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ABSTRACT

Human African Trypanosomiasis (HAT), also known as sleeping sickness is a neglected dis-
ease that impacts 70 million people living in 1.55 million km2 in sub-Saharan Africa. The
disease strikes predominantly poor populations in sub-Saharan Africa and has been targeted
for elimination as a public health problem by 2030. Despite decades of control operations, the
disease remains enigmatic and persists in populations at low levels of prevalence. Hence sev-
eral research approaches must be utilized to infer on the feasibility of attaining the set target.
Among them, mathematical modeling is a very successful tool and has been extensively used
for different diseases.

In this study four mathematical models were proposed to evaluate the effects of educational
campaigns, seasonality, memory effects, time delay and heterogeneity in the human population
on Trypanosoma brucei rhodesiense transmission and control dynamics. In the formulated
models the basic reproduction number R0 was computed and qualitatively used to establish the
condition for disease eradication and persistence. In the first model, effects of human awareness
through educational campaigns and use of insecticides on short-and long-term dynamics of the
disease were evaluated. Analytical results of the study showed that the model undergoes a
backward bifurcation.

Further, upon extending the model to incorporate time-dependent educational campaigns and
the use of insecticides, it was noted that when the aforementioned strategies were intensified
the associated costs were also high, and the reverse was true. Moreover, it was also noted that
reducing the upper bound of educational campaign control (u1) from 1 to 0.5 and insecticide
control (u2) from 1 to 0.3 could lead to a 17.6% reduction in costs.

Next, the model system was extended to include temperature and case detection followed by
treatment of infected humans. With the aid of suitable Lyapunov functionals, the global stability
of the model’s steady states was carried out. Upon simulating the model with temperature
fixed at 20 and 25◦C, it was noted that the value of vector control be greater than 30 and 50%
respectively for R0 to be less than unity. Lastly, the time delay factor was included in the model
system to assess the effects of incubation period on the dynamics of T. brucei rhodesiense

disease in the population. The numerical results demonstrated that the inclusion of the time
delay factor in the model system destabilized the endemic equilibrium point leading to Hopf
bifurcation.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study

Human African trypanosomiasis (HAT), also known as sleeping sickness, is a neglected tropical
disease (NTD) caused by parasites of the genus Trypanosoma, which are transmitted by tsetse
flies (Kennedy, 2013). The disease has two forms, T. brucei gambiense in West and Central
Africa and T. brucei rhodesiense in East Africa (Moore et al., 2012a). However, it is worth
noting that Uganda has both forms of the parasite, but in separate zones (Franco et al., 2014b).
Although these two parasites cause distinct pathologic entities, both of which are included under
the general term HAT, they are considered as two separate diseases with different epidemiolog-
ical and clinical patterns and different patient management (Franco et al., 2014b). The HAT
can be transmitted to humans and animals (both livestock and wildlife) by over 20 species of
Glossina tsetse flies (Moore et al., 2012a). According to the World Health Organization (WHO,
2013), HAT threatens millions of people in 36 in sub-Saharan African countries. The disease
particularly affects people who reside in remote; rural areas with limited access to adequate
health services (WHO, 2013;WHO, 2020a).

In the last decade of the 20th century, the number of reported HAT cases reached alarming
levels of up to 70 000 new cases reported annually (Lutumba et al., 2007). Therefore such
surveillance and control activities against disease were reinforced at the beginning of the 21st

century. Through these concerted efforts, the annual number of HAT cases reported annually
decreased remarkably and in 2009, only 9878 HAT cases were reported, the least in 50 years
(Gilbert et al., 2016). Overall, between 2000 and 2012, the number of HAT cases reduced
by almost 73%. The WHO road map set the target of eliminating disease as a public health
problem by 2020 and interruption of its transmission (zero cases) by 2030 (Franco et al., 2020).
Despite these efforts, WHO estimates that approximately 65 million people are still at risk of
HAT infection (Franco et al., 2020).
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Figure 1: Distribution of HAT cases for the period 2000-2009 (Franco et al., 2014a)

Figure 1 depicts the geographical distribution of HAT cases across Africa between 2000 and
2009 and evidently T. brucei gambiense is prevalent in West and Central Africa while T. brucei

rhodesiense is prevalent in the Eastern Africa region. Further, Uganda is the only country with
both forms of the parasite. It is, however, worth noting that the map is a dynamic tool, and it is
regularly improved and updated in terms of accuracy and completeness (Franco et al., 2014a),
however, the one presented in Fig. 1 is the most recent.

1.1.1 Epidemiology of the HAT disease in Africa

The HAT disease passes through two clinical stages. The first stage is the haemolymphatic
stage, where the parasites are in the blood and lymphatic systems. The patient at this stage
exhibits symptoms such as fever, enlarged lymph nodes, fatigue, and headache (Steverding,
2008). The second stage, occurs when the parasites cross the blood-brain barrier and invade
the central nervous system, and is called the late or meningo-encephalitic stage. The patient

2



experiences symptoms like sleeping sickness disorder, severe headache, behaviour change and
endocrine disorders (Eperon et al., 2014).

The clinical manifestation of the two forms of the HAT disease differ in management, presen-
tation, and prognosis. Patients with T. brucei gambiense disease take several months to years to
progress from the early to the late stages of infection, while patients with T. brucei rhodesiense

disease take only 1-3 weeks to progress from the early to the late stage of infections. Without
treatment, both infections may cause death to humans and animals (Aksoy et al., 2017).

1.1.2 Transmission route of HAT disease

Both T. brucei gambiense and T. brucei rhodesiense diseases are transmitted by tsetse fly vectors
belonging to the genus Glossina (Ndondo et al., 2016). The tsetse fly acquires or transmits the
trypanosome parasites to humans or animals by bites during blood meals (Aksoy et al., 2017).
There are thirty-one sub-species of tsetse flies, but those that transmit the HAT disease are
grouped into three subgenera-; morsitans, palpalis and fuscipes (Shereni et al., 2016). The tsetse
flies are found in 38 sub-Saharan African countries, especially in Western, Central, Eastern, and
Southern Africa where the high density of woodland, wood savannah forest, rivers, lakes, and
other vegetation encourage their growth and reproduction (Glover, 1967).

