
Bulletin of Mathematical Biology           (2026) 88:79 
https://doi.org/10.1007/s11538-026-01645-z

ORIG INAL ART ICLE

AMathematical Model for Smooth Muscle Cell Phenotype
Switching In Atherosclerotic Plaque

Joseph P. Ndenda1,2 ·Michael G. Watson3 · Ashish Misra 4 ·
Mary R. Myerscough1

Received: 9 December 2025 / Accepted: 1 April 2026
© The Author(s) 2026

Abstract
Smoothmuscle cells (SMCs) play a fundamental role in the development of atheroscle-
rotic plaques. They ingest lipids in a similar way to monocyte-derived macrophages
(MDMs) in the plaque. This can stimulate SMCs to undergo a phenotypic switch
to a macrophage-like phenotype. We formulate an ordinary differential equation
(ODE) model for the populations of SMCs, MDMs and smooth muscle cell-derived
macrophages (SDMs) and the internalised lipid load in each population. We use this
model to explore the effect on plaque fate of SMC phenotype switching. We find that
when SMCs switch to a macrophage-like phenotype, there is an increase in the lipid
quantity in the model plaque that is internalised inside cells. Additionally, removal
of SMCs from the model plaque via phenotype switching reduces the number of
SMCs in the fibrous cap, increases the lipid in the necrotic core, and increases plaque
inflammation. These features are hallmarks of vulnerable plaques, whose rupture can
cause heart attacks or strokes. When SDMs are highly proliferative or resistant to cell
death, the model plaque becomes increasingly pathological. The model suggests that
the switch of SMCs to a macrophage-like phenotype may drive the development of
unstable and pathological plaques.
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1 Introduction

Atherosclerosis remains a major health problem and a leading cause of cardiovascular
disease globally ((WHO) 2021). It is caused by chronic inflammation in the walls of
large and medium-sized arteries. This inflammation results in the formation of fatty
plaques (Gisterå and Hansson 2017; Bäck et al. 2019).

Cholesterol-carrying lipoproteins in the blood, mainly low-density lipoproteins
(LDLs), enter the artery wall where the endothelium (the cell layer that lines the blood
vessel) has become dysfunctional. These LDLs can undergo oxidative and other mod-
ifications that render them pro-inflammatory and immunogenic, and cause them to be
retained in the vessel wall (Libby 2002; Goldberg and Khatib 2022). Modified LDLs
(modLDL) activate resident immune cells in the intima (the part of the artery wall
directly beneath the endothelium). These cells respond by secreting pro-inflammatory
cytokines, which activate the endothelium and recruit circulating monocytes (Bäck
et al. 2019; Libby 2002).

In the intima, monocytes differentiate into macrophages, which express scavenger
receptors and internalise modLDL. Macrophages, in turn, secrete further pro-
inflammatory cytokines such as tumor necrosis factor-alpha (TNF-α) and interleukin-1
(IL-1), which recruit more macrophages and other immune cells into the lesion
(Hansson and Hermansson 2011; Zhou and Hansson 1999). The number of monocyte-
derived macrophages (MDMs) in the plaque is determined by the relative rates of
monocyte recruitment (Kim et al. 2020) , cell death (apoptosis) (Tabas 2010), prolif-
eration (Lhoták et al. 2016), and emigration out of the plaque (Randolph 2008). In
addition to modLDL consumption, macrophages can also acquire internalised lipid
by consuming apoptotic cells (a process known as efferocytosis) (Bäck et al. 2019;
Ford et al. 2019a). Macrophages can reduce their lipid burden by offloading lipid to
high-density lipoprotein (HDL) particles (Brown and Goldstein 1983).

Themedial layer of the arterywall (immediately beneath the intima) contains a pop-
ulation of vascular smooth muscle cells (SMCs). The accumulation of macrophages
in the intimal layer triggers the migration of highly proliferative SMCs into the plaque
(Misra et al. 2018). Recent studies using lineage tracing techniques have shown that
SMC populations in plaques are either mono- or oligoclonal, which implies that very
few SMCs migrate into the plaque from the media (Misra et al. 2018). The prolifer-
ative SMCs accumulate beneath the endothelium and form a fibrous cap that covers
the lipid-filled plaque core. The number of SMCs in the cap is directly correlated
with plaque stability (Allahverdian et al. 2018; Gomez and Owens 2012). A thin cap
increases the risk of plaque rupture, which can lead to clinical complications such as
heart attack or stroke.

Plaque SMCs possess the machinery to undertake phagocytosis (Liu et al. 2021),
and SMCs in culture can rapidly efferocytose apoptotic SMCs (Bennett et al. 2016).
This suggests that SMCs in plaques can acquire internalised lipid through ingestion of
modLDL and apoptotic cells. In response to lipid loading, plaque SMCsmay alter their
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phenotype to becomemacrophage-like cells (Allahverdian et al. 2012). In these SMC-
derivedmacrophage-like cells (SDMs), SMCmarkers are suppressed andmacrophage
markers (including multiple pro-inflammatory genes) are activated (Shankman et al.
2015). In the absence of cellular lineage-tracing, it is therefore difficult to determine
which cells that express macrophage markers are of SMC origin and which are of
monocyte origin.

SDMs exhibit low expression of contractilemarkers and possess similar functions to
MDMs, including innate immune signalling, phagocytosis, and efferocytosis (Bennett
et al. 2016; Allahverdian et al. 2014). However, SDMs may be less effective than
MDMs in clearing lipids and apoptotic cells from the lesion microenvironment, and
they have a reduced phagocytic capacity compared to MDMs (Beyea et al. 2012;
Wang et al. 2019). They are also known to have a significantly reduced capacity to
export internalised lipid to HDL meaning that, relative to MDMs, they retain a larger
proportion of the lipid that they ingest (Allahverdian et al. 2012). On the other hand,
SDMsmay proliferate muchmore rapidly thanMDMs, to the extent that SMC-derived
cells in plaques have been likened to tumour cells (Pan et al. 2024).

MDMs and SMC-derived cells can undergo programmed cell death in the plaque
to become lipid-bearing apoptotic cells. If these apoptotic cells are not ingested and
removed by living cells, they undergo secondary necrosis which leads to the formation
of a necrotic core (Thorp and Tabas 2009). The necrotic core, a hallmark of advanced
atherosclerosis, is associated with a high risk of thrombosis (blood clot formation)
following plaque rupture (Bäck et al. 2019).

Mathematical modelling has increasingly been used to explore the cell and lipid
dynamics of atherosclerotic plaque progression (El Khatib et al. 2009; Ougrinovskaia
et al. 2010; Cohen et al. 2014; Bulelzai et al. 2014; Ford et al. 2019b; Chambers et al.
2023, 2025). Ford et al. (2019b) developed a system of partial integro-differential
equations to model the internalised lipid load distributions in live and apoptotic plaque
macrophages. The authors explored how the trafficking of lipid between these popula-
tions contributes to the long-term formation of a necrotic core. Chambers et al. (2024)
extended this model to include macrophage proliferation by assuming that parent cell
internalised lipid is distributed between daughter cells during division. This provides
a means to reduce internalised lipid loads in plaque cells.

Several existing models have explicitly focussed on the role of SMCs in plaques.
Watson et al. (2018) developed a one-dimensional multiphase model to investigate
fibrous cap formation by plaque SMCs. Their findings provide insight into how SMC
behaviour can influence fibrous cap thickness, but the model does not consider the
impact of phenotype switching from SMCs to SDMs. Pan et al. (2021) present a two-
dimensional, hybrid discrete-continuous model that considers phenotype switching
of plaque SMCs. The model identifies that the SMC-to-SDM transition can reduce
fibrous cap thickness and increase necrotic core size, but the phenotypic switching
rate in this model is assumed to be constant and does not depend on SMC internalised
lipid loads.

In this paper, we propose an ordinary differential equation (ODE) model for plaque
cell and lipid dynamics that incorporates phenotypic switching of SMCs to SDMs
in response to SMC lipid loading. The model accounts for the population sizes and
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internalised lipid loads of MDMs, SMCs, and SDMs, and explores the implications
of SMC phenotypic switching for long-term plaque fate.

