate the spread of rabies and affect the interaction rates between
dogs and humans. Variations in temperature and precipitation patterns

The ongoing presence of rabies among interconnected populations can influence the behavior of rabies-carrying wildlife and domestic
of dogs and humans poses a significant public health challenge, partic- animals, contributing to unpredictable outbreaks. Additionally, the
ularly in regions where access to medical resources is limited [1]. Al- dynamics of dog populations in specific regions where free-roaming
though rabies is preventable through vaccination, its continued preva- dogs are common and may not receive regular vaccinations serve as
lence in areas such as sub-Saharan Africa and parts of Asia underscores a significant reservoir for the virus, complicating efforts to control its
the persistent gaps in disease control [2]. transmission [4,5].

One of the primary challenges in addressing rabies transmission in Understanding the persistence of rabies in dog populations, along
these regions is the underreporting of cases, particularly in rural and with the associated risks of human infection, necessitates the integra-
remote communities where healthcare infrastructure is minimal [3]. tion of both stochastic and deterministic modeling frameworks [6].
This underreporting creates a critical gap in understanding the true A key strength of Stochastic Continuous-Time Markov Chain (CTMC)
extent of the disease, hindering effective surveillance, prevention, and models is their ability to capture the inherent randomness of disease
intervention strategies. The situation is further complicated by envi- transmission, which is particularly relevant in contexts characterized by

ronmental factors such as climate change and seasonality, which can
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low numbers of infected individuals [7]. For any given compartment,
each random event results in either the exit of an individual from the
compartment or the entrance of an individual, unless the compartment
is not involved. Therefore, for each process W?, at a given time ¢ such
that Wé(r) = w; € N, a transition is always of the form w; - w; +¢;,
where

—1 if an individual leaves compartment i,
g; =4+1 if an individual enters compartment i,

0  otherwise.

Consequently, the process W? is stochastic such that at each time
t, Wl(r) € N?. This probabilistic framework makes Continuous-time
Markov Chain (CTMC) models particularly effective for understand-
ing the dynamics of rabies outbreaks and identifying the key factors
contributing to persistent trends of the virus [8,9]. In contrast, de-
terministic models offer a reliable approximation of overall disease
dynamics and are instrumental in formulating large-scale intervention
strategies, such as determining the vaccination coverage necessary to
achieve herd immunity [10,11]. Nevertheless, deterministic models
may fail to account for the influence of random events that can signifi-
cantly alter disease dynamics, especially in situations where population
sizes are small or where intervention efforts fluctuate over time [11,
12]. Despite these limitations, deterministic models remain essential
tools for grasping overarching epidemiological trends and serve as a
foundation for assessing the effectiveness of control measures. This
comparison is vital for developing control strategies that address both
predictable trends and the inherent variability of the transmission pro-
cess, thereby ensuring a comprehensive approach to managing rabies
outbreaks.

The structure of this paper is organized with sections dedicated
to formulating the mathematical model (Section 2), qualitative anal-
ysis (Section 3), and quantitative analysis (Section 4). We end with
Section 5 of discussion and conclusion.

2. Model formulation
2.1. A deterministic model

A deterministic model describing the transmission dynamics of ra-
bies among humans, free-range dogs, domestic dogs, and the environ-
ment is formulated, grounded on the following assumptions.

(i) Rabies transmission occurs exclusively through effective contact
between a susceptible host and an infectious host, or via contam-
inated environmental media (fomites, carcasses, or inanimate
objects harboring the virus).

(i) All infectious individuals are subject to both natural and disease-
induced mortality, whereas non-infectious individuals experi-
ence only natural mortality.

(iii) Domestic dogs exhibit reduced susceptibility to infection due
to human-provided protective measures, while free-range dogs
receive neither PEP nor PrEP. Upon confirmed exposure, humans
and domestic dogs receive effective PEP.

(iv) Recruitment rates in each population exceed corresponding nat-
ural mortality rates, ensuring persistence in the absence of dis-
ease, with recruitment assumed constant and unaffected by sea-
sonal or stochastic variation.

(v) Populations are homogeneously mixed, with uniform contact
probabilities between individuals, regardless of spatial, social, or
behavioral heterogeneity.
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(vi) Humans and domestic dogs acquire temporary immunity fol-
lowing recovery, with immunity waning at a constant rate over
time.

Model limitations

(i) Parameter values are assumed constant, neglecting seasonal vari-
ability, and rare events such as outbreak fade-outs, which may
limit realism in small populations.

(ii) Uniform contact rates overlook heterogeneity due to spatial
segregation, social hierarchies, or human-mediated interactions,
and the absence of age structure may omit key transmission
dynamics.

(iii) Immunity decay is modeled as a constant-rate process, disregard-
ing inter-individual variability in immune responses.

(iv) Environmental contamination is simplified, with limited repre-
sentation of viral decay rates, persistence, or spatial clustering.

(v) Assumes PEP is universally effective and accessible, which may
not hold in resource-limited or rural settings.

(vi) Wildlife reservoirs and alternative host species are excluded,
focusing solely on human-dog transmission dynamics.

(vii) The CTMC stochastic framework, although more representative
of random processes, is computationally intensive, difficult to
parameterize, and requires probability distributions that may not
fully align with empirical data.

2.2. Description of model interaction

Susceptible humans are recruited at rate 6, and become infected
through contact with I, I, or the environment at rates 7, 7,, and 73,
respectively. The infection rate is

M

M+C’

Exposed humans (Ej;) progress to I at rate §; or recover with post-
exposure prophylaxis at rate §,. Inmunity can wane at rate f;, and the
disease-induced death rate is ;. All human compartments experience
a natural death rate of yu,. Free-range dogs are recruited at rate 6, and
become infected through contact with I, I, or the environment at
rates k', k,, and k3, respectively, with infection rate

=@ lp+0lp+5AM)Sy, AM)=

X = (kI + x50 p + k3A(M))SE.

Exposed free-range dogs (Er) become I at rate y, with disease and
natural death rates o, and u,. Domestic dogs are recruited at rate 6,
and infected at rates y;, y,, and ;. Their infection rate is

X3 =

<W1]F v lp Vs

AMM) ) Sp.
1+p; 14p, l+p3( )> b

Exposed domestic dogs Ej, progress to I, at rate y, or recover at y,,
with possible immunity loss at y;, disease-induced death at o3, and
natural death at u;. Virus shedding in the environment occurs from
Iy, Ir, and I at rates v;, v,, and vs:

0, = (vily +vyIp +v3Ip)M, with removal at rate py.

The flow diagram presented in Fig. 1 illustrates the dynamics of rabies
transmission, incorporating model assumptions, variable definitions,
and parameter specifications.

By adopting a stochastic approach, the model captures the inherent
randomness and variability in the transmission process, recognizing
that real-world outcomes often deviate from average trends due to
chance events. This extension is particularly useful for understanding
the unpredictable nature of transmission, especially in smaller popula-
tions, where random fluctuations can result in unexpected outbreaks or
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Fig. 1. Flow diagram for rabies transmission among humans, free-range dogs, and domestic dogs.

even the elimination of the disease. A Deterministic Model of the rabies
is described by system (1) as

Sy =0, + Ry —m Sy — 115
Eg=x—(u+p+5)Eqy,
Iy =B Ey = (o +m) Iy,
Ry = pEg — (B3 +u1) Ry,

SF =0,— 12— 12Sp,
Er=1- (1 +Y) Ep,
I}p:yEF—(y2+62) I, (€D)]

Sp =03~ u3Sp— 13+ 13Rp,
Ep=13—(m3+11+n)Ep,
Ip=nEp- (M3 +63) Ip,
Rp =1Ep— (k3 +73) Rp,

M = (viIg +vylp +v3ip) — uyM,

subject to initial non-negative conditions

Sy (0)>0, E(0) >0, I;;(0) >0, Ry(0) >0, Sp(0)>0, Ep(0) >0, I:(0)>0,
Sp(0) 20, Ep(0) 20, Ip(0) >0, Rp(0) > 0.

3. Qualitative analysis

In this section, we begin by proving the positivity and boundedness
of the solutions of system (1) (Lemma 1 and Theorem 2), necessary
conditions for the existence of a unique endemic equilibrium (Theorem
3), and global stability of the rabies disease-free equilibrium point
(Theorem 4). Then, we formulate a nonlinear continuous-time Markov
chain (CTMC) stochastic model for rabies transmission dynamics and
analyze its behavior employing the theory of multitype branching
processes near the rabies disease-free equilibrium point.

3.1. Positivity of the solutions and boundedness of the system (1)
We begin by proving existence and positivity.

Lemma 1. System (1) admits a solution. Moreover, all solutions of the
system (1) that start in the region 2 C R f remain positive all the time.

Proof. To prove the existence of a solution to model (1), we consider
initial conditions and apply the integral operator fot (-)ds on each
compartment of the model Eq. (1) as

Sy =0+ B3Ry — Sy — (r11p + 11 p + T34(M)) Sg. 2

Integrating (2) both sides over [0, ¢], we get that

t t
/SHdt:/ (61 + B3Ry — 1y Sy — (111p + 1 p + T3A(M)) Sy ) dt.
0 0

3

Then, the left-hand side of (3) leads to S (#)— .S (0) and the right-hand
side of the same equation leads to

t t t t
/ 0, dt+/ ARy dt—/ Sy dt—/ (t11p + 10 p + T34(M)) Sy dt.

0 0 0 0
@

By simplifying each integral in (4), we have

/ f(s)ds
0

0,1, if f(s)=0,,
/33/ Ry (s)ds, if f(s) = B3Ry (s),
0

- t
m / Sy(s)ds,
0

1

/ (T1 Ip(s)+ 1, Ip(s) + r3A(M)) Sy(s)ds, for disease dynamics.
0

if £(s)=p Su(s),

()

By combining and rearranging the results in (5), it follows that
t

0 =SH(0)+91:+ﬁ3/O RH(s)ds—ul/o Sy(s)ds

t
—/ (2 I (s) + I p(5) + T3A(M)) S (s) ds. (6)
0

Thus, we conclude with the non-negativity of the integral terms
1
Sy (1) >Sy©0) + 6,1 + B / Ry (s)ds — py (1 1(s) + 11 p(s)
0

t
+ 73A(M)) / Sy(s)ds, @
0
since

Sp©0)>0, 0,>0, BRy(s)>0, sel0,1].
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It follows that Sy (¢) > 0 for all ¢ > 0. Similarly, we prove the positivity
of Iy (t) by considering

Iy =pEyg— (o1 +m) 1y ®
Rearranging Eq. (8) and applying the integrating factor u(t), it results
in Eq. (9):

t
eI = IH(0)+/O B It E(s)ds. ©)

By solving for Iy (¢) in Eq. (9), we obtain

Iy (t) = eortmt <1H 0) + /O t preCrthSE, (s)ds> .

Since I;(0) > 0 and Eg(s) > 0 for s > 0, it follows that

Ig® >0 Vt>0. (10)
Using the same procedure, we conclude that

Sy (1) >0, Eg(t) >0, I;(1) 20, Ry(t) >0, Sp(t)> 0, Ep(t) >0, I:(1) >0,
Sp) >0, Ep(t) >0, Ip(t) >0, Rp(t) >0,V >0,

and the proof is complete. []

Theorem 2. All solutions of system (1) starting in R'** are uniformly

bounded.

Proof. The model system (1) can be divided in the subsection of human
population, free-range, and domestic dogs, as follows:
d(Sy+Ep+1g+Ry)
dt

+ BEy — (o1 + 1) Iy +BrEy — (B3 + 1) Ry a1
Since the total number of human is given by S+ Ep+ Iy +Ry = Ny,
Eq. (11) becomes
dNy
Tdr
We now recall the integrating factor on (12) as

=0, + B3Ry — 1Sy — (1 + Py + b +uy) Ey

=0, - (Sg+Eg+Ig+Ry)u —oly. 12)

t
/ Hydt
Np () =elo =Ml 13)
and, for t - 0, Eq. (13) is simplified as
0 0
Ny < 2 +Ce® > Ny(0) - = < C. (14)
M H1

By simplifying Eq. (14) with simple manipulation, we have

0
Qy :{(SH,EH,IH,RH) ER! 0SSy +Ey+1y+Ry < ”—‘}
1

(15)

So, using the same procedure, it can be concluded that

_ 3. 0,
Qp =4 (Sp.Ep,Ip) €R, 1 0<Sp+Ep+Ip<—= ¢,
Ha

0
.QD:{(SD,ED,ID,RD) eR!: OSSD+ED+ID+RD§—3},

H3
% 0, 0

M@ <Qy =max{l—vl 22y 3—V3,M(0)},
HiHs  HoMy  H3H4

and solutions are biologically and mathematically meaningfully: any

solution relies in the region 2. [
3.2. Rabies persistent equilibrium point E*
The point E* denotes the steady-state condition at which rabies

persists concurrently within the human population, free-range dog pop-
ulation, and domestic dog population. This equilibrium is determined
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by setting the right-hand sides of the governing equations in sys-
tem (1) to zero and solving the resulting system of nonlinear equations
simultaneously. The endemic equilibrium state is expressed as

E*(Sj Eips Ty Rigs Spo B I Spo By Ty Ry M),
where the components are given by

. Palo +uDly
B Bi(Bs + )

I = Pr(Bs + u3)(o) + M])z(ﬁl + By + B3)uy + By Ps(o) + 141)2
" (o1 + u)X((By + By + B3Iy + B B3)
_ BiBs + p3)(0y + 1) B3 = 01(Bs + m3)(oy + )
(o1 + 2By + o + B3y + B1 53)

s

B = (o +uIy

H - 5 >

B
. LA +M1)I;1 3 (11 + By + Br)(oy +l41)[,*{ + ﬁ
B BBy + umy Br H

. Nl (L4 p) (L + p)M™ + 71y M*(1+ p)(1 + py)
P s+ 1) =+ )+ p)M*(us + 7, +72)

B - (u3 + o3)1}, _ 1aps + o)1}

s

D ’ D

7 71(uz +73)

. s+ o)l (w3 +ri+ 1) +03)l;, 6,

b= H37) 71(uz +v3)u3 14_3’

. Upto)ly

F= v ’ ) {
st = 0_2 _ (uy + 1)y + o)1

H Y H
Y vilp +wilp +vly .
Hy

Here, the auxiliary parameters 6, and 6; are given by Box I
The endemic equilibrium exists when Iy >0, I >0, I, >0, M > 0,
and R, > 1, as summarized in Theorem 3.

Theorem 3. The model system (1) possesses a unique endemic equilibrium
E*if Ry>1and Ey, Ep, Ep, M > 0.