The transmission of T. brucei gambiense in Western and Central African countries occurs
through the human-vector-human by tsetse flies of the Glossina palpalis group which are mostly
found in lake shores, rivers, and wetlands. The transmission route of T. brucei rhodesiense in
Eastern and Southern African countries on the other hand occurs through the animal-vector-
human route by tsetse flies of the Glossina morsitans group which are found in forests and
Savannah woodlands, specifically in East Africa countries (Ndondo et al., 2016).
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Figure 2: Transmission dynamics of the HAT disease in Africa (Büscher et al., 2017a)

Figure 2 shows the transmission dynamics of the HAT disease in Africa. Wild animals es-
pecially in game reserves and national parks in countries like Tanzania, Kenya, Uganda, Zim-
babwe, Malawi, and Zambia are reservoirs of the T. brucei rhodesiense parasites which maintain
the dynamics of the disease between humans and animals (Hide, 1999). Most people especially
in rural areas become exposed to tsetse flies while farming, hunting, fishing, collecting water,
or visiting game reserves, and national parks (Büscher et al., 2017a).

The unique feature that differentiate tsetse flies from other insects like mosquitoes is their life
cycle. The adult female tsetse fly mates once in a lifetime where by the male deposits a large ball
of sperm which moves into spermathecae (Madsen et al., 2013a). The female produces a single
egg which passes into the uterus wall where it is fertilized for 4 days and hatches into larva
which undergoes three stages called instar larva. The development of the larva in the uterus
wall takes 5 days and is nourished by milk glands generated by the female tsetse fly (Rogers
et al., 1994). Once deposited, the fully developed larva burrow in the ground and pupate after
a few minutes (Büscher et al., 2017a). The emergence of the pupal to adult fly depends on the
surrounding temperature, whereby the lower the temperature, the longer the pupal period and
vice versa (Leak, 1999). This life cycle is summarized in Fig. 3
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Figure 3: The life cycle of tsetse fly (Leak, 1999)

1.1.3 Effects of climatic changes on the dynamics of HAT diseases

Temperature is one of the environmental factors that plays an integral role in the dynamic of
HAT. Previous studies have revealed that the metabolic processes in tsetse flies strongly depend
on temperature. The interlaval period, pupal period, adult lifespan, and the period between
successive feeds are particularly reduced as temperature increases (Phelps, 1973). A study by
Thomson (1994) established that temperature does not only change the different developmental
periods of the vector but is also important in the fly’s flight activity. While temperatures below
17◦C make tsetse flies rest in direct sunlight, and those above 32◦C make them inactive forcing
them to seek artificial refuge which in most cases are cool shaded places (Vale, 1971).

1.1.4 Control measures of trypanosomiasis

Although there is no vaccine or drug for prophylaxis against the, they are other preventive
and treatment options. The preventative strategies are mainly designed to minimize contact
between the hosts and vectors. Humans can minimize contact with the tsetse vectors by avoiding
bushy areas, wearing long-sleeved garments of medium-weight material in neutral colors that
blend with the background environment. Spraying domesticated animals with insecticides also
minimizes contact between the vector and the animals. Drugs can also be used to treat infected
host species.
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Like other NTDs such as the Guinea worm, the development of a HAT vaccine that can be
successfully used for hosts remains a formidable challenge. One of the challenges behind this
failure has been attributed to the existence of variable surface glycoproteins (VSGs) that cover
the body surface of the parasite (Magez et al., 2010). Even though the HAT parasite contains
more than 1000 VSGs, only one of these is expressed during infection (Büscher et al., 2017b).
Although the host’s immune system normally develop antibodies to fight the expressed VSG,
it is the ability of the parasites to produce new VSGs that remains the greatest challenge the
enables their continued survival in the reservoir hosts for long a time (Ranjbarian, 2017). Hence,
efforts to eliminate the disease are currently based on the treatment of infected hosts, use of
insecticides and other non-pharmaceutical intervention strategies such as avoiding bushy areas
and wearing long-sleeved garments of medium-weight material in neutral colors that blend with
the background environment.

1.2 Statement of the research problem

Although tremendous progress has been made in controlling the HAT disease, there are still
several countries/regions in sub-Saharan Africa where the infection persists in both humans and
animals. WHO (2020a) estimates that approximately 65 million people remain at risk of the
infection. The WHO’s target of elimination the disease as a public health problem by 2030 is
fast approaching, it is therefore imperative that various tools and techniques are developed to
improve the existing knowledge to effectively manage the disease and attain the set target.

Tools and techniques for the prediction of disease dynamics and evaluation of the strengths and
limitations of control strategies have been developed. Mathematical modeling pioneered by
Daniel Bernoulli, Sir Ronald Ross, Kermack and McKendrick (Ross, 1916; Macdonald et al.,
1950) is one such tool used to predict the course of the epidemic and facilitate the development
of control strategies. Following these early works in mathematical modeling, a number of
researchers (Chitnis et al., 2008) have extensively engaged in design of models in an attempt to
describe and understand several biological phenomena. A few mathematical models have been
published in recent years to investigate HAT dynamics (Rogers, 1988; Moore et al., 2012b,a;
Kajunguri, 2013; Funk et al., 2013; Kajunguri et al., 2014; Pandey et al., 2015; Alderton et al.,
2016; Gilbert et al., 2016; Ndondo et al., 2016; Lord et al., 2018; Alderton et al., 2018; Meisner
et al., 2019; Ndeffo-Mbah et al., 2019). A comprehensive review of these studies is provided
in Chapter 2. Despite these efforts, several challenges and gaps remain in the mathematical
modeling of HAT:

(i) Studies on other infectious diseases such as malaria, HIV/AIDS, tuberculosis have sug-
gested that coupling pharmaceutical and non-pharmaceutical control interventions has
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a significant impact on disease management (Kumar et al., 2017). Among the non-
pharmaceutical control interventions, educational campaigns are very successful inter-
vention strategy (Kumar et al., 2017). In particular, prior studies suggest individual be-
havioural changes whenever they receive information about the disease. Therefore, there
is growing interest among researchers to study the impact of such behaviour-influencing
factors on the spread of infectious diseases (Greenhalgh et al., 2015; Kumar et al., 2017;
Agaba et al., 2017; Musa et al., 2021). To the best of the researcher’s knowledge, a math-
ematical model for HAT that incorporates educational campaigns is yet to be proposed.
Hence, a mathematical model for HAT that incorporates educational campaigns has been
proposed and analyzed to shed light on how awareness influences HAT dynamics.