The remaining sections of this paper are structured as follows. The mathematical
model formulation is presented in Section 2. Steady state analysis of a reduced model
is presented in Section 3, followed by numerical results of the full model in Section
4. We conclude, in Section 5, by discussing the findings of this study.

2 Model Formulation and Definitions

The model assumes that the plaque contains a dynamic mixture of LDL and HDL
particles, MDMs, SMCs, SDMs, apoptotic cells, and necrotic core material. We let
M(t),C(t), and S(t) be time-dependent variables that represent the respective numbers
ofMDMs, SMCs, and SDMs.We define Am(t), Ac(t), and As(t) as the corresponding
total lipid loads of these populations. The lipid inside each cell is assumed to include
both the endogenous lipid a0 (e.g., lipid in cell membranes), and lipid internalised
from other sources. Additionally, Ap(t) is the total lipid load of apoptotic cells, N (t)
is the lipid in the necrotic core, L(t) is the total lipid on modLDL particles, and H(t)
is the total capacity of HDL particles to accept lipids offloaded by plaque cells. The
equations that govern the evolution of these time-dependent quantities are presented
below. Figure 1 presents a schematic diagram of the processes considered in themodel.

2.1 LDL and HDL

We assume that lipid on native (unmodified) LDL particles enters the artery wall
at a constant rate �σL , where � denotes the rate of serum entry into the artery wall
(volume per unit time), and σL denotes the lipidmass on LDL particles per unit volume
of serum.Once inside the arterywall, the LDLparticles are rapidlymodified to become
modLDL. Lipid on modLDL particles is consumed by MDMs, SDMs, and SMCs at
rates ηm, ηs , and ηc (per cell per unit time), respectively. With these assumptions, the
dynamics of L(t) can be modelled by:

dL

dt
= �σL − (ηmM + ηs S + ηcC)L. (1)

We assume that HDL particles also enter the artery wall at constant rate�, and that
these particles have a fixed capacity σH for lipid acceptance (lipid mass capacity per
unit volume of serum). Lipid is offloaded from MDMs and SDMs to HDL particles
at the respective rates ξm and ξs (lipid mass per cell per HDL particle per unit time).
The expression of genes to promote cholesterol exporter protein ATP-binding cassette
transporter A1 (ABCA1), which are needed for lipid offload to HDL, is low in SDMs
compared to MDMs, so that ξm > ξs (Wang et al. 2019; Cai et al. 2019). We assume
that SMCs lack the machinery to offload lipid to HDL, and so ξc ≡ 0 (Allahverdian
et al. 2012). The lipid mass capacity of a HDL particle when it enters the artery wall is
denoted H0, and we assume that HDL particles become fully loaded with lipid before

123



A Mathematical Model for Smooth Muscle Cell Phenotype… Page 5 of 35    79 

Fig. 1 Schematic diagram showing the interactions between cell and lipid species in the model plaque.
Solid arrows indicate processes that affect the dynamics of both cells and lipids; dashed arrows indicate
processes that affect only the dynamics of lipids. Labels on arrows correspond to the rate constants that
appear in the differential equation model

leaving the artery wall. With these assumptions, the model for HDL capacity is:

dH

dt
= �σH − (ξmM + ξs S)

H

H0
. (2)

2.2 Monocyte-DerivedMacrophages (MDMs)

We assume that monocytes enter the plaque from the bloodstream in response to pro-
inflammatory cytokine signals, and then rapidly differentiate into macrophages. As
cytokine signals are produced in response to modLDL accumulation (Hansson 2005)
and macrophage lipid loading (Allahverdian et al. 2014; Harrington 2000; Reape and
Groot 1999), we assume that the rate of recruitment of MDMs into the plaque is given
by:

f (L, M, S, Am, As) = αm
L + τm(Am − a0M) + τs(As − a0S)

κm + L + τm(Am − a0M) + τs(As − a0S)
.
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Here, we assume that pro-inflammatory cytokine production in the plaque occurs
proportionally to a total lipid stimulus L + τm(Am − a0M) + τs(As − a0S), and that
the rate of monocyte recruitment is a saturating function of this stimulus with maximal
recruitment rate αm . The magnitude of the lipid stimulus is a weighted sum of the total
quantities of lipid in modLDL, and internalised in the MDM and SDM populations
(with weightings 1, τm , and τs , respectively). Half-maximal recruitment occurs when
the value of the lipid stimulus is equal to κm .

In addition to recruitment, we assume that MDMs die via apoptosis, proliferate,
and emigrate out of the plaque. The dynamics of M(t) are therefore modelled by:

dM

dt
=

recruitment
︷ ︸︸ ︷

f (L, M, S, Am, As) +
proliferation

︷ ︸︸ ︷

ρmM −
apoptosis
︷ ︸︸ ︷

βmM −
emigration
︷ ︸︸ ︷

γmM , (3)

where βm is the MDM apoptosis rate, γm is the MDM emigration rate, and ρm is the
MDM proliferation rate.

The dynamics of AM (t), the total lipid load of all MDMs, are modelled by:

d Am
dt

=
recruitment

︷ ︸︸ ︷

a0 f (L, M, S, Am , As ) +
modLDL ingestion

︷ ︸︸ ︷

ηmLM −
offload to HDL

︷ ︸︸ ︷

ξmHM

H0
+

necrotic lipid consumption
︷ ︸︸ ︷

θmNM

+ φm ApM
︸ ︷︷ ︸

efferocytosis

+ a0ρmM
︸ ︷︷ ︸

proliferation

− βm Am
︸ ︷︷ ︸

apoptosis

− γ Am
︸ ︷︷ ︸

emigration

. (4)

The model assumes that MDMs can internalise lipid from modLDL, apoptotic cells,
and necrotic cells at rates (per cell per time) ηm , φm , and θm , respectively. The MDM
population acquires additional lipid when new cells enter the system. This corresponds
to the endogenous lipid which is either carried into the plaque by newly-recruited cells,
or de novo synthesised during local proliferation (Chambers et al. 2024; Rodriguez
Sawicki et al. 2019; Scaglia et al. 2014). The total internalised lipid in MDMs is
reduced when cells emigrate, die, or efflux lipid by offloading to HDL at rate ξm

H0
(per

cell per time).

2.3 SmoothMuscle Cells (SMCs) and SmoothMuscle Cell-DerivedMacrophages
(SDMs)

A small number of SMCs, recruited into the plaque from the media, rapidly proliferate
to colonise the region beneath the endothelium (Misra et al. 2018). Exposure to lipids
can stimulate these SMCs to differentiate into macrophage-like cells (Allahverdian
et al. 2014), but this phenotypic change canbe reversedby lipid offloading (Vengrenyuk
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et al. 2015). Therefore, we model the dynamics of C(t) by the equation:

dC

dt
=

proliferation
︷ ︸︸ ︷

ρc

(

1 − C

Cmax

)

C −
apoptosis
︷︸︸︷

βcC −

SMC-to-SDM switch
︷ ︸︸ ︷

δcC

(

Ac
C − a0

)n

αn
c +

(

Ac
C − a0

)n

+

SDM-to-SMC switch
︷ ︸︸ ︷

δs S

⎛

⎜

⎝1 −
(

As
S − a0

)n

αn
s +

(

As
S − a0

)n

⎞

⎟

⎠ . (5)

The first term represents the proliferation of SMCs in the cap region, where ρc denotes
the maximum proliferation rate and Cmax denotes the carrying capacity. Physically,
the value of the carrying capacity is assumed to reflect the availability of growth
factors and space proximal to the endothelium (Hedin et al. 2004;Mehrhof et al. 2005).
Mathematically, a growth limiting term is required to prevent unbounded SMC growth
in the absence of phenotype switching. The second term in equation (5) represents
SMC apoptosis at rate βc.