The proof that the endemic equilibrium point E* of the rabies model
(1) is globally asymptotically stable whenever R, > 1 is given in
Appendix.

3.3. Globadl stability of the rabies disease free equilibrium point E°

To obtain EY, the left hand side of equation in the model system (1)
is set to zero, such that

o 6, b;
EP= —, 0, 0, 0, =, 0, 00 =, 0, 0, 0, 0 }).
Hy Ha H3
Theorem 4. The rabies disease free equilibrium point E° is globally
asymptotically stable when R, < 1 and unstable otherwise.

Proof. The analysis of the equilibrium behavior E° of the model
described in (1) employs the Metzler matrix, as demonstrated by [5,13].
In this context, U, represent the compartments that do not transmit
rabies, and U, represent the rabies-transmitting compartments. If A, is
a Metzler matrix (with non-negative off-diagonal entries) and A, has
real negative eigenvalues, then the rabies-free equilibrium is globally
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_ (y + V) (1 + (Ry — D) + pus(uy +03) ((1 +p) (3 +03) (s + v + 1)1+ (Ry — 1)) — 93‘1/27’1)
(M3(1 + p)(1+ p) (s +03)(us + 71 + 7)1+ (Ry — 1)) = 037, (wo(1 + p)pz +wi (1 + ﬂz))) YK|
0 (—ﬂz(ﬂz +0)(uy + V)1 +(Ry — 1) + YK192) (I+ Ry = D)X + pps(1 + pr)(uz + 03)(u3 + 71 +72)
3= .
((=H2(ua + 02)(Hy + 1)1+ (Ry = 1) + 75102) (1 + p)yaiis + yx1 031 (1 + p3)) 1y
Box I.
—uy — By — o 0
uy =P =P 0 0 1 0 0 0
By —01— M 0 0 0
oy — K16 K16y
0 0 =7 Ho H
A= 0 Y —Hy — 0y 0 0 ’
V103 o v203
0 0 w3 (1+p1) H—n-n w3 (1+p1)
0 0 0 0 y —U3 — 03 0
0 2] 0 Vo 0 V3 — Uy
Box II.

asymptotically stable. Then, the model Eq. (1) is decomposed to

du,
dts = A4y (U, -U (E)) + A U,
(16)
du, AU
dt - A2V
where
s, -0
o
Ry
0 )
U -U(E°)=| Sp—— |.
H
93
Sp——=
H3
RD
—H B3 0 0 0
0 —(B+m) O 0 0
Ag=| O 0 —Hy 0 0 ,
0 0 0 —p 73
0 0 0 0 —(us+7)
0 0 0 0o 0 nh 0
Hi Hy
f, 0 0 0 0 0 0
0
A=l 0o 0 o K10 0 L) o |,
#2 Ho
0 0
0 0 Y103 Y03
ﬂ3(1+/’1) ﬂ3(1+/’2)
0 0 0 0 7 0 0

and A, is as in Box I Given that the eigenvalues of the matrix A,
are negative and the off-diagonal entries of the Metzler matrix A, are
non-negative, it follows that the rabies equilibrium point E° is globally
asymptotically stable. []

3.4. Rabies CTMC stochastic model formulation

Continuous Time Markov Chain (CTMC) stochastic models utilize
Galton-Watson Branching Processes to delineate the probabilities of

various events, offering valuable insights into dynamics, control strate-
gies, prediction of expected case numbers, extinction time, and the
assessment of surveillance and response system effectiveness. While
deterministic models rely on the basic reproduction number (R,) to
determine whether a disease persists or diminishes in a population,
stochastic models view R, as a stochastic threshold, recognizing that
the disease can still cease to exist even if the threshold exceeds one,
contingent upon the initial number of infectives introduced into a
susceptible population.

A continuous time Markov chain (CTMC) stochastic model for rabies
transmission dynamics has been developed based on the assumptions
employed in the stochastic model (1). For the sake of simplicity, the
same notations and parameters as those used in the deterministic model
have been adopted. Let Sy, Ey, I, Ry, Sg, Ep, g, Sp, Ep. Ip, Rp, M,
denote the discrete random variable for susceptible humans, exposed
humans, infectious humans, recovered humans, susceptible free-range
dogs, exposed free-range dogs, infectious free-range dogs, susceptible
domestic dogs, exposed domestic dogs, infectious domestic animals,
recovered domestic dogs, and environment respectively. Let

T
X0 = (SyEy- Iy Ry, Sp. Ep Ip, Sp. Ep. I, Rp, M)

be the associated random vector for all discrete random variables S,
Ey, Iy, Ry, Sg, Ep, Ir, Sp, Ep, Ip, Rp, and M. Given the time-
homogeneous nature of the Continuous-Time Markov Chain (CTMC)
model and its adherence to the Markov property, it is established that
the future state of the process at (t+4r) hinges entirely upon the current
state at time 7. As a result, the interval between events follows an
exponential distribution characterized by a specific parameter:

M
¥ (X) 291+ﬂ3RH+H1NH+T]]FSH+’L'2]DSH+<M3+C)SH+ﬁ1EH
K3 M
+i Ip Sy + kI SE + MIC Sp+ Ny +yEp+0,Ip+ 0,

vsM

Y1 Y2
" < L+p, ) TrSo* < L+p, ) bSp+ ( (1+03)(M+C) ) So

+usNp +73Rp + 7 Ep+1Ep+o3dp+vily +v,Ip+vii)

+uM + pEy + 0,1y +6,,

a7
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Table 1
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State transitions and rates of occurrence for the CTMC.

Event Rate, r Transition AZ(r)
Recruitment of S} 0, (1,0,0,0,0,0,0,0,0,0,0,0)
Natural death of S, Sy (=1,0,0,0,0,0,0,0,0,0,0,0)
Contact of Sy and I o ISy (-1,1,0,0,0,0,0,0,0,0,0,0)
Contact of S, and I, IpSy (~1,1,0,0,0,0,0,0,0,0,0,0)
Contact of S;; and M M+CSH (-1,1,0,0,0,0,0,0,0,0,0,0)
Progression from E to Iy PEy 0,-1,1,0,0,0,0,0,0,0,0,0)
Recovery of Ey PEy (0,-1,0,1,0,0,0,0,0,0,0,0)
Natural death of E mEy (0,-1,0,0,0,0,0,0,0,0,0,0)
Disease induced death of I, oIy (0,0,~1,0,0,0,0,0,0,0,0,0)
Natural death of I, Iy (0,0,-1,0,0,0,0,0,0,0,0,0)
Natural death of Ry iRy (0,0,0,-1,0,0,0,0,0,0,0,0)
Rate of immunity loss of Ry PRy (1,0,0,-1,0,0,0,0,0,0,0,0)
Recruitment of S, 0, (0,0,0,0,1,0,0,0,0,0,0,0)
Natural death of S 1 Sp (0,0,0,0,-1,0,0,0,0,0,0,0)
Contact of S, and I, ki IpSE (0,0,0,0,-1,1,0,0,0,0,0,0)
Contact of Sy and I, KISy (0,0,0,0,-1,1,0,0,0,0,0,0)
Contact of S, and M MM_:_(SC Sp (0,0,0,0,-1,1,0,0,0,0,0,0)
Progression of E, to I vEp (0,0,0,0,0,-1,1,0,0,0,0,0)
Natural death of E, mEgp (0,0,0,0,0,-1,0,0,0,0,0,0)
Natural death of I oIy (0,0,0,0,0,0,—1,0,0,0,0,0)
Disease induced death of I oIy (0,0,0,0,0,0,-1,0,0,0,0,0)
Recruitment of S, 0y (0,0,0,0,0,0,0,1,0,0,0,0)
Natural death of S, 13 Sp (0,0,0,0,0,0,0,-1,0,0,0,0)
Contact of S, and I, 1"’)‘}:} Sp (0,0,0,0,0,0,0,1,1,0,0,0)
Contact of S, and I}, ;Vili Sp (0,0,0,0,0,0,0,-1,1,0,0,0)
C M

ontact of S, and M —_—) (0,0,0,0,0,0,0,-1,1,0,0,0)

(14 p5) (C+ M)

Progression of E, to I, nEp (0,0,0,0,0,0,0,0,—1,1,0,0)
Recovery of E, 7 Ep (0,0,0,0,0,0,0,0,-1,0,1,0)
Disease induced death of 7, o3l (0,0,0,0,0,0,0,0,0,-1,0,0)
Natural death of E,, s Ep (0,0,0,0,0,0,0,0,-1,0,0,0)
Natural death of I, rRp (0,0,0,0,0,0,0,0,0,-1,0,0)
Natural death of R, H3Rp (0,0,0,0,0,0,0,0,0,0,—1,0)
Removal of rabies in the environment 1M (0,0,0,0,0,0,0,0,0,0,0,—1)
Shedding of I, to M vily (0,0,0,0,0,0,0,0,0,0,0, 1)
Shedding of I, to M Vol (0,0,0,0,0,0,0,0,0,0,0, 1)
Shedding of I, to M vl (0,0,0,0,0,0,0,0,0,0,0,1)

where
Ny=Syp+Eg+Iy+Ry, No=Sp+Ep+Ipand Ny =Sp+Ep+1Ip+Rp.

For modeling the transmission dynamics of rabies between humans and
dogs using a Continuous Time Markov Chain (CTMC) model, event
transitions and their corresponding rates are typically derived from
the deterministic model. These transitions occur as individuals move
between compartments due to recruitment or movement, assuming an
initial presence of only one individual while other sub-populations are
not yet established. Table 1 summarizes the events and their associated
transition rates, where the values 1, -1, and O represent an increase by
1, a decrease by 1, and no change in state, respectively, for the variable
from time 7 to ¢ + Ar.

3.5. Multitype branching process

The multitype branching process theory is employed to analyze
the behavior of the nonlinear Continuous-Time Markov Chain (CTMC)
near the Rabies-free equilibrium point E,. This theory is crucial for
determining the probabilities of disease extinction or outbreak under
various initial conditions. In CTMC models, the branching process
can either grow exponentially or diminish to zero, particularly when
the initial number of infectives is minimal at the onset of a disease
outbreak. In order for the multitype branching process to be applicable,
it necessitates a sufficiently large initial susceptible population. As per
the parameters of this study, we have established the initial susceptible

)
L, 850 = =2, and Sp(0) = =

. . L. 2, . 3
We assume that infectives of type i, I;, produce infectives of type

populations as follows: Sy (0) =

I;, and the number of offspring produced by an individual of type
I; is independent of the number of offspring produced by either type
I; or type I;, where j # i. The term ‘birth’ describes the infection
transmission between susceptible humans, infected humans, susceptible
domestic dogs, infected domestic dogs, susceptible free-range dogs,
infected free-range dogs, and the rabies in the environment. Since the
multitype branching process is linear near the disease-free equilibrium,
the numbers of deaths and births are independent. We define proba-
bility generating functions (pgfs) for the births and deaths of rabies
in the environment, infected humans, domestic and free-range dogs,
which are essential for determining the probability of rabies extinction
or outbreak in humans and dogs.

Let {Y};}"_, be the offspring random variable for type i, where i =
1,2,....n 1nf[ect10us hosts. Here, Y;; represents the number of offsprlng
of type j produced by an 1r1fect1ve of type i. The offspring probability
generating function (pgf) for the infectious population I; is defined
under the condition that there is initially one infectious host at the
beginning of the disease outbreak, i.e., 7;(0) = 1, and all other types are
zero: I; = 0. The offspring pgf f; : [0,1]" — [0, 1] for type i individuals,
given I;(0) =1 and [ ;(0)=0 for j # i, is expressed as

o] o 5
7y Z,
filuyuy, .. u, Z Z Y Py O G ey, (18)
1=0ky=0  £,=0
where
P(£).C5.....0,) =ProblY; = £1,Yy; = £,,....Y,; = £,) (19)

is the probability that a single infectious individual of type i will
produce k offspring of type j. Eq. (18) is utilized to establish an nx n
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non-negative and irreducible expectation matrix M, = [m ils where
m;; denotes the expected number of offspring of type j generated
by an infected individual of type i. The elements of matrix M, are
calculated by differentiating f; with respect to u; and then evaluating
all u variables at 1 [14,15], meaning that

_

mj; = 3 < oo. (20)

u .
J lu=1

The probability of disease extinction or outbreak is determined by the
size of the spectral radius of the expectation matrix M;, p(M,). If
p(M;) < 1, then the probability of disease extinction is one, that is,

Py = lim Prob{f(H) =0} =1, (21)
and if p(M,) > 1, then there exists a positive probability such that the
probability of disease extinction is given by

By = lim Prob{7(1) = 0} = a'qy gk <1, 22)
where (g, ¢, ..., q;) is the unique fixed point of the k offspring pgf,
fi@ Gy @) = g, and 0 < ¢, < 1, i = 1,2,....k [14,16,17]. The
probability of disease outbreak is

i i

1-Py=1-¢q qz'...q;k, 23)

where P, is the probability of extinction or outbreak [14,15]. Predic-
tions concerning disease extinction and the occurrence of outbreaks can
be made using stochastic epidemic theory, which focuses on the number
of infectious individuals within each group. If a disease originates
from an infectious group with a reproduction number (R, > 1),
and i infective individuals are introduced into an entirely susceptible
population, the probability of a significant outbreak is approximately
1

1- (%) . Conversely, the probability of the disease becoming extinct

0
i

is approximately <%> . In the early stages of a rabies outbreak, with
only a few infected Odogs, there is a limited potential for generating
infectious humans and dogs. Exposed humans and both free-range
and domestic dogs can progress to infectious classes. The offspring
probability generating function for the exposed class Ej;, given that
Ey(0)=1, I(0)=0, Er(0)=0, I (0)=0, E,(0)=0, I, (0) =0, and
M (0) = 0, is given by

" )_ﬁ1”2+ﬂ2+ﬂl
U ) = ——————.
B+ B+ 1y

The expression g, /(8 + B, + i) denotes the probability of exposed in-
dividual progressing to the infectious class I;. The term g, /(8 + p, + ;)
represents the probability of exposed individuals recovering as a result
of Rabies Postexposure Prophylaxis (PEP), while u,/(8, + f, + u;) in-
dicates the probability of exposed individuals naturally dying before
transitioning to the infected class.

IfE;(0)=0,I5©0)=1,Ez(0)=0,Iz(0)=0, Ep(0) =0, I,(0) =0,
and M (0) = 0, then the offspring probability generating function for 7
is given by

fi (”1 JUy U3 Uy, ... 24)

Vil + 0y + 4y

S (uy uy yuy uy, ooug ) = (25)

vitor+u
In pgf (25), the term v,/(u; + v + 0|) represents the probability of
infected humans shedding the rabies virus in the environment; u,/
(u; + v, + 0,) signifies the probability of infected humans dying natu-
rally; and the term o, /(y; + v; + o) refers to the probability of infected
humans dying due to the disease.