(ii) Seasonal variations in climatic factors such as rainfall and temperature have a strong
influence on the life cycle of tsetse flies, thereby affecting the seasonal distribution and
abundance of vectors (Nnko et al., 2017). For example, tsetse fly-vectors responsible for
the transmission of trypanosomiasis in humans and animals need between 16-38◦C and
50-80% of temperature and humidity respectively to survive (Franco et al., 2014b). To the
best of the researcher’s knowledge, this aspect is yet to be investigated. As such, a non-
autonomous model that incorporates seasonal variations has been proposed and analyzed
in this dissertation.

(iii) Memory effects are inherent in many biological process (Kheiri, 2019), and play a critical
role in shaping their short-and long-term dynamics. To the best of the author’s knowledge,
the effects of memory on HAT dynamics is yet to be studied. Existing models for HAT
dynamics are based on ordinary differential equations (ODEs) in which the order of the
derivative is an integer. Since integer differentiation is a local operator, this does not
satisfactorily capture the memory influences in biological systems (Gashirai et al., 2021).
Therefore, non-local fractional differentiation needs to be utilized to capture the effects
of memory in biological systems. In this dissertation, a mathematical mode for HAT that
is based on fractional differentiation has been proposed and analyzed.

(iv) Biological processes have intrinsic delays that can represent gestation periods, immune
activation, and incubation periods in infectious diseases (Mushayabasa, 2015, 2016; Ding
et al., 2016). There is growing interest among researchers to understand the implica-
tions of time delays on the dynamics of infectious and non-infectious diseases. Although
existing models have certainly produced many useful results and improved the existing
knowledge on HAT dynamics, the effects of time delays on HAT are yet to be investigated.
Therefore, a HAT model that incorporates time delay has been proposed and analyzed in
this dissertation .
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A recent report by WHO (2020b) suggests that there is a slight increase of T. brucei rhodesiense

cases and based on this assertion, the mathematical models proposed in this study are meant to
monitor these dynamics.

1.3 Rationale of the study

The T. brucei rhodesiense as a zoonotic disease affects most of the areas such as National
Parks, game reserves and other protected areas in East Africa countries. People working on,
living close to and visiting these areas are at high risk of contacting tsetse flies. Therefore,
understanding the dynamics of sleeping sickness disease and its control will help the people
specifically in rural areas to be aware of the disease and be able to identify activities that ex-
pose them to tsetse flies and take prevention measures. The study will also help veterinary
officers, policy makers and other stakeholders to select the best control strategies and be able
to implement them to minimize the transmission of the disease to both humans and animals.
Besides, knowing the effects of seasonal (specific temperature) variations on the dynamics of
sleeping sickness diseases will help the stake holders to allocate and implement resources at the
right place and time. In addition to that, the selected topic of study will add knowledge in the
literature review for further studies.

1.4 Research objectives

1.4.1 Main objective

The overall goal of this study was to contribute to the existing knowledge on T. brucei rhode-

siense dynamics through the development and analysis of new comprehensive models (which
extend many of the published models in literature) to gain insights into the qualitative features
of the disease (to find effective ways to control its spread both human and animal host).

1.4.2 Specific objectives

The specific objectives of the study were:

(i) To investigate the role of educational campaigns on T. brucei rhodesiense dynamics.

(ii) To investigate the effects of seasonal variations on T. brucei rhodesiense dynamics.

(iii) To investigate the influence of memory effects on T. brucei rhodesiense dynamics.

(iv) To investigate the effects of time delays on T. brucei rhodesiense. dynamics
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1.5 Research questions

In contrast to the large number and widespread use of models to guide efforts against diseases
as diverse as onchocerciasis (Habbema et al., 1996), malaria (Monitoring, 2011) and influenza
(Nsoesie et al., 2014), models of HAT are few and their impact on practice and policy limited.
Hence, in this study the following research questions were considered:

(i) What is the role of educational campaigns play on T. brucei rhodesiense dynamics?

(ii) What are the effects of seasonal variations on T. brucei rhodesiense dynamics? dynamics.

(iii) What are the implications of memory effects on T. brucei rhodesiense dynamics?

(iii) What are the qualitative and quantitative effects of time delays on T. brucei rhodesiense

dynamics?

1.6 Significant of the study

The significant of the proposed study includes the following:

(i) The proposed study is envisaged to provide a framework for design of control strategies
in Tanzania.

(ii) Inform policy formulation for disease control.

(iii) Provide plat form for further studies in the transmission dynamics of the disease.

1.7 Delineation of the study

Infectious disease continue to pose a formidable challenges to economies and health systems of
many nations world over, hence, understanding ways of effectively managing these disease is
a subject that requires constant research and update. African trypanosomiasis, in particular, re-
mains endemic to Sub-Saharan Africa and continues to threaten human health and food security
(Nnko et al., 2017). Further, the total annual losses in agricultural gross domestic product in all
the countries where the disease is endemic is estimated to be USD 4.7 billion (Mulenga et al.,
2020). The models and results presented in this dissertation are new and make a significant
contribution to the existing body of knowledge on T. brucei rhodesiense dynamics.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Mathematical modelling is commonly regarded as the art of applying mathematics to a real-
world problem to better understand the problem (Cheng, 2009). Yanagimoto (2005) argues that
mathematical modelling is not just a process of solving a real-life problem using mathematics,
but the process that involves applying mathematics in situations where the results are useful in
society. McKenzie (2000) defines a mathematical model as an abstraction or simplification of
nature by separating important aspects from minor and irrelevant. Models are used to approach
questions which are too complex, inaccessible, numerous, diverse, mutable, unique, dangerous,
expensive, big, small, slow or fast to approach by other means (McKenzie, 2000). However, it
is worth noting that a mathematical model cannot encompass every feature of a problem. The
hope is that the missing features are not crucial and that the model will help to distinguish the
decisive from the incidental features in the given context (McKenzie, 2000).