We assume that the likelihood of an SMC becoming a SDM increases with lipid
loading, and that the likelihood of a SDM reverting to a SMC decreases with lipid
loading. This is modelled by the final two terms in (5), where δc is the maximum
SMC-to-SDM switching rate, and δs is the maximum SDM-to-SMC switching rate.
The overall switching rates are assumed to be functions of the ingested lipid per cell.
That is, ( Ac

C −a0) and ( As
S −a0) for the forward and backward switching, respectively.

We use aHill function formulation to express the fact that the SMC-to-SDMphenotype
switch is unlikely if average SMC lipid is low, and the SDM-to-SMCphenotype switch
is unlikely if average SDM lipid is high. The exponent n � 1 controls the sharpness
of the switch. The average ingested lipid loads for a half-maximal switching rate are
αc and αs , where we assume αc > αs .

Plaque SMCs express various receptors that mediate modLDL uptake (Liu et al.
2021). SMCs in culture also rapidly ingest apoptotic SMCs (Bennett et al. 2016). We
therefore assume that the total lipid load of the SMC population Ac(t) has dynamics
given by:

d Ac

dt
=

modLDL ingestion
︷ ︸︸ ︷

ηcLC +
efferocytosis
︷ ︸︸ ︷

φc ApC +

proliferation
︷ ︸︸ ︷

a0ρc

(

1 − C

Cmax

)

C −
apoptosis
︷ ︸︸ ︷

βc Ac

− δc Ac

(

Ac
C − a0

)n

αn
c +

(

Ac
C − a0

)n

︸ ︷︷ ︸

SMC-to-SDM switch

+ δs As

⎛

⎜

⎝1 −
(

As
S − a0

)n

αn
s +

(

As
S − a0

)n

⎞

⎟

⎠

︸ ︷︷ ︸

SDM-to-SMC switch

, (6)
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where ηc and φc are the rates (per cell per time) of lipid ingestion from modLDL and
apoptotic cells, respectively. As for MDMs, we assume that proliferating SMCs de
novo generate endogenous lipid for their daughter cells. This produces the proliferation
term in equation (6). The remaining terms in equation (6) represent the lipid lost
to the apoptotic lipid pool upon SMC apoptosis, the lipid transferred to the SDM
population upon SMC-to-SDM phenotypic switching, and the lipid regained from
the SDM population upon SDM-to-SMC phenotypic switching. We remark that, for
equation (6) to remain physically valid, we must avoid the ambiguity of “negative
proliferation” that arises if C(t) > Cmax . For the model as a whole, we therefore
impose the notional restriction that C(t) � Cmax for all t � 0.

The SDM population dynamics share features of the MDM and SMC populations.
The SDMs are subject to phenotypic switching, proliferation (at rate ρs), and apoptosis
(at rate βs), and we assume that they do not emigrate (Liu et al. 2021; Bennett et al.
2016). The SDM dynamics S(t) are modelled by the equation:

dS

dt
=

SMC-to-SDM switch
︷ ︸︸ ︷

δcC

(

Ac
C − a0

)n

αnc +
(

Ac
C − a0

)n +
︷︸︸︷

ρs S
proliferation

−
apoptosis

︷︸︸︷

βs S −

SDM-to-SMC switch
︷ ︸︸ ︷

δs S

⎛

⎜

⎝1 −
(

As
S − a0

)n

αns +
(

As
S − a0

)n

⎞

⎟

⎠ . (7)

We assume that SDMs ingest lipid from modLDL, apoptotic cells, and necrotic
material at rates (per cell per time) ηs , φs , and θs , respectively. We also assume that
SDMs can offload ingested lipid to HDL at rate ξs

H0
(per cell per time). The dynamics

of the total lipid load of the SDM population As(t) therefore follow:

d As
dt

=
modLDL ingestion

︷ ︸︸ ︷

ηs LS −
HDL offloading

︷ ︸︸ ︷

ξs H S
H0

+
necrotic lipid consumption

︷ ︸︸ ︷

θs N S +
efferocytosis

︷ ︸︸ ︷

φs ApS

+ δc Ac

(

Ac
C − a0

)n

αnc +
(

Ac
C − a0

)n

︸ ︷︷ ︸

SMC-to-SDM switch

+ a0ρs S
︸ ︷︷ ︸

proliferation

− βs As
︸ ︷︷ ︸

apoptosis

− δs As

⎛

⎜

⎝1 −
(

As
S − a0

)n

αns +
(

As
S − a0

)n

⎞

⎟

⎠

︸ ︷︷ ︸

SDM-to-SMC switch

. (8)

In the above equation, we assume that the parameters ηs , φs and θs all have smaller
values than the corresponding parameters (ηm , φm , θm) for MDMs.

2.4 Apoptotic Lipid and Necrotic Core Lipid

We assume that all cell types contribute to a single class of apoptotic cells when they
die.As such, a cell does not “know”whether the apoptotic lipid it ingestswas originally
contained in a MDM, SMC, or SDM. All apoptotic cells undergo secondary necrosis
at rate ν if not ingested by another live cell. The total mass of lipid in the apoptotic
lipid pool Ap(t) is therefore governed by the equation:

d Ap

dt
= βm Am + βs As + βc Ac − (φmM + φs S + φcC) Ap − νAp, (9)
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where the first three termsmodel the accumulation of apoptotic lipid due to plaque cell
apoptosis, the following three termsmodel plaque cell ingestion of apoptotic lipid, and
the final term models the loss of apoptotic lipid due to secondary necrosis of apoptotic
cells.

The corresponding dynamics of the necrotic lipid mass N (t) are given by the
equation:

dN

dt
= νAp − (θmM + θs S) N , (10)

where the first term represents necrotic lipid generation due to secondary necrosis
of apoptotic cells, and the final two terms represent necrotic lipid consumption by
MDMs and SDMs. It is assumed that SMCs do not consume necrotic lipid as plaque
cell necrosis occurs mostly in the core of the plaque, which is distal to the cap region
where SMCs accumulate.

2.5 Initial Conditions andModel Parameterisation

At time t = 0, the equations (1)–(10) are subject to the initial conditions:

L(0) = H(0) = M(0) = Am (0) = C(0) = Ac(0) = S(0) = As (0) = Ap(0) = N (0) = 0. (11)

From these zero initial conditions, plaque formation is initiated by an influx of LDL
lipid which, in turn, stimulates the recruitment of MDMs. No SMCs, nor SDMs, enter
the plaque at this stage. Consistent with experimental observations, we assume that
SMCs first enter the plaque several weeks after the MDMs (Misra et al. 2018). Thus,
at time t = tc > 0, we introduce a small population of SMCs containing only their
endogeneous lipid by setting:

C(tc) = Cinit , and Ac(tc) = a0 Cinit . (12)

The subsequent growth of this SMC population by proliferation provides a potential
source of SDMs via phenotypic switching.

A comprehensive effort has been made supply the model with accurate parame-
ter estimates based on available experimental data. See Table 1 for a summary of
the dimensional parameters used in the model and references to studies from which
estimates were obtained.

2.6 Measures of Model Plaque Pathology

Themodel plaques that are generated by solving the above equations can all be consid-
ered pathological to some degree – they represent mature plaques that have progressed
to the stage of SMC infiltration. However, the extent of this pathology will naturally
vary as parameter values are modified. As is the case for real atherosclerotic plaques,
the current model admits no single metric that can uniquely describe the extent of
model plaque pathology. Instead, we consider that the key features of a highly patho-
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logical model plaque are: (1) a large macrophage population, M(t)+ S(t); (2) a small
cap SMC population,C(t); and (3) a large necrotic lipid mass, N (t). These factors can
be linked, respectively, to (1) high-grade inflammation; (2) a thin fibrous cap; and (3)
a large necrotic core, which are the features most frequently used to classify instability
and vulnerability to rupture in real atherosclerotic plaques (Virmani et al. 2000).

