
The Nelson Mandela AFrican Institution of Science and Technology

NM-AIST Repository https://dspace.mm-aist.ac.tz

Computational and Communication Science Engineering Research Articles [CoCSE]

2023-12

Optimal control and cost effectiveness

analysis of contamination associated

with aflatoxins in maize kernels,

livestock and humans

Mgandu, Filimon

Elsevier

https://doi.org/10.1016/j.rico.2023.100313

Provided with love  from The Nelson Mandela African Institution of Science and Technology



Results in Control and Optimization 13 (2023) 100313

A
2
(

O
a
F
a

4
b

c

d

A

K
A
O
C

1

a
T
o
d
a

P

h
R

Contents lists available at ScienceDirect

Results in Control and Optimization

journal homepage: www.elsevier.com/locate/rico

ptimal control and cost effectiveness analysis of contamination
ssociated with aflatoxins in maize kernels, livestock and humans
.A. Mgandu a,b,∗, S. Mirau a, N. Nyerere c, F. Chirove d

School of Computational and Communication Science and Engineering, The Nelson Mandela Institution of Science and Technology, P.O. Box
47, Arusha, Tanzania
Department of ICT and Mathematics, College of Business Education, P.O. Box 2077, Dodoma, Tanzania
Department of Mathematics and Statistics, Sokoine University of Agriculture, P.O. Box 3038, Morogoro, Tanzania
Department of Mathematics and Applied Mathematics, University of Johannesburg, P.O. Box 524, Auckland Park, South Africa

R T I C L E I N F O

eywords:
flatoxin contamination
ptimal control
ost effectiveness

A B S T R A C T

Aflatoxin contamination poses a significant challenge in food safety and security as it affects
both health of consumers and supply chains. Due to health impacts associated with aflatoxin
contamination, countries have set standards and restrictions for importing food crops and
animal feed, resulting in greater economic losses to farmers, transporters, and crop processors.
Three controls, namely good farming practices, biological control and public education and
awareness campaigns, have been mostly used in countries where aflatoxin contamination has
occurred. Since resources are scarce, there is a need to find the optimal and cost-effective
strategy to reduce the burden on farmers. This study aimed to find optimal and cost-effective
control strategy to mitigated aflatoxin contamination in maize kernels, livestock and humans.
A deterministic model was developed and analyzed for studying the impact of implementing
three time dependent controls on the dynamics and control of aflatoxin contamination in maize
kernels, livestock and humans. We use optimal control theory to find the necessary conditions
for existence of the optimal controls and to determine the optimal strategy for controlling the
aflatoxin contamination. We also carry out cost-effectiveness analysis through Incremental Cost
Effective Ratio (ICER) to obtain the most effective strategy. Simulation results for the optimal
control problem suggest that strategy which involve implementation of all controls performs
well than other strategies in controlling the aflatoxin contamination in maize kernels, livestock
and humans. Therefore, to control aflatoxin contamination initiatives should focus on good
farming practices, biological control and public education and awareness campaigns.

. Introduction

Aflatoxins are poisonous substances that are produced by Aspergillus flavus and Aspergillus parasiticus (certain types of fungi) that
re found naturally all over the world and can grow in the soil, on decaying vegetation, and grains if conditions are favorable [1,2].
emperatures around 30 ◦C [2], relative humidity between 80% and 85% [3], water activity between 0.81–0.99𝑎𝑤 [4,5], soil pH at
ptimum range of 3 to 7 [6,7] and other factors are ideal for Aspergillus to grow and produce aflatoxin. There are more than 20
ifferent types of aflatoxins, but the most important are B1, B2, G1 and G2 with aflatoxin B1 being the most frequent in food crops
nd having greater toxin power [2,3,8,9]. When contaminated food is processed, aflatoxins enter the general food supply, where
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they can be found in both human food and feed for agricultural animals. Livestock fed on contaminated food can also pass aflatoxin
into eggs, milk products and meat [10]. Humans get aflatoxin through consuming contaminated food, products of contaminated
animals like meat, eggs, and milk products, or from mother to child through breastfeeding [11].

Aflatoxin contamination has been reported to have effects on the health of consumers and business chains. Consuming high doses
f aflatoxin in a short period can cause acute aflatoxicosis, leading to death [12]. Intake of low to moderate doses of aflatoxins over
prolonged time period results in immunity suppression to all age groups, children’s impaired growth and liver cancer [2,13,14].
mong these effects liver cancer is the most severe and well known [12]. Estimates show that among 782,200 new cases of liver
ancer per year globally, more than 28.2% are associated with aflatoxin contamination, and 40% occurs in Africa [12,15,16]. Health
mpacts associated with aflatoxin contamination have forced countries to set standards and restrictions for importing food crops and
nimal feed, resulting in greater economic losses for farmers, transporters, and crop processors. For example, the European Union
llows maize and groundnuts with below 5 μg∕kg and 8 μg∕kg aflatoxin concentrations respectively to be imported and consumed

for food or feed [17]. The East African Community allows maize with below 10 μg∕kg to facilitate equal standard in importing and
exporting maize among member countries [18]. The Food and Agriculture Organization of the United Nations (FAO) estimates that
more than 25% of the world’s food crops exceeds the aflatoxin standards and are destroyed each year [11,19,20]. It is estimated
that aflatoxin contamination causes losses to the maize industry ranging from USD 52.1 million to USD 1.68 billion annually in the
United States [21,22]. In Africa, Aflatoxin contamination cause losses of more than USD 750 millions annually [23,24].

Aflatoxin contamination in maize predominantly affects the maize kernels, which serve as a great source of nutrients for growth
and aflatoxin production [25–28]. The aflatoxin-producing fungi grow and produce toxins on the surface of maize kernels before
and after harvest that remain concentrated in the kernels. Aflatoxin-producing fungi can infect other parts of the maize plant,
including the stems, leaves, and husks [29]. However, the concentration of aflatoxin is higher in the kernels, making them the
primary concern when it comes to food safety and human health risks [25,29]. Since farmers and food processors are interested
in storing maize kernels for future use, at any point, maize kernels will be in storage for a prolonged period of time, leading to
post-harvest contamination. In our model, we are considering the average contamination rate of maize kernels from both pre- and
post-harvest for simplicity.

Current control strategies in preventing aflatoxin contamination can be grouped into good agricultural practices, education
and awareness, biological and physical control. The good agricultural practices that reduces aflatoxin contamination involve using
resistant cultivars, crop rotation, weed and pest control, and proper drying and storage [20,30–32]. On education and awareness,
people are required to take balanced and diversifying diets by reducing over consumption of most susceptible crops like maize and
groundnuts [33]. The education and awareness also insist on proper feeding of livestock and avoiding more susceptible feed [33,34].
Biological control involves the use of atoxigenic fungi (non-aflatoxigenic) to competitively displace the toxigenic fungi (aflatoxigenic)
for example Aflasafe [20,35]. Physical controls involve segregation, sorting, heating or cleaning contaminated crops [36,37].

Mathematical models can be used to study the dynamics of aflatoxin contamination from food crops to livestock and humans.
With these models, different control strategies can be tested and simulated to ascertain their effectiveness before implementation.
Models help to identify high and low risk areas based on historical data, the life cycle of aflatoxin-causing moulds, and environmental
and weather factors. The types of mathematical models used range from empirical to mechanistic models [38,39]. Empirical models
are based on statistical analysis of data observed in field experiments to establish the relationship between yields or aflatoxin
contamination and climate variables. On the other hand, mechanistic models are based on cause-and-effect relationships among
variables to represent biological, chemical, or physical process [38,39]. In practice, model development can involve both approaches.

The optimal control and cost-effectiveness analysis have been extensively used in dynamical systems to determine the best control
strategies. We review a mathematical model for aflatoxin control using probiotics developed by [40] because it uses a system of
ordinary differential equations and thus relates to our study. The model assumes an ecosystem where aflatoxin fungi and probiotics
are placed together like a predator–prey system and the ability of probiotics to detoxify aflatoxin contamination is analyzed. Results
from the model indicate that the ability of probiotics to detoxify depends on the rate of formation of the aflatoxin-probiotic complex.
However, the study considered plants as one population, animals as one population and humans as one population which limited
the exploration of incidents in each sub-population. Other studies in epidemiology have also employed optimal control and cost-
effectiveness as well. Some recent interesting examples include co-infection models by [41–43], optimal control strategies for the
infectiology of brucellosis [44], optimal control model for alcohol-related risk in Tanzania [45] and optimal control for the dynamics
of COVID-19 disease in South Africa [46]. Other studies have used optimal control in time- or state-delayed dynamic systems.
Interesting examples include studies by [47–49].

In this paper, we derive and analyze an aflatoxin contamination model with good farming practices, biological control and
public education and awareness campaigns. We carry out an optimal control analysis of the model by employing the Pontryagins
Maximum Principle to determine the optimal control strategies for controlling aflatoxin contamination. We apply the Incremental
Cost-Effectiveness Ratio (ICER) technique to determine the most cost-effective strategy in controlling aflatoxin contamination.

The paper has the following structure: Section 2 contains model formulation, while Section 3 provides model analysis. Section 4
contains optimal control problem formulation and characterization. Section 5 shows numerical simulations, while Section 6 provides
cost-effectiveness analysis for all control strategies. Lastly, the conclusion is presented in Section 7.

2. Model formulation

The model developed in this section is a modification of [40] work. Unlike the previous study, the current work divided humans,
2

livestock and maize kernels into subgroups depending on the status of aflatoxins contamination. We use three controls: good
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Table 1
Model variables.

Variable Description Units

𝑆𝐶 (𝑡) Susceptible maize kernels at time 𝑡 𝑀𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠
𝐶𝐶 (𝑡) Contaminated maize kernels at time 𝑡 𝑀𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠
𝑆𝐿(𝑡) Susceptible livestock at time 𝑡 𝐿𝑖𝑣𝑒𝑠𝑡𝑜𝑐𝑘
𝐶𝐿(𝑡) Contaminated livestock at time 𝑡 𝐿𝑖𝑣𝑒𝑠𝑡𝑜𝑐𝑘
𝑆𝐻 (𝑡) Susceptible humans at time 𝑡 𝐻𝑢𝑚𝑎𝑛𝑠
𝐶𝐻 (𝑡) Contaminated humans at time 𝑡 𝐻𝑢𝑚𝑎𝑛𝑠
𝐴(𝑡) Aflatoxin fungi per unit volume in soil at time 𝑡 𝐴𝑓𝑙𝑎𝑡𝑜𝑥𝑖𝑛𝑓𝑢𝑛𝑔𝑖

farming practices, biological control and public education and awareness campaigns, instead of the one control used in the previous
study. The current study also provides a cost-effective analysis of the suggested strategy to reduce the burden on farmers. The
human population is divided into susceptible 𝑆𝐻 (𝑡) and contaminated 𝐶𝐻 (𝑡) subgroups, the livestock population is also divided into
susceptible 𝑆𝐿(𝑡) and contaminated 𝐶𝐿(𝑡) subgroups and the maize kernels are divided into susceptible 𝑆𝐶 (𝑡) and contaminated 𝐶𝐶 (𝑡)
ubgroups. Another compartment is Aflatoxin fungi 𝐴(𝑡) which represent the amount of Aspergillus flavus and Aspergillus parasiticus

per unit volume in environment at time 𝑡. We assume an average recruitment rate of aflatoxin fungi in environment without looking
at all sources or stimuli for simplicity. Individuals in the susceptible group have not been contaminated by aflatoxin and thus they
are aflatoxicosis free. In contaminated groups, individuals have been contaminated with aflatoxin.