Since the pioneering works of Daniel Bernoulli, Sir Ronald Ross, Kermack and McKendrick
(Ross, 1916; Macdonald et al., 1950), mathematical modeling has extensively used to under-
stand several biological phenomena (Chitnis et al., 2008; Mushayabasa, 2013). In recent years,
mathematical models have been guiding tools to and shedding light on transmission and control
of infectious and non-infectious diseases. Models enable researchers to create frameworks that
can be accurately utilized to conceptualize and communicate ideas regarding the behavior of a
particular system (Keeling, 2005). Through these frameworks, solutions to phenomena that are
difficult to measure in the field can be found. Mathematical models have been important tools
in controlling the spread of infectious diseases.

The use of mathematical models to understand ways of effectively managing diseases does not
only have a long history but has some notable success too. The success of the Onchocerciasis
Control Program in West Africa at the turn of the millennium shows that models can make great
pragmatic contributions to intervention programs if the modeling is integrated into the overall
program, and if the participants are clear about what models can and cannot do (Macdonald
et al., 1950).

2.2 Mathematical models of HAT dynamics

Following the long history of malaria modelling, mathematical modelling of HAT began with
Rogers (1988) and since then, multiple models of human and animal African trypanosomi-
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asis have been built and analysed to investigate various aspects of trypanosome biology and
epidemiology (Chitnis et al., 2008). Rogers (1988) proposed a three-dimensional model for
the transmission dynamics of T. brucei gambiense in West Africa. The three-model included
humans, animals and vectors (tsetse flies). The model was quantitatively and qualitatively an-
alyzed to determine the disease threshold parameter and equilibrium points and validated with
the aid of T. brucei gambinese data from a West African village. Among several outcomes of
the work of Rogers, it was demonstrated that peak disease incidence lagged behind peak fly
numbers, and the less favoured hosts behind the more favoured hosts.

Milligan (1988) published their first model of animal trypanosomiases in the same year as
Rogers (1998). They included enhanced vector susceptibility in teneral flies, multiple host
types (cattle and wild animals), and disease-induced mortality in both hosts and vectors. They
derived the R0 and modelled the effects of chemoprophylaxis on cattle. They showed that
the effectiveness of chemoprophylaxis depends on the frequency of application and duration of
protective efficacy and that the effectiveness of vector control is reduced by the immigration of
flies.

Artzrouni (1996a) proposed a five-variable compartmental for the dynamics of HAT. Their
framework included a single host (humans) and vectors (tsetse flies). Their framework had the
following epidemiological classes for the human population: susceptible, incubating, asymp-
tomatic, and removed humans. They validated their work using HAT data from the Democratic
Republic of Congo. In a subsequent paper, these authors (Artzrouni, 1996b) used their model
to compare control strategies.

To assess the impact of host and vector migration on HAT dynamics, Chalvet-Monfray et al.

(1998) extended the model proposed by Artzrouni (1996b). Hargrove et al. (2012) modeled
the control of trypanosomiasis caused by T. brucei rhodesiense in multiple hosts. Their model
predicted that treating cattle with insecticides would generally be more effective than treating
them with drugs. In addition, Moore et al. (2012a) utilized a system of ordinary differential
equations to explore the impact of climate change on T. brucei rhodesiense dynamics. Results
from their framework suggested that climate change could lead to 46–77 million additional
people being at risk of exposure to HAT infection by 2090. These studies and those cited
therein have undeniably produced many useful results and improved the existing knowledge on
HAT dynamics.

Funk et al. (2013) proposed and analyzed a multiple host model for gambiense HAT and pro-
vided field data estimates of the R0 in Bipindi, Cameroon. Madsen et al. (2013b) developed a
mathematical model for gambiense disease with the aim of evaluating the effects of intervention

11



strategies that could be utilized to eliminate HAT in the Democratic Republic of Congo. Their
work revealed that additional strategies such as vector control and/or improved screening of the
human population are required to accelerate progress against Gambian HAT in the Democratic
Republic of Congo.

Kajunguri et al. (2014) also formulated a multi-host model for HAT caused by T. brucei rhode-

siense, and in particular found that the restricted application of insecticides to cattle on their
legs and belly only (favoured tsetse feeding sites) provided a cost-effective method of control.
Ndondo et al. (2016) proposed a mathematical model of HAT that takes into account the growth
of tsetse fly, from its larval to adult stage. Qualitative and quantitative results from their study
showed that model has two equilibrium points, the disease-free and the endemic equilibrium
point which exists whenever the R0 is less and greater than unity respectively.

Ackley (2017) developed a dynamic model to estimate tsetse fly mortality from ovarian dissec-
tion data in populations where age distribution is not essentially stable. One of the important
results from their study was that mortality increases with temperature concurs with existing field
and laboratory findings. Lord et al. (2018) utilized a mathematical model to explore the effects
of temperature on mortality, larviposition and emergence rates in tsetse vectors. They sug-
gested that an increase in temperature maybe associated with the decline in tsetse abundance in
Zimbabwe’s Zambezi Valley. They also hypothesized that rising temperatures may have made
some higher, cooler, parts of Zimbabwe more suitable for tsetse leading to the emergence of
new disease foci.

Alderton et al. (2018) proposed an agent-based model to assess the impact of seasonal climatic
drivers on trypanosomiasis transmission rates. Simulation results from their demonstrated a
perfect fit with the observed HAT datasets thereby demonstrating that seasonality is a key com-
ponent on trypanosomiasis transmission rates. Stone (2015) employed a system of ODEs to
model the implications of heterogeneous biting exposure and animal hosts on T. brucei gambi-

ense transmission and control. Their had several outcomes, but overall, their study demonstrated
that the effective control of HAT hinges on understanding the its ecological and environmental
context particularly for moderate and low transmission intensity settings.