2.7 Nondimensionalisation

We rewrite the model equations (1)–(10) in terms of the following dimensionless
variables, denoted with tildes:

t̃ := βmt, C̃ := βm

αm
C, S̃ := βm

αm
S, M̃ := βm

αm
M, L̃ := βm

a0αm
L, H̃ := βm

a0αm
H ,

Ãc := βm

a0αm
Ac, Ãs := βm

a0αm
As Ãm := βm

a0αm
Am , Ã p := βm

a0αm
Ap, Ñ := βm

a0αm
N .

The corresponding dimensionless model parameters are defined in Table 2.
Dropping the tildes for notational convenience, we have the following non-

dimensional ODE system:

dL

dt
= σL − (ηmM + ηs S + ηcC)L (13a)

dH

dt
= σH − (ζmM + ζs S)H (13b)

dC

dt
= ρc

(

1 − C

C0

)

C − βcC −
δcC

(

Ac
C − 1

)n

αnc +
(

Ac
C − 1

)n + δsα
n
s S

αns +
(

As
S − 1

)n (13c)

d Ac
dt

= ηcLC + �c ApC + ρc

(

1 − C

C0

)

C − βc Ac −
δc Ac

(

Ac
C − 1

)n

αnc +
(

Ac
C − 1

)n + δsα
n
s As

αns +
(

As
S − 1

)n

(13d)

dS

dt
=

δcC
(

Ac
C − 1

)n

αnc +
(

Ac
C − 1

)n + ρs S − βs S − δsα
n
s S

αns +
(

As
S − 1

)n (13e)

d As
dt

= (

ηs L − ζs H + �s Ap + �s N + ρs
)

S − βs As +
δc Ac

(

Ac
C − 1

)n

αnc +
(

Ac
C − 1

)n − δsα
n
s As

αns +
(

As
S − 1

)n

(13f)
dM

dt
= L + τm (Am − M) + τs (As − S)

� + L + τm (Am − M) + τs (As − S)
+ ρmM − M − γ M (13g)

d Am
dt

= L + τm (Am − M) + τs (As − S)

� + L + τm (Am − M) + τs (As − S)

+ (

ηmL − ζmH + �m Ap + �mN + ρm
)

M − (1 + γ ) Am (13h)
d Ap

dt
= Am + βs As + βc Ac − (�mM + �s S + �cC) Ap − νAp (13i)

dN

dt
= νAp − (�mM + �s S) N (13j)
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These equations are once again subject to zero initial conditions at time t = 0.
SMCs are introduced into the system at time t = tc > 0 according to the following
conditions:

C(tc) = Ac(tc) = Cinit . (14)

We remark that the proof of existence of solutions for the system (13) remains an
open problem.However, given that theODEs primarily contain linear or bilinear terms,
with a few bounded and continuous nonlinear terms, we anticipate the existence of
physically meaningful solutions for all time with the initial conditions that we impose.
In all that follows, we therefore assume that solutions do indeed exist.

3 Reduction to Three Equations—Dynamics of SMC Phenotypic
Switching

In this section, we use a reduced version of the system (13) to study SMC phenotypic
switching in isolation from the other processes in the model plaque. To make this
feasible, we set δs = 0 and assume that SMC lipid uptake occurs at the constant rate
�c > 0, which is independent of L(t) and Ap(t). This decouples equations (13c) to
(13e) from the rest of the system and allows us to analyse the long-termdynamics of the
SMC and SDM populations in the presence of SMC lipid loading. The dimensionless
equations of interest in this case are:

dC

dt
= ρcC

(

1 − C

C0

)

− βcC − δcC

(

Ac
C − 1

)n

αn
c +

(

Ac
C − 1

)n , (15a)

d Ac

dt
= �cC + ρcC

(

1 − C

C0

)

− βc Ac − δc Ac

(

Ac
C − 1

)n

αn
c +

(

Ac
C − 1

)n , (15b)

dS

dt
= δcC

(

Ac
C − 1

)n

αn
c +

(

Ac
C − 1

)n − (βS − ρS) S. (15c)

We note that equation (15c) for the SDM population only supports a non-trivial
steady state solution if βS −ρS > 0. Otherwise, any supply of SDMs from phenotypic
switching of SMCs leads to unbounded growth of S(t). In what follows, we therefore
assume βS > ρS .

Steady state analysis of the system (15) can be simplified by replacing the equation
for the total lipid load of all SMCs, Ac, with the corresponding equation for the average
SMC lipid load, Āc = Ac

C � 1. We therefore study the alternative system:

dC

dt
= ρcC

(

1 − C

C0

)

− βcC − δcC

(

Āc − 1
)n

αn
c + (

Āc − 1
)n , (16a)
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d Āc

dt
= �c − ρc

(

1 − C

C0

)

(

Āc − 1
)

, (16b)

dS

dt
= δcC

(

Āc − 1
)n

αn
c + (

Āc − 1
)n − (βS − ρS) S. (16c)

The system (16) has two steady state solutions
(

C∗, Ā∗
c , S∗). The first is:

(

C∗
1 = 0, Ā∗

c,1 = 1 + �c

ρc
, S∗

1 = 0

)

. (17)

This corresponds to the trivial steady state
(

C∗ = 0, A∗
c = 0, S∗ = 0

)

of the system
(15), and indicates that, on approach to this steady state, the average ingested lipid load
maintains a non-zero value. Assuming that C∗ �= 0, the second steady state solution
of (16) is:

(

C∗
2 = C0

[

1 − �c

kρc

]

, Ā∗
c,2 = 1 + k, S∗

2 = C∗
2

βs − ρs

[

�c

k
− βc

] )

, (18)

where k > 0 denotes the average ingested SMC lipid load at steady state, and corre-
sponds to the real, positive solution of the equation:

(βc + δc) k
n+1 − �ck

n + αn
cβck − αn

c�c = 0. (19)

The steady state solution (18) is positive and, hence, physical provided that:

ρc >
�c

k
, (20)

where:
�c

k
= βc + δc

kn

αn
c + kn

, (21)

such that �c
k ∈ (βc, βc + δc). We note that, in the special case n = 1, equation (19)

is a quadratic in k that has the positive solution:

k = �c − βcαc +
√

(�c + βcαc)
2 + 4δc�cαc

2 (βc + δc)
. (22)

To determine the stability of the steady state solutions (17) and (18), we derive the
Jacobian matrix J

(

C, Āc, S
)

of the system (16). The Jacobian matrix is:
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J
(

C, Āc, S
) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

ρc

(

1 − 2C
C0

)

− βc − δc

(

Āc−1
)n

αnc +(

Āc−1
)n − nαnc δcC

(

Āc−1
)n−1

(

αnc +(

Āc−1
)n

)2 0

ρc
C0

(

Āc − 1
)

ρc

(

C
C0

− 1
)

0

δc

(

Āc−1
)n

αnc +(

Āc−1
)n

nαnc δcC
(

Āc−1
)n−1

(

αnc +(

Āc−1
)n

)2 ρs − βs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (23)

Evaluating the Jacobian at the non-trivial steady state (18) gives:

J
(

C∗
2 , Ā

∗
c,2, S

∗
2

) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

�c
k − ρc − nαn

c δckn−1C0

(

1− �c
kρc

)

(αn
c +kn)

2 0

kρc
C0

−�c
k 0

�c
k − βc

nαn
c δckn−1C0

(

1− �c
kρc

)

(αn
c +kn)

2 ρs − βs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (24)

This matrix has the eigenvalue λ = ρs − βs < 0. The remaining eigenvalues are

determined by the entries in the upper left 2×2matrix,whichwedenote J2
(

C∗
2 , Ā

∗
c,2

)

.

Assuming that ρc > �c
k , we have trJ2

(

C∗
2 , Ā

∗
c,2

)

< 0, and detJ2
(

C∗
2 , Ā

∗
c,2

)

> 0,

which implies that both eigenvalues of the matrix J2
(

C∗
2 , Ā

∗
c,2

)

have negative real

parts. Hence, the steady state solution (18) is stable when it is physical because all

three eigenvalues of J
(

C∗
2 , Ā

∗
c,2, S

∗
2

)

have negative real parts.