Maize kernels are recruited at maize kernels’ production rate of 𝜋𝐶 . Aflatoxins are produced when susceptible maize kernels
contact Aspergillus flavus and Aspergillus parasiticus fungi provided there are favorable conditions. Susceptible maize kernels are
contaminated at a force of contamination function 𝜃1 = 𝛽1𝐴, where 𝛽1 is the contamination rate of susceptible maize kernels from
aflatoxins. Livestock are recruited at the rate of 𝜋𝐿 through birth. Susceptible livestock acquire aflatoxin through consumption of
contaminated feeds and become contaminated at a force of contamination function 𝜃2 = 𝛽2𝐶𝐶 , where 𝛽2 is the contamination rate
f susceptible livestock from contaminated maize kernels. Susceptible humans acquire aflatoxin directly through consumption of
ontaminated food and indirectly through consumption of contaminated livestock products at a force of contamination function
3 = 𝛽4𝐶𝐶 + 𝛽5𝐶𝐿, where 𝛽4 is the contamination rate of humans from contaminated maize kernels and 𝛽5 is the contamination rate
f humans from contaminated livestock products. Other ways of transmission have very minimal effects [19,50,51] in dynamics of
ontamination and therefore excluded in the current study.

We incorporate in the mathematical model for the transmission dynamics of aflatoxin contamination some time-dependent
ontrols to some parameters. A time-dependent control variable 𝑢1(𝑡) such that 0 ≤ 𝑢1(𝑡) ≤ 1 represents good farming practices
hat aims to reduce contaminated maize kernels. It involves the use of resistant cultivars, crop rotation, weed and pest control. In
ther words, 𝑢1(𝑡) measures the effectiveness of good farming practices while (1− 𝑢1(𝑡)) is the failure rate of good farming practices.
hus, if good farming practices are applied 100% then, zero aflatoxin contamination in maize kernels may be achieved. Another
ime-dependent control variable 𝑢2(𝑡) such that 0 ≤ 𝑢2(𝑡) ≤ 1 represent biological control that aims to reduce aflatoxin fungi in
oil. It involves the use of atoxigenic fungi (non-aflatoxigenic) to competitively displace the toxigenic fungi (aflatoxigenic). Aflasafe
s an example of non-aflatoxigenic fungi used to displace the aflatoxigenic fungi. We also introduce another parameter, 𝜎 ∈ [0, 1]
hich measure the effectiveness of biological control in reducing or eliminating aflatoxin fungi in soil. The last time-dependent

ontrol variable 𝑢3(𝑡) such that 0 ≤ 𝑢3(𝑡) ≤ 1 represents public education and awareness campaigns that aim to reduce aflatoxin
ontamination in livestock and humans. It should be noted that education and awareness campaigns are targeting human beings,
ut there are indirect effects on livestock since humans are the ones who feed them. Thus, 𝑢3(𝑡) measures the effectiveness of public
ducation and awareness campaigns while (1−𝑢3(𝑡)) is the failure rate of public education and awareness campaigns on humans and
onsequently on livestock. Thus, if public education and awareness campaigns are 100% effective then, zero livestock and humans
ontamination my be achieved.

In formulating a mathematical model, we assumed the following:

(i) The environment is a reservoir of aflatoxin fungi and can be maintained for a prolonged period [52–54].
(ii) Contaminated maize kernels add aflatoxin fungi in soil [52,53].

(iii) Maize kernels are the only hosts for aflatoxin fungi. Without these hosts, aflatoxin fungi remain dormant in the soil [52,55,56].
(iv) Aflatoxin fungi intrude maize kernels from soil and form aflatoxin when there are favorable conditions [19,52,55,56].
(v) Susceptible livestock get aflatoxins through consuming contaminated maize kernels [11,19].

(vi) Susceptible humans get aflatoxins through consuming contaminated maize kernels, livestock or their contaminated prod-
ucts [11,19,50,51].

(vii) Once maize kernels, livestock and humans are contaminated with aflatoxin, the toxins cannot be removed completely [19,50,
51].

(vii) All recruits in each population are susceptible to aflatoxin contaminations [11].

The variables and parameters used in model are explained in Table 1 and 2 respectively. Based on the dynamics of the aflatoxin
ontamination, model assumptions, definition of variables and parameters, the dynamics of aflatoxin contamination is summarized
3

n the flow diagram as shown by Fig. 1.
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Table 2
Description of the model parameters.

Parameter Description Unit

𝛽1 Aflatoxin contamination rate of maize kernels (𝐴.𝑓𝑢𝑛𝑔𝑖 × 𝑦𝑒𝑎𝑟)−1

𝛽2 Aflatoxin contamination rate of livestock from maize kernels (𝑀𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠 × 𝑦𝑒𝑎𝑟)−1

𝛽4 Aflatoxin contamination rate of humans from maize kernels (𝑀𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠 × 𝑦𝑒𝑎𝑟)−1

𝛽5 Aflatoxin contamination rate of humans from livestock (𝐿𝑖𝑣𝑒𝑠𝑡𝑜𝑐𝑘 × 𝑦𝑒𝑎𝑟)−1

𝜌 Shading rate of aflatoxin fungi in soil from maize kernels 𝐴𝑓𝑙𝑎𝑡𝑜𝑥𝑖𝑛𝑓𝑢𝑛𝑔𝑖(𝑀𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠 × 𝑦𝑒𝑎𝑟)−1

𝜋𝐶 maize kernels production rate 𝑚𝑎𝑖𝑧𝑒𝑘𝑒𝑟𝑛𝑒𝑙𝑠 × 𝑦𝑒𝑎𝑟−1

𝜋𝐿 Recruitment rate of livestock 𝐿𝑖𝑣𝑒𝑠𝑡𝑜𝑐𝑘 × 𝑦𝑒𝑎𝑟−1

𝜋𝐻 Recruitment rate of humans 𝐻𝑢𝑚𝑎𝑛𝑠 × 𝑦𝑒𝑎𝑟−1

𝜇𝐿 Natural death rate of livestock 𝑦𝑒𝑎𝑟−1

𝜇𝐻 Natural death rate of humans 𝑦𝑒𝑎𝑟−1

𝜙𝐿 Livestock death rate due to aflatoxicosis 𝑦𝑒𝑎𝑟−1

𝜙𝐻 Human death rate due to aflatoxicosis 𝑦𝑒𝑎𝑟−1

𝜔1 Consumption rate of maize kernels 𝑦𝑒𝑎𝑟−1

𝜇𝐶 Loss rate of maize kernels 𝑦𝑒𝑎𝑟−1

𝛼 Reduction rate of aflatoxin fungi in soil 𝑦𝑒𝑎𝑟−1

Fig. 1. Aflatoxin contamination dynamics compartmental flow diagram with control parameters.

The dynamics of aflatoxin contamination is summarized by the following differential equations:

⎧
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⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

𝑑𝑆𝐶
𝑑𝑡

= 𝜋𝐶 − ((1 − 𝑢1(𝑡))𝛽1𝐴 + 𝜔1 + 𝜇𝐶 )𝑆𝐶 ,

𝑑𝐶𝐶
𝑑𝑡

= (1 − 𝑢1(𝑡))𝛽1𝐴𝑆𝐶 − (𝜔1 + 𝜇𝐶 )𝐶𝐶 ,

𝑑𝑆𝐿
𝑑𝑡

= 𝜋𝐿 − ((1 − 𝑢3(𝑡))𝛽2𝐶𝐶 + 𝜇𝐿)𝑆𝐿,

𝑑𝐶𝐿
𝑑𝑡

= (1 − 𝑢3(𝑡))𝛽2𝐶𝐶𝑆𝐿 − (𝜇𝐿 + 𝜙𝐿)𝐶𝐿,

𝑑𝑆𝐻
𝑑𝑡

= 𝜋𝐻 − ((1 − 𝑢3(𝑡))(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿) + 𝜇𝐻 )𝑆𝐻 ,

𝑑𝐶𝐻
𝑑𝑡

= (1 − 𝑢3(𝑡))(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿)𝑆𝐻 − (𝜇𝐻 + 𝜙𝐻 )𝐶𝐻 ,

𝑑𝐴 = 𝜌𝐶𝐶 − (1 + 𝑢2)𝛼𝐴,

(1)
4

⎩
𝑑𝑡
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subject to the following non-negative initial conditions

𝑆𝐶 (0) > 0, 𝐶𝐶 (0) ≥ 0, 𝑆𝐿(0) > 0, 𝐶𝐿(0) ≥ 0, 𝑆𝐻 (0) > 0, 𝐶𝐻 (0) ≥ 0, 𝐴(0) ≥ 0. (2)

. Model analysis

In this section we perform the analysis of the model by considering both positivity of solutions and model boundedness. The
quilibrium points and their stability are also discussed in this section.

.1. Positivity of solutions

We demonstrate that the solution of model system (1) remain positive for all non-negative initial conditions in invariant region
sing the approach by [57–59].

Taking the first equation of system (1),
𝑑𝑆𝐶
𝑑𝑡

= 𝜋𝐶 − 𝛽1𝐴𝑆𝐶 − 𝜔1𝑆𝐶 − 𝜇𝐶𝑆𝐶 .

Let 𝑆𝐶 (0) > 0.
Now suppose that ∃ 𝑡 = 𝑡0 > 0 such that 𝑆𝐶 (𝑡0) = 0,

𝑑𝑆𝐶 (𝑡0)
𝑑𝑡

< 0, 𝐶𝐶 (𝑡0) ≥ 0, 𝑆𝐿(𝑡0) > 0, 𝐶𝐿(𝑡0) ≥ 0, 𝑆𝐻 (𝑡0) > 0, 𝐶𝐻 (𝑡0) ≥ 0 and
(𝑡0) ≥ 0..

Thus,
𝑑𝑆𝐶 (𝑡0)

𝑑𝑡
= 𝜋𝐶 − 𝛽1𝐴(𝑡0)𝑆𝐶 (𝑡0) − 𝜔1𝑆𝐶 (𝑡0) − 𝜇𝐶𝑆𝐶 (𝑡0) = 𝜋𝐶 > 0.

Which is a contradiction. Therefore, 𝑆𝐶 (𝑡) > 0 ∀ 𝑡.
Taking the second equation of system (1),

𝑑𝐶𝐶
𝑑𝑡

= 𝛽1𝐴𝑆𝐶 − 𝜔1𝐶𝐶 − 𝜇𝐶𝐶𝐶 .

Let 𝐶𝐶 (0) ≥ 0.
Now suppose that ∃ 𝑡 = 𝑡1 > 0 such that 𝐶𝐶 (𝑡1) = 0,

𝑑𝐶𝐶 (𝑡1)
𝑑𝑡

< 0, 𝑆𝐶 (𝑡1) > 0, 𝑆𝐿(𝑡1) > 0, 𝐶𝐿(𝑡1) ≥ 0, 𝑆𝐻 (𝑡1) > 0, 𝐶𝐻 (𝑡1) ≥ 0 and
(𝑡1) ≥ 0..

Thus,
𝑑𝐶𝐶 (𝑡1)

𝑑𝑡
= 𝛽1𝐴(𝑡1)𝑆𝐶 (𝑡1) − 𝜔1𝐶𝐶 (𝑡1) − 𝜇𝐶𝐶𝐶 (𝑡1) ≥ 0

Which is a contradiction. Therefore, 𝐶𝐶 (𝑡) ≥ 0 ∀ 𝑡.
The positivity of all other variables in system (1) can be proved using the same approach. Therefore, we conclude that: 𝑆𝐶 > 0,

𝐶𝐶 ≥ 0, 𝑆𝐿 > 0, 𝐶𝐿 ≥ 0, 𝑆𝐻 > 0, 𝐶𝐻 ≥ 0 and 𝐴 ≥ 0 for model system (1). The positivity of solution has the physical meaning that
susceptible maize kernels, livestock and humans cannot be zero since they are recruited each year. However, contaminated maize
kernels, livestock, humans and aflatoxin fungi can be zero when there is no contamination in populations.