Madsen et al. (2013b) formulated a mathematical framework to study the effects of seasonality
on tsetse fly abundance and trypanosomiasis transmission. Ndeffo-Mbah et al. (2019) formu-
lated a dynamical model to characterize the impact of vector migration on the effectiveness of
gambiense HAT control strategies. Their study suggested that the WHO 2030 goal of eliminat-
ing the disease is at least in theory, achievable. These studies and several others cited therein
improved our understanding of sleeping sickness transmission and control.
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CHAPTER THREE

MATERIALS AND METHODS

3.1 Introduction

In this Chapter, mathematical models for T. brucei rhodesiense dynamics that seek to provide
solutions to the set objectives are presented and analyzed. In particular, new comprehensive
models (which extend many of the published models in the literature) have been designed and
rigorously analyzed. The models incorporate relevant biological and ecological factors, as well
the interplay between vectors and the two hosts (humans and animals). The first model seeks
to evaluate the role of educational campaigns on T. brucei rhodesiense dynamics, the second
model evaluates the effects of seasonal variations on T. brucei rhodesiense transmission and
control, the third model assess the implications of memory effects on T. brucei rhodesiense

dynamics and the last model investigates qualitative and quantitative effects of time delays on
T. brucei rhodesiense dynamics. The notation for state variable and model parameters used in
the dissertation is described in Table 1 and 2, respectively.

Table 1: Description of state variables of models presented in this dissertation

Variable Description
Sh Number of susceptible human population.
Eh Number of exposed human population.
Ih Number of infectious human population.
Rh Number of removed humans who may not get infected.
Nh Total number of humans, that is., Nh = Sh +Eh + Ih +Rh.
Sa Number of susceptible animal population.
Ea Number of exposed animal population.
Ia Number of infectious animal population.
Ra Number of removed or recovered animal population.
Na Total number of animal population.
Sv Number of susceptible tsetse flies.
Ev Number of exposed tsetse flies.
Iv Number of infectious tsetse flies.
Nv Total number of tsetse flies.
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Table 2: Description of state variables of models presented in this dissertation

Variable Description
βhv Transmission rate of HAT disease from an infected human to a susceptible vector
βav Transmission rate of HAT disease from an infected animal to a susceptible vector
βvh Transmission rate of HAT disease from an infected vector to a susceptible human
βva Transmission rate of HAT disease from an infected vector to a susceptible animal
γh Progression rate of human population from recovered to susceptible class
γa Progression rate of animal population from recovered to susceptible class
θh Rate at which humans become aware of the disease
dh Per capita disease-induced death rate for humans
da Per capita disease-induced death rate for animals
da Per capita disease-induced death rate for animals
p Proportion of tsetse fly bite on animal
µv Natural mortality rate of tsetse flies
µh Natural mortality rate for humans
µa Natural mortality rate for animals
αh Recovery rate of infected humans
αa Recovery rate of infected animals
bv Per capita birth rate of tsetse flies
bh Per capita birth rate of humans
ba Per capita birth rate of animals
κv Incubation rate for tsetse flies
κa Incubation rate for animals
κh Incubation rate for humans
W Proportion of female flies
ξ Tsetse fly biting rate

3.2 Rhodesiense model with educational campaigns

To assess the role of educational campaigns on T. brucei rhodesiense dynamics, a mechanistic,
compartment model which describes the infection dynamics in human, animal and tsetse fly
population were developed. This model and its variant are based on a Ross-Macdonald-type
formulation (Macdonald et al., 1950) with infection stages in humans, animals and tsetse flies.
In particular, the host population was partitioned into three distinct classes: susceptible Si(t), in-
fectious Ii(t) and recovered Ri(t). Thus, the total host population at time t is Ni = Si+ Ii+Ri, for
i = a,h. Furthermore, the tsetse fly population was subdivided into two classes namely: suscep-
tible Sv(t) and infectious Iv(t), such that the total tsetse population considered was equivalent
to Nv(t) = Sv(t)+ Iv(t). The proposed model was governed by the following assumptions:

(i) Through mass media campaigns, humans were assumed to become aware of the disease
at a constant rate θh and those that became aware of the disease were assumed to have
negligible chances of being infected. Hence, in the proposed framework, these individuals
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were removed from the susceptible compartment.

(ii) Recruitment rate was assumed to occur in humans, animals and vectors through birth a
constant rate bh, ba and bv, respectively. The new recruits were assumed to be susceptible
to infection. Further, humans, animals and vectors were assumed to suffer natural mortal-
ity at rates µh, µa and µa, respectively. Without loss in generality, the per capita birth rate
was assumed to be equivalent to the natural mortality rate. Thus, the recruitment rate was
remodeled to µhNh, µaNa, and µvNv, for humans, animals and vectors. Infected humans
and animals were assumed to suffer disease-related death at rate dh and da, respectively.

(iii) The susceptible hosts (animals or humans) were assumed to acquire infection upon being
bitten by an infectious tsetse fly and as a result the following forces of infection were
proposed:

λh(t) =
βvhIv(t)
Nv(t)

, λa(t) =
βvaIv(t)
Nv(t)

. (3.1)

In (3.1), parameter βvi (i = a,h) denotes the transmission rate of the infection from an in-
fected tsetse fly to a susceptible host i given that effective contact between the two occurs.
Upon infection, the host was considered to progress to the infectious stage where they re-
mained for an average period of 1/αi days before recovery with temporary immunity. It
was assumed that this immunity waned at rate γi after-which they became susceptible to
infection again.

(iv) Susceptible vectors were assumed to acquire infection whenever they bite infectious hosts
and the following force of infection accounts for disease transmission in this case:

λv(t) =
βhvIh(t)
Nh(t)

+
βavIa(t)
Na(t)

. (3.2)

In (3.2) parameter βiv is the rate of infection transmission from an infected host i to a
susceptible vector given that effective contact between the two occurs. Upon infection,
vectors were assumed to move to the infectious stage where they were considered to
remain for their entire life span.
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Based on the above assumptions, the following system of nonlinear ODEs was considered:

dSh
dt = µhNh−λhSh− (µh +θh)Sh + γhRh,

dIh
dt = λhSh− (µh +αh +dh)Ih,
dRh
dt = θhSh +αhIh− (µh + γh)Rh,

dSa
dt = µaNa−λaSa−µaSa + γaRa,

dIa
dt = λaSa− (µa +αa +da)Ia,
dRa
dt = αaIa− (µa + γa)Ra,

dSv
dt = µvNv−λSv−µvSv,

dIh
dt = λSv−µvIv.