The offspring probability generating function for Ep, such that
Eg©) =0,14;0)=0, Ep(0)=1, I (0)=0, E;,(0)=0, I, (0) =0, and
M (0) =0, is given by

+
_ vt 26
Y+ u

f3 (ul,uz,u3,u4, sy )
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where y/(y + u,) denotes the probability of the exposed free range
dogs class progressing to the infected class, and u,/(y + p,) repre-
sents the probability of exposed free-range dogs dying naturally before
progressing to the infected class.

The offspring probability for I, given that Ey (0) =0, Iy (0) =0,
Ep(0)=0,I;(0)=1, E,(0)=0, I (0)=0, and M (0) = 0, is given by

2]u|u4 + 22u4u5 + }:3u3u4 + py + 0, + VU Uy

f4 (u,,uz,u3,u4, sy Uy ) = S = = 5
M+A+A3+0,+ U +v,

2 7 Vi 3 0

for A, = 7,89, 1, = ——5%, 1y =« S

1 1°g 2 1+p1 D 3 1PF

27)

In pgf (27), the term A,/(4; + A, + A5 + 0, + pp + v,) represents the
probability of infected free range dogs to cause rabies infection to sus-
ceptible humans, 1,/(4; + 4, + 45 + 6, + 4, + v,) signifies the probabil-
ity of infected free-range dogs causing infection to susceptible domestic
dogs, A3/(A; + 4, + A3 + 65 + up +v,) denotes infected free-range dogs
causing infection to free-range dogs, v,/(d; + Ay + A3 + 0 + piy + vy)
represents the probability of free-range dogs to shed rabies virus in
the environment, u,/(4; + 4, + 43 + 65 + 4 +v,) denotes the proba-
bility of infected free-range dogs dying naturally, and the term o,/
(A4 + A, + A3 + 0y + up +v,) is the probability of infected free-range
dogs dying from rabies disease.
IfEy©0)=0,I50)=0,Ez(0)=0,I;(0)=0,Ep(©0)=1,1,(0)=0,
and M (0) = 0, then the offspring probability of generating function for
Ep is given by
_ NiUgt 72t U3
T ontntu
where y, /(y, + v, + u3) represents the probability of exposed domestic
dogs progressing to infected class, y,/(y; + 7, + p3) denotes the prob-
ability of exposed domestic dogs recovering from exposed class as a
result of Rabies Postexposure Prophylaxis (PEP) before progressing to
infected class, and u3/(y; + 7, + u3) signifies the probability of infected
domestic dogs dying naturally before progressing to infected class.
The offspring probability generating function for I, such that
Ep(0)=0, I;(0)=0, Er(0)=0, I (0)=0, Ep(0)=0, I (0)=1, and
M (0) =0, is given by

fs (u],uz,u3,u4, ...u7) (28)

Aqusug + Asu ug + Aguzug + piy + 03 + v3ugls

fo (up up,us,uy, ... uq)

Iy A5+ Ao+ 03+ uy + vs '
V2 <0 3 0 % 0

Sps A5 =18y, 46 = K5
+p

for A, = ;
(29)

In pgf (29), the term A,/(A; + A5+ Ag + 03 + i3 + v3) represents the
probability of infected domestic dogs causing rabies infection to suscep-
tible domestic dogs, 4s/(, + A5 + g + 03 + p3 + v3) signifies the prob-
ability of domestic dogs causing infection to susceptible humans, i/
(A4 + A5 + A + 03 + 3 + v3) denotes domestic dogs causing infection to
susceptible free-range dogs, vs/(, + A5 + Ag + 03 + pi3 + v3) represents
the probability of domestic dogs to shed rabies virus in the envi-
ronment, p3/(A4 + As + Ag + 03 + uz + v3) denotes the probability of in-
fected domestic dogs dying naturally, and the term
03/(A4 + A5 + A + 63 + u3 + v3) is the probability of infected domestic
dogs dying from rabies disease.

IfEy (0)=0, I (0)=0, Ez(0)=0, I (0)=0, E;(0) =0, I, (0) =0,
and M (0) = 1, then the offspring probability of generating function for
M is given by

/17u5u7 + /lAgulu7 + 29u3u7 + Uy
A+ g+ Ao+ py

2 Y3 0 3 0 3 0
for 17 = Tp%SD, 18 =T3SH’ /19 =K3SF’

fr (ul sUp sUz Uy, ooy Uy )

(30)

where ,/(1; + Ag + Ay + p4) represents the probability of rabies in en-
vironment causing infection to susceptible domestic dogs,
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Estimated model parameters (Year™!), initial guess for parameters (Year~!) and their respective source.

Parameters Baseline value Source Estimated value Mean (u) and std (o)

0, 2000 (Assumed) 1993.382113 N (1996.691056 4.4679553)
7 0.0004 [18] 0.000405 N (0.000402 4% 107°)

[ 0.0004 [18] 0.000604 N (0000502 1.44 % 107)
S [0.0003 0.0100] (Assumed) 0.000303 N (0000302 2% 107°)

B : [18,19] 0.165581 N (0166124 7.68 x 107)
I [0.54 1] [19,20] 0.540487 N (0.5402435 3.7815x 107%)
Bs 1 (Assumed) 0.999301 N (09996505 1.6521 x 107*)
H 0.0142 [21] 0.014417 N (0014309 1.53 % 1074)
o 1 [19,20] 1.006332 N (1.03166 4.47 x 107?)

0, 1000 (Assumed) 1004.12044 (1002.060222 2.913594)

Ky 0.00006 (Assumed) 0.000020 N (0.000040 2.8 % 107%)

K, 0.00005 (Assumed) 0.000081 N (0.000066 2.2 107°)

K3 [0.00001 0.00003] (Assumed) 0.000040 N (0.000025 2.1x107)

Y : [18-20] 0.166374 N (0.166520 2.07 x 1074)
o, 0.09 [19,22] 0.089556 N (0089778 3.14x 1074)
Hy 0.067 (Assumed) 0.066268 N (0.066634 1.58 x 10~4)
0, 1200 (Assumed) 1203.844461 N (1201.922230 2.718444)
v, 0.0004 [22,23] 0.000077 N (0000238 2.28 x 1074)
v, 0.0004 41 0.000066 N (0000233 2.36 x 107)
w3 0.0003 (Assumed) 0.000030 N (0.0003 1.91x107%)

3 0.067 (Assumed) 0.080129 N (0073565 8.056 x 1073)
03 0.08 [191 0.091393 N (0.085697 8.056 x 1073)
7 : [18,19] 0.172489 N (0.169578 4.117x 107%)
A 0.09 [19] 0.090308 N (0090154 2.18 x 1074)
75 0.05 (Assumed) 0.050128 N (0050128 9.1 107%)

v 0.001 (Assumed) 0.001958 N (0001479 6.77 x 107)
v, 0.006 (Assumed) 0.008971 N (0.007485 2.101 x 1073)
Vs 0.001 (Assumed) 0.005735 N (0003367 3.3348 x 1073)
Hy 0.08 (Assumed) 0.080625 N (0.080313 4.42% 107)
P 10 (51 9.920733 N (9.960366 5.605 x 1072)
I 8 (Assumed) 8.116421 N (8.058211 8.2322x 1072)
I 15 (Assumed) 14.917005 N (14.958502 5.8686 x 1072)
c 0.003 (PFU)/mL (Assumed) 0.003011 N (0.003005 8.0000 x 107°)

A3/(A7 + Ag + Ag + uy) signifies the probability of rabies in environment
causing infection to susceptible humans, 1y/(1; + i3 + 4 + s14) denotes
the probability of rabies in environment causing infection to susceptible
free-range dogs, and p4/(1; + Ag + Ag + u,) denotes the probability of
removal of rabies in environment.

The expectation matrix M of the branching process is a 7x 7 matrix,
which is defined by Eq. (31). It is derived from the offspring probability
generating functions (pgfs) given in Egs. (24) to (30), with all variables
(uy,up,uz, uy,us,ug,u7) = (1,1,1,1,1,1, 1):

A A pi
0 0 0 jatl 0 53

Jy o0

b A 0 0 0 )

J, Js

i p) b
0 0 0 = 0 o2

Js Jo g

Y G,
_|o 0 -t 0 0 0
M= (V + Mz) Ji ’

A A A
0 0 0 - 0 4O

‘Il ‘,2 '13

G
0 0 0 o — N 2
(71 trnt 143) J>
0 - 0 el 0 Y &
(v1+/41+0'1) Jy Js J3
(31)
where

Jy=A A+ Ay oy + iy + v, Ty = Ay + s+ dg + 03+ i3 + v,

J3 = Ag + A + Ao + py,
Jy=Pi+ B+ Js=vi+oi+u, Jo=Ai+ A+ Ay + 1y +0y+ vy,
Jy=dg+ As+ Ag+ 3+ 03+ vs, Jg = A+ Ag + Ao + g,
Gr=A+h+A3+vy, Cy=Ay+ A5+ Ag + v5.

The Continuous-Time Markov Chain (CTMC) model identifies a stochas-
tic threshold that determines whether rabies will die out or lead to
an outbreak in human and dog populations. This threshold is repre-
sented by the spectral radius of the expectation matrix, p (M). There
is a relationship between p (M) in the stochastic model and the basic
reproduction number R in the deterministic model. For rabies to be
eliminated from both human and dog populations, it is required that
pM) < 1 or Ry < 1. Conversely, in deterministic models, rabies
persists in humans and dogs if R, > 1. The relationship between
the deterministic and stochastic thresholds for rabies extinction can
be expressed as Ry < 1 < p(M) < 1. In stochastic models, when
p(M) < 1, there is a possibility of either an outbreak or extinction of
the Rabies lyssavirus, depending on the initial number of infectives at
the onset of the disease outbreak. Conversely, if p (M) > 1, a fixed point

(f1s S f3o fas f5: for f7) €0, 1)°

can be determined using offspring generating functions, which are
then used to assess the probability of disease extinction. These gen-
erating functions are nonlinear, making analytical computation chal-
lenging, and thus numerical methods are typically employed for their
calculation.

4. Quantitative analysis: Numerical simulations
Following the analytical assessment of both the deterministic and

Continuous-Time Markov Chain (CTMC) stochastic frameworks, numer-
ical simulations were conducted to investigate the qualitative dynamics



M. Charles et al.

8000

7000

6000 [

5000

4000 [

3000

2000 [

0 20 40 60 80 100
Time (Years)

(a)

Human population dynamics

Franklin Open 13 (2025) 100397

x10°

Susceptible human dynamics,S,
o
©

o
o

I
IS

20 40 60 80 100
Time (Years)

(b)

o

Fig. 2. Stochastic rabies transmission dynamics in humans.
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Fig. 3. Stochastic rabies transmission dynamics in (a) Free-range dogs (b) Environment.

of the proposed rabies transmission model. Accurate parameter esti-
mation is essential for generating reliable quantitative forecasts within
constrained time frames using real-world epidemiological data [5].
Model parameters in Eq. (1) were estimated using the non-linear least
squares method. Synthetic datasets were obtained by numerically in-
tegrating equation (1) with a fifth-order Runge—Kutta scheme imple-
mented in MATLAB, employing initial parameter values ©; from the
literature and the initial population conditions:

Sy(0) = 142,000, E,(0)=40, I;0)=0, Ry(0)=0,
Sp(0) =15,000, Ep0)=25 I,0)=0, R,0)=0,
Sp(0) = 12,500, Ep(0)=20, I.(0)=0, M(0)=90.

The observed data were formalized as a stochastic process:
iid. )
Y, = RD(t,0) +n;, n; ~ N(©0,6%), t;€[ln]

where RD(t;, 0;) denotes the model-predicted prevalence and #; repre-
sents Gaussian measurement noise. Parameter estimates were obtained
under the assumption that deviations from baseline literature values
follow a Gaussian distribution, as reported in Table 2.

The simulation is performed using 10,000 random sample paths,
with the results presented graphically alongside the corresponding
deterministic numerical solutions for comparative analysis. To conduct
the simulations, Euler’s method and the Gillespie algorithm are utilized,
applying the specified initial conditions Ey (0) = 10, I;(0) = 5,

0
Ry (0) = 0, Sy (0) = ”—1 - (Eg 0+ Iy (0)+ Ry (0)), Ep(0) = 20,
1
0
Ip(0) = 0, Sp(0) = u_2 — (Ep )+ I (0)), Ep(0) = 40, I (0) = 5,
2

0
R, (0)=0, and Sj, (0) = M—3 - (Ep (0)+ I (0) + Rp (0)).
3

Figs. 2—4 illustrate the stochastic transmission dynamics of rabies
between human and dog populations.

Fig. 2(b) illustrates that the number of susceptible humans initially
experiences a stochastic decline over the first 40 years, eventually sta-
bilizing at a variable, non-constant level. In contrast, Fig. 2(a) depicts
an increase in stochastic fluctuations among the exposed, infected,
and recovered human populations during the same period, followed
by a decline that approaches a steady, non-zero value. The observed
fluctuations in the exposed, infected, and recovered populations likely
reflect the effects of control interventions, such as the administration
of post-exposure prophylaxis (PEP) to individuals exposed to rabid
animals. Fig. 3(a) shows that the number of susceptible free-range
dogs initially decreases as the populations of exposed and infected
free-range dogs rise stochastically over the first 20 years, eventually
stabilizing at a variable, non-constant level. At the same time, Fig.
3(b) indicates increasing stochastic fluctuations in environmental rabies
concentration, which subsequently stabilize toward a steady, non-zero
level.

Finally, Fig. 4(a) demonstrates that the number of susceptible do-
mestic dogs initially undergoes periodic declines, while the population
of exposed, infected, and recovered domestic dogs in Fig. 4(b) increases
stochastically over the first 20 years, eventually reaching stability at a
variable, non-constant level.

Figs. 5-8 clearly illustrate a stochastic rise in the number of in-
fected individuals among humans, domestic animals, and free-range
dogs, while concurrently, there is a decline in the number of sus-
ceptible individuals within these populations. Additionally, there is a
simultaneous stochastic increase in the concentration of rabies in the
environment, driven by variations in contact and shedding rates. These
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Fig. 5. Stochastic trajectory of human due to impact of contact rate .

scenarios provide evidence that the movement of free-roaming dogs
could potentially introduce a new rabies infection, suggesting a risk of
an outbreak.