Evaluating the Jacobian at the trivial steady state (17) gives:

J
(

C∗
1 , Ā

∗
c,1, S

∗
1

) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

ρc − βc − δc

(

�c
ρc

)n

αn
c +

(

�c
ρc

)n 0 0

�c
C0

−ρc 0

δc

(

�c
ρc

)n

αn
c +

(

�c
ρc

)n 0 ρs − βs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (25)

This matrix has the real eigenvalues λ1 = ρc − βc − δc

(

�c
ρc

)n

αn
c +

(

�c
ρc

)n , λ2 = −ρc, and

λ3 = ρs −βs . The steady state solution (17) is therefore an unstable saddle point when
λ1 > 0, and a stable nodewhen λ1 < 0. Using the condition (20) and equation (21), we
deduce that λ1 > 0 when the steady state (18) is physical, and λ1 < 0 otherwise. This
analysis implies that the model SMC population will die out in the long-term if the
rate of SMC proliferation is insufficient to dominate the combined rates of apoptosis
and phenotype switching. The absence of SMCs removes the supply of new SDMs,
so the model SDM population will also die out in the long-term in this case.
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Fig. 2 Bifurcation diagram
showing the physical steady
state solutions (17) and (18) as
functions of ρc . Blue lines show
C∗, black lines show S∗, and red
lines show Ā∗

c (both C∗ and S∗
are normalised by the SMC
carrying capacity C0). Stable
branches are indicated by solid
lines, and unstable branches by
dashed lines. We set �c = 3,
and the values of all other
relevant parameters are given in
Table 2

Figure 2 plots the stable and unstable branches of the physical steady state solutions
(17) and (18) as functions of the SMC proliferation rate ρc for �c = 3 and all
other parameters at their baseline values. The plot shows that long-term extinction of
the SMC (and SDM) population requires ρc < �c

k ≈ 1.568, while, at the baseline
proliferation rate (ρc = 8), the steady state SMC population is relatively close to its
theoretical maximum. When C∗ > 0, we find that the ratio of the plotted SMC and

SDM population sizes remains constant (i.e., S∗
C∗ =

�c
k −βc
βs−ρs

≈ 4.558). This is because
the average ingested SMC lipid load k is independent of ρc for the non-trivial steady
state solution (18).

Figure 3 shows additional bifurcation diagrams for the steady state solutions (17)
and (18) as functions of the SMC lipid ingestion rate �c (Figure 3a) and the maximal
phenotypic switching rate δc (Figure 3b). It is noticable in both plots that only relatively
small values of these parameters are required for the steady state SDM population size
S∗ to exceed the steady state SMC population size C∗.

Since the condition (20) is always satisfied for the baseline parameter values, we
find that the nontrivial steady state solution (18) is stable for all�c > 0. As�c → ∞,

the phenotypic switching rate is maximised. In this case,
C∗
2

C0
→ 1 − βc+δc

ρc
= 0.6,

Ā∗
c,2 → ∞, and

S∗
2

C0
→

(

δc
βs−ρs

)

C∗
2

C0
= 6. The approach to this limiting behaviour can

be observed in Figure 3a as �c increases.
Destabilisation of the nontrivial steady state (18) can be achieved by increasing

either βc or δc. This occurs trivially if βc > ρc, but the situation for δc is more
complicated. Figure 3b indicates that the average SMC lipid load at steady state Ā∗

c,2 =
k + 1 is a decreasing function of δc. This makes sense because an increase in the loss
of SMCs to phenotypic switching leads to an increase in SMC proliferation, which
in turn reduces average SMC lipid loads (see equation (16b)). As the steady state
SMC population size C∗

2 is an increasing function of k, we find that C∗
2 is also a

decreasing function of δc. For the baseline parameter values with �c = 3, C∗
2 is seen

to decrease very slowly with increasing δc (Figure 3b). The value of C∗
2 is observed

to remain positive until δc ≈ 6350, at which point the non-trivial steady state solution
(18) exchanges stability with the trivial steady state solution (17). The steady state
SDM population S∗

2 is found to have a non-monotonic dependence on δc (not shown
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Fig. 3 Bifurcation diagrams showing the steady state solutions (17) and (18) as functions of (a) �c and (b)
δc . Blue lines show C∗, black lines show S∗, and red lines show Ā∗

c (both C
∗ and S∗ are normalised by the

SMC carrying capacity C0). Stable branches are indicated by solid lines, and unstable branches by dashed
lines. In (b), we set �c = 3. Otherwise, all relevant parameters have the values given in Table 2

in Figure 3b). For the baseline parameter values with �c = 3, S∗
2 is maximised for

δc ≈ 220.

4 Results from the Full Model

Figure 4 shows time-dependent solutions for the atherosclerotic plaque cell and lipid
dynamics for the complete model system (13). We first set Cinit = 0, and allow the
MDMpopulation to evolve in isolation (Figures 4a and 4b). The initial accumulation of
extracellular modLDL lipid elicits a near-maximalMDM recruitment response, which
is then sustained by the subsequent internalisation of modLDL lipid, endogenous
lipids, and lipids fromapoptotic and necrotic cells. Eventually, both theMDMnumbers
and the total MDM lipid load reach a peak before decreasing slightly to equilibrium.

Results for the model with MDMs, SMCs, and SDMs are shown in Figures 4c
to 4f. In this simulation, the plaque is seeded with a small initial SMC population
Cinit = 0.0005 at time t = tc = 1.7. The rapid proliferation of these cells quickly
drives the SMC population size towards its phenotype switching-free equilibrium
(Figure 4c). As the per capita SMC proliferation rate declines, the average SMC lipid
load increases (Figure 4e), which drives the phenotypic switching of SMCs to SDMs.
The sustained phenotypic switching of SMCs to SDMs causes a small reduction in
the SMC population and, in the long-term, leads SDMs to become the dominant cell
type in the model plaque (Figure 4c).

Comparing Figure 4d with Figure 4b shows that the inclusion of SMCs and SDMs
in the model leads to a greater than 2-fold increase in the total lipid held in the plaque.
As the rate of modLDL influx remains constant, and the MDM dynamics are largely
unaffected,we conclude that this increase is caused by the substantial de novo synthesis
of endogenous lipid by the rapidly proliferating SMCs and SDMs. Naturally, some
of this additional lipid remains internalised in the SMCs and SDMs. However, we
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Fig. 4 Time-dependent solutions of the model system (13). Panels (a) and (b) show, respectively, the time
evolution of the cell and lipid quantities with MDMs only (Cinit = 0). Panels (c), (d), (e) and (f), show,
respectively, the time evolution of the cell quantities, lipid quantities, average cellular lipid loads, and
compartmental lipid proportions with all cell types included. Panels (g) and (h) show, respectively, the time
evolution of the cell quantities and lipid quantities with MDMs and SMCs only (δc = 0). Unless otherwise
stated, all parameter values are given in Table 2
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Fig. 5 Plot showing the time
evolution of the fraction of cells
in the model plaque that are
derived from the initial SMC
population. The curve is plotted
against physical time to admit
comparison with the
experimental data in Figure 2d
of Misra et al. (2018)

also observe increases in the long-term quantities of MDM lipid, necrotic lipid, and
apoptotic lipid (around 3-, 4-, and 5-fold greater than in Figure 4b, respectively).
Factors that most likely contribute to these increases are: (1) the absence of SDM (and
SMC) emigration out of the plaque, and (2) the relatively large rate of SDM apoptosis.
Noticeably, long-term modLDL lipid levels are reduced by around 50% because there
are now more cells in the plaque, including SMCs, that can internalise lipid from
modLDL.

Figure 4f shows how the proportion of lipid in each model compartment changes
over time. Although the proportion of lipid in modLDL is initially decreasing, and the
proportion of lipid in MDMs, apoptotic cells and necrotic cells is initially increasing,
a noticeable change in the dynamics occurs upon the emergence of SDMs at around
t = 3. As the proportion of lipid in the SDMs grows, there is an acceleration in the
growth of the proportions of necrotic, apoptotic, and MDM lipid at the expense of the
proportions in SMCs and modLDL.