(3.3)

The flow diagram for model (3.3) is depicted in Fig. 4.

Figure 4: Schematic diagram of model (3.3)

To analyze the dynamics of model (3.3) more easily, the fractional quantities instead of actual
populations by scaling the population of each class by the total species population has been
considered. Let

sh = Sh
Nh
, ih =

Ih
Nh
, rh =

Rh
Nh
, sa =

Sa
Na
,

ia = Ia
Na
, ra =

Ra
Na
, sv =

Sv
Nv
, iv = Iv

Nv
.





(3.4)
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Differentiation of the scaling equations (3.4) leads to the following rescaled model:

dsh
dt = µh−βvhivsh− (µh +θh)sh + γhrh,

dih
dt = βvhivsh− (µh +αh +dh)ih,
drh
dt = θhsh +αhih− (µh + γh)rh,

dsa
dt = µa−βvaivsa−µasa(t)+ γara,

dia
dt = βvaivsa− (µa +αa +da)ia,
dra
dt = αaia− (µa + γa)ra,

dsv
dt = µv− (βhvih +βavia)sv−µvsv,
div
dt = (βhvih +βavia)sv−µviv.





(3.5)

By using the relations rh = 1− sh− ih, sa = 1− ia− ra and sv = 1− iv system (3.5) reduces to:

dsh
dt = µh−βvhivsh− (µh +θh)sh + γh(1− sh− ih),

dih
dt = βvhivsh− (µh +αh +dh)ih
dia
dt = βvaiv(1− ia− ra)− (µa +αa +da)ia
dra
dt = αaia− (µa + γa)ra,

div
dt = (βhvih +βavia)(1− iv)−µviv.





(3.6)

Since model (3.6) monitors human, animal and vector populations it was essential to investigate
its biological and mathematical feasibility. Comprehensive analysis on bounded and positivity
of solutions for model (3.6) is in Appendix 2 and a summary of the results are in Theorem 3.1.

Theorem 3.1
Assuming that the initial conditions of model (3.6) are nonnegative then the system of equations
for model (3.6) has a unique solution that exists and remains in the domain Ω (3.7) for all time
t ≥ 0:

Ω =





(
sh, ih, ia,ra, iv

)
∈ R5

+

∣∣∣∣∣∣∣

sh ≥ 0, ih ≥ 0, sh + ih ≤ 1,
ia ≥ 0, ra ≥ 0,
ia + ra ≤ 1, 0≤ iv ≤ 1.




. (3.7)

3.2.1 The basic reproduction number and model equilibria

The R0 is an important metric for infectious disease models. It demonstrates the power of the
disease to invade the population. There are several ways of computing this metric, however, in
this dissertation, the next-generation matrix method proposed in Van den Driessche (2002) was
considered (see Appendix 2 for the derivation). The R0 for model (3.6) was obtained as follows
:
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R0 =

√(
βvhβvh(µh + γh)

(µh +αh +dh)(µh + γh +θh)µv

)
+

(
βavβva

µv(µa +αa +da)

)

=
√

R0h +R0a. (3.8)

In (3.8), R0h represents the secondary cases of infection generated from human-vector interac-
tion and R0a is the secondary cases of infection from animal-vector interaction. For the vector-
borne diseases, the generation of secondary cases require two transmission process, therefore
the R0 computed using the next generation method give number of new infections per genera-
tion process (hence the square root).

Further dynamical analysis on the existence and stability of the equilibria for model (3.6) was
determined (see Appendix 2) and the model (3.6) admits:

(i) a unique endemic equilibrium E ∗ if R0 > 1 and part 2 and 4 are both holds,

(ii) more than one endemic equilibrium if R0 < 1 and part 1 and case of part 3 satisfied ,

(iii) no endemic equilibrium if R0 < 1, and part 1 and case of part 3 are holds.

3.2.2 The optimal control problem

Results of model (3.6) exhibits a backward bifurcation. A backward bifurcation is a phe-
nomenon in which stable endemic equilibrium point co-exists with a stable disease-free equilib-
rium point for R0 < 1. This phenomenon has also been observed in numerous epidemiological
settings (Gumel, 2012). The existence of a backward bifurcation implies that reducing the R0

to levels below unity no-longer guarantees disease elimination. Hence disease elimination can
be attained through the implementation of time-dependent intervention strategies.

To assess the impact time-dependent intervention strategies model, (3.6) was extended to in-
clude two controls u1(t) and u2(t), which represent time-dependent media campaigns and in-
secticide use. The use of insecticides was assumed to enhance the mortality rate of vectors,
hence an addition constant parameter δv was introduced into the model. Thus, δv accounted
for the mortality rate of tsetse flies due to insecticide use. Making use of similar variables and
parameters (3.6) the new model with controls was considered as follows:

dsh
dt = µh−βvhivsh− (µh +u1(t)θh)sh + γh(1− sh− ih),

dih
dt = βvhivsh− (µh +αh)ih,
dia
dt = βvaiv(1− ia− ra)− (µa +αa)ia,
dra
dt = αaia− (µa + γa)ra,

div
dt = (βhvih +βavia)(1− iv)− (µv +u2(t)δv)iv.





(3.9)
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In this case, a successful control strategy was thought to be one capable of reducing the pro-
portion of infected humans and animals at minimal costs. Therefore, the following objective
functional was proposed:

J(u1(t),u2(t)) =
∫ t f

0

[
c1ih(t)+ c2ia(t)+

w1

2
u2

1(t)+
w2

2
u2

2(t)
]

dt. (3.10)

subject to the constraints of the ODEs in system (3.9) and where c1,c2,w1 and w2 are non-
negative constants known as the balancing coefficients and their goal is to transfer the integral
into monetary quantity over a finite time interval [0, t f ].