Figs. 9-13 present both deterministic and continuous-time Markov
chain (CTMC) stochastic results, revealing a comparable trend in ra-
bies transmission dynamics. These figures demonstrate a reduction
in susceptible populations following exposure, infection, and recovery
events, with stabilization occurring after approximately 20 to 40 years.

10

Likewise, susceptible humans, free-range dogs, and domestic dogs also
experience a decline, ultimately reaching a steady state. Both model-
ing approaches exhibit a similar general pattern; deterministic results
indicate an average trend across CTMC sample paths, while stochas-
tic outputs reflect natural fluctuations. The relationship between the
susceptible groups and the exposed, infected, and recovered classes is
inversely related. Initially, the populations of exposed, infected, and
recovered individuals both human and dogs see a rise, peaking around
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Fig. 7. Stochastic trajectory of domestic dogs due to impact of contact rate y.

the first 20 years, followed by a gradual decline that stabilizes by
year 30. This pattern suggests that the early increases in infections
contribute to herd immunity within populations, ultimately leading to
stabilization.

5. Discussion and conclusion

This study presents a comparative analysis of stochastic continuous-
time Markov chains (CTMC) and deterministic models to understand
rabies persistence in human and dog populations. Using the multitype
branching process, the stochastic threshold for rabies persistence is
established, offering new insights into how randomness affects disease
extinction probabilities. Numerical simulations show that while the
stochastic model outcomes closely align with deterministic results,

11

stochasticity plays a key role in low-infection scenarios. Stochastic
models help design flexible control strategies by accounting for uncer-
tainties in disease spread, such as animal behavior or environmental
factors (refer to Figs. 2—4). Unlike deterministic models, which assume
fixed rates, stochastic models adapt to varying scenarios, like regional
differences or population behavior. These strategies include dynamic
vaccination programs, real-time monitoring for adjustments, and fo-
cusing on high-risk areas for rabies transmission. Long-term planning,
informed by continuous data, further refines interventions (refer to
Figs. 9-12). Our study provides a policy-driven perspective, advocating
for a holistic rabies control approach by considering both predictable
trends (deterministic models) and random events (stochastic models)
(refer to Figs. 9-13).
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Appendix. Global stability of the endemic equilibrium point E*

Here we prove the result stated at the end of Section 3.2.
Theorem 5. The endemic equilibrium point E* of the rabies model (1) is globally asymptotically stable whenever R > 1.

Proof. To prove Theorem 5, we adopt the approach of [5,24] by constructing a Lyapunov function of the form

u U:

H=)D, <U,. ~U+U’In (#)) ,D;>0 for i=1,2,3,....n,
i=1 i

where D; represents a positive constant that needs to be determined, U; stands for the population variable at compartment i, and U;" denotes

the equilibrium point of the rabies model at compartment i for i € {1,2,3,...,12}. Therefore, we define the Lyapunov H for model system (1) as

follows:

. S* " E ; I*
Dy (Su =Sy +Suin (52)) + Do (Ey = Ejy + Egin (22)) + D3 (1 = Iy + T n (7))

‘)
5

- .
+D4(RH—R;,+RH1n(RZ))+D5(SF—S;+SF1n(S—F )+D6(EF—E;+EF1n(E—;))
. (A1)
+D (I Yy 1n<£))+D (S _S* 48 1n(5—77))+D (E —E*+E 1n(5)
7 \Ir = 1p +1pln| 7/ s \Sp =Sp topln(g, o\ Ep = Ep+ Epln{ £/
M

7))

~—

*

I* R
D (1 s (—D)) D (R —R: 4Rl (—D)) D (M—M* M1 (
D \Ip=Ip+ipn{7-) )+ D (Rp = Rp+Rpln{ ) )+ Do +Mn

Evaluating Eq. (A.1) at the endemic equilibrium point E* gives
H=E* (S} .E; . I} Ry . S5 Ep . I5:.Sy Ep T R}, M*) =0.

Then, using the time derivative of the Lyapunov function H in Eq. (A.1) gives

SH\ dS E}\ dE I\ dI Ry \ dR
=D (1-Z)=E4p,(1-E)—E4p(1-HL)Lyp, (1-H) =22
Sy ) dt Ey ) dt : Iy ) dt Ry ) dr
ST\ ds EL\ dE I\ dI ST\ dS
an +Ds(1-E)EL4p (1-L) =L+, (1-£)FE+p(1-2) =2 A.2)
dt Sy ) dr Ep /) di Ip ) dt S,/ dt
E}\ dE IhN dI R, dR
+Dy (1-2) 2 +D(1-2) 2+, (1-2)=2+D, |- M2 dM
E, ) dt I,) di R,) di M ) di

14
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Consider the endemic equilibrium point E* of Eq. (1) such that

) (r I + 0ol + 13A(M*)) S
0y = (v, I + 1ol + T3 A(M™)) St + 1y Sty — B3Ry, iy + i+ B = I ,
* * H
1=H ﬂzEH % 5 * *
o+ u = I—*, b3+ =R—*, 92=(K1]F+K'21D + K3A (M ))SF+[42SF,
H H
(ki T5 + 10y + 734 (M5)) S7 vEf
My ty = , O+ Uy = ——,
: E% SR (A.3)
W111i+‘l/211*3 w34 (M™) 5
vilp vl ya(M¥) T+p  14p,  d4p )P
= : SE 43St~ r3RY. Hy+y) + 1y = .
3 <1+p1 1+p, 1+ 3 pTH3Op —V3Rp, H3TYIT72 E}S
nEj nEj (Vlil_*[+v2[;+\/3[;k))
o3+ U3 = T Y3+ M3 = 7 Hy = e .
D D

Then, by substituting (A.3) into (1), we have

S* E
D, <1 - ﬁ) (6, + B3Ry — 1Sy — x1) + Dy (1 - —) (x1 = (uy + P+ 5,) Egy)
»
+D3<1—i)(ﬂ1EH (a1+,41)IH)+D4(1——)(ﬂ2EH (Bs +u1) Ry)
S
dH +D5<1_é)(92_}(2_142SF)+G6(1__)()(2 (uy+7) Ep) (A4)
an _ s .
dt +D7<1—ﬁ)(J’EF—(H2+02)IF)+D8(1——)(93 #3Sp — 13 +13Rp)
Ir
+D9(1—ﬁ>(h (u3+71+7) Ep) +D10< —) (nEp—(u3+83)1Ip)
R* M*
+Dy, (1 - R—) (r2Ep = (w3 +73) Rp) + Dy <1 )((VIIH +vylp +vilp) — M)
Using the endemic equilibrium point EY described in Eq. (A.3), we simplify Eq. (A.4) as
5
D, (1—%) < (r1 1% + 01 + T3 A(M®) S% + uy S%, — B3 RY, — 1y Sy
= (v Ip +0Ip + 734 (M) Sy + B3Ry
E* T 5+ 0,05 +13A(M*)) SHE
+D2(1—EZ) (r115 + 120 + 734 (M)) Sy — (l;+ ol Ef ) SiuLn
H
BIE; Iy R BE: Ry
+D, 1——) <ﬁ1E —) (1——) (ﬁzE —>
( H I H R},
+D; (1 - i—:) < (k)T + 1, T + 13 A (M) S+ iy S% = iy S
= (g + 100 p + K34 (M) Sp )
B (ri Ik + ko1 + k3A(M*)) SELE
t F

I 7E;IF
+D7<1__) <}/EF I* >
F

S;) wvilp vl ysam)
Sp I+p, 1+py l+p;

+D8<1— )S;;+;435;3—y3R;)

wilp | walp y34(M)
- + Sp—u3Sp+r3R
<1+p1 T+p, 1+ps D~ H39p TV3Kp
wily  ylf y,d(M*
e I Iy ysi(M) (1JIFF+1-2FDW31+( )>SZED
+D9(1——D)<<Wl F ¥ ¥ )SD_ 2! ) &) >

I+p; 1+4p, L+p; E}

I nEplp R} rnELRp
+D10<1——D) nEp - +D11(1——) rEp - ——
Ip ID RD

* vils +vIl+wli) M
+D12<1—M7><VIIH+VZIF+V3ID—( i * 0l tnlp) MY

M*
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Then, Eq. (A.5) can be expressed as follows:

S* 2 S

S5\ [ A(M*) S
+D, 138, A(M) (1 - —> <
SH

-
+D2‘L'ISHIF( - FZ) <1 -

A(M) Sy,

I:5* E
LH Dy Sy (1 -
I:SHE,

£,
E)(l’

Ei Iy
Eyl},

A(M*) S* E
+Dy13 Sy A (M) (1 - —””)

A(M)SyE},

+D3ﬁ1EH(1—%) <1 >+D4ﬁ2EH (1—

o

sp\? siy ( 1Sk
—D5;425F<1—ﬁ> +D5,<15F1F(1—§)<

(-

L —1) +D,fRy (1—%) (1—

(-

E* Ry
EyR,

- 1) +Dsk, Sp (1 -

Franklin Open 13 (2025) 100397

I*Ss* S* I*S*
s (1= 5 ) + ot (1-52) (5 1) + st (1- 32 ) (7252 1)

.
RH)
Ry

I8 Ey
IpSyEr,

E) IS8T
SF IpSE

)

IFSF
sy [ AMY) S e I*S*E
D SAM(I——F —_F _1)+D SI(l——F) it
+Dsk3 SpA (M) SF)<,1(M)SF >+ SK1°FF 1T R, I:SpEx
dH E* I,STEp
= = _ZE _ b rF7 A.6
o = 1+Dex2Selp (1 EF) <1 IDSFE;> (A.6)
DerSpamy (1= E) (1= 2MISEERY o, Erle
w(1-28) (1- Ee(1-3) 1
Do S A (M) (1= < A(M)SEL >+ EE T E. T
s%\2 SplpD. s SpIpD. =\ (15ST,
_D8ﬂ3SD<1__>+W1DF 8<1 SD < > V2oplF 8(1_%)<DD_1>
Sp (1+p) IFSD (14 p,) >/ \IpSp
wiSpA(M)Dy st [ AM®)Sh o .
PRARS RaS it 1——0) D _1)+DgsR (1——D>( -
(1+p3) ( Sp )\ A(M) S, 813D Sp RD)
L WiSpIrDy (1_ 5) < B ’?S}SED> L ¥2SplrDy ( _ E_D) <1_ ’ZSZED>
(I+01) Ep IrSpE} (1+ 1) Ep IpSpE,
v3SpIlpDy (1 B @) <1 B A(M*)S};En)
(1+p3) Ep A(M) SpE
I Eyip R ELRp
Dyor E (1——0) 1--22) s D\1E (1——0) -0
+Dyor1 E£p 7 EDIZ‘) +Dunrnkp Rp EpR,
e M e M e M
+Dyv Iy (1— b )(1——I:M*)+D12V21F (1— b )(1——I:M*>+D12v31[,( b ) (1‘_1,fM*)-

Eq. (A.6) can be written as

dH

== =G+P,

dt ¢

where
5%\ 2 S%\2

P ==Diu Sy <1—_H> —DslleF<1——F>
H F
S%\2

— DourS -2
sH3 D( SD)
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and
* Qi * Q%
_ﬁ) Tp Sy _ ( Sy ISy _
Dy, Syly (1 ) (15 =1) +2insSuls (1 S”) s !
Dyessyaon (1= 5y (205 L p 1= S (1= ta
+timon (M)( __) A (M) Sy * ‘ﬂ3RH( _SH)( _RH)
E* I S EH E* IES;IEH
+D SI(]——) 1-2 2 ), p SI(]——H) 1-2 24
2T1PHLF Ey ( 1S, E* ) 27291 D En IpSyE,
- A(M*) St Ey
+Dy13 Sy A (M) (1 —") |-
Ey A(M)SHE;I
R* E;}RH
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.\ /TES* s\ /TES
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E? I;‘)S;EF
+DxrSply (1 - —) -2
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lllssoIFD9 ( ) ( A(M*)S* ED)
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From Eq. (A.8), we have
! ! - (-1 (A.9)
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To proceed, we make use of the following basic inequality: if e(y) = 1 — y+1ny, then e(y) < 0 such that 1 —y < —Iny if, and only if, y > 0 and, from
the concept of geometric mean, Eq. (A.9) is written as

(1-2)+(-2)-(1-2) = =m(3)-m(Z) +m(35)

1 (A.10)
gh(axdng):ma):o

Following similar procedures as in (A.10), we get

<0, 1-2_1, 1o 1_4d_
m b

1 1
- +-<0.
b ¢ b m p b~

|
QU=

From Eq. (A.6), the global stability holds only if a;—H < 0. Now, if P < G, then an will be negative definite, which implies that ‘Z—H < 0 and # =0
only at the endemic equilibrium point E*. Hence, by LaSalle’s invariance principle [25], any solution to the rabies model (1) wiﬁch intersects the
interior R!? limits to E* is globally asymptotically stable whatever R, > 1. []
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1. Introduction

Rabies is a zoonotic viral disease characterized by nearly
100% mortality in humans once clinical symptoms manifest,
rendering it a significant public health threat, particularly in
resource-limited settings [1, 2]. Although rabies has been
successfully eliminated in parts of the Western Hemisphere
through comprehensive control programs, legislative action,
and sustained vaccination campaigns, the disease remains
endemic in many parts of the world, particularly in Africa
and Asia where the burden is disproportionately high
[3-5]. In Tanzania, as in many other countries of the Global
South, rabies continues to pose a serious public health threat.
An estimated 1500 human deaths occur annually, with over
98% resulting from bites by rabid domestic dogs [6]. Surveil-

lance data from 2022 documented more than 26,000
reported bite incidents, with notable clusters in high trans-
mission areas such as Songea, Mkuranga, and Kigoma.
These persistent hotspots emphasize the need for intensified
and sustained control interventions [7].

One such intervention, a coordinated One Health mass
dog vaccination campaign conducted in Moshi District in
2018, achieved 74.5% coverage, reaching nearly 30,000
dogs at an estimated cost of just $1.61 per animal (equiv-
alent to $0.067 per person protected). This initiative was
associated with the complete elimination of reported
human and animal rabies cases in the district by April
2019. Comparable modeling studies in regions such as
Ngorongoro and Serengeti corroborate that achieving
annual vaccination coverage of at least 70% is both cost-



effective and critical for interrupting transmission. Never-
theless, postexposure prophylaxis (PEP) access remains a
significant challenge. In Moshi, only 65% of bite victims
sought PEP, while studies across northern and southern
Tanzania indicate that 20%-30% of exposed individuals
failed to initiate treatment. Barriers such as the high cost
of treatment (approximately $100 per full regimen), incon-
sistent availability, and logistical delays hinder effective
response.