Figure 5 plots the fraction of SMC-derived cells in the model plaque, C+S
C+S+M ,

against physical time using the data from Figure 4c. Consistent with observations from
lineage tracing experiments inmousemodels (Misra et al. 2018; Shankman et al. 2015),
this plot demonstrates that cells of SMC origin eventually outweigh the proportion
of MDMs in the plaque. The temporal evolution of the SMC-derived cell fraction
predicted by the model compares favourably with the experimental measurements at
weeks 6, 12, and 16 shown in Figure 2b of Misra et al. (2018). While it is encouraging
to see the model results align with available experimental data, we emphasise that
there may be many alternative model parameterisations capable of producing similar
outcomes.

To verify that the increased amounts of apoptotic, necrotic, and MDM lipid seen in
Figure 4d are indeed due to the presence of SDMs, we set δc = 0 to simulate a scenario
where SMCs cannot change phenotype (Figures 4g and 4h). In this case, we observe
relatively minor increases in the apoptotic, necrotic and MDM lipid. This confirms
that it is the emergence of SDMs via phenotype switching that drives the previously
observed increase in total lipid in these compartments. Comparing Figures 4h and 4d
shows that, in the absence of phenotype switching, the SMC population holds around
4 times more lipid in the long-term. However, in this case, there are no detrimental
effects that arise from this increased lipid loading.

123



   79 Page 22 of 35 J. Ndenda et al.

Fig. 6 Plots showing the percentage change in steady state SMC numbers (cyan lines) and necrotic lipid
mass (magenta lines) in themodel plaque as the parameters (a)ηc , (b)�c , (c) δc , and (d)αc are independently
varied from their baseline values

Figure 6 presents plots that show the percentage change in steady state necrotic
lipid and cap SMCs as parameters that control SMC lipid consumption (ηc, �c) and
phenotypic switching (δc, αc) are varied in the model. As noted in Section 2.6, long-
term SMC numbers and necrotic lipid mass can be considered important indicators
of the clinical risk associated with a plaque. Figures 7a to 7d present complementary
information for the case in which ηc is varied (Figure 6a) by showing details of
corresponding changes in cell numbers, lipid quantities, average cellular lipid loads,
and compartmental lipid proportions.

In Figures 6a and 7a to 7d, the horizontal axis shows the rate of consumption of
modLDL by SMCs (ηc) relative to that byMDMs (ηm).We observe that as ηc increases
from 0 to 0.8ηm , SMC numbers reduce by around 15%, while the SDM population
increases almost 9-fold (Figure 7a). This is because the phenotypic switch that SMCs
undergo is driven by lipid loading, so that if SMCs ingest lipid more rapidly, they are
more likely to adopt a macrophage-like phenotype. TheMDM population is relatively
insensitive to changes in modLDL uptake by SMCs. Thus, as ηc increases beyond
about 0.25ηm , SDMs become the dominant cell type in the plaque at steady state
(Figure 7a).
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Figure 7b indicates that, for all ηc ∈ [0, 0.8ηm], the MDM population is the com-
partment that carries the most lipid. This lipid load increases around 2.5-fold with
ηc, reflecting an increase in the average cellular lipid load from around 6 to 16 lipid
units (Figure 7c). The amount of necrotic lipid at steady state increases by a similar
extent to the MDM lipid over the range of ηc considered. Predictably, as ηc increases,
a lower proportion of lipid is in modLDL and a higher proportion is in inside SDMs
(Figures 7d and 7e). The proportion of lipid in the other compartments does not change
significantly at steady state (Figure 7d), but it must be remembered that there is much
more lipid in the system overall when ηc is large.

The results in Figures 7d and 7e indicate that, for small ηc, MDMs are the major
lipid-handling cells in the model plaque. However, as ηc increases, SDMs bear an
increasing lipid burden. Since, in this model, SDMs cannot emigrate out of the plaque,
and have limited capacity for lipid export toHDL, an increase in the lipid held in SDMs
results in MDMs accumulating more lipid via phagocytosis of apoptotic and necrotic
lipid contributed bySDMdeath. These results suggest that lipid accumulation in SDMs
may be linked to an increased likelihood of unstable, lipid-filled plaque formation.

Figure 6b shows the percentage change in steady state SMC numbers and necrotic
lipid mass relative to baseline (�c = 0.2�m) as the SMC efferocytosis rate is varied
over the range �c ∈ [0, 0.6�m]. The results are qualitatively similar to those for the
case where ηc is varied (Figure 6a), showing an increase in necrotic lipid accumulation
and a decrease in cap SMC numbers as �c increases. Figures 6a and 6b therefore
confirm that the mechanism of SMC phenotypic switching assumed in this model is
independent of the origin of the lipid consumed by SMCs.

The results in Figures 6c and 6d illustrate the impact of varying the maximum SMC
phenotypic switching rate δc, and the average ingested lipid load for half-maximal
SMC switching αc, respectively, on SMC numbers and necrotic lipid at steady state.
Consistent with the observations in Figure 4, reducing δc from its baseline value
towards zero results in a dramatic reduction in necrotic lipid and a mild increase in
SMC numbers. Increasing δc above its baseline value reverses these trends, but the
necrotic lipid quantity is less sensitive to changes in δc in this case (Figure 6c). For αc,
we observe a trend of increasing SMC numbers and decreasing necrotic lipid as αc

is increased (Figure 6d). This is because increasing αc suppresses the net phenotypic
switching rate of SMCs to SDMs when the average ingested SMC lipid load is small.
In practice, this can lead to a temporal delay in the emergence of a SDM population.
For example, with αc = 7, we find that SDM numbers remain at negligible levels
(< Cinit ) for approximately 2 weeks of physical time longer than for the baseline case
(results not shown).

Figures 8a and 8b illustrate the percentage changes in steady state SMC numbers
and necrotic lipid as the SDM proliferation rate ρs , and the SDM apoptosis rate βs are
independently varied from their baseline values. To ensure that the SDM population
does not grow without bound, we consider only values of ρs and βs for which the net
SDM death rate is positive (i.e., βs − ρs > 0). As ρs increases above baseline, or βs

decreases below baseline, the steady state necrotic lipid increases dramatically. This is
due to a substantial increase in the steady state SDM population (see Figure 10a). The
fact that Figures 8a and 8b are almost mirror images implies that the net SDM death
rate βs − ρs in equation (13e) is the key parameter combination that underlies these
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Fig. 7 Effect of varying the rate of SMCmodLDL consumption over the range ηc ∈ [0, 0.8ηm ]. Panels show
steady state (a) cell quantities, (b) lipid quantities, (c) average cellular lipid loads, and (d) compartmental
lipid proportions as functions of ηc . Panel (e) shows the time evolution of compartmental lipid proportions
for ηc = 0 (top) and ηc = 0.8ηm (bottom). For all simulations, the MDM modLDL consumption rate ηm
is held at its baseline value
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Fig. 8 Plots showing the percentage change in steady state SMC numbers (cyan lines) and necrotic lipid
mass (magenta lines) in the model plaque as the parameters (a) ρs , and (b) βs are independently varied
from their baseline values

Fig. 9 Plot showing the steady
state fraction of macrophages
that are SDMs as a function of
the net SDM death rate, βs − ρs .
For this plot, βs is held at its
baseline value, while ρs is
varied over the range [2.8, 5.2]

results. This is despite the fact that ρs and βs appear independently in equation (13f).
As the net SDM death rate approaches zero, there is a rapid increase in the proportion
of plaque macrophages, at steady state, that are SDMs (Figure 9). This corresponds
to a highly pathological plaque state.

A more detailed illustration of the effects of changing the SDM apoptosis rate
βs (for fixed ρs) is given in Figure 10. For βs close to ρs (small net death rate),
the dramatic increase in steady state SDM numbers is accompanied by a dramatic
increase in the amount of lipid held in both the SDM and MDM populations (Figure
10b). However, the average lipid per cell in MDMs at steady state is much higher than
the average lipid per cell in SDMs (Figure 10c), and MDMs carry a larger proportion
of the plaque intracellular lipid (Figure 10d). As well as presumably contributing to
substantial plaque growth, our results suggest that a small net SDMdeath ratemay lead
to increased plaque inflammation as heavily lipid-laden MDMs are likely to release
more inflammatory cytokines.