3.2. Boundedness of the system

Model system (1) can be divided into the following independent sub-systems:

⎧

⎪

⎨

⎪

⎩

𝑑𝑆𝐶
𝑑𝑡

= 𝜋𝐶 − (1 − 𝑢1)𝛽1𝐴𝑆𝐶 − 𝜔1𝑆𝐶 − 𝜇𝐶𝑆𝐶 ,

𝑑𝐶𝐶
𝑑𝑡

= (1 − 𝑢1)𝛽1𝐴𝑆𝐶 − 𝜔1𝐶𝐶 − 𝜇𝐶𝐶𝐶 .
(3)

⎧

⎪

⎨

⎪

⎩

𝑑𝑆𝐿
𝑑𝑡

= 𝜋𝐿 − (1 − 𝑢3)𝛽2𝐶𝐶𝑆𝐿 − 𝜇𝐿𝑆𝐿,

𝑑𝐶𝐿
𝑑𝑡

= (1 − 𝑢3)𝛽2𝐶𝐶𝑆𝐿 − (𝜇𝐿 + 𝜙𝐿)𝐶𝐿.
(4)

⎧

⎪

⎨

⎪

⎩

𝑑𝑆𝐻
𝑑𝑡

= 𝜋𝐻 − (1 − 𝑢3)𝛽4𝐶𝐶𝑆𝐻 − 𝛽5𝐶𝐿𝑆𝐻 − 𝜇𝐻𝑆𝐻 ,

𝑑𝐶𝐻
𝑑𝑡

= (1 − 𝑢3)𝛽4𝐶𝐶𝑆𝐻 + 𝛽5𝐶𝐿𝑆𝐻 − (𝜇𝐻 + 𝜙𝐻 )𝐶𝐻 .
(5)

From systems 3.2, and it can be shown that
𝑑(𝑆𝐶 + 𝐶𝐶 )

𝑑𝑡
= 𝜋𝐶 − (𝜔1 + 𝜇𝐶 )𝑆𝐶 − (𝜔1 + 𝜇𝐶 )𝐶𝐶 ≤ 𝜋𝐶 − (𝜔1 + 𝜇𝐶 )𝑆𝐶 ,

𝑑(𝑆𝐿 + 𝐶𝐿) = 𝜋 − 𝜇 𝑆 − (𝜇 + 𝜙 )𝐶 ≤ 𝜋 − 𝜇 𝑆 ,
5

𝑑𝑡 𝐿 𝐿 𝐿 𝐿 𝐿 𝐿 𝐿 𝐿 𝐿
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𝑑(𝑆𝐻 + 𝐶𝐻 )
𝑑𝑡

= 𝜋𝐻 − 𝜇𝐻𝑆𝐻 − (𝜇𝐻 + 𝜙𝐻 )𝐶𝐻 ≤ 𝜋𝐻 − 𝜇𝐻𝑆𝐻 ,

It follows that lim𝑡→∞ 𝑠𝑢𝑝(𝑆𝐶 + 𝐶𝐶 ) ≤
𝜋𝐶

𝜔1 + 𝜇𝐶
, lim𝑡→∞ 𝑠𝑢𝑝(𝑆𝐿 + 𝐶𝐿) ≤

𝜋𝐿
𝜇𝐿

and lim𝑡→∞ 𝑠𝑢𝑝(𝑆𝐻 + 𝐶𝐻 ) ≤
𝜋𝐶
𝜇𝐻

.

Considering the last equation of model system (1) for aflatoxin fungi in the environment, we have:

𝑑𝐴
𝑑𝑡

= 𝜌𝐶𝐶 − (1 + 𝑢2)𝛼𝐴

Since the total amount of maize kernels 𝑆𝐶 + 𝐶𝐶 ≤ 𝜋𝐶∕(𝜔1 + 𝜇𝐶 ), it can be concluded that 𝐶𝐶 ≤ 𝜋𝐶∕(𝜔1 + 𝜇𝐶 ).
Thus,

𝑑𝐴
𝑑𝑡

≤
𝜌𝜋𝐶

𝜔1 + 𝜇𝐶
− (1 + 𝑢2)𝛼𝐴.

It follows that,

lim
𝑡→∞

𝑠𝑢𝑝(𝐴) ≤
𝜌𝜋𝐶

(1 + 𝑢2)𝛼(𝜔1 + 𝜇𝐶 )

So, it can be concluded that the set

𝛺 =
{

(𝑆𝐶 , 𝐶𝐶 , 𝑆𝐿, 𝐶𝐿, 𝑆𝐻 , 𝐶𝐻 , 𝐴) ∈ R7
+|0 ≤ 𝑆𝐶 + 𝐶𝐶 ≤

𝜋𝐶
𝜔1 + 𝜇𝐶

, 0 ≤ 𝑆𝐿 + 𝐶𝐿 ≤
𝜋𝐿
𝜇𝐿

,

0 ≤ 𝑆𝐻 + 𝐶𝐻 ≤
𝜋𝐶
𝜇𝐻

, 0 ≤ 𝐴 ≤
𝜌𝜋𝐶

(1 + 𝑢2)𝛼(𝜔1 + 𝜇𝐶 )

}

is bounded with respect to model system (1). Therefore, 𝛺 is a feasible region for model system (1).

3.3. Aflatoxin contamination free equilibrium (CFE) point

We consider system (1) where 𝑢1(𝑡), 𝑢2(𝑡) and 𝑢3(𝑡) are time dependent controls. To obtain an aflatoxin contamination-free
equilibrium point, the right side of equations in model system (1) is set to zero. All forces of contamination are also set to zero;
𝐶𝐶 = 𝐶𝐿 = 𝐶𝐻 = 𝐴 = 0. The aflatoxin contamination-free equilibrium point denoted by 𝐸0 and is given by

𝐸0(𝑆0
𝐶 , 𝐶

0
𝐶 , 𝑆

0
𝐿, 𝐶

0
𝐿, 𝑆

0
𝐻 , 𝐶0

𝐻 , 𝐴0) =
[

𝜋𝐶
𝜔1 + 𝜇𝐶

, 0,
𝜋𝐿
𝜇𝐿

, 0,
𝜋𝐻
𝜇𝐻

, 0, 0
]

.

3.3.1. Effective aflatoxin contamination number
We calculate the effective aflatoxin contamination number using next generation matrix [60,61]. Consider system 3.3.1 of

contaminated variables

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑑𝐶𝐶
𝑑𝑡

= (1 − 𝑢1)𝛽1𝐴𝑆𝐶 − (𝜔1 + 𝜇𝐶 )𝐶𝐶 ,

𝑑𝐶𝐿
𝑑𝑡

= (1 − 𝑢3)𝛽2𝐶𝐶𝑆𝐿 − (𝜇𝐿 + 𝜙𝐿)𝐶𝐿,

𝑑𝐶𝐻
𝑑𝑡

= (1 − 𝑢3)𝛽4𝐶𝐶𝑆𝐻 + (1 − 𝑢3)𝛽5𝐶𝐿𝑆𝐻 − (𝜇𝐻 + 𝜙𝐻 )𝐶𝐻 ,

𝑑𝐴
𝑑𝑡

= 𝜌𝐶𝐶 − (1 + 𝑢2)𝛼𝐴.

(6)

he effective contamination number is obtained by finding the spectral radius of the next generation matrix

𝐹𝑉 −1 =
[

𝜕𝑖(𝐸0)
𝜕𝑡

] [

𝜕𝑖(𝐸0)
𝜕𝑡

]−1

here 𝐸0 is an aflatoxin contamination free equilibrium point, the vector 𝑖 refers to new aflatoxin contamination appearance rate
n compartment 𝑖 while vector 𝑖 is the transfer of contamination out of compartment 𝑖, such that

𝑖 =

⎡

⎢

⎢

⎢

⎢

(1 − 𝑢1)𝛽1𝐴𝑆𝐶
(1 − 𝑢3)𝛽2𝐶𝐶𝑆𝐿

(1 − 𝑢3)𝛽4𝐶𝐶𝑆𝐻 + (1 − 𝑢3)𝛽5𝐶𝐿𝑆𝐻

⎤

⎥

⎥

⎥

⎥

, 𝑖 =

⎡

⎢

⎢

⎢

⎢

(𝜔1 + 𝜇𝐶 )𝐶𝐶
(𝜇𝐿 + 𝜙𝐿)𝐶𝐿
(𝜇𝐻 + 𝜙𝐻 )𝐶𝐻

⎤

⎥

⎥

⎥

⎥

,

6

⎣

0
⎦ ⎣

−𝜌𝐶𝐶 + (1 + 𝑢2)𝛼𝐴.⎦
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The Jacobian matrices of 𝑖 and 𝑖 at 𝐸0, the variational matrices 𝐹 and 𝑉 are obtained respectively as

𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0

(

1 − 𝑢1
)

𝛽1𝜋𝐶
𝜔1 + 𝜇𝐶

(

1 − 𝑢3
)

𝛽2𝜋𝐿
𝜇𝐿

0 0 0
(

1 − 𝑢3
)

𝛽4𝜋𝐻
𝜇𝐻

(

1 − 𝑢3
)

𝛽5𝜋𝐻
𝜇𝐻

0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (7)

𝑉 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜔1 + 𝜇𝐶 0 0 0
0 𝜙𝐿 + 𝜇𝐿 0 0
0 0 𝜙𝐻 + 𝜇𝐻 0
−𝜌 0 0 (1 + 𝑢2)𝛼

⎤

⎥

⎥

⎥

⎥

⎦

. (8)

The inverse of variational matrix 𝑉 becomes

𝑉 −1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
𝜔1 + 𝜇𝐶

0 0 0

0 1
𝜙𝐿 + 𝜇𝐿

0 0

0 0 1
𝜙𝐻 + 𝜇𝐻

0
𝜌

(

𝜔1 + 𝜇𝐶
) (

𝛼𝑢2 + 𝛼
) 0 0 1

𝛼𝑢2 + 𝛼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

The next generation matrix is obtained as

𝐹𝑉 −1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(

1 − 𝑢1
)

𝛽1𝜋𝑐𝜌
(

𝜔1 + 𝜇𝐶
)2 (𝛼𝑢2 + 𝛼

)

0 0

(

1 − 𝑢1
)

𝛽1𝜋𝑐
(

𝜔1 + 𝜇𝐶
) (

𝛼𝑢2 + 𝛼
)

(

1 − 𝑢3
)

𝛽2𝜋𝐿
𝜇𝐿

(

𝜔1 + 𝜇𝐶
) 0 0 0

(

1 − 𝑢3
)

𝛽4𝜋𝐻
𝜇𝐻

(

𝜔1 + 𝜇𝐶
)

(

1 − 𝑢3
)

𝛽5𝜋𝐻
𝜇𝐻

(

𝜙𝐿 + 𝜇𝐿
) 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (9)

The effective contamination number, 𝑅𝑒 is obtained by computing the spectral radius
(

𝐹𝑉 −1) of the next generation matrix. Thus,
the dominant eigenvalue of matrix (9) gives the effective contamination number as;

Spectral radius of 𝐹𝑉 −1 = 𝑅𝑒 =
𝜌𝛽1𝜋𝐶

(

1 − 𝑢1
)

(

𝜔1 + 𝜇𝐶
)2 (1 + 𝑢2

)

𝛼
(10)

t can be seen that

𝑅𝑒 = 𝑅𝑒𝐴 ⋅ 𝑅𝑒𝐶 (11)

here

𝑅𝑒𝐴 =
(

1 − 𝑢1
)

𝛽1𝑆
0
𝐶 ⋅

1
𝜔1 + 𝜇𝐶

,

𝑅𝑒𝐶 = 𝜌 ⋅ 1
𝛼(1 + 𝑢2)

.