The global health community has set the 2030 ambitious
plan to eradicate dog-mediated rabies [4, 8]. However,
achieving this objective necessitates addressing significant
challenges, including limited awareness, vaccine availability,
and dog population management [9]. Notably, free-roaming
or stray dogs, which are difficult to vaccinate, can perpetuate
transmission cycles even in communities where owned dogs
are vaccinated [10]. Inadequate healthcare services and
underreporting exacerbate the issue. Effectively addressing
these challenges requires moving beyond vaccination and
comprehending the interaction between humans, dogs, and
their environment by integrating strategies necessary to dis-
rupt the transmission cycle between dogs and humans. A
pivotal strategy is mass dog vaccination, aiming to reach
the threshold of 70% vaccination coverage within the dog
population in areas where rabies is prevalent [11, 12]. Public
awareness campaigns are also essential for educating
communities about rabies prevention and responsible pet
ownership, thereby enhancing participation in vaccination
programs. Enhancing healthcare provision, particularly pre-
ventive treatment after exposure, is vital for preventing
rabies in humans following a bite. Additionally, effective
dog population management, improved surveillance and
reporting systems, increased funding, and political commit-
ment are critical for sustaining rabies control initiatives and
advancing the elimination endeavor [13]. For comprehend-
ing the dynamics of infectious diseases and its application
in rabies research, mathematical models have been instru-
mental in revealing insights into transmission patterns and
the impact of control measures. They also emphasize the
need for targeted human-dog contact rates and environ-
mental factors such as urban versus rural settings. A nonlin-
ear mathematical model proposed by [14] to study the
dynamics of rabies infection among dogs and in a human
population that is exposed to dog bites revealed that it is
possible to control rabies disease infection through reducing
contacts of humans to infected dogs and dogs to infected
dogs, increasing immunization of dogs, and culling of
infected dogs. In [15], the most effective rabies vaccination
strategies for domestic dog populations with heterogeneous
roaming patterns are investigated; in the study, a rabies-
spread model was used to simulate a potential outbreak
and evaluate various disease control strategies where 27
vaccination strategies were employed based on a complete
block design of 50%, 70%, and 90% in four sampled pop-
ulation structures. Simulation scenarios provided some
theoretical evidence that targeting subpopulations of dogs
for vaccination, based on the roaming behavior of dogs,
is more effective and efficient than recommending 70%
vaccination campaigns. In [16], an analysis of a time-
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delayed rabies model in human and dog populations with
controls reveals that time delay influences the endemicity
of rabies; it was also observed that in dog populations,
vaccination and the birth of puppies are equally effective
measures for rabies control. The work [17] uses the SEIR
(susceptible, exposed, infection, and recovered) model to
study the effect of vaccination and culling on the dynamics
of rabies transmission from stray dogs to domestic dogs.
The model was constructed by dividing the dog popula-
tion into two categories: stray dogs and domestic dogs.
The results of analytical and numerical studies demon-
strated that the annual dog birth rate is a critical factor
in influencing the occurrence of rabies.

Despite the existing body of study, critical factors such as
the presence of multiple rabies hosts, including free-roaming
dogs, domestic dogs, and environmental contributors, have
often been overlooked. This gap highlights the urgent need
for more comprehensive approaches to rabies control. Moti-
vated by the pressing demand to enhance strategies for man-
aging both emerging and re-emerging rabies outbreaks, this
study employs mathematical modeling to optimize interven-
tion efforts, particularly in high-risk areas. It emphasizes the
integration of environmental and deterrent factors, which
are frequently underrepresented in traditional control theory
frameworks.

2. Model Formulation

A mathematical modeling approach to examine rabies trans-
mission among humans, free-ranging, and domestic dogs
was put forward by [3]. Here, we administer time-
dependent control variables to that model to assess their effi-
cacy in mitigating the transmission of rabies disease in both
humans and dogs. The selection of these variables is guided
by strategic interventions aimed at decreasing the likelihood
of rabies infections in host population, as well as minimizing
the shedding rate of rabies virus by dogs within the environ-
ment, including both domestic and free-range populations.
To achieve optimal control over rabies transmission in
humans, domesticated, and free-roaming dogs, we integrate
four distinct time-dependent control variables that are
meticulously tailored to address the intricacies of this com-
plex epidemiological scenario: u, (f) measures the effect of
promoting good health practices and management (surveil-
lance and monitoring) in reducing the possibility of human
and dog infections with rabies, u,(t) represents the control
effort due to vaccination of domestic dogs, u;(t) measures
the impact of educating communities about rabies-related
risks and preventive measures against exposure (public
awareness and education), and u,(t) represents treatment
efforts for individuals exposed to suspected rabid animals
through bites or scratches (PEP). The model of the transmis-
sion dynamics of rabies disease in human, free-range dogs,
domestic dogs, and environment is developed based on the
following assumptions:

e The transmission is due to adequate contact between
the susceptible individual and the infectious agent.
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o All infectious individuals are subject to both natural
and disease-induced mortality.

o All noninfectious individuals are subject to natural
death.

o There is a reduced chance for a domestic dog to get the
disease due to protection from human beings.

e The recruitment rate for each population is greater
than natural mortality.

e Each population is homogeneously mixed; that is, each
individual (human or dogs) has an equal chance of
getting the disease.

e No PEP or pre-exposure prophylaxis (PREP) is
applied for free-range dogs.

jH =PB1Ey — (o1 + )y
RH = (B, +ug)Ey — (Bs + 1)) Rys

jF =VEp — (4, + 0,)Ip,

e Environment is any material or object that is contam-
inated by the viruses that cause rabies disease.

e All individuals are recruited at a constant rate.

e Upon recovery, human beings and domestic dogs
attain temporary immunity.

e Upon exposure, humans and domestic dogs receive
PEP.

Based on the model formulation and underlying
assumptions, the flow diagram presented in Figure 1 delin-
eates the transmission dynamics of rabies by integrating
the model’s structural assumptions, definitions of state vari-
ables in Table 1, and parameter specifications.

The dynamics of rabies are summarized by the following
system of ordinary differential equations (ODEs):

SH =0, + BiRy — Sy — (1 = (uy + u3)) (111 + 751 p + TA(M)) Sy

EH = (1= (uy +u3) ) (T Ip + Tl p + TAM)) Sy — (g + By + By + Uy Eyys

SF =0, — (k1 + 5,1 p + 15A(M)) S = 4, S
Ep=(x1p+%Ip + 15A(M))Sp = (4, + y)Ep>

szes—#asD_(l_(”l +”2))(

vy lr + ¥olp +

I I
Yilrp + Yyip + Y3 A(M) ) Sp + y5Rp,
l+p, l+p, 1l+p;
Vs

By = (1= o+ )

I+p, 1+p,
jD =y,Ep = (43 + 03)Ips

RD = (y, +uy)Ep — (45 +y3)Rp;
M= (il +vIp+v3lp) — uM,

where

L+p;

A(M)) S (s + 71 + 72 + ) Epy

3. Qualitative Analysis

In this section, we analyze the rabies model (1) by taking
into consideration the model’s boundedness as well as the
positivity of the solutions. Stability and the equilibrium
point are also discussed.

3.1. Positivity of the Solutions and Boundedness of the System.
We begin by proving that the model is well-posed.

Lemma 1. All solutions of the system (1) that start in Q ¢ R%?
remain positive for all the time.
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Proof 1. To establish the existence of a solution for the model
given in (1), we begin by considering the initial conditions in
(2). Applying the integral operator J"f)(~)ds to each equation
in the model (1), we derive

t

(1)~ 500 = | (6 + Bk~ S~ 1),
But) Eu0)= [ (0= 0+ By By + ) B
10) 10) = [ (BB - 01+ 1 s,

1) Ru0)= [ (B 0w~ (B, + R
J (6, — x,S5 — t,S5)ds,
JXZSF (4 +)Eg)ds,

Ie(t) ~15(0) = jOwEF (s +03)1)ds,

t

J (65 = 13Sp = X35p + y3Rp)ds,
0

Sp(t) = Sp(0) =
Ep(t) - Ep(0) = J(xgsD (s 471 + 7, + 1) Ep)ds,

In(t) = Ip(0) = ijD (s + 7)) ds,

)
)
—
=

|
=

)
—

o
~—

I

[, (B = o v s

M) = M(0) = [ (O 43211+ 21p) - ),

where

X1 = (1= (uy +u3)) (111 p + 11 p + T3A(M)),
Xo = (il p + 151p + K5A(M)),

1 1
r= (= s (200 4 20 o).

For convenience, from Equation (3), we define the fol-
lowing functions:

Journal of Applied Mathematics

fHi(t8y) =
t)

0, + B3Ry — S — X1 Sw>
XiSu — (py + By + By +ug)Ey
ﬁ = (o +p) s

H

Ey) =

t,Ey) =
Ry)
S

£, (ﬁz +uy)Ey — (B + 1) Rys

(

(

(

(t, Ry

(t:Sp) =6, = X25F = 4,Sp>
(t, Ep) = XoSp = (4 +V)Ep

(t:1p) =VER = (4 + 0)) I,

(t:Sp) = 05 = p3Sp = X35p + ¥3Rps
(

t,Ep) = X350

t15

R AR SN

= (M3 + v +y, +uy)Ep,
fro(tIp) =y, Ep = (u3 + 03)I s,
Ju(tRp) = (v, + ug)Ep = (15 + v3)Rps
St M) = (viIy +v,Ip+vsIp) — u,M

Since {Sy, Exps Iips Ryys Sgs Eps Iy Spy Epyy Ips Rpy M} € Q
cR}? and 0 < {Sy, Ex, L1y Ryys Sps Eps Ips Sps Epys I, Rpy M}
<l,i=1,2,---,12, such that

([ £(8Su(8)) = £ (& Su(®),) |
< [1(61 + B3Ry (t) =y Su(t) = X1 Su(1))
- (91 + B3Ry (1) =y S (1), = X, Su () ) || (5)
SP‘lHSH(t)l _SH(t)H +X1||SH )1 = Su(t H
< (i + x0) || Su(t), B <&[Su(t), - Su(®)]]-

Using a similar approach as in Equation (5) for functions
»1=2,3,-++,12, we obtain that

1o (t B (£) = f5(6 Ex(8),) || < &|Er(t), = En(2)|]s
||f3(t,IH (1) = f3 (& T (1)) || < &[T (), = T (8)]]5
1£(8 Ry (£)) = fo (8 Rea (1), || < €| Rea (1), = R (1)
|| f5(t: Sk(t) fs(t Se(t);) || <&s||Sk(t), = Se(®)])>
|fs(ts Ex(t) = fo (. Ex(1),) || < &||Ex(t), = Ex(2)|]>
||f7(t,IF(t ) (6 16(t),) || <& || e (), = Tp(1)])s
£t Sp(t)) = f (:Sp(t),) || < &[Sp (), = Sp(®)]]>
[fo(t Ep(t)) = fo (t Ep(t),)|| < & || En(t), = Ep(t)|;
[ f10(t: In() = fio (8- In(®),) || < &0 [[Tn (1), = In(®) ],
[ (5Sp(t) = fir (6 Rp(t),) || < e ||Rp(£), = Rp(t)||»
| fia(t M(1)) = frp (8, M(2),) || < €10| [ M(2) 1—M(t) ,

(6)
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F1GURE 1: Compartmental diagram for rabies transmission with control.

TABLE 1: Model state variables and their descriptions. where &, =y, + xp, & =4 + B+ By +uy, &3=0, + ), &4 =
- — B+ €=y + Xy €=y + Vs & =y + 0y, =3+ X3
Variable Description €9 =y + Y+ Yy + Uy E1g= Uy + 03, €1 = 3+, and ), =
Su(t) Susceptible human at time ¢ y,. This satisfy Lipschitz condition which guarantees the
E,(t) Exposed human at time ¢ existence of a solution for the model in (1). O
Iy (®) Infected human at time ¢ Theorem 1. All solutions of the system (1) starting in R1?*
Ry () Recovered human at time ¢ are uniformly bounded.
Sg(t) Susceptible free-range dog at time ¢
. Proof 2. The model system (1) can be divided into subsec-
Er(t) Exposed free-range dog at time ¢ . . .
tions as human population, free-range dogs, and domestic
Ip(t) Infected free-range dog at time ¢ dogs as follows:
Sp(t) Susceptible domestic dog at time ¢
Ep(t) Exposed domestic dog at time ¢ d(Sy +Ep + Iy + Ry)
In(t) Infected domestic dog at time ¢ dt
Ry (1) Recovered domestic dog at time ¢ =0, + B3Ry — py Sy — (1= (uy +u3)) x4 (7)
M(t) Number of rabies virus per unit volume in the + (1= (uy +u3))x; = (ty + By + By +uy) By

environment at time ¢

+BiEy — (01 + py )y + (B + ug) By — (B + g )Ry
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Then, Equation (7) becomes

dN
=00~ (Sy+ By + Iy + Ry, oy Ly, (8)
dN
— =0~ (N, — ol ©)

We define the integrating factor as

Ny(t) = elotmdt g, (10)
for t — 0. Then, Equation (10) is simplified as
01 (13 61
NH(O)S‘M—+Ce Ny(0)- — <C. (11)
1 1

A simple manipulation of Equation (11) allows us to
write that

0
QH:{(SH,EH,IH,RH)eRi:OssH+EH+1H+RHs[71}. (12)
1

So, using the same procedure, it can be concluded that

0
Qp = {(SF,EF,IF) €R}:0<Sp+Ep+Ip< 172}
2

0
QD:{(SD,ED,ID,RD)eJRi:035D+ED+ID+RDS !73}
3

M(t) <), = max {M L AC %,M(O)},
MMy HHy sy

and the solution is biologically and mathematically mean-
ingful. O

3.2. Rabies-Free Equilibrium Point E° and the Effective
Reproduction Rabies Number R, To obtain the rabies

(1-u —u3)1,6,
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disease-free equilibrium point E°, the left-hand side of equa-
tion in the model system (1) is set to zero, such that

0 0 0
E°= <—1,o,0,0, 22.0,0, =,0,0, o,o).
“ Hy Hs3

The 2, is obtained by

— [ayi(EO)} [a%i(EO)]‘l’

ot ot (13)

where

(1= (uy +w3)) (1L + Tl p + TA(M)) Sy
0
(6 Ip + 16,0 + 13 A(M))Sg
F.= 0 ,

_ vile | wlp Y3
(1 (u1+u2))(1+p1 + T+p, + 1+ps)&(M))SD

0

0
(g + By + By +uy)Ey
(0 +u)y - BEy
(4 +V)Ep
7= (#y +02) g~ VEE
(3 + 1+ 7, +ug)Ep
(43 +03)Ip =y, Ep

paM = (vl + v, p +v31p)