To comprehensively study the effect of varyingparameter values away frombaseline
on the steady state solutions of the model, we used Latin hypercube sampling and
calculated partial rank correlation coefficients (PRCCs) (Blower and Dowlatabadi
1994; Marino et al. 2008) with 1000 simulations per run. The results of this sensitivity
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Fig. 10 Effect of varying the SDMapoptosis rate over the range βs ∈ [5.1, 5.7]. Panels show steady state (a)
cell quantities, (b) lipid quantities, (c) average cellular lipid loads, and (d) compartmental lipid proportions
as functions of βs

analysis are shown in Figure 11. For a given model variable and parameter, a PRCC
value close to+1 or−1 indicates a strong positive or negative correlation, respectively,
between the parameter and the value of the variable at steady state. Positive PRCC
values indicate that the value of the variable increases as the value of the parameter
increases, while negative PRCC values indicate that the value of the variable decreases
as the value of the parameter increases. Figure 11 shows that theMDMemigration rate,
and the MDM and SDM proliferation and apoptosis rates (γ , ρm , ρs , βs) clearly have
the most impact on cell populations. (Recall that the MDM apoptosis rate βm has been
scaled to 1 in the dimensionless system (13), so is not explicitly varied in this analysis).
The values ρs and βs also have a significant impact on the intracellular lipids, and the
apoptotic and necrotic lipids, as shown above. Interestingly, the parameter related to
phenotypic switching that has the greatest impact is αc, which defines the average
ingested lipid load for a half-maximal SMC switching rate. In addition to the expected
influence on steady state SMC and SDM populations, αc also strongly impacts the
lipid held in each of the three cell types as well as in apoptotic cells.
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5 Discussion

This paper presents anODEmodel of SMCphenotypic switching in the atherosclerotic
plaque. We use the model to explore the impact of SMC phenotypic switching on
plaque progression, with a focus on cell dynamics and lipid accumulation. The model
assumes that plaque cells can ingest lipid from modified LDL particles and dead
cells, and that plaque cells can efflux lipid to HDL particles. The model also includes
recruitment of MDMs, emigration of MDMs, and proliferation and death of all plaque
cell types. We explore how SMC phenotypic switching into macrophage-like cells
(SDMs) can drive pathological plaque formation by increasing necrotic core lipid and
depleting the fibrous cap SMC population.

Themodelling assumptions incorporate several significant observations from recent
experimental studies. For example, the murine plaque lineage tracing study by Misra
et al. (2018) showed that the plaque SMC population is initiated by one or two highly
proliferative progenitor cells that enter the plaque after 5–6 weeks of feeding on a
high-fat diet. This is modelled by assuming that the SMC population is zero for the
first 5 weeks of physical time before a very small number of rapidly proliferating
SMCs is added to the plaque to initiate population growth. The in vitro study by
Vengrenyuk et al. (2015) showed that cholesterol loading of vascular SMCs leads
to reduced expression of typical SMC markers and increased expression of typical
macrophage markers. Vengrenyuk et al. (2015) further showed that these trends of
marker expression can be reversed if SMCs can offload their internalised lipid. These
observations are modelled by assuming bidirectional phenotypic switching between
SMCs and SDMs, where the respective switching rates are given by appropriately
defined functions of internalised cellular lipid loads.

The full mathematical model (13), which comprises ten coupled nonlinear ODEs,
is naturally complicated because many players contribute to lipid trafficking in mature
plaques. However, under some simplifying assumptions, we find that the dynamics
of SMC phenotypic switching can be well captured by a three-equation submodel
(15) that decouples from the full system. Steady state analysis of this reduced model
provides insight into the factors that determine the long-term size of the model SDM
population. This insight is valuable because numerical simulations of the full model
suggest that SDM population growth is a key driver of model plaque pathology. The
results in Figures 7 and 10, for example, show that an increase in the long-term SDM
population size leads to a concurrent increase in the lipid held in the necrotic core.

Steady state analysis of the reduced model reveals that, in the absence of SDM-
to-SMC restoration (δs = 0), the fates available for the SMC-derived populations are
co-existence (18) and extinction (17). For long-term coexistence of SMCs and SDMs
in the model plaque, the rate of SMC proliferation must exceed the rate of SMC
loss due to the combined effects of apoptosis and phenotypic switching. It is perhaps
surprising to find that excessive phenotypic switching of SMCs can cause extinction of
both cell populations, but this is because we assume that SDM apoptosis exceeds SDM
proliferation (βs > ρs). In the alternative case where ρs > βs , extinction of the SMC
population remains possible, but the SDM population always grows without bound.
The potential for unbounded SDM population growth could be removed from the
model by introducing a bounded, nonlinear (e.g., logistic) term for SDM proliferation.
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Fig. 11 Results of a parameter sensitivity analysis on the model (13) showing PRCC values for each model
parameter with respect to steady state (a) cell quantities, (b) intracellular lipid quantities, and (c) apoptotic
and necrotic lipid quantities. Parameters were varied by ±20% from their baseline values, and the baseline
parameter values used in this analysis are listed in Table 2. Samples violating the constraint ρs ≤ βs were
excluded from the analysis to avoid scenarios with unrealistic growth of the SDM population
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However, we chose not to pursue this in the current study because: (1) any choice of
limiting population size would be arbitrary; and (2) the SDM lipid equation (13f)
would become ambiguous if this limiting size was exceeded.

The steady state analysis of the reduced model is valid and interesting in itself.
However, it is natural to consider whether this analysis remains valid in the context
of the full model. The numerical steady state solutions presented in Section 4 provide
evidence that it does. As βs is reduced towards ρs in Figure 10, for example, we see a
substantial increase in the SDMpopulation (Figure 10a), andminimal variation in both
the SMC population (Figure 10a) and the SMC average lipid load (Figure 10c). This is
consistent with the steady state solution (18), in which S∗

2 is inversely proportional to
βs − ρs , and both C∗

2 and Ā∗
c,2 are independent of βs . Consistency between analytical

and numerical results can also be seen in Figure 7. As the SMC modLDL ingestion
rate ηc is increased, the qualitative trends in the steady state values of C (Figure 7a),
Āc (Figure 7c), and S (Figure 7a) are the same as those depicted in Figure 3a for
an increasing SMC lipid ingestion rate �c. In Appendix A we provide an alternative
perspective on the consistency between outcomes for the reduced model and the full
model. Using the baseline parameter values as a reference case, we demonstrate the
validity of the simplifying assumptions that are used to derive the reduced model.

Results from numerical simulations of the full model collectively highlight the crit-
ical role of SMCs in lipid trafficking within the plaque. When SMCs ingest sufficient
lipid frommodLDL or apoptotic cells, they transition to SDMs, which ultimately con-
tribute to expansion of the plaque necrotic core. Figure 4d, for example, shows a 4-fold
increase in necrotic lipid compared to an equivalent case where no SMCs enter the
model plaque (Figure 4b). The loss of functional SMCs due to phenotypic switching
also reduces the cap SMCpopulation, which then relies upon rapid and sustained SMC
proliferation to prevent excessive depletion of these critical cells. The necrotic lipid
accumulation and cap SMC loss that we observe in the presence of SMC phenotypic
switching is indicative of heightened plaque vulnerability. The model therefore sug-
gests that inhibiting SMC-to-SDM phenotypic switching, by targeting processes such
as SMC lipid consumption, could help to reduce plaque vulnerability.

The full model leads us to the following conclusions about the impact on plaque
fate of SMCs switching phenotype to become macrophage-like SDMs.