The effective contamination number, 𝑅𝑒 is analogous to effective reproduction number in epidemiological models, a threshold
uantity used to examine equilibrium points. It is a crucial quantity that defines how contamination behaves. If 𝑅𝑒 > 1,
flatoxin contamination persists and if 𝑅𝑒 < 1, aflatoxin contamination diminishes. On 𝑅𝑒𝐴, the term

(

1 − 𝑢1
)

𝛽1𝑆0
𝐶 represent new

ontamination under control while 1
𝜔1 + 𝜇𝐶

represent duration of aflatoxin contamination stay in contaminated maize kernels. On

𝑒𝐶 , the term 𝜌 represent new aflatoxin fungi in soil from maize kernels while 1
𝛼(1 + 𝑢2)

represent duration of stay of aflatoxin
fungi in soil under control. In this case, 𝑅𝑒 is defined as number of tonnes of contaminated maize kernels as a result of one tonne of
contaminated maize kernels. When there is no control for aflatoxin contamination (𝑢1 = 𝑢2 = 0), the effective contamination number
reduces to basic contamination number given by Eq. (12).

𝑅0 =
𝜌𝛽1𝜋𝐶

( )2
(12)
7

𝜔1 + 𝜇𝐶 𝛼
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Also, 𝑅0 can be broken into

𝑅0 = 𝑅0𝐴 ⋅ 𝑅0𝐶 (13)

where

𝑅0𝐴 = 𝛽1𝑆
0
𝐶 ⋅

1
𝜔1 + 𝜇𝐶

,

𝑅0𝐶 = 𝜌 ⋅ 1
𝛼
.

The terms in 𝑅0𝐴 and 𝑅0𝐶 have same interpretation as in 𝑅𝑒𝐴 and 𝑅𝑒𝐶 when there are no controls.
Theorem 1 follows from Theorem 2 of [61].

Theorem 1. The aflatoxin contamination-free equilibrium point of model system (1) is locally asymptotically stable if 𝑅𝑒 < 1 and unstable
if 𝑅𝑒 > 1.

3.3.2. Global stability of aflatoxin contamination free equilibrium point
In this subsection we perform global stability analysis of aflatoxin contamination free equilibrium point using the approach

explained by [62]. Model system (1) can be expressed as:

⎧

⎪

⎨

⎪

⎩

𝑑𝑋𝑆
𝑑𝑡

= 𝐴(𝑋𝑆 −𝑋𝐷𝐹𝐸,𝑆 ) + 𝐴1𝑋𝐶 ,

𝑑𝑋𝐶
𝑑𝑡

= 𝐴2𝑋𝐶 ,

here, 𝑋𝑆 is the vector representing the compartments that do not transmit aflatoxin and 𝑋𝐶 represent aflatoxin contaminating
ompartments. In case 𝐴2 is a stable Metzler matrix and 𝐴 has real negative eigenvalues, the aflatoxin contamination free equilibrium
s globally asymptotically stable. From the model system (1) it can be deduced that:

𝑋𝐶 = (𝐶𝐶 , 𝐶𝐿, 𝐶𝐻 , 𝐴)𝑇 , 𝑋𝑆 = (𝑆𝐶 , 𝑆𝐿, 𝑆𝐻 )𝑇 ,

𝑋𝑆 −𝑋𝐷𝐹𝐸,𝑆 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑆𝐶 −
𝜋𝐶

𝜔1 + 𝜇𝐶

𝑆𝐿 −
𝜋𝐿
𝜇𝐿

𝑆𝐻 −
𝜋𝐻
𝜇𝐻

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐴1 =
⎡

⎢

⎢

⎣

0 0 0 −(1 − 𝑢1)𝛽1𝑆𝐶
−(1 − 𝑢3)𝛽2𝑆𝐿 0 0 0
−(1 − 𝑢3)𝛽4𝑆𝐻 −(1 − 𝑢3)𝛽5𝑆𝐻 0 0

⎤

⎥

⎥

⎦

.,

Matrix 𝐴 is obtained from non contaminating classes in system (1) and is given by:

𝐴 =
⎡

⎢

⎢

⎣

−(𝜔1 + 𝜇𝐶 ) 0 0
0 −𝜇𝐿 0
0 0 −𝜇𝐻

⎤

⎥

⎥

⎦

.

It can be seen that the eigenvalues of matrix 𝐴 are all negative; 𝜆1 = −𝜔1 − 𝜇𝐶 , 𝜆2 = −𝜇𝐿 and 𝜆3 = −𝜇𝐻 .
Matrix 𝐴2 is obtained from contaminating classes in system (1) and is given by:

𝐴2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−(𝜔1 + 𝜇𝐶 ) 0 0
(1 − 𝑢1)𝛽1𝜋𝐶
𝜔1 + 𝜇𝐶

(1 − 𝑢3)𝛽2𝜋𝐿
𝜇𝐿

−(𝜇𝐿 + 𝜙𝐿) 0 0

(1 − 𝑢3)𝛽4𝜋𝐻
𝜇𝐻

(1 − 𝑢3)𝛽5𝜋𝐻
𝜇𝐻

−(𝜇𝐻 + 𝜙𝐻 ) 0

𝜌 0 0 −(1 + 𝑢2)𝛼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

It can be observed that matrix 𝐴2 is the Metzler matrix since its out-diagonal entries are non-negative. To prove the stability of 𝐴2,
we adopt the idea of stable Metzler matrix [63] and apply Lemma 2.

Lemma 2. Let 𝑀 be a square Metzler matrix written in block form:

𝑀 =
[

𝑈 𝑉
𝑋 𝑌

]

−1
8

where 𝑈 and 𝑌 are square matrices. 𝑀 is Metzler stable if and only if matrices 𝑈 and 𝑌 −𝑋𝑈 𝑉 are Metzler stable [64,65].
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Proof. Comparing Metzler matrix 𝐴2 with a Metzler matrix 𝑀 , matrices 𝑈, 𝑉 ,𝑋 and 𝑌 are obtained as:

𝑈 =
⎡

⎢

⎢

⎣

−(𝜔1 + 𝜇𝐶 ) 0
(1 − 𝑢3)𝛽2𝜋𝐿

𝜇𝐿
−(𝜇𝐿 + 𝜙𝐿)

⎤

⎥

⎥

⎦

, 𝑉 =
⎡

⎢

⎢

⎣

0
(1 − 𝑢1)𝛽1𝜋𝐶
𝜔1 + 𝜇𝐶

0 0

⎤

⎥

⎥

⎦

𝑋 =
⎡

⎢

⎢

⎣

(1 − 𝑢3)𝛽4𝜋𝐻
𝜇𝐻

(1 − 𝑢3)𝛽5𝜋𝐻
𝜇𝐻

𝜌 0

⎤

⎥

⎥

⎦

, 𝑌 =

[

−(𝜇𝐻 + 𝜙𝐻 ) 0
0 −(1 + 𝑢2)𝛼

]

,

It can be seen clearly that matrix 𝑈 is stable matrix since all eigenvalues have negative real parts. Up on computation we obtain:

𝑌 −𝑋𝑈−1𝑉 =

⎡

⎢

⎢

⎢

⎣

−(𝜇𝐻 + 𝜙𝐻 )
𝜋𝐻

(

(1 − 𝑢3)2𝛽5𝛽2𝜋𝐿 + (1 − 𝑢2)𝛽4𝜇𝐿2 + (1 − 𝑢2)𝛽4𝜇𝐿𝜙𝐿
)

𝛽1𝜋𝐶

𝜇𝐻𝜇𝐿
(

𝜔1 + 𝜇𝐶
)2 (𝜇𝐿 + 𝜙𝐿

)

0 −(1 − 𝑅𝑒)(1 + 𝑢2)𝛼

⎤

⎥

⎥

⎥

⎦

𝑌 −𝑋𝑈−1𝑉 is Metzler stable if 𝑅𝑒 < 1. Therefore, the aflatoxin contamination free equilibrium point of the model system (1) is
globally asymptotically stable if 𝑅𝑒 < 1. The global asymptotic stability of aflatoxin contamination free equilibrium point implies that
if the system starts in any initial conditions the dynamics of the system will converge and eventually lead to the eradication of the
contamination, and the populations will reach and stay in the contamination-free state. This property is important as it indicates the
possibility of eliminating contamination from a populations and maintaining long-term contamination control. However, if controls
are not reducing 𝑅𝑒 below unit, aflatoxin contamination will persist. Also, there is possibility of chemical aflatoxin resistance due
to chemical controls and development of other types of contamination due to biological controls. □

3.4. Aflatoxin contamination persistence equilibrium (ACPE) point

The aflatoxin contamination persistence equilibrium point 𝐸∗ (𝑆∗
𝐶 , 𝐶

∗
𝐶 , 𝑆

∗
𝐿, 𝐶

∗
𝐿, 𝑆

∗
𝐻 , 𝑆∗

𝐻 , 𝐴∗) of the model system (1) is obtained
by setting all equations to zero and solving for the state variables. After solving 𝐸∗ is given by:

𝑆∗
𝐶 =

𝜋𝐶
𝑅𝑒

(

𝜔1 + 𝜇𝐶
)

𝐶∗
𝐶 =

𝑄7(𝑅𝑒 − 1)
𝑄8

𝑆∗
𝐿 =

𝑄1𝑅2
𝑒

𝑄2(𝑅𝑒 − 1) +𝑄3𝑅𝑒

𝐶∗
𝐿 =

𝑄4𝑅𝑒(𝑅𝑒 − 1)
𝑄5(𝑅𝑒 − 1) +𝑄6𝑅𝑒

𝑆∗
𝐻 =

𝜋𝐻𝑄8
(

𝑄5
(

𝑅𝑒 − 1
)

+𝑄6𝑅𝑒
)

𝛽4
(

𝑄5
(

𝑅𝑒 − 1
)

+𝑄6𝑅𝑒
)

𝑄7
(

𝑅𝑒 − 1
)

−𝑄8
(

𝑄9 +𝑄4𝑅𝑒
(

𝑅𝑒 − 1
)

𝛽5 + 𝜇𝐻𝑄5
(

𝑅𝑒 − 1
))

𝐶∗
𝐻 =

(

𝛽4
(

𝑄5
(

𝑅𝑒 − 1
)

+𝑄6𝑅𝑒
)

𝑄7
(

𝑅𝑒 − 1
)

+𝑄4𝑅𝑒
(

𝑅𝑒 − 1
)

𝛽5𝑄8
)

𝜋𝐻
(

𝛽4
(

𝑄5
(

𝑅𝑒 − 1
)

+𝑄6𝑅𝑒
)

𝑄7
(

𝑅𝑒 − 1
)

−𝑄8
(

𝑄9 +𝑄4𝑅𝑒
(

𝑅𝑒 − 1
)

𝛽5 + 𝜇𝐻𝑄5
(

𝑅𝑒 − 1
)))

𝑄10

𝐴∗ =
(

𝑅𝑒 − 1
) (

𝜔1 + 𝜇𝐶
)

The denominator of 𝑆∗
𝐻 can be simplified to

[

𝛽4𝑄6𝑄7 +𝑄5𝑄7 −𝑄4𝑄5𝑄8
]

(𝑅𝑒 − 1)2 +
[

𝛽4𝑄6𝑄7 −𝑄5𝑄8𝜇𝐻
]

(𝑅𝑒 − 1) −𝑄8(𝑄4 +𝑄9)