The Jacobian matrices of %, and 7, at E° provide F and
V as follows:

(1-u, —u3)1,6,

0 0 0 0 0
H i
0 0 0 0 0 0 0
000 b, b, 0
0F, Ha )
[
ay 0 0 0 0 0 0 o (14)
J o
00 0 (1w —1y)y065 0 (1 - —wy)y,605 0
(L+p;)us (L+py)ps
0 0 0 0 0 0 0
0 0 0 0 0 0 0
wy+ B+ By +uy 0 0 0 0 0 0
-B, o +u, 0 0 0 0 0
. 0 0wty O 0 0 0
ayi =V= 0 0 5y wto, 0 00 (15)
e 0 0 0 0 Ay tptu, 00
0 0 0 0 - Us+o; 0
0 -V, 0 -V, 0 Vi
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Thus, the maximum of the eigenvalues of (1) gives the
effective rabies production number as

_ Ry + Ry + \/R212 — 2 Ry3Ry; + 4 Ry Rys + Rys?

negative real eigenvalues, the rabies-free equilibrium is
shown to be globally asymptotically stable. Consequently,
the model represented by Equation (1) is reformulated as
follows:

R,=p(FV!
e=P(FV) 5
16 au
(16) — = Go(U,-U(E)) + G\U,,
L =G,U,
R. = K0,y _ K054, dt l
201 = Rz = ;
Ho(Hy +7) (02 + py) ) where
_ Y
a; = ,
(b3 +y1+ Y, +ug) (05 + ) 0
- L
_ (1—u; —uy)y, 05y . “ # Bs LY 0
(L p)us(y +y) (02 + 1) He 0 ~(By+wm) 0 0 0
Ro. o (1= u; —uy)y,0a, G,-U(E") = | Sp- ;2 ,Gy=| 0 0 -4, 0 0
2 (1+py)ps . ez 0 0 0 Vs
o 0 0 0 0 (a3t
3.3. Global Stability of Rabies E°. The equilibrium behavior R,
of the model at E°, as defined in Equation (1), is analyzed 0, 0,
using the Metzler matrix framework, following the (e
approaches in [3, 18]. B 0 0 0 0 0 0
2
0 0
Theorem 2. The rabies E° is globally asymptotically stable G=]0 00 % 0 % 0
when R, < 1 and unstable otherwise. ; ;
0 0 0 (‘/;1 3 ; 0 (‘/;z 3 ;
us(1+p ps(1+p
Proof 3. Let U, denote the compartments that do not con- o 0 0 ’ 0 ' . ’ 0 ’ 0
tribute to rabies transmission, while U; corresponds to those ’
that do. If G, is identified as a Metzler matrix (i.e., all off-
diagonal elements are nonnegative) and G, possesses only  and
—u=Bi-B 0 0 TL_QI 0 T;—Gl 0
1 1
B, —o -y, 0 0 0 0 0
0 0
0 0 —u-y % 0 % 0
2 2
G2 = 0 0 y —thy — 0, 0 0 0
105 v,0;
0 0 ~H3 =YY
#s(1+py) P (14 p)
0 0 0 0 Y —U3— 03 0
0 v, 0 v, 0 V3 —Uy

Given that the eigenvalues of the matrix E; are negative
and the off-diagonal entries of the Metzler matrix G, are
nonnegative, it follows that the rabies equilibrium point E°
is globally asymptotically stable. O

3.4. Rabies Persistent Equilibrium Point E*. The point E* =
(Sip Efp Lt R S5 Ego Iis Sy Efyy Iy, Ry, M™)  is obtained

by equating Equation (1) to zero:

TTdr T dt  at dr
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Upon solving and considering the force infection as
T, M* K M*
A=+, 5+ —— Ai=w [+l + ——
H=TDdp T TRt e Ar T Rl T Ioip s

Journal of Applied Mathematics

" v I v,1p My,
=(1- — s
Ao = (1= “”(le+1+p2+<1+p3><M*+C>

the resulting system is

g _ (Bt 1)E}

st = Bs(By(By +uy)Efy) — 01 (Bs + 1) I* = BiEg

H_ b
o+

App(uy +us = 1)(Bs + )

" Bs +

for humans (18)
B = — 0,(Bs + ) )
P+ (g By+ By + By + (ug + By + ) By = Bo(By + 1)
S; _ w)/\;: _ EFAMZ(HZJ Y) ,I;: YEF ,}free—rangedogs (19)
Hy (4, +7)E; -0, Uy T 0,
S5 = (—us— 5y —v2)Ep + 65 A =— Epts (U3 +y1 + 7, +uy) )
U3 (U3 +v1+v, +uy)Ep - 065 )

. . . . . domestic dogs (20)

I = Epy R} = Ep(y, +uy) M= "1Epvs B Epvi YERY, _

U3 T 03 U3+ 7s Hy(ps +03) (o) +py)  py(py +0,)

Thus, E* persists if E;, E, E, > 0 and R, > 1, as stated in
Theorem 3.

Theorem 3. The system model (1) has a unique endemic
equilibrium E* if R,> 1 and Ey, E, Ep > 0.

The endemic equilibrium point E* is globally stable. This
is proved in Appendix A (see Theorem 7).

3.5. Global Sensitivity Analysis. In this study, we employed
Latin hypercube sampling (LHS) and the partial rank corre-
lation coefficient (PRCC) methods to conduct a comprehen-
sive global sensitivity analysis. The LHS technique was used
to generate 1000 model parameter runs, incorporating
uncertainty by treating these parameters as probabilistic var-
iables uniformly distributed over predefined ranges. Follow-
ing this, the PRCC approach was utilized to quantify the
degree of monotonic relationship between each model input
(parameter) and output (state variable), providing insights
into how each parameter influences the model dynamics.
Let X, represent the sampled input parameter and Z; the
corresponding model output, with respective means X and
Z. The PRCC value r, which denotes the correlation between
X; and Z;, is computed as follows:

L Cov(XpZ) _ YR (X -X)(Z-2)
V/Var(X;)Var(Z,) \/Zf\il (Xz' —X)zZﬁl (Zi ~ Z)z

(21)

The PRCC values range within the closed interval [-1,
+1], where values closer to either bound indicate a stronger
monotonic relationship between input parameters and
model outputs. A positive PRCC value (r>0) reflects a
direct (increasing) monotonic relationship, suggesting that

an increase in the input parameter leads to a corresponding
increase in the output variable. In contrast, a negative PRCC
value (r<0) denotes an inverse (decreasing) monotonic
relationship, whereby increasing the input parameter results
in a decline in the associated output. The results of the sen-
sitivity analysis are visually summarized through histograms
presented in Figure 2a,b, and Figure 3a,b, illustrating the
evolution of parameter influence over time. Specifically,
Figure 2a reveals that the parameters 0,, 7, 7,, k;, and «,
exhibit strong positive correlations with the number of
infected humans (I};), indicating that higher values of these
parameters lead to an increased burden of infection in
human populations. Moreover, parameters associated with
environmental contamination, such as the shedding rates
v}, V,, and v, also display positive PRCC values, implying
their significant role in enhancing indirect rabies transmis-
sion through environmental exposure. On the other hand,
parameters such as 3,, p,, p;, and p, exhibit negative PRCC
values with respect to Iy, suggesting that increasing these
parameter values contributes to a reduction in the number
of infections.

Figure 2b of infected free-range dogs I identifies «,, ,,
k5, 05, 05, V1, v,, v5, and C as significant influences of I
throughout the epidemic.

Figure 3a,b illustrates the sensitivity of the model out-
puts to various input parameters. Specifically, Figure 3a
shows that the parameters «,, «,, 05, ¥, ¥,, ¥, f3,, and 0,
exhibit positive PRCC values with respect to the number of
infected domestic dogs (Ip), indicating that increases in
these parameters contribute to a rise in infection levels
within the domestic dog population. Conversely, the param-
eters p,, p,, and p, demonstrate negative PRCC values, sug-
gesting that enhancing these parameters may contribute to a
reduction in Ij,.

85U0| T SUOWILLOD BAFeID 3(ded|(dde 8Ly Aq peuseoh are Sa|oIle YO ‘8SN JO Sa|nJ 10} Afeiq|T 8UIIUO AB]IM UO (SUO I IPUOO-PUe-SWB}/WO00" A3 | 1M AR 1[BU1JU0//SURY) SUORIPUOD PUe SWi 1 8u3 885 *[5202/TT/90] Uo AriqiTauliuo Ao|IM ‘(eluezue]) SN Ad Zy865GSG/eUR/GSTT OT/I0p/L00 A8 |IM ATeiq 1 Bul|uo//sdny Wouy papeojumod ‘T ‘G202 ‘S8TY



Journal of Applied Mathematics

08F
91

06 -
Y T
~
B
£
9 o2p M- i
=4 T 2K, 0, v
i P, M5 em @G 13V

(a)

o
=)

e
o

N
'S

e
o

PRCC for I',

(a)

S o o
iS o %

PRCC for I,
<
(3]

-0.2

(b)

PRCC for M

FIGURE 3: The sensitivity analysis of the model outputs: (a) populations of infected domestic dogs and (b) rabies virus in the environment.

Furthermore, Figure 3b highlights the significant influ-
ence of the environmental shedding rates v, v,, and v; on
the persistence and amplification of rabies in the environ-
ment. These findings underscore the critical role of environ-
mental contamination in the indirect transmission of the
disease. Consequently, effective control strategies should pri-
oritize sustained reductions in these key parameters
throughout the course of the outbreak to mitigate environ-
mental transmission and disease burden.

3.6. Formulation of the Optimal Control Problem. We aim to
reduce the infected human and dog populations while also
optimizing the costs linked to the implementation of control
strategies. The objective function that reduces the I}; and I,
is given by

]
CHIE (ulgih?’mjto K\M +K,Ey + K,I,

(22)
4
1 2
+ K Ep + K5I — KgSp + EZ;A]-uJ) dt
e

350
R R s
il s ot T N
2000 o L0 e SRR SR
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Cumulative incidence of rabies
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s f
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FIGURE 4: The comparison between the reported human rabies
incidence in Tanzania from 1990 to 2018 and the simulation of
Ip(t) from our model (1).
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TABLE 2: Epidemiological parameter data (year ') for Model 1.
Parameters Baseline value Source Estimated value Mean(u) and std(o)
0, 2000 (Estimated) 1993.382113 N(1996.691056  4.4679553)
T, 0.0004 [26] 0.000405 #(0.000402 4 x107°)
T, 0.0004 [26] 0.000604 #(0.000502 1.4 x107")
75 [0.0003 0.0100] (Estimated) 0.000303 A(0.000302 2x10°°)
B, 1/6 [26, 27] 0.165581 #(0.166124  7.68x107)
Vs 0.001 (Estimated) 0.005735 #(0.003367 3.3348 x 107°)
B, [0.54 1] [26, 27] 0.540487 #(0.5402435 3.7815x107")
Bs 1 (Estimated) 0.999301 H(0.9996505 1.6521 x 107*)
I8 0.0142 [28, 29] 0.014417 #(0.014309  1.53x107")
0, 1 [16, 27] 1.006332 N(1.03166 4.47x107)
6, 1000 (Estimated) 1004.12044 (1002.060222  2.913594)
) 0.00006 (Estimated) 0.000020 #(0.000040 2.8x107)
) 0.00005 (Estimated) 0.000081 A(0.000066  2.2x107°)
K5 [0.00001  0.00003] (Estimated) 0.000040 #(0.000025 2.1x107)
14 1/6 (16, 26, 27] 0.166374 H(0.166520  2.07x107*)
vy 0.001 (Estimated) 0.001958 #(0.001479  6.77x107%)
0, 0.09 [27, 30] 0.089556 #(0.089778 3.14x107%)
Uy 0.08 (Estimated) 0.080625 #(0.080313  4.42x107%)
Yy 0.067 (Estimated) 0.066268 H(0.066634 1.58x107")
05 1200 (Estimated) 1203.844461 A(1201.922230  2.718444)
¥, 0.0004 [30, 31] 0.000077 #(0.000238  2.28x107%)
¥, 0.0004 [17] 0.000066 #(0.000233 236 x107)
v, 0.0003 (Estimated) 0.000030 #(0.0003  1.91x107%)
Yy 0.067 (Estimated) 0.080129 #(0.073565  8.056 x 107°)
I 0.08 [27] 0.091393 W(0.085697  8.056 x 10‘3)
Y1 1/6 [26, 27] 0.172489 #(0.169578  4.117 x 107%)
Y2 0.09 [27] 0.090308 #(0.090154 218 x107)
Y3 0.05 (Estimated) 0.050128 A(0.050128  9.1x107°)
v, 0.006 (Estimated) 0.008971 #(0.007485  2.101 x 107%)
P 10 [32] 9.920733 N(9.960366  5.605 x 10*2)
Py 8 (Estimated) 8.116421 M(8.058211  8.2322 x 107%)
Ps 15 (Estimated) 14.917005 N(14.958502  5.8686x 1077)
C 0.003 (PFU)/mL (Estimated) 0.003011 #(0.003005  8.0000 x 10°°)

subject to the control system (1), where K, represents the con-
stant weight for the environment, while K, and K, are the
constant weights for the exposed classes of humans and dogs,
respectively. Likewise, K5 and K. are the constant weights for
the infectious classes of humans and dogs, respectively, and K
is the constant weight for vaccinated domestic dogs. The coef-

ficients A, A,, A;, and A, are relative cost weights allocated to
each specific control measure to transform the integral into
the cost occurred over a time frame of ¢, years. This duration
represents the time period for implementing the controls. In
essence, the cost associated with each control scenario is con-
sidered to follow a nonlinear quadratic pattern, denoted as
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FIGURE 5: Mesh and contour plots showing the combined influence of parameters on %,. (a) &%, in terms of u, and u,. (b) %, in terms of u,
and u,.
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FIGURE 6: Mesh and contour plots showing the combined influence of parameters on %,. (a) %, in terms of u, and u,. (b) &, in terms of u;
and u,.
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FIGURE 8: Impact of the deterrent factor p on the transmission dynamics of rabies in domestic dogs.