• The total number of plaque cells with macrophage phenotype can increase signif-
icantly when SMCs switch to SDMs. When the net SDM death rate is small, this
can result in dramatically more macrophage-like cells in the plaque. This result
is in agreement with results from experiments in mice, where observations show
that large and growing plaques may contain significant populations of SDMs (Pan
et al. 2024).

• In themodel,MDMnumbers are not significantly altered in the presence of SDMs.
However, the average MDM lipid load is significantly increased in the presence of
SDMs. Several factors contribute to this phenomenon. First, the rapid and unfet-
tered proliferation of SDMs increases the overall plaque lipid content via the de
novo endogenous lipid synthesis required to form new daughter cells. Second, it
is assumed that SDMs cannot offload internalised lipid to HDL as efficiently as
MDMs (Francis 2023), nor emigrate out of the plaque taking their internalised
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lipid with them. Hence, the only fate available to SDMs is to die in the plaque.
When an SDM dies, its internalised lipid is added to the apoptotic lipid pool. This
lipid is mainly efferocytosed by MDMs, whose efferocytosis rate in the model is
four times that of SDMs and five times that of SMCs.

• The average SDM lipid load in the model is considerably smaller than the average
lipid load of MDMs. This observation reflects differences between the population
dynamics and lipid trafficking properties of the two cell species. SDMs have sub-
stantially higher proliferation and death rates compared to MDMs. This means
that the lipid in SDMs is frequently divided between daughter cells that ultimately
have short lifespans with limited time for lipid consumption. Moreover, SDMs
consume all types of lipid at a slower rate than MDMs. Hence, even though the
SDM population may be large, a very significant proportion of plaque internalised
lipid is still held by MDMs. If our assumptions are valid, we would expect that
most of the heavily lipid laden cells in a plaque are MDMs and not SDMs.

The theoretical work presented in this paper is encouraging because the findings
align with the prevailing hypothesis that SDMs can exacerbate plaque progression
(Shankman et al. 2015). Moreover, there are several interesting emergent phenomena
in the results. We are hesitant, however, to label the model as “predictive”. Rather, we
consider that the model identifies potential avenues for future experimental investiga-
tion that could ultimately validate (or otherwise) the current modelling assumptions.

The model contains a large number of parameters. While comprehensive efforts
have been made to obtain accurate estimates (see Table 1 and Figure 5) and identify
the parameters thatmost influence plaque fate (Figure 11), we have not explicitly quan-
tified the uncertainty in our estimates nor identified correlations between individual
values. We consider this to be an important target for future work.

We have performed a preliminary structural identifiability analysis of the model
using the Julia package StructuralIdentifiability.jl (Dong et al. 2023). This analysis
aims to ascertain whether the model parameters could be recovered if constrained by
perfect (i.e., continuous and noise-free) data on a given set of model outputs. Making
the conservative assumption that only the cell population sizes (M(t), C(t), S(t)) are
observable, we find that StructuralIdentifiability.jl fails to produce an output for the
full model. This suggests that the model may be too large and complex to perform
the necessary algebraic computation. Reduction techniques such as generalised first
integrals (Liyanage et al. 2026) may therefore be required to simplify the system.

Repeating the above analysis for the reducedmodel, we find that, with known initial
conditions, almost all parameters are globally identifiable. The only exceptions are:
(1) ρs and βs which are globally identifiable only as the combination (ρs − βs); and
(2) αc, which is locally identifiable. This preliminary analysis builds confidence that
the reduced model is amenable to parameter estimation and uncertainty quantification
via practical identifiability analysis. Of course, real experimental data (such as that
in Misra et al. (2018)) is neither continuous nor noise-free, which may prove to be
restrictive. Moreover, even if data can be used to accurately parameterise the model,
this does not rule out the possibility that modelling choices such as the functional
forms for the phenotypic switching rates are misspecified (Browning et al. 2026).
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The model reported in this work has some limitations to be addressed in future
studies. For example, the ODE formulation of the model means that the phenotypic
switching rates are expressed in terms of the average ingested lipid loads across the
entire SMC and SDM populations. In reality, the cells within these populations will
have a spectrum of ingested lipid loads, and only a particular subset of cells would
be likely to undergo phenotype change at any given time. This limitation could be
addressed by formulating the model with resolution in cellular lipid loads (Ford et al.
2019b; Chambers et al. 2024). In such a framework, the lipid-dependent cell behaviour
could also be extended to include MDMs. Here, we assume that MDMs can acquire
very large lipid loads without any loss of normal function. If MDM function were
assumed to be impaired by lipid loading (Chambers et al. 2023; Watson et al. 2023),
it is possible that the implications of SMC phenotypic switching for plaque fate could
be considerably worse than predicted in this study.

A further interesting target for future studies is to formulate the model with resolu-
tion in space. This could lead to a more comprehensive understanding of exactly how
cap SMCs are exposed to lipid in the plaque, and how the movement of plaque cells
(e.g., SDMs vacating the cap region) influence the long-term fate and spatial structure
of the plaque. An intriguing possibilitywould be to combine spatial structurewith lipid
structure, as reported in a recent model for macrophages in the early human plaque
(Chambers et al. 2025).

The model proposed in this paper is informed by observations of plaque SMC
behaviour in murine models of atherosclerosis, and we therefore urge some caution
in interpreting our findings with respect to the human condition. We assume, for
example, that the plaque is initially devoid of SMCs until they enter the plaque as cap-
forming cells (Misra et al. 2018). This particular assumption is not consistent with
human atherosclerosis because the human intima contains a resident SMC population
that is present prior to plaque growth. Despite this difference, experimental studies
have shown consistency of human pathology with mouse models in many aspects
of plaque SMC behaviour, including in phenotypic switching to SDMs (Misra et al.
2018; Shankman et al. 2015). Thus, we anticipate that our findings should at least be
qualitatively conserved in the case of human atherosclerosis, even if not all SMCs that
differentiate into SDMs contribute to depletion of the fibrous cap.

Thismodel for vascular SMCphenotypic switching in atherosclerosis highlights the
crucial role of SMCplasticity on the dynamics of cells and lipids during atherosclerotic
plaque progression. The reported results offer potentially useful insights that may
contribute to the future development of therapeutic strategies aimed at stabilising
vulnerable plaques and mitigating adverse cardiovascular outcomes.

Appendix A Validity of Model Reduction

The reduced model (15) that we analyse in Section 3 is derived from the full model
(13) via two simplifying assumptions. First, that SDM-to-SMC phenotypic switching
is negligible (i.e., δs = 0); and, second, that the total rate of lipid ingestion per SMC
is constant (i.e., ηcL(t) + �c Ap(t) ≈ �c). Figure 12 plots additional data from the
base case simulation (Figures 4c–4f) to show that these assumptions can be valid.
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Fig. 12 Evidence for the validity of the model reduction in Section 3. Plots show the time evolution of (a–c)
magnitudes of terms in the ODEs for C(t), Ac(t), and S(t), respectively, and (d) lipid ingestion rates per
SMC, for the system (13) with parameter values in Table 2. In (a–c), parameters in legend entries denote
which terms are plotted on each line. A legend entry with two parameters indicates that the contributions of
two individual terms have been combined. In (d), plots show the total rate of lipid ingestion (ηcL +�c Ap),
the rate of modLDL lipid ingestion (ηcL), and the rate of apoptotic lipid ingestion (�c Ap)

Figures 12a, 12b, and 12c plot the time evolution of magnitudes of terms in the ODEs
forC(t), Ac(t), and S(t), respectively. These plots show that the contributions of terms
in δs remain small relative to other terms in the equations for all time. Figure 12d shows
that the total rate of lipid ingestion per SMC (ηcL + �c Ap) has only mild temporal
variation during the simulation. This is because, while the rate of modLDL lipid
ingestion (ηcL) decreases, there is a compensatory increase in the rate of apoptotic
lipid ingestion (�c Ap). These plots suggest that the reducedmodel of SMCphenotypic
switching (15) can be sufficient to encapsulate the key features of SMC phenotypic
switching in the full model (13). This implies that the results from the steady state
analysis in Section 3 can approximately hold for the full model.
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