Using completing the square technique we obtain the following:
[

(𝑅𝑒 − 1) −
𝑄13 +𝑄5𝑄7 −𝑄14
𝑄13 −𝑄5𝑄8𝜇𝐻

]2
−

4
[

𝑄13 +𝑄5𝑄7 −𝑄14
]

(𝑄8(𝑄4 +𝑄9))

4
[

𝑄13 +𝑄5𝑄7 −𝑄14
]2

−
(𝑄13 −𝑄5𝑄8𝜇𝐻 )2

4
[

𝑄13 +𝑄5𝑄7 −𝑄14
]2

Upon simplification we have:
[

(𝑅𝑒 − 1) −
𝑄13 +𝑄5𝑄7 −𝑄14
𝑄13 −𝑄5𝑄8𝜇𝐻

]2
+

𝑄8(𝑄4 +𝑄9)
𝑄12

[

(1 +𝑄11) + (𝑅𝑒 − 1)𝑄11
] +

[

𝑄13 −𝑄5𝑄8𝜇𝐻
]2

4
[

𝑄13 +𝑄5𝑄7 −𝑄14
]2

Similarly, the denominator of 𝐶∗
𝐻 can be simplified to

[

(𝑅𝑒 − 1) −
𝑄13 +𝑄5𝑄7 −𝑄14
𝑄 −𝑄 𝑄 𝜇

]2
𝑄10 +

𝑄8(𝑄4 +𝑄9)𝑄10
[ ] +

[

𝑄13 −𝑄5𝑄8𝜇𝐻
]2 𝑄10

[ ]2
9

13 5 8 𝐻 𝑄12 (1 +𝑄11) + (𝑅𝑒 − 1)𝑄11 4 𝑄13 +𝑄5𝑄7 −𝑄14
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P

S

where 𝑄1 =
(

𝜔1 + 𝜇𝐶
)3 (1 + 𝑢2)𝛼𝜋𝐿, 𝑄2 = 𝜋2

𝐶𝜌𝛽1(1 − 𝑢1)𝛽2(1 − 𝑢3), 𝑄3 = 𝜋𝐶𝜌𝛽1(1 − 𝑢1)(𝜇𝐶𝜇𝐿 + 𝜇𝐿𝜔1), 𝑄4 = (1 + 𝑢2)𝛼(𝜔1 + 𝜇𝐶 )2,
𝑄5 = 𝜋𝐶𝜌𝛽1(1−𝑢1)𝛽2(1−𝑢3)(𝜙𝐿+𝜇𝐿), 𝑄6 = 𝜌𝛽1(1−𝑢1)(𝜙𝐿+𝜇𝐿)(𝜇𝐶𝜇𝐿+𝜇𝐿𝜔1), 𝑄7 = (1+𝑢2)𝛼(𝜔1+𝜇𝐶 ), 𝑄8 = 𝜌𝛽1(1−𝑢1), 𝑄9 = 𝑅𝑒𝑄6𝜇𝐻 ,

𝑄10 =
(

𝜇𝐻 + 𝜙𝐻
)

, 𝑄11 =
(𝜔1 + 𝜇𝐶 )2(1 + 𝑢2)𝛼

𝜋𝐶
, 𝑄12 = 𝑄5(1 + 𝑢2)𝛼(𝜔1 + 𝜇𝐶 ), 𝑄13 = 𝛽4𝑄6𝑄7 and 𝑄14 = 𝑄4𝑄5𝑄8.

Therefore, the aflatoxin contamination persistence equilibrium point exist if 𝑅𝑒 > 1.

3.4.1. Global stability of aflatoxin contamination persistence equilibrium point

Theorem 3. The aflatoxin contamination persistence equilibrium point of the aflatoxin contamination model system (1) is globally
asymptotically stable on 𝛺 if 𝑅𝑒 > 1.

roof. We use a Lyapunov function of model system (1) as describe by [66,67] and used by [68,69]. The Lyapunov function 𝐻 is
defined by

𝐻 =
∑

𝑃𝑖

(

𝑦𝑖 − 𝑦∗𝑖 − 𝑦∗𝑖 ln
𝑦𝑖
𝑦∗𝑖

)

where 𝑃𝑖 denotes a positive constant to be determined, 𝑦𝑖 denotes a population of 𝑖th compartment and 𝑦∗𝑖 denotes an aflatoxin
contamination persistence equilibrium point of the model. It is clear that the function 𝐻 satisfy all condition for Lyapunov function
as follows:

(i) 𝐻 is zero at the equilibrium 𝐸∗ (𝑆∗
𝐶 , 𝐶

∗
𝐶 , 𝑆

∗
𝐿, 𝐶

∗
𝐿, 𝑆

∗
𝐻 , 𝑆∗

𝐻 , 𝐴∗)

(ii) 𝐻 is positive for all other values of 𝑆𝐶 , 𝐶𝐶 , 𝑆𝐿, 𝐶𝐿, 𝑆𝐻 , 𝑆𝐻 and 𝐴.

A Lyapunov function 𝐻 of the model system (10) is defined by

𝐻 =𝑃1(𝑆𝐶 − 𝑆∗
𝐶 − 𝑆∗

𝐶 ln
𝑆𝐶
𝑆∗
𝐶
) + 𝑃2(𝐶𝐶 − 𝐶∗

𝐶 − 𝐶∗
𝐶 ln

𝐶𝐶
𝐶∗
𝐶
) + 𝑃3(𝑆𝐿 − 𝑆∗

𝐿 − 𝑆∗
𝐿 ln

𝑆𝐿
𝑆∗
𝐿
)

+ 𝑃4(𝐶𝐿 − 𝐶∗
𝐿 − 𝐶∗

𝐿 ln
𝐶𝐿
𝐶∗
𝐿
) + 𝑃5(𝑆𝐻 − 𝑆∗

𝐻 − 𝑆∗
𝐻 ln

𝑆𝐻
𝑆∗
𝐻
) + 𝑃6(𝐶𝐻 − 𝐶∗

𝐻 − 𝐶∗
𝐻 ln

𝐶𝐻
𝐶∗
𝐻
) (14)

+ 𝑃7(𝐴 − 𝐴∗ − 𝐴∗ ln 𝐴
𝐴∗ ).

where 𝑃1, 𝑃2, 𝑃3, 𝑃4, 𝑃5, 𝑃6 and 𝑃7 are positive constants to be determined. The derivative of the Lyapunov function 𝐻 with respect
to time is given by

𝑑𝐻
𝑑𝑡

=𝑃1

(

1 −
𝑆∗
𝐶

𝑆𝐶

)

𝑑𝑆𝐶
𝑑𝑡

+ 𝑃2

(

1 −
𝐶∗
𝐶

𝐶𝐶

)

𝑑𝐶𝐶
𝑑𝑡

+ 𝑃3

(

1 −
𝑆∗
𝐿

𝑆𝐿

)

𝑑𝑆𝐿
𝑑𝑡

+ 𝑃4

(

1 −
𝐶∗
𝐿

𝐶𝐿

)

𝑑𝐶𝐿
𝑑𝑡

+ 𝑃5

(

1 −
𝑆∗
𝐻

𝑆𝐻

)

𝑑𝑆𝐻
𝑑𝑡

+ 𝑃6

(

1 −
𝐶∗
𝐻

𝐶𝐻

)

𝑑𝐶𝐻
𝑑𝑡

+ 𝑃7

(

1 − 𝐴∗

𝐴

)

𝐴
𝑑𝑡

. (15)

ubstituting
𝑑𝑆𝐶
𝑑𝑡

,
𝑑𝐶𝐶
𝑑𝑡

,
𝑑𝑆𝐿
𝑑𝑡

,
𝑑𝐶𝐿
𝑑𝑡

,
𝑑𝐻𝐻
𝑑𝑡

,
𝑑𝐶𝐻
𝑑𝑡

and 𝑑𝐴
𝑑𝑡

in Eq. (15) it yields

𝑑𝐻
𝑑𝑡

=𝑃1

(

1 −
𝑆∗
𝐶

𝑆𝐶

)

[

𝜋𝐶 − 𝑧1𝛽1𝐴𝑆𝐶 − 𝑘1𝑆𝐶
]

+ 𝑃2

(

1 −
𝐶∗
𝐶

𝐶𝐶

)

[

𝑧1𝛽1𝐴𝑆𝐶 − 𝑘1𝐶𝐶
]

+ 𝑃3

(

1 −
𝑆∗
𝐿

𝑆𝐿

)

[

𝜋𝐿 − 𝑧3𝛽2𝐶𝐶𝑆𝐿 − 𝜇𝐿𝑆𝐿
]

(16)

+ 𝑃4

(

1 −
𝐶∗
𝐿

𝐶𝐿

)

[

𝑧3𝛽2𝐶𝐶𝑆𝐿 − 𝑘2𝐶𝐿
]

+ 𝑃5

(

1 −
𝑆∗
𝐻

𝑆𝐻

)

[

𝜋𝐻 − 𝑧3𝛽4𝐶𝐶𝑆𝐻 − 𝑧3𝛽5𝐶𝐿𝑆𝐻 − 𝜇𝐻𝑆𝐻
]

+ 𝑃6

(

1 −
𝐶∗
𝐻

𝐶𝐻

)

[

𝑧3𝛽4𝐶𝐶𝑆𝐻 + 𝑧3𝛽5𝐶𝐿𝑆𝐻 − 𝑘3𝐶𝐻
]

+ 𝑃7

(

1 − 𝐴∗

𝐴

)

[

𝜌𝐶𝐶 − 𝑧2𝛼𝐴
]

,

where 𝑘1 = 𝜔1 + 𝜇𝐶 , 𝑘2 = 𝜇𝐿 + 𝜙𝐿, 𝑘3 = 𝜇𝐻 + 𝜙𝐻 , 𝑧1 = 1 − 𝑢1, 𝑧2 = 1 + 𝑢2 and 𝑧3 = 1 − 𝑢3.
At aflatoxin contamination persistence equilibrium point 𝐸∗ Eq. (16) yields:

𝑑𝐻
𝑑𝑡

=𝑃1

(

1 −
𝑆∗
𝐶

𝑆𝐶

)

[

𝑧1𝛽1𝐴𝑆
∗
𝐶 + 𝑘1𝑆

∗
𝐶 − 𝑧1𝛽1𝐴𝑆𝐶 − 𝑘1𝑆𝐶

]

+ 𝑃2

(

1 −
𝐶∗
𝐶
)[

𝑧1𝛽1𝐴𝑆𝐶 −
𝑧1𝛽1𝐴∗𝑆∗

𝐶𝐶𝐶
∗

]

10
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F

E

C

+ 𝑃3

(

1 −
𝑆∗
𝐿

𝑆𝐿

)

[

𝑧3𝛽2𝐶𝐶𝑆
∗
𝐿 + 𝜇𝐿𝑆

∗
𝐿 − 𝑧3𝛽2𝐶𝐶𝑆𝐿 − 𝜇𝐿𝑆𝐿

]

(17)

+ 𝑃4

(

1 −
𝐶∗
𝐿

𝐶𝐿

)[

𝑧3𝛽2𝐶𝐶𝑆𝐿 −
𝑧3𝛽2𝐶∗

𝐶𝑆
∗
𝐿𝐶𝐿

𝐶∗
𝐿

]

+ 𝑃5

(

1 −
𝑆∗
𝐻

𝑆𝐻

)

[

𝑧3𝛽4𝐶
∗
𝐶𝑆

∗
𝐻 + 𝑧3𝛽5𝐶

∗
𝐿𝑆

∗
𝐻 + 𝜇𝐻𝑆∗

𝐻 − 𝑧3𝛽4𝐶𝐶𝑆𝐻 − 𝑧3𝛽5𝐶𝐿𝑆𝐻 − 𝜇𝐻𝑆𝐻
]