Aqu3/2. This cost reflects the expenses incurred in imple-
menting control strategies aimed at promoting environmen-
tally sustainable health practices and management,
specifically surveillance and monitoring. Similarly, A,u3/2
represents the cost of vaccinating domestic dogs, while A;u3/
2 is linked to community education about the risks of rabies
exposure and prevention (public awareness and education).
Meanwhile, A u3/2 pertains to the gradual treatment of
infected individuals by potentially rabid animals (PEP). Each

of these costs contributes to the overall expenditure required
to address and mitigate the risks associated with rabies.
Considering J(u,, u,, U5, 1), the primary goal is to min-
imize the number of exposed and infected for both human
and domestic dogs while simultaneously maximizing the
number of recovered humans and domestic dogs. Conse-
quently, our aim is to determine uj, u3, u3, and uj that sat-
isfy the condition J(uj,u,u,u;)=min J(u,, u,, s, ty),
where U ={u : uismeasurableand0 <u;(t)<1,j=1,--,4,
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fort € [ty, t;]} is the control set, with the state variables Sy
(1) Eg(t), Iy (1), Ry (1), Sg(t), Eg (1), I(2), Sp(t), Ep(t), Iy
(t), Rp(t), and M(t) satisfying the control system (1) and
given initial conditions (2).

3.7. Analysis of the Optimal Control Problem. This can be
proved by characterizing the optimal control via Pontrya-
gin’s maximum principle (PMP), elucidating its essential
features and providing a comprehensive understanding of
its structure and dynamics.

3.7.1. Existence of a Unique Optimal Control. The solution to
our optimal control problem is ensured by applying the
results found in [19, 20].

Theorem 4. The optimal control problem formulated in Sec-
tion 3.6 admits a solution.

Proof 4. We want to show that there exists a control & =
(%), Uy, U5, 11y) € U such that J(u) < J(u) for all u= (u;, u,,
us, u,) € U subject to (1) and (2). This follows from [19, 20]
noting that (i) the control system (1) is linear with respect
to the control variables; (ii) the control set U is bounded,
convex, and closed; and (iii) the integrand of the objective
functional (22) is convex in U. O

Theorem 5. The solution to the optimal control problem for-
mulated in Section 3.6 is unique.

Proof 5. Assume that there exists optimal controls #,, i,,
Uy, Uy and 1y, iy, U5, 1, for the problem of Section 3.6, both
achieving the minimum value of the objective functional:

J(uy, ty, U3, thy) = J (U, Uy, Uy, ty) = D J (U, Uy, Us, Uy).

UyUy Uz, Uy

(23)

Consider the difference between the two optimal con-
trols such that

8uj=ﬁj—ﬁjforj=1,2,3,4.

Since both controls are optimal, we have

J(ty, Uy, Uy, 1) < J (1) + Suy, 11y + Outy, U + Outs, U1y + Outy).
(24)

Expanding the expression (24), and subtracting J(i,,
ily, i1, 11;) from both sides, we get

J(iy + Suy, tty + Suy, 1ty + Sug, 1ty + Suy) — J (), Uy, Us, Uly)

¢ [ 4 4
= Jf (Z 2A,0;,0u; + ZAjSuf) dt.
=t

ty \j=1
(25)
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FIGURE 10: (a—c) Impact of Strategy A on domestic dog population.
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FIGURE 11: (a-d) Impact of Strategy A on free-range dogs and rabies virus.
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FIGURE 12: (a—c) Impact of Strategy B on human population.

Since all terms in expression (25) have nonnegative
integrands,

t 4 4
0< Jf (Z 240,6u; + ZAJ-&{JZ.) dt. (26)
ty \j=1 =1

Now, since 0<u;(t)<1 and 0<du,;(t)<1 for all te€
[to-t7] and j=1,2,3,4, we have

>

0< 2Ajitj6uj < 2Aj|6uj

>

2
0<A;du; < Aj‘(?uj

where [0u;| represents the absolute value of u;. Therefore,

ty \j=1 j=1

t 4 4
ng (ZZAj|auj\ v ZAj‘(Suj‘)dt:O.
ty \j=1 =1

t, [ 4 4
0< Jf (Z 2Aj11j8uj + ZAjéu]%) dt

(27)

The inequality (27) holds if du;(t) =0 for all £ € [ty, /]
and j=1,2,3,4. This implies that #;(t) =u,(t) for all t€

[t tf] and j=1,2,3,4, which means the two optimal con-
trols are the same. O
3.7.2. Characterization of the Optimal Control. PMP, as
applied in [21-23], is now employed to characterize the
solution in Section 3.6. The conditions outlined by the
PMP transform the optimal control problem into the task

of minimizing a pointwise function.
We introduce the Hamiltonian H given by

H=K\M+K,Ey; +K;I;+K,Ep+ K1
1, 1, 1, 15
- KSp + EulAl + EuzA2 + 51,¢3A3 + 5144A3

+ A (0, + BsRy — g Sy — (1= (g +u3))xy)

+ A (1= (uy +u3))x; — (g + By + By + uy)Epy)

+A3(BiEy — (01 + py) 1) + Ay (B, + uy)Egy

= (B + 1y)Ryy) + A5(0, = x5 — 4,5F)

+As(Xo = (o +V)Ep) + A;(YEp — (4 + 02)1 )

+Ag(03 —p3Sp — (1= (uy + 1y)) X5 + V3Rp)

+A((1 = (uy + 1)) x5 = (3 + V1 + 7, + 1y Ep)

+Mo(v1Ep — (45 +03)Ip) + Ay (v, + ua)Ep

= (3 +y3)Rp) + Ay (Vily +v,Ip +v31p) — M),
(28)

o~ o~
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FIGURE 13: (a-c) Impact of Strategy B on domestic dog population.
where Theorem 6. If the optimal control to the problem formulated
in Section 3.6 is u* = (uj, u5, u}, u}), then there exist corre-
sponding adjoint variables A, -+, A, that satisfy the adjoint
X1 = (Tlp + 1, + T3A(M)) Sy system
X = (i Ip + 11 + k3 A(M)) S, oH
!
I I M Ai(t) ===
Xs = ‘//1 F + l//2 D + 1//3 A(M) SD> A(M) _ , J ayj
l+p, 1+p, 1+p, M+C
subject to the transversality conditions
and Ay, .-+, A}, represent the adjoint variables, and y = (M A (tf) =

Sir» Eps I Ryys S Eps I, Spy Eps I, Rpy) are the state vari-
ables. The following result is a direct consequence of PMP
[24] and our results of Section 3.7.1.

for 1 <j<12. Furthermore, the optimal controls u},i=1, -, 4,
are characterized by the maximality condition as follows:

= max

ax

o (102"
(100"
(1027
"

1)

)(Talp + 11 + (MT3/(M + C)))Sy + (Ag — AS)(G)SD> }

A, ’
(Wi Ip/(1+py)) + (wolp/(1+py)) +ysMI(M + C)(1 + P3)))SD> }

4 ’ 29)
(tIp+71,0p+ (T3M/(M+C)))SH)} (
A, ’
Ey(A )+ Ep(Ae = Ayy)
L)
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FIGURE 14: (a-d) Impact of Strategy B on free-range dogs and rabies virus.
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FIGURE 15: (a-c) Impact of Strategy C on human population.
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FIGURE 16: (a-c) Impact of Strategy C on domestic dog population.
where The least square fitting is to minimize the objective func-

v;M
(M+C)(1+ps)

¥olp
I+p,

G= WIIF
I+p,

In Section 4.4, we follow [25] to implement Theorem 6
in MATLAB in an algorithmic way.

4. Quantitative Analysis

Before numerical simulations, the parameters of the mathe-
matical model (1) are estimated to understand the transmis-
sion dynamics of the system with data from Tanzania.

4.1. Model Fitting and Parameter Estimation. To estimate
parameters ©@;, the model is fitted to real-world data using
optimization techniques. The Nelder-Mead algorithm was
employed to minimize the difference between the model’s
predictions Y(®,) and the observed data Y. The estimated
parameters were obtained using the least square fitting of
Iy (t;) through discretization of the system of ODEs, that

is, (1) without controls, as follows:

Iy(t+ At) =1y(t) + (B, - Ex(t;) — (07 + 4y)

Ty(t)) - At 0

tion given as

n(lain MSE(®,) =

i
1

S|~

> (1-Te). G

where MSE(®,) represents the mean squared error, 7 is the
number of data points, while Y, and Y;(®,) are the observed
and predicted values, respectively, at time i.

We have used data from Tanzania from 1990 to 2018
(see Figure 4). The estimated model parameters that we
obtained are shown in Table 2, together with some other
values taken from the literature.

4.2. Impact of Contact Rate, Optimal Control Strategy, and
R,. Mesh and contour plots are shown in Figures 5 and 6.
They illustrate the relationship between %, and u, (¢), which
measures the impact of promoting good health practice and
management; u,(¢), which represents control effort due to
vaccination of domestic dogs; and u, (), which measures the
treatment effort given to people bitten or scratched by a poten-
tially rabid animal (PREP and PEP), along with the recovery
rate as a result of treating infected individuals. It is observed
that the magnitude of &, decreases with an increase in u, ()
, uy(t), and u,(¢). This observation highlights the effectiveness
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FIGURE 17: (a-d) Impact of Strategy C on free-range dogs and rabies virus.
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FIGURE 18: (a-c) Impact of Strategy D on human population.

85U0| T SUOWILLOD BAFeID 3(ded|(dde 8Ly Aq peuseoh are Sa|oIle YO ‘8SN JO Sa|nJ 10} Afeiq|T 8UIIUO AB]IM UO (SUO I IPUOO-PUe-SWB}/WO00" A3 | 1M AR 1[BU1JU0//SURY) SUORIPUOD PUe SWi 1 8u3 885 *[5202/TT/90] Uo AriqiTauliuo Ao|IM ‘(eluezue]) SN Ad Zy865GSG/eUR/GSTT OT/I0p/L00 A8 |IM ATeiq 1 Bul|uo//sdny Wouy papeojumod ‘T ‘G202 ‘S8TY



20 Journal of Applied Mathematics
40 10
\ ’*\\\
\ N
U AN ~
o520 \\\ 2 5 \\\
10 el e
0 0
0 5 10 15 20 0 5 10 15 20
Time (years) Time (years)
7u1#0,u2#0,u3=0,u4=0 — u #0,u,#0,u;,=0,u,=0
- u=0,i=123,4 - w=0,i=12,3,4
(@ (b)
1
o
=
S
f=¥}
v—é 0.5
g
o
&)
0 1 1 1 1 1 1 1 1 I
0 2 4 6 8 10 12 14 16 18 20
Time (years)
— w#0 u,=0
— u,#0 u, =0

(c)

FIGURE 19: (a—c) Impact of Strategy D on domestic dog population.

of u,(t), u,(t), and u,(t) interventions in reducing the trans-
mission of rabies across the community.

The mesh and contour plot representing %, as a func-
tion of y, and y,, which influence the effective reproduction
number in the dynamics of rabies transmission, are shown
in Figure 7. The results demonstrate that the effectiveness
increases along with the values of y, and v,. This indicates
that increased rates of contact have a positive effect on the
dynamics of rabies transmission in domestic dogs.

4.3. Impact of Deterrence Factors on the Transmission of
Rabies in Domestic Dogs. Figure 8 demonstrates that an
increase in deterrence factors leads to a reduction in the
number of exposed and infected domestic dogs. This sug-
gests that deterrence factors exert a significant influence on
the transmission dynamics of rabies in domestic dogs.

4.4. Numerical Simulations. Now, we conduct numerical
simulations involving an optimal control model to analyze
the dynamics and management of rabies in humans, as well
as in free-range and domestic dog populations. The optimal
control solution is obtained by solving the optimality system,
which consists of the adjoint system and the state system,
according with Theorem 6. To solve such system, the
fourth-order Runge-Kutta iterative scheme method is
employed, initializing controls over the simulated time. For
solving the adjoint equations, the backward fourth-order
Runge-Kutta scheme is employed, leveraging existing solu-

tions of the state equations in accordance with the transvers-
ality conditions [33]. Furthermore, updates to the controls
(uy, ty, U, 1) are made using a convex combination of the
prior controls and values from the characterizations [33].
This iterative process continues until the values of
unknowns in subsequent iterations closely approximate
those in the current iteration [20]. Our MATLAB imple-
mentation follows the one discussed in [25]. The values used
for numerical simulation are shown in Table 2.

We incorporate four time-dependent control variables
that are as follows: u, (), which measures the effect of pro-
moting good health practice and management (surveillance
and monitoring) in reducing the possibility of human and
dogs infection with rabies; u,(t), which represents the con-
trol effort due to vaccination of domestic dogs; u;(t), which
measures the impact of educating communities about rabies
transmission risks and protective measures to avoid expo-
sure (public awareness and education); and u,(t), which rep-
resents the treatment effort to individuals exposed to
suspected rabid animals through bites or scratches (PEP).
Strategies for eliminating rabies in humans and dog popula-
tions have been ranked based on their effectiveness, starting
from the least effective and advancing to the most effective as
follows.

4.4.1. Strategy A: Optimal Control With all the Controls u,,
i=1,2,3, 4. Here, we measure the impact of promoting good
health practices and management, vaccinating domestic
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dogs, educating communities, and lastly, providing treat-
ment for those who have been in contact with a potentially
rabid animal through bites or scratches (PEP). This strategy
is aimed at eradicating rabies within the community by
focusing on four key interventions: promoting good health
practices and management, denoted by u,(t); vaccinating
domestic dogs, represented by u,(t); educating communi-
ties, captured by u(t); and administering treatment to indi-
viduals exposed to potentially rabid animals through PEP,
modeled by u,(#). The results demonstrate that the strategy
effectively eliminates rabies within 5 years (see Figures 9, 10,
and 11), with optimal utilization of u, () and u,(t) at 100%
during the first 16 and 6 years, respectively, followed by a
gradual reduction to nonzero. Meanwhile, u,(¢) and u;(¢)
declined over time, reflecting the fact that vaccination does
not confer permanent immunity, as illustrated in the control
profile.

4.4.2. Strategy B: Optimal Control With Controls u; and u,.
We assess the outcomes of public education and awareness
campaigns and the availability of treatment for people
exposed to potential rabies via animal bites or scratches
(PEP). The results are given in Figures 12, 13, and 14.

4.4.3. Strategy C: Optimal Control Using Only Control u,.
Now, we concentrate on the impact of providing treatment
for bitten or scratched individuals by an animal suspected
to be rabid (PEP). Figures 15, 16, and 17 illustrate that the
timely administration of PEP at 100% effectiveness plays a

pivotal role in reducing rabies mortality and curbing disease
transmission within the first 5 years. By treating individuals
immediately after exposure, PEP significantly reduces the
risk of death and halts secondary transmission, particularly
in high-risk areas. The results also reveal that PEP comple-
ments long-term rabies control measures, such as vaccina-
tion and health education. While these strategies are vital,
PEP offers immediate protection, ensuring effective contain-
ment of the disease even after exposure.