In (3.10), control efforts are assumed to be nonlinear-quadratic, since a quadratic structure in
the control has mathematical advantages such as: if the control set is compact and convex, it
follows that the Hamiltonian attains its minimum over the control set at a unique point (Silva
et al., 2016). Further, the goal was to find a control pair (u∗1,u

∗
2) ∈U such that condition (3.11)

is attained:

J(u∗1(t),u
∗
2(t)) = inf

(u1,u2)∈U
J(u1(t),u2(t)), (3.11)

for the admissible set U = {(u1,u2) ∈ (L∞(0, t f ))
2 : 0 ≤ ui ≤ qi;qi ∈ R+, i = 1,2}, where qi

represents the upper bound of the control functions. Derivations on the existence of an opti-
mal control pair as well as the necessary conditions that must be satisfied by optimal control
solutions of system (3.9) are summarized in Theorem 3.2 (see Appendix 1 for detailed compu-
tations):

Theorem 3.2
Given an optimal control pair u = (u1,u2) ∈U and corresponding states (sh, ih, ia, ra), there
exist adjoint functions λ1(t), λ2(t),λ3(t),λ4(t), and λ5(t) (Lenhart, 2007) satisfying (3.12):

dλ1(t)
dt = λ1(µh +u1(t)θh + γh +βvhiv)−λ2βvhiv,

dλ2(t)
dt = −c1 +λ1γh +λ2(µh +αh +dh)−λ5βhv(1− ih),

dλ3(t)
dt = −c2 +λ3(µa +αa +da +βvaiv)−λ4αa−λ5βav(1− iv),

dλ4(t)
dt = λ3βvaiv +λ4(µa + γa),

dλ5(t)
dt = (λ1−λ2)βvh−λ3βva(1− ia− ra)+λ5(µv +u2(t)δ +βhvih +βavia).





(3.12)

In (3.12) λ j(t f ) = 0, j = 1,2,3,4,5, models the transversality. Furthermore, these optimal
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controls are characterized by:

u1 = min

{
q1,max

(
0, θhshλ1

w1

)}
,

u2 = min

{
q2,max

(
0, δvivλ5

w2

)}
.





(3.13)

Note that (3.13) follows from the standard arguments on bounds of controls (Lenhart, 2007).

3.3 Rhodesiense model with seasonal effects

Seasonal variations in climatic factors such as rainfall and temperature have a strong influence
on the life cycle of tsetse flies thereby affecting their distribution and abundance (Nnko et al.,
2017). To account for this aspect, the basic model (3.6) was extended into a non-autonomous
system, that is, model parameters in Table 2 which are influenced by seasonal effects were now
considered to be periodic functions. In particular, the rhodesiense model with seasonal effects
was formulated based on the following assumptions:

(i) An additional compartment for exposed population was included in the host (human and
animal) and vector population, such that the total population of the host at time t was gov-
erned by Ni(t) = Si(t)+Ei(t)+ Ii(t)+Ri(t) for i = a,h. Meanwhile, the total tsetse fly’s
population at time t was also governed by Nv(t) = Sv(t)+Ev(t)+ Iv(t). The addition of
this new compartment meant that, upon infection the host and vector would now incubate
the disease for a certain duration before becoming infectious. In particular, the host and
vector were assumed to incubate the disease for an average time 1/κ j, with, j = a,h,v.

(ii) The forces of infection to account for vector-to-host disease transmission were remodeled
as follows:

λh(t) = σv(t)Nv(t)σh
σv(t)Nv(t)+σhNh(t)

βvh
Iv(t)
Nv(t)

,

λa(t) = σv(t)Nv(t)σa
σv(t)Nv(t)+σaNa(t)

βva
Iv(t)
Nv(t)

.





(3.14)

In (3.14), parameter βvi accounted for the probability of disease transmission from an
infectious vector to a susceptible host i given that a contact between the two occurs, σa

and σh represents the maximum number of vector bites an animal host and human host
can sustain per unit time, respectively. The parameter:

σv(t) = σv0

{
1−σv1 cos

(
2π

365
(t + τ)

)}
, (3.15)

modeled the frequency of feeding activity by the tsetse flies and is also known as the
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vector biting rate. Further, in (3.15), σv0 is the average vector biting rate, and σv1 defines
the amplitude of seasonal variations (degree of periodic forcing, 0 < σv1 < 1), τ is a
phase-shifting parameter to capture the timing of seasonality. Also note that a one-year
cycle has been considered, that is, ω = 2π

365 .

(iii) The force of infection to model host-to-vector disease transmission was reformulated as
follows:

λv(t) =
σv(t)σhNh(t)

σv(t)Nv(t)+σhNh(t)
βhv

Ih(t)
Nh(t)

+
σv(t)σaNa(t)

σv(t)Nv(t)+σaNa(t)
βva

Ia(t)
Na(t)

. (3.16)

In (3.16), model parameter βhv accounted for the likelihood of infection transmission
from an infected human to a susceptible vector provided that there is a contact between
the two species, βav modeled the probability that disease transmission occurs whenever
there is sufficient contact between a susceptible vector and infected animal.

(iv) Recruitment rate of vector bv, natural mortality of vectors µv, and incubation rate for
vectors were assumed to be no-longer constant but periodic functions and were defined
as follows:

bv(t) = bv0[1−bv1 cos(ωt + τ)],

µv(t) = µv0[1−µv1 cos(ωt + τ)],

κv(t) = κv0[1−κv1 cos(ωt + τ)].





(3.17)

In (3.17), bv0, µv0 denotes the average birth and natural mortality rates, respectively, and
bv1 (0 < bv1 < 1) µv1 (0 < µv1 < 1) is the amplitude of the seasonal variation. Similarly,
κv0 denotes the average incubation rate in the absence of seasonal variations and κv1

(0 < κv1 < 1) is the amplitude of the seasonal variation.