+ 𝑃6

(

1 −
𝐶∗
𝐻

𝐶𝐻

)[

𝑧3𝛽4𝐶𝐶𝑆𝐻 + 𝑧3𝛽5𝐶𝐿𝑆𝐻 −
𝑧3𝛽4𝐶∗

𝐶𝑆
∗
𝐻𝐶𝐻

𝐶∗
𝐻

−
𝑧3𝛽5𝐶∗

𝐿𝑆
∗
𝐻𝐶𝐻

𝐶𝐻 ∗

]

+ 𝑃7

(

1 − 𝐴∗

𝐴

)

[

𝑧2𝛼𝐴
∗ − 𝜌𝐶∗

𝐶 + 𝜌𝐶𝐶 − 𝑧2𝛼𝐴
]

.

or simplification, let 𝑒 =
𝑆𝐶
𝑆∗
𝐶

, 𝑓 =
𝐶𝐶
𝐶∗
𝐶

, 𝑔 =
𝑆𝐿
𝑆∗
𝐿

, ℎ =
𝐶𝐿
𝐶∗
𝐿

, 𝑚 =
𝑆𝐻
𝑆∗
𝐻

, 𝑛 =
𝐶𝐻
𝐶∗
𝐻

and 𝑞 = 𝐴
𝐴∗ . Upon simplification, Eq. (17) yields;

𝑑𝐻
𝑑𝑡

= − 𝑃1𝑘1𝑆𝐶

(

1 − 1
𝑒

)2
− 𝑃3𝜇𝐿𝑆𝐿

(

1 − 1
𝑔

)2
− 𝑃5𝜇𝐻𝑆𝐻

(

1 − 1
𝑚

)2
− 𝑃7𝑧2𝛼𝐴

(

1 − 1
𝑞

)2

+ (𝑃1 + 𝑃2)𝑧1𝛽1𝐴∗𝑆∗
𝐶 + (𝑃3 + 𝑃4)𝑧3𝛽2𝐶𝐶 ∗ 𝑆𝐿 ∗ +(𝑃5 + 𝑃6)

[

𝑧3𝛽4𝐶
∗
𝐶𝑆

∗
𝐻 + 𝑧3𝛽5𝐶

∗
𝐿𝑆

∗
𝐻
]

− 𝑃7𝜌𝐶
∗
𝐶

− 𝑃1𝑧1𝛽1𝐴
∗𝑆∗

𝐶 ⋅
1
𝑒
+ 𝑧1𝛽1𝐴

∗𝑆∗
𝐶 (𝑃2 − 𝑃1) ⋅ 𝑒𝑞 + 𝑃1𝑧1𝛽1𝐴

∗𝑆∗
𝐶 ⋅ 𝑞

+
(

𝑃3𝑧3𝛽2𝐶𝐶 ∗ 𝑆∗
𝐶 + 𝑃7𝜌𝐶

∗
𝐶 − 𝑃2𝑧1𝛽1𝐴

∗𝑆∗
𝐶 + 𝑃5𝑧3𝛽4𝐶

∗
𝐶𝑆

∗
𝐻
)

⋅ 𝑓 − 𝑃2𝑧1𝛽1𝐴
∗𝑆∗

𝐶 ⋅
𝑒𝑞
𝑓

(18)

+ 𝑧3𝛽2𝐶
∗
𝐶𝑆

∗
𝐿(𝑃4 − 𝑃3) ⋅ 𝑓𝑔 − 𝑃3𝑧3𝛽2𝐶

∗
𝐶𝑆

∗
𝐿 ⋅

1
𝑔
+
(

𝑃5𝑧3𝛽5𝐶𝐿𝑆
∗
𝐻 − 𝑃4𝑧3𝛽2𝐶

∗
𝐶𝑆

∗
𝐿
)

⋅ ℎ

− 𝑃4𝑧3𝛽2𝐶
∗
𝐶𝑆

∗
𝐿 ⋅

𝑓𝑔
ℎ

+ (𝑃6 − 𝑃5)𝑧3𝛽4𝐶∗
𝐶𝑆

∗
𝐻 ⋅ 𝑓𝑚 + (𝑃6 − 𝑃5)𝑧3𝛽4𝐶∗

𝐿𝑆
∗
𝐻 ⋅ ℎ𝑚

− 𝑃5
(

𝑧3𝛽4𝐶
∗
𝐶𝑆

∗
𝐻 + 𝑧3𝛽5𝐶

∗
𝐿𝑆

∗
𝐻
)

⋅
1
𝑚

− 𝑃6
(

𝑧3𝛽4𝐶
∗
𝐶𝑆

∗
𝐻 + 𝑧3𝛽5𝐶

∗
𝐿𝑆

∗
𝐻
)

⋅ 𝑛 − 𝑃6𝑧3𝛽4𝐶
∗
𝐶𝑆

∗
𝐻 ⋅

𝑓𝑚
𝑛

− 𝑃6𝑧3𝛽5𝐶
∗
𝐿𝑆

∗
𝐻 ⋅

ℎ𝑚
𝑛

− 𝑃7𝜌𝐶
∗
𝐶 ⋅

𝑓
𝑞
+ 𝑃7𝜌𝐶

∗
𝐶 ⋅

1
𝑞

Setting the coefficients of 𝑒𝑞, 𝑓𝑔, ℎ, 𝑓𝑚 and ℎ𝑚 be equal to zero, we have 𝑃1 = 𝑃2 = 𝑃3 = 𝑃4 = 𝑃7 = 1 and 𝑃5 = 𝑃6 =
𝛽2𝐶∗

𝐶𝑆
∗
𝐿

𝛽5𝐶∗
𝐿𝑆

∗
𝐻

.

q. (18) can be written as;

𝑑𝐻
𝑑𝑡

= −𝑃1𝑘1𝑆𝐶

(

1 − 1
𝑒

)2
− 𝑃3𝜇𝐿𝑆𝐿

(

1 − 1
𝑔

)2
− 𝑃5𝜇𝐻𝑆𝐻

(

1 − 1
𝑚

)2
− 𝑃7𝑧2𝛼𝐴

(

1 − 1
𝑞

)2

+ 𝑧1𝛽1𝐴
∗𝑆∗

𝐶

(

2 − 1
𝑒
+ 𝑞 − 𝑓 −

𝑒𝑞
𝑓

)

+ 𝑧3𝛽2𝐶
∗
𝐶𝑆

∗
𝐿

(

4 + 𝑓 − 1
𝑔
−

𝑓𝑔
ℎ

− 1
𝑚

− 𝑛 − ℎ𝑚
𝑛

)

(19)

𝑧3𝛽2𝛽4𝐶∗
𝐶𝑆

∗
𝐿

𝛽5𝐶∗
𝐿

(

2 + 𝑓 − 1
𝑚

− 𝑛 −
𝑓𝑚
𝑛

)

+ 𝜌𝐶∗
𝐶

(

𝑓 − 1 −
𝑓
𝑞
+ 1

𝑞

)

onsider a function 𝑧(𝑥) = 1 − 𝑥 + ln(𝑥) ≤ 0 for any 𝑥 > 0 with equality holds if 𝑥 = 1. Thus 1 − 𝑥 ≤ − ln(𝑥).
Taking:

2 − 1
𝑒
+ 𝑞 − 𝑓 −

𝑒𝑞
𝑓

=
(

1 − 1
𝑒

)

+ (1 − 𝑓 ) +
(

1 −
𝑒𝑞
𝑓

)

− (1 − 𝑞)

≤ − ln( 1
𝑒
) − ln(𝑓 ) − ln

(

𝑒𝑞
𝑓

)

+ ln(𝑓 ) = ln(𝑒 ⋅ 1
𝑓

⋅
𝑓
𝑒𝑞

⋅ 𝑞) = 0.

4 + 𝑓 − 1
𝑔
−

𝑓𝑔
ℎ

− 1
𝑚

− 𝑛 − ℎ𝑚
𝑛

=
(

1 − 1
𝑔

)

+
(

1 −
𝑓𝑔
ℎ

)

+
(

1 − 1
𝑚

)

+ (1 − 𝑛) +
(

1 − ℎ𝑚
𝑛

)

− (1 − 𝑓 )

≤ − ln
(

1
𝑔

)

− ln
(

𝑓𝑔
ℎ

)

− ln 1
𝑚

− ln(𝑚) − ln
(ℎ𝑚

𝑛

)

+ ln(𝑓 )

= ln
(

𝑔 ⋅
ℎ
𝑓𝑔

⋅ 𝑚 ⋅
1
𝑛
⋅

𝑛
ℎ𝑚

⋅ 𝑓
)

= 0.

2 + 𝑓 − 1
𝑚

− 𝑛 −
𝑓𝑚
𝑛

=
(

1 − 1
𝑚

)

+ (1 − 𝑛) +
(

1 −
𝑓𝑚
𝑛

)

− (1 − 𝑓 )

≤ − ln
( 1
𝑚

)

− ln(𝑛) − ln
(

𝑓𝑚
𝑛

)

+ ln(𝑓 ) = ln
(

𝑚 ⋅
1
𝑛
⋅

𝑛
𝑓𝑚

⋅ 𝑓
)

= 0.

𝑓 − 1 −
𝑓

+ 1 = − (1 − 𝑓 ) +
(

1 −
𝑓
)

−
(

1 − 1
)

11
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≤ ln(𝑓 ) − ln
(

𝑓
𝑔
+ ln

(

1
𝑞

))

= ln
(

𝑓 ⋅
𝑞
𝑓

⋅
1
𝑞

)

= 0

Thus, 𝑑𝐻
𝑑𝑡

≤ 0. Using LaSalle’s extension to Lyapunov’s method, the limit set of each solution is contained in the largest invariant
et for which 𝑆∗

𝐶 = 𝑆𝐶 , 𝐶∗
𝐶 = 𝐶𝐶 , 𝑆∗

𝐿 = 𝑆𝐿, 𝐶∗
𝐿 = 𝐶𝐿, 𝑆∗

𝐻 = 𝑆𝐻 , 𝐶∗
𝐻 = 𝐶𝐻 , 𝐴∗ = 𝐴 which is the singleton {𝐸∗} [70–72]. Hence,

the aflatoxin contamination persistence equilibrium point (𝐸∗) of the model system (1) is global asymptotically stable on 𝛺 when
𝑅𝑒 > 1. The global asymptotic stability of aflatoxin contamination persistence equilibrium point suggests that contamination will
persist at a relatively constant level in the population, without dying out or causing a large-scale aflatoxin contamination. □

4. Optimal control problem

4.1. Formulation of the optimal control problem

The control theory is applied for the aim of minimizing the spread of aflatoxin contamination in maize kernels, livestock and
humans. The purpose of introducing controls in the model is to find the optimal level of the intervention strategy preferred to reduce
the aflatoxin contamination and cost of implementation of the control. The control variables 𝑢1(𝑡), 𝑢2(𝑡) and 𝑢3(𝑡) are minimized
subject to the differential Eqs. (1) and the minimization objective function presented as

𝐽 = ∫

𝑡𝑓

0

(

𝐴1𝐶𝐶 + 𝐴2𝐶𝐿 + 𝐴3𝐴 + 𝐴4𝐶𝐻 +
𝐶1𝑢21
2

+
𝐶2𝑢22
2

+
𝐶3𝑢23
2

)

𝑑𝑡 (20)

where, 𝐴1, 𝐴2, 𝐴3, and 𝐴4, are positive constant weights representing cost for minimizing contaminated maize kernels, contaminated
livestock, aflatoxin fungi and contaminated humans respectively. The coefficients 𝐶1, 𝐶2, and 𝐶3 are relative cost weights for each
individual control measure over a time period (𝑡𝑓 ) for applying the control strategy. We use quadratic objective function (20),
because a quadratic function is convex and smooth, making it easy to evaluate its derivative. Moreover, it is easy to establish
an optimal solution with a quadratic function since it has only one extreme point (maximum or minimum). Using the objective
function 𝐽 (𝑢1, 𝑢2, 𝑢3), the aim is to reduce the contaminated maize kernels, livestock and humans alongside the minimization of
costs for controls, 𝑢1(𝑡), 𝑢2(𝑡), and 𝑢3(𝑡). We search the optimal control solutions 𝑢∗1(𝑡), 𝑢

∗
2(𝑡), and 𝑢∗3(𝑡) such that;

𝐽 (𝑢∗1 , 𝑢
∗
2 , 𝑢

∗
3) = 𝑚𝑖𝑛{𝐽 (𝑢1, 𝑢2, 𝑢3)|𝑢1, 𝑢2, 𝑢3 ∈ 𝐮}. (21)

here, 𝐮 = {𝑢1, 𝑢2, 𝑢3} is an admissible control set so that 𝑢1, 𝑢2, and 𝑢3 are measurable with 0 ≤ 𝑢1 ≤ 1, 0 ≤ 𝑢2 ≤ 1, and 0 ≤ 𝑢3 ≤ 1,
for 𝑡 ∈ [0, 𝑡𝑓 ].