4.4.4. Strategy D: Optimal Control With Controls u; and u,.
Finally, we consider the impact of promoting good health
practices and management (surveillance and monitoring)
and vaccinating on domestic dogs. This strategy focuses on
the combined impact of promoting good health practices
and management, including surveillance and monitoring,
represented by u, (¢), along with the vaccination of domestic
dogs, denoted by u,(t). The results indicate that the strategy
is most effective when both control measures are applied at
100%, as illustrated in Figures 18, 19, and 20. The effective-
ness of the strategy was observed between the 4th and 14th
years, followed by a decline after the reduction in control
application. These findings suggest that promoting good
health practices and vaccination can significantly reduce
periodic rabies transmission. However, the data also high-
lights that vaccinating domestic dogs alone is not sufficient
to fully prevent cyclical rabies transmission, primarily due
to the movement of free-roaming dogs that may travel to
rabies-free areas and initiate new outbreaks.
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5. Conclusion

In this work, a new deterministic mathematical model for
rabies disease, incorporating time-dependent control mea-
sures, was formulated and rigorously analyzed. The compari-
son between our effective reproduction rabies number %,
and the basic reproduction number %, of [3] underscores
the importance of implementing robust control measures to
reduce the effective reproduction number and control rabies
transmission. The findings highlight the effectiveness of pro-
moting good health practices, vaccinating domestic dogs,
and providing treatment to exposed individuals. Among the
control strategies, vaccination and PEP treatment stand out
as the most impactful measures for reducing the rabies spread.
However, it is clear that relying on a single intervention may
not be sufficient to fully eliminate rabies transmission. A com-
bination of interventions, including vaccination, health educa-
tion, and treatment, proves to be the most effective approach.
Additionally, controlling the movement of free-roaming dogs
and implementing deterrence measures further enhance the
success of rabies elimination strategies. Ultimately, sustained
control efforts, especially in regions with high rates of dog-
to-dog and dog-to-human contact, are necessary to achieve
long-term rabies eradication. A holistic approach that incor-
porates vaccination, education, treatment, and deterrence
can significantly reduce the transmission dynamics and bring
the effective reproduction number below the critical threshold
needed to eliminate rabies.

Appendix A. Global Stability of Endemic
Equilibrium Point E*

Follows the proof of the result asserted in Section 3.4.

Theorem 7. The rabies disease endemic equilibrium point of
the model (1) is globally asymptotically stable if R, > 1.

Proof 6. We use the Lyapunov function of the model system
(1) as described by [3, 34, 35]. The Lyapunov function # is
defined by

12
X = ZQ-(%—%‘—%‘ In (;—))
i=1 i

where Q; denotes an undetermined positive constant, y, rep-
resents the population of the i compartment, and y; indi-
cates the endemic equilibrium point of the model (1). It is
apparent that the function # satisfies all the criteria for
being a Lyapunov function:

i. At the equilibrium point, % =0, thus E* (S, Ej;, I}
R;i[, S;" E;) I;’ SB’ EE’ IB, RB, ))

il. Z is positive for all other values of Sy, Ey, I, Ry,
SerEps I Spy Epy Iy Ry and M.

A Lyapunov function 7 of the model system (1) is then
defined as
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7 (s-si-5im () v (55
H
Ey X I
- Ej; In (E—*>)+Q3(IH I;;-T;In <ﬁ>)
+Q4<RH—R - Ry ln(ﬁ*)>+Q5(SF—S}
. Sk . E
st (&) v (Ermsi-min ()
+Q7<IF—I -1 ln<§*>>+Q8<SD—SB
. Sp . E
“siin ()] +a(zo-5i-mm () )
* * ID *
+Q10<ID—ID—IDln (I*>)+Q11<RD_SD
D
Ry M
i (22) ) (se-ar-ae i (A1)

(A1)

The time derivative of Equation (A.1) leads to

ax ds,, By dEy
we(ts)ae(g) e
dRy,;
+Qa(1 a0l w) e
a1 3)% a1 )%
sF dt Ep
- dIF das, (A4.2)
()T a(-0) %
dE,, =\ dI,
ro(1-2) T rau(1-2) G

dR M\ dM
__b)I>D - ==
+Q“(1 RD) dt +Q12<1 M) dt
Substituting Equation (1) into Equation (A.2) yields
dx Sy
= (1= ) B ARy =Sy (- m)fi)
H

+ (1= 1) (0= =k

H
I* R*
(1= 1) it + 04 (1~ )
H H
S*
“[MEn = 14Ry] + Qs (1 - S—D [0, = f28F — 14,5k]
E; I;
+ Qs (1 - E—F) [f2Sk = 1sEf] + Q; (1 - I—F)
F F

*

S
“[VEp —n6lp] + Qg (1 - i) 05— u38p
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~(1=1,)f38p + V3Rp] + Qy (1 ) E_)
(1= 15)f2Sp = 1yE] + Qug <1 i E>

Ip

R*
“[V1Ep —noIp] + Qpy (1 - R_z> M10Ep — 111 Rp)

o U

+Qy, (1 -
(A.3)

where

My =ty + Uz, 1, = 0y + phys fr = T I p + I + T3A(M),
Ny = By + gy 1y = B + iy o = K1 L p + 11 + 15 A(M),
Ns=Uy T VN =Yy T 03
fSZ(WIIF N ¥,Ip L ¥ A(M)),

L+p, 14p, L+p,

Hy=Up T Uy g =Us + Y Y, T Uy
Hg =Wz + 03,1 =Y, T Uy

M
M+ C

My = W3+ Ve fa=Vilg + vl p+v3Ip, A(M) =

>

Mo =t + B+ By +uy

At the rabies disease endemic equilibrium point E*,
Equation (A.3) gives
ax S * o * *
—=Q (1= ) [(L=n)f 1S5+ 1Sy~ BsRyy
dt Su

+ B3Ry = 4y Sy = (1=1,)f1 S
+Q2(L—§;>%1—ngﬂsH—(1_"g£ﬁ%EH]

* E: I
w0111 |- BT
H H
_R;I _773E;IRH
v g ) [
Sk ;
+Q5(1 ;)[fzs + Uy St = f2SF = 1 Sg]
_E; _fZSFEF
I ExT
v, (1-7F) [ree- Y]

F

SB * ok * *
+Qg| 1- g [(1=n,)f3Sp + 13Sp — ¥sRp
= (L=n,)f3Sp — #45Sp + y3Rp)

+Q(1-22) [a-nps, - L0

23
_ Ip _ v1Eplp
+ Qo (1 E) I:YIED T}
R} EXR
+ Q11 <1 - i) ["hOED - 171()127;1)}
M fiM
+ <1 - ﬁ) [f4 - M—} (A4)
Expanding (A.4), we obtain that
d% S* 2 S* 2
ar Qi Sy <1 - ﬁ) - Qs.‘"st(l - S_;)
S5\ 2 S
= QgusSp( 1 - S +(1=1m)Qf;Su(1- S
D H
. *S* B Sh B Ry,
(1-7st) ramm(1- ) (1-22)
E; *S*E
e 5) 0-5)
EiI
a5
+Qu1; H(l ) (1 R EH)
caas (- 3)(-53
2
S*
s (1) (- 257
2
s (1-5) (1 1)
Sy )
s0mmads(1- ) (1-53)
S R;
rana(1-2) (1)
Er *S*E
rau-nis (- 2) (- 575)
I ErI
st (1) (1- )
R; EXR
+ Q11’710ED(1 - R_§> (1 - RI};ED
M fiM
~euhi(1=50) (-5,
(A.5)

To simplify Equation (A.5), let

SH b_EH _IH d_RH

a:_*, __*)C__*) - hHx ?
SH EH IH RH
S Be de S
s TEI T sy
E I, R M
m= -2 D

g’n I*’p_R*’q M*’
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k_fl I= f2 Jt= f3 and S=f4

A fi

Upon solving (A.5), the implication equation yields to

ax 1\?* 1\?
W:_QI[’IISH (1 - E) - Q5M23F<1 - E)

1\? 1
- Qsﬂasp(l - E) +(1 _’71)Q1f15H(1 - E)

(1) rasma(1-2) (1)
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. Qs[glEH<1 i) (1 - ) T Q4n3EH(1

' (1_ %) +Q5f28F<1— é) (1_ é)

d

)
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(
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(1- )+Q1J4( ;>1 9.

)

(A.6)

If Q;=1 for i=1<i<12, whereas the coefficients of ak,
el, and ht are set to zero, then Equation (A.6) becomes

dx

+B,R (1
g <1
(

+y,Rp( 1-

+10E (1 )+f4(1—ﬂ—

From Equation (A.7), we have
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1\* 1\* 1\*
H1:‘M15H(1‘5> ‘HzSF(l_E> _H3SD(1_E>’

1 1 1
szﬁlRH(l_d_a+ ad) +:81EH(

c 1

b’

d 1 1 g 1

+1,Ey I—E—H+E +yEg l—f—g
1

Lemma 2. If §(y) =1 -y +Iny, then §(y) <0 where 1 —y <
~In y if and only if y > 0 for all y € R1?*,

From Equation (A.9), we have
1_1_1 L, ! LN (2
d ad \" ")\ ad)
(A.10)

Equation (A.10) is then written using Lemma 2, and the
concept of geometric mean is as follows:

() (-3)
o uons) o

<In (axdx id)zln(l)=0.

a

Following similar procedures in (A.11), we get

+ - <0.

Ul —
S| o=

>

(

Therefore, it follows that d7%’/dt <0 and d7'/dt = 0 only
at the endemic equilibrium point (E*). Hence, using
Lasalle’s extension to Lyapunov’s method, the limit set of
each solution is obtained in the largest invariant set for
which S;; =Sy, Efy=Ey, I5; =Ty, Rl =Ry, Sh=Sp, Ep=
Ep Sh=Sp, Ef =Ep, It = I, R}, =Ry, and M* = M, which
is the singleton {E*}. Hence, the rabies disease endemic
equilibrium point (E*) of the model system (1) is globally
asymptotically stable on a given set when %, > 1.

12)
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Abstract
Background: Rabies is a fatal zoonotic disease causing approximately 70,000 deaths annually worldwide, with 99% of human cases resulting from dog bites (Fatima et al.,

2023). Despite being preventable through vaccination, rabies remains endemic in many developing countries due to limited access to post-exposure prophylaxis and
inadequate dog vaccination coverage (Alemayehu et al., 2024).

Methods: We developed and analyzed integrated deterministic and stochastic mathematical models to understand rabies transmission dynamics among humans, domestic
dogs, and free-roaming dogs. The models incorporate environmental contamination and evaluate multiple control strategies including vaccination, public education,
surveillance, and post-exposure prophylaxis.

Results: The basic reproduction number Ry was derived and analyzed. Stochastic modeling revealed that even when Ry > 1, disease extinction can occur due to random
effects. Optimal control analysis identified that combined vaccination and public education strategies are most effective for rabies elimination.

Conclusion: The study provides evidence-based recommendations for rabies control policies, supporting the global goal of “Zero dog-mediated human rabies by 2030.”

Introduction
Rabies is a zoonotic viral disease caused by Rabies
lyssavirus, primarily affecting the central nervous system
of humans, domestic animals, and livestock (Fatima
et al., 2023). Transmission occurs mainly through dog R
bites or scratches, with 99% of human cases linked to o
dog-mediated exposure (Turner, 2022).
Once infected, the virus causes severe
neuroinflammation and progressive neurological
decline (Kumar et al., 2023). Despite being

, rabies remains a major
public health threat, especially in LMICs, accounting for
59.6% of cases in Asia and 36.4% in Africa, with
70,000 deaths annually (Alemayehu et al., 2024).

| Parameter Estimation & Sensitivity | Optimal Control Strategies |

Control Variables:
o uy(t): Surveillance and monitoring.
@ uy(t): Dog vaccination.
@ us(t): Public education.
o uy(t): Post-exposure prophylaxis.

Parameter Estimation Method:

Probabilty

Most Effective Strategies:
o Strategy A: All controls (near eradication).

[‘ 60 0

© Time (Years) Residuat

Figure 4: (a) Model fitting, and (b) Normal
Distribution at o = 0.05 and 95%

Global Sensitivity Analysis:
o Latin Hypercube Sampling (LHS) with 1000
simulations.

0 10 20

I o Partial Rank Correlation Coefficients (PRCC). Time (years)
Research Objectives: |
The general objective of the study is to develop and 08 2 —
analyze mathematical models of dog bites and estimate :‘:305 oy +0
probability of developing rabies; g 5o
(i) To formulate and analyze a deterministic model that captures S < *
the transmission dynamics of rabies in human and dog % 5 0 P E——

populations. Time (years)

(it) To conduct parameter estimation and sensitivity analysis for
a deterministic model of rabies transmission in human and
dog populations.

(iii) To quantitatively assess the performance of the deterministic

Figure 6: Strategy A Results

PRCC for Iy

Conclusions & Recommendations [
Key Conclusions:

model in predicting rabies transmission .

Develop and analyze a CTMC stochastic model to estimate

the probability of rabies infection.

(v) Assess the impact of intervention strategies using optimal
control theory.

(iv

Deterministic SEIR Model Formulation

Figure 1: Model Schematic

Results for Deterministic SEIR Model

Figure 2: Population dynamics for (a) Sp, and
(b) ED ,/D and RD .

yoki G. Mfinanga, G.A. Ly

ferdiana G. Masanja ( Sc

Figure 5: PRCC Analysis

Model Performance:

Variable MAE MRE (%) R2?

Su 753.83 425  0.99656
Im 89.54 400  0.98543
Sp 168.23 420  0.99544
Ip 10433 400  0.98516
Stochastic CTMC Model
Extinction Probability:
Po = qiaz - 7.

Outbreak Probability:

]P)outbreak =1- ]P)O-

‘ Key Findings:

[ Mathematical Modeling and Analysis of Emerging and R

Initial Infection  Ext. Prob Outb. Prob

Multiple populations 0.12 0.87
Only free-range dogs  0.27 0.72
Single domestic dog 1.00 0.00

@ High outbreak probability when multiple
populations infected.

o Free-range and domestic dogs are main
transmission sources.

ing of Rabies Tr Dynamics: D

@ Dog populations are primary transmission drivers.
@ Combined vaccination, PEP, and education most
effective.

Policy Recommendations:

@ Prioritize mass dog vaccination campaigns.
Enhance public education on rabies prevention.
Implement real-time surveillance systems.
Enforce dog movement control policies.
Integrate environmental hygiene measures.
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