4.2. Characterization of the optimal control

We apply Pontryagin’s maximum principle [73] which provides the necessary conditions that an optimal control problem must
satisfy. The principle converts system (1) and Eq. (20) to a point-wise minimization problem of a Hamiltonian 𝐻 , with respect to
𝑢1, 𝑢2, and 𝑢3 given by;

𝐻 =𝐴1𝐶𝐶 + 𝐴2𝐶𝐿 + 𝐴3𝐴 + 𝐴4𝐶𝐻 +
𝐶1𝑢21
2

+
𝐶2𝑢22
2

+
𝐶3𝑢23
2

+ 𝜆1(𝜋𝐶 − ((1 − 𝑢1(𝑡))𝛽1𝐴 + 𝜔1 + 𝜇𝐶 )𝑆𝐶 )

+ 𝜆2((1 − 𝑢1(𝑡))𝛽1𝐴𝑆𝐶 − (𝜔1 + 𝜇𝐶 )𝐶𝐶 )

+ 𝜆3(𝜋𝐿 − ((1 − 𝑢3(𝑡))𝛽2𝐶𝐶 + 𝜇𝐿)𝑆𝐿)

+ 𝜆4((1 − 𝑢3(𝑡))𝛽2𝐶𝐶𝑆𝐿 − (𝜇𝐿 + 𝜙𝐿)𝐶𝐿) (22)
+ 𝜆5(𝜋𝐻 − ((1 − 𝑢3(𝑡))(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿) + 𝜇𝐻 )𝑆𝐻 )

+ 𝜆6((1 − 𝑢3(𝑡))(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿)𝑆𝐻 − (𝜇𝐻 + 𝜙𝐻 )𝐶𝐻 )

+ 𝜆7(𝜌𝐶𝐶 − (1 + 𝑢2)𝛼𝐴)

where 𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, and 𝜆7 are the adjoint or co-state variables. The adjoint equations are obtained by
𝑑𝜆𝑖
𝑑𝑡

= − 𝜕𝐻
𝜕𝑉𝑖

with
transversality condition 𝜆𝑖(𝑡𝑓 ) = 0 and 𝑉𝑖 represent model variables.

From Eq. (22), we obtain the following adjoint equations;
𝜕𝜆1
𝜕𝑡

= 𝜆1
(

(1 − 𝑢1)𝛽1𝐴 + 𝜔1 + 𝜇𝐶
)

− 𝜆2
(

(1 − 𝑢1)𝛽1𝐴
)

,

𝜕𝜆2
𝜕𝑡

= −𝐴1 + 𝜆2(𝜔1 + 𝜇𝐶 ) + 𝜆3((1 − 𝑢3)𝛽2𝑆𝐿) − 𝜆4((1 − 𝑢3)𝛽2𝑆𝐿) + 𝜆5((1 − 𝑢3)𝛽4𝑆𝐻 )

− 𝜆6((1 − 𝑢3)𝛽4𝑆𝐻 ) − 𝜆7𝜌,
𝜕𝜆3
𝜕𝑡

= 𝜆3((1 − 𝑢3)𝛽2𝐶𝐶 − 𝜇𝐿) − 𝜆4((1 − 𝑢3)𝛽2𝐶𝐶 ), (23)
𝜕𝜆4 = −𝐴 + 𝜆 (𝜇 + 𝜙 ) + 𝜆 ((1 − 𝑢 )𝛽 𝑆 ) − 𝜆 ((1 − 𝑢 )𝛽 𝑆 ),
12
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𝜕𝜆5
𝜕𝑡

= 𝜆5((1 − 𝑢3)(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿) − 𝜇𝐻 ) − 𝜆6((1 − 𝑢3)(𝛽4𝐶𝐶 + 𝛽5𝐶𝐿)),

𝜕𝜆6
𝜕𝑡

= −𝐴4 + 𝜆6(𝜇𝐻 + 𝜙𝐻 ),

𝜕𝜆7
𝜕𝑡

= −𝐴3 + 𝜆7((1 + 𝑢2)𝛼).

The optimality of the control problem is obtained from Eq. (22) as 𝑢∗𝑖 = 𝜕𝐻
𝜕𝑢𝑖

= 0 where 𝑖 = 1, 2, 3 so that

𝜕𝐻
𝜕𝑢1

= 𝐶1𝑢1 + 𝜆1𝛽1𝐴𝑆𝐶 − 𝜆2𝛽1𝐴𝑆𝐶 ,

𝜕𝐻
𝜕𝑢2

= 𝐶2𝑢2 − 𝜆7𝛼𝐴, (24)

𝜕𝐻
𝜕𝑢3

= 𝐶3𝑢3 + 𝜆3𝛽2𝐶𝐶𝑆𝐿 − 𝜆4𝛽2𝐶𝐶𝑆𝐿 + 𝜆5(𝛽4𝐶𝐶𝑆𝐻 + 𝛽5𝐶𝐿𝑆𝐻 ) − 𝜆6(𝛽4𝐶𝐶𝑆𝐻 + 𝛽5𝐶𝐿𝑆𝐻 ).

The solution of 𝑢∗1(𝑡), 𝑢
∗
2(𝑡) and 𝑢∗3(𝑡) are presented in compact form as

𝑢∗1(𝑡) = 𝑚𝑎𝑥
{

0, 𝑚𝑖𝑛
{

1,
𝜆2𝛽1𝐴𝑆𝐶 − 𝜆1𝛽1𝐴𝑆𝐶

𝐶1

}}

,

𝑢∗2(𝑡) = 𝑚𝑎𝑥
{

0, 𝑚𝑖𝑛
{

1,
𝜆7𝛼𝐴
𝐶2

}}

, (25)

𝑢∗3(𝑡) = 𝑚𝑎𝑥
{

0, 𝑚𝑖𝑛
{

1,
𝜆6[𝛽4𝐶𝐶𝑆𝐻 + 𝛽5𝐶𝐿𝑆𝐻 ] + 𝜆4𝛽2𝐶𝐶𝑆𝐿 − 𝜆5𝑀 − 𝜆3𝛽2𝐶𝐶𝑆𝐿

𝐶3

}}

,

where 𝑀 = 𝛽4𝐶𝐶𝑆𝐻 + 𝛽5𝐶𝐿𝑆𝐻 .
Therefore, the optimal control problem is defined as

𝐽 (𝑢∗1 , 𝑢
∗
2 , 𝑢

∗
3) = 𝑚𝑖𝑛{𝐽 (𝑢1, 𝑢2, 𝑢3)|𝑢1, 𝑢2, 𝑢3 ∈ 𝐮}

subject to (1) and (2).

5. Numerical simulation

In this section, the numerical effects of optimal control strategies are analyzed and discussed. The optimal control solution is
found through solving the optimality system that comprises of the adjoint system (23) and the state system (1). The Fourth-order
Runge–Kutta iterative scheme method was used in solving the state equations with an initial estimate for the controls over the
simulated time. The Fourth-order Runge–Kutta method is a fourth-order method with a truncation error of 𝑂(ℎ5), where ℎ is the
step size. This means that the error in each step is proportional to ℎ5, making the method very accurate [74]. In terms of stability,
the Fourth-order Runge–Kutta method is designed to be stable for a wide range of problems and is generally considered to be very
stable [74]. The rate of convergence for the Fourth-order Runge–Kutta method is 𝑂(ℎ4), which means that the error in the numerical
solution decreases rapidly as the step size is decreased [74]. The backward fourth-order Runge–Kutta scheme was used in solving
the adjoint equations by utilizing the existing solutions of the state equations due to the transversality conditions (23). Additionally,
the convex combination of the prior controls and the value from the characterizations (25) are applied in updating the controls.
The procedure is repeated and the iterations are terminated once the values of unknowns at the preceding iterations are so close to
the ones at the current iteration [44,75].

Values used for numerical simulation are shown in Table 3. To obtain the assumed values, we have taken data from Dodoma
region in Tanzania which is estimated to have 2, 500, 000 people and 1, 500, 000 cattle [76–78]. The life span of humans in Tanzania
is about 66 years [76]. Thus, death rate of humans is estimated to be, 𝜇𝐻 = 1

66 = 0.015 while the recruitment rate is estimated
as, 𝜋𝐻 = 2, 500, 000 × 0.015 = 37,500. On the other hand, the life span of cattle is estimated to be 6 years [79], therefore

e can estimate the death rate of cattle to be 𝜇𝐻 = 1
6 = 0.017 and the recruitment rate 𝜋𝐻 = 1, 500, 000 × 0.017 = 255, 000.

Furthermore, it is estimated that Dodoma region produces 180,000 tonnes of maize per year [77] while 25% of it is lost during or
after harvest [80,81]. Therefore, we estimate the maize recruitment rate, 𝜋𝐶 = 180, 000, maize loss rate, 𝜇𝐶 = 0.25 and the maize
consumption rate, 𝜔1 = 0.75 assuming that all maize produced are consumed within a year. The initial values used in this study
are [𝑆𝐶 (0) 𝐶𝐶 (0) 𝑆𝐿(0) 𝐶𝐿(0) 𝑆𝐻 (0) 𝐶𝐻 (0) 𝐴(0)] = [180, 000 0 1, 5000, 000 0 2, 500, 000 0 18000]. The initial values for susceptible
populations are recruitment rates, while for contaminated populations, they are assumed to be zero. Since all contamination starts
with fungi, a nominal value of 18,000 aflatoxin fungi was assumed to be the initial value.

Due to inadequate information on estimating the weights, we theoretically choose weights to be 𝐴3 = 0.8, 𝐴1 = 0.7, 𝐴2 = 0.6,
𝐴4 = 0.5 and the costs to be 𝐶2 = 5, 𝐶1 = 4 and 𝐶3 = 3 just for illustration purpose in this paper. We assume that more effort should
be given to reduce aflatoxin fungi in soil (biological control) followed by reducing crop’s contamination rate (good agricultural
practices) and lastly livestock and human contamination (public education and awareness) such that 𝐴3 > 𝐴1 > 𝐴2 > 𝐴4. The aim
is to put more emphasis on the main source of aflatoxin by stopping infection process as suggested by other researchers [34,82]. In
the next subsections, we present results of the control strategies simulated over (𝑡𝑓 ) ten years. Strategies have been ranked in order
13

of effectiveness in reducing contamination, beginning with the least effective and progressing to the most effective.
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Table 3
Description of parameters used in numerical
simulations.

Parameter Value Source

𝛽1 0.05 [83]
𝛽2 0.003 [84]
𝛽4 0.002 [84]
𝛽5 0.001 [84]
𝜌 0.019 [1]
𝜋𝐶 180,000 See text
𝜋𝐿 255,000 See text
𝜙𝐿 0.2 [85]
𝜙𝐻 0.1 [12]
𝜔1 0.75 [40]
𝛼 0.1 [84]
𝜋𝐻 37,500 See text
𝜇𝐿 0.17 See text
𝜇𝐻 0.015 See text
𝜇𝐶 0.25 See text

Fig. 2. Impact of Biological control on contaminated maize kernels, livestock, humans and aflatoxin fungi.

.1. Strategy Q: Biological control

This strategy focuses on eliminating or reducing aflatoxin fungi in soil using biological control 𝑢2(𝑡). Simulation shows that it
reduces aflatoxin fungi significantly in seven years but this benefit cannot be sustained until the final time (Fig. 2(d)). It also reduce
a very small portion of contaminated maize kernels (Fig. 2(a)). However, it does not reduce contaminated livestock and humans as
shown in Fig. 2(b) and Fig. 2(c) respectively. With this strategy biological control 𝑢2(𝑡) is applied at 100% in the first two years and
14

gradually decreasing to zero in the tenth year as shown by control profile in Fig. 2(e).
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Fig. 3. Impact of Good farming practices on contaminated maize kernels, livestock, humans and aflatoxin fungi.

.2. Strategy P: Good farming practices

In this strategy we consider good farming practices 𝑢1(𝑡) as the only control to be implemented. Simulations show that
contaminated maize kernels decreases to zero in less than five years. However, a larger portion of contaminated livestock, human
and aflatoxin fungi remain at the final time as shown in Fig. 3(b), 3(c) and 3(c) indicating that strategy P does not fully eliminate
aflatoxin contamination in population. With this strategy good farming practices 𝑢1(𝑡) should be fully implemented throughout the
entire period (10 years) as shown by control profile in Fig. 3(e).

5.3. Strategy R: Public education and awareness campaigns

This strategy considers public education and awareness campaigns 𝑢3(𝑡) as the only control to be implemented. Simulations show
that it reduces contaminated livestock and humans nearly to zero as shown by Fig. 4(b) and Fig. 4(c) respectively. However, this
strategy does not reduce contaminated maize kernels and aflatoxin fungi and they remain the same as shown by Fig. 4(a) and
4(d). With this strategy public education and awareness campaigns 𝑢3(𝑡) should be fully implemented throughout the entire period
(10 years) as shown by control profile in Fig. 4(e).

5.4. Strategy S: Good farming practices and biological control

This strategy considers the combination of good farming practices 𝑢1(𝑡) and biological control 𝑢2(𝑡). Fig. 5 shows that contam-
nated maize kernels and livestock decreases to zero after 5 and 10 years respectively. However, some portion of contaminated
uman and aflatoxin fungi remain at the final time as shown in Fig. 5(c) indicating that strategy S does not fully eliminate aflatoxin
ontamination in human population. With this strategy good farming practices 𝑢1(𝑡) should be fully implemented throughout the
ntire period (10 years) while biological control 𝑢2(𝑡) starts at fully in the first two years and then gradually decreases to zero as
15

hown by control profile in Fig. 5(e).
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Fig. 4. Impact of public education and awareness campaigns on contaminated maize kernels, livestock, humans and aflatoxin fungi.

5.5. Strategy T: Good farming practices and public education and awareness campaigns

This strategy considers the combination of good farming practices 𝑢1(𝑡) and public education and awareness campaigns 𝑢3(𝑡).
Fig. 6 shows that contaminated maize kernels and livestock decreases to zero after 4 and 6 years respectively. Aflatoxin fungi has
shown a gentle decrease but does not reach zero in 10 years as shown by Fig. 6(d). Contaminated human decreases and approaches
zero at the final time as shown in Fig. 6(c) indicating that strategy 𝑇 can fully eliminate the aflatoxin contamination. With this
strategy good farming practices 𝑢1(𝑡) should be fully implemented throughout the entire period (10 years) while public education
and awareness campaigns 𝑢3(𝑡) should be fully implemented for almost 8 years and decreases to zero as shown by control profile in
Fig. 6(e).

5.6. Strategy U: Biological control and public education and awareness campaigns

This strategy considers the combination of biological control 𝑢2(𝑡) and public education and awareness campaigns 𝑢3(𝑡). Fig. 7
shows that contaminated livestock and humans decreases to zero after 7 and 9 years respectively. Aflatoxin fungi has shown a gentle
decrease in first five years before starting to increase again as shown by Fig. 7(c). However, a large portion of contaminated maize
kernels remains at the final time as shown in Fig. 7(a) indicating that strategy U does not fully eliminate aflatoxin contamination
in crop population. With this strategy public education and awareness campaigns 𝑢3(𝑡) should be fully implemented throughout the
entire period (10 years) while biological control 𝑢2(𝑡) should start at fully in the first two years and gradually decreasing to zero in
the tenth year as shown by control profile in Fig. 7(e).

5.7. Strategy V: Good farming practices, biological control and public education and awareness campaigns

This strategy consider the combination of all controls: good farming practices 𝑢1(𝑡), biological control 𝑢2(𝑡) and public education
nd awareness campaigns 𝑢3(𝑡). Fig. 8 shows that contaminated maize kernels and livestock decreases to zero after 3 and 6 years
16

espectively. Contaminated humans also decreases to nearly zero while aflatoxin fungi showing gradual decrease though it does not
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Fig. 5. Impact of Good farming practices and Biological control on contaminated maize kernels, livestock, humans and aflatoxin fungi.

reach zero in 10 years. Although this strategy does not full eliminate aflatoxin fungi in ten years, it has shown good impacts in all
populations. With this strategy good farming practices 𝑢1(𝑡) should be full applied throughout the entire period, public education
and awareness campaigns 𝑢3(𝑡) full implemented for 8 years while biological control 𝑢2(𝑡) starts at 100% and gradually decreases to
zero as shown by control profile in Fig. 8(e).

We also did a sensitivity analysis of the computed controls with respect to parameters and the results are shown in Fig. 9. For
sensitivity, we exclude recruitment and mortality rates parameters. We aim to see how controls vary when values of parameters
uniformly change from the baseline. Good farming practices (𝑢1) do not change much with changes in crop contamination rate (𝛽1).

ith all values of 𝛽1 (0.05, 0.0375 and 0.025), good farming practices (𝑢1) should be fully applied until 9 to 10 years as shown
n Fig. 9(a). Biological control (𝑢2) was very sensitive, with 10%, 60% and 70% for 0.075, 0.1 and 0.125 values of reduction rate
f aflatoxin fungi in soil (𝛼) respectively as shown in Fig. 9(b). On the other hand, public education and awareness campaign was
ore sensitive to changes in livestock contamination rate (𝛽2), followed by human contamination rate from maize kernels (𝛽4) and
as less sensitive to human contamination rate from livestock (𝛽5) as shown in Fig. 9(c), 9(d) and 9(e) respectively.

. Cost-effectiveness analysis

The cost effectiveness analysis helps to show the economic benefit for the control strategies. It is used to make comparison
etween the relative costs and outcomes of different strategies [45]. In this section, we carry out a cost-effectiveness analysis to
ustify the costs associated with control strategies: P, Q, R, S, T, U and V. The analysis is based on incremental cost-effectiveness
atio (ICER), which is given by;

𝐼𝐶𝐸𝑅 for 𝑋 =
Cost of Strategy 𝑋 − Cost of Strategy 𝑌

Effect of Strategy 𝑋 − Effect of Strategy 𝑌
(26)

whereby 𝑋 and 𝑌 correspond to the strategic interventions being compared in the present case. Using the simulation results, the
control strategies are ranked in increasing order of effectiveness based on cases of contamination averted as shown by Table 4. Their
corresponding total cost and ICER values for control strategies are also given in Table 4. The ICER values are computed by dividing
difference in cost between two strategies by their difference in contamination averted as shown in Eq. (26). Generally, ICER value
represent the additional cost per additional health outcome.
17
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Table 4
ICER for P, Q, R, S, T, U and V control strategies.

Strategy Total contamination
averted

Total cost ($) ICER value

Strategy Q 148520 8999300 60.593186
Strategy P 10306000 3420300 −0.549250
Strategy S 10350000 3394200 −0.593182
Strategy R 13363000 3883500 0.162396
Strategy U 13517000 3720700 −1.057143
Strategy T 17559000 700960 −0.747091
Strategy V 17608000 669230 −0.647551

Table 5
ICER for T and V control strategies.

Strategy Total contamination
averted

Total cost ($) ICER value

Strategy T 17559000 700960 0.039920
Strategy V 17608000 669230 −0.647551

According to results in Table 4, strategy Q has highest ICER values indicating that it is more costly and under-achieving strategy
ompared to others. As such it is removed from the batch of options to preserve the available limited resources. Same procedures
or calculating ICER values are repeated and the final results are presented in Table 5.

Results in Table 5 shows that strategy 𝑇 has highest ICER values indicating that it is more costly and under-achieving strategy
compared to strategy V. We remove strategy 𝑇 from the batch of options remaining with strategy V. This means that Strategy V
is less costly and more effective to implement compared to Strategy T. Thus, these results indicate that strategy V that involves
good farming practices, biological control and public education and awareness campaigns saves more money and gives the best
18
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Fig. 7. Impact of Biological control and Public education and awareness campaigns on contaminated maize kernels, livestock, humans and aflatoxin fungi.

outcomes. Therefore, this strategy is the most cost-effective strategy in combating aflatoxin contamination in humans, livestock and
maize kernels.

7. Conclusion

In this paper, a deterministic model was developed and analyzed for studying the impact of implementing three time-dependent
ontrols on the dynamics and control of aflatoxin contamination in maize kernels, livestock and humans. The controls that were
dministered are good farming practices, biological control and public education and awareness campaigns. The optimal control
heory was used to find the necessary conditions for the existence of optimal controls and to determine the optimal strategy for
ontrolling the aflatoxin contamination. The cost-effectiveness analysis has also been carried out through the incremental cost
ffective ratio (ICER) to obtain the most effective strategy. Simulation results for the optimal control problem suggest that a
trategy that involves the implementation of all controls is more cost-effective compared to other strategies for controlling aflatoxin
ontamination in maize kernels, livestock and humans. Therefore, to control aflatoxin contamination, initiatives should focus on
ood farming practices, biological control and public education and awareness campaigns. These results are similar with other
tudies in aflatoxin contamination management in terms of recommendations for strategies to be adopted [31,34,82,86] but they
uggested quantifying the controls and cost effectiveness analysis. Compared to [40] results, which used only probiotics as a control,
ur study provides simulations of three controls for preventing aflatoxin contamination. It also provides a cost-effectiveness analysis
or the control strategies to help policy-makers in their decision-making. However, in this study, more weight was given to reducing
flatoxin fungi in the environment (biological control), followed by reducing crop’s contamination rate (good agricultural practices),
nd lastly, livestock and human contamination (public education and awareness). This is based on the assumption that controlling
flatoxin contamination from the source (aflatoxin fungi) is more significant [34]. Therefore, results could be different if this
ssumption is not taken into consideration. Future studies can explicitly look at pre- and post-harvest contamination. They can
19

lso extend the model by incorporating the environmental and shading recruitment rates of aflatoxin fungi in soil. Furthermore,
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future work can extend the model by incorporating weather fluctuations and climate change, as they are important in aflatoxin
fungi’s life cycle and aflatoxin formation.
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