Based on assumptions, the extended model was considered as follows:

dSh
dt = bhNh(t)−λh(t)Sh(t)−µhSh(t)+ γhRh(t),

dEh
dt = λh(t)Sh(t)− (µh +κh)Eh(t),

dIh
dt = κhEh(t)− (µh +αh +dh)Ih(t),
dRh
dt = αhIh(t)− (µh + γh)Rh(t),

dSa
dt = baNa(t)−λa(t)Sa(t)−µaSa(t)+ γaRa(t),

dEa
dt = λa(t)Sa(t)− (µa +κa)Ea(t),

dIa
dt = κaEa(t)− (µa +αa +da)Ia(t),
dRa
dt = αaIa(t)− (µa + γa)Ra(t),

dSv
dt = bv(t)Nv(t)−λv(t)Sv(t)−µv(t)Sv(t),

dEv
dt = λv(t)Sv(t)− (κv(t)+µv(t))Ev(t),

dIv
dt = κv(t)Ev(t)−µv(t)Iv(t),





(3.18)
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subject to the initial conditions (3.19):

Sh(0) = Sh0 ≥ 0, Eh(0) = Eh0 ≥ 0, Ih(0) = Ih0 ≥ 0,
Rh(0) = Rh0 ≥ 0, Sa(0) = Sa0 ≥ 0, Ea(0) = Ea0 ≥ 0,
Ia(0) = Ia0 ≥ 0, Ra(0) = Ra0 ≥ 0, Sv(0) = Sv0 ≥ 0,
Ev(0) = Ev0 ≥ 0, Iv(0) = Iv0 ≥ 0.





(3.19)

From the detailed computations in Appendix 3, it was noted that that the solutions
(Sh(t),Eh(t), Ih(t),Rh(t), Sa(t),Ea(t), Ia(t),Ra(t), Sv(t),Ev(t), Iv(t)) of the model (3.18) are uni-
formly and ultimately bounded in:

Ω =








Sh(t)+Eh(t)+ Ih(t)+Rh(t)

Sa(t)+Ea(t)+ Ia(t)+Ra(t)

Sv(t)+Ev(t)+ Iv(t)


 ∈ R11

+

∣∣∣∣∣∣∣

Nh(t)≤ Nh0,

Na(t)≤ Na0,

Nv(t)≤ Nv0




, (3.20)

with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0. Based on (3.20), one can conclude that model
(3.18) is epidemiologically and mathematically well-posed in the region Ω for all t ≥ 0. The
flow diagram for model (3.18) is depicted in Fig. 5.

Figure 5: Schematic diagram of model (3.18)
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3.3.1 Extinction and uniform persistence of the disease

To determine the extinction and uniform persistence of the disease, the basic reproduction num-
ber R0 of system (3.18) was computed using the next-generation matrix method proposed by
Van den Driessche (2002). Based on the computations in appendix 3, the R0 of the time-
averaged autonomous system was obtained as follows:

[R0] =
√

R0h +R0a, (3.21)

where

R0h =

(
κhβvhNh0κv0βhvNv0

µv0(κv0 +µv0)(κh +µh)(µh +αh +dh)

)(
σhσv0

σv0Nv0)+σhNh0

)2

,

R0a =

(
κaβvaNa0κv0βavNv0

µv0(κv0 +µv0)(κa +µa)(µa +αa +da)

)(
σaσv0

σv0Nv0 +σaNa0

)2

.

In (3.21), the threshold quantities R0h and R0a represent the power of the disease to invade
the human and animal hosts, respectively. Due to several time-dependent parameters in model
(3.18), a detailed derivation of the seasonal reproduction number has been presented in Ap-
pendix 3 together with results on stability of the model. In particular, results on the stability of
the model equilibria for model (3.18) are summarized in Theorem 3.3.

Theorem 3.3
If R0 < 1, then the disease-free equilibrium E0 of system (3.18) is globally asymptotically stable.
However, if R0 > 1, then system (3.18) admits at least one positive ω-periodic solution, and
solutions of system (3.18) are uniformly persistent.

3.3.2 The optimal control problem for a seasonality model

Prior studies suggest that time-dependent intervention strategies have more impact on disease
management compared to non-time dependent (Lenhart, 2007). To infer on this assertion, model
(3.18) was extended to incorporate two controls u1(t) and u2(t), which modeled time-dependent
media campaigns and insecticide use. The controls were assigned reasonable lower and upper
bounds to reflect their limitations. Due to the unavailability of baseline values for these bounds
in literature most of them were evaluated through simulations to demonstrate their impact. Uti-
lizing the same variables and parameter names as in (3.18), the extended model with controls
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had the form:

dSh
dt = bhNh(t)−λh(t)Sh(t)−µhSh(t)−u1(t)Sh(t)+ γhRh(t),

dEh
dt = λh(t)Sh(t)− (µh +κh)Eh(t),

dIh
dt = κhEh(t)− (µh +αh +dh)Ih(t),
dRh
dt = u1(t)Sh(t)+αhIh(t)− (µh + γh)Rh(t),

dSa
dt = baNa(t)−λa(t)Sa(t)−µaSa(t)+ γaRa(t),

dEa
dt = λa(t)Sa(t)− (µa +κa)Ea(t),

dIa
dt = κaEa(t)− (µa +αa +da)Ia(t),
dRa
dt = αaIa(t)− (µa + γa)Ra(t),

dSv
dt = bv(t)Nv(t)−λv(t)Sv(t)− (µv(t)+u2(t))Sv(t),

dEv
dt = λv(t)Sv(t)− (κv(t)+µv(t)+u2(t)))Ev(t),

dIv
dt = κv(t)Ev(t)− (µv(t)+u2(t))Iv(t),





(3.22)

subject to the initial values:

Sh(0) = Sh0 ≥ 0, Eh(0) = Eh0 ≥ 0, Ih(0) = Ih0 ≥ 0,
Rh(0) = Rh0 ≥ 0, Sa(0) = Sa0 ≥ 0, Ea(0) = Ea0 ≥ 0,
Ia(0) = Ia0 ≥ 0, Ra(0) = Ra0 ≥ 0, Sv(0) = Sv0 ≥ 0,
Ev(0) = Ev0 ≥ 0, Iv(0) = Iv0 ≥ 0.




. (3.23)

As one can note, in system (3.22), it is assumed that humans who become aware of the dis-
ease have negligible chances of acquiring it and also insecticide use affects all epidemiological
classes of the vector populations. Furthermore, it was assumed that ui(t) ranges between 0 and
qi, that is 0 ≤ ui(t) ≤ qi < 1, such that ui = 0 reflects the absence of time-dependent controls
and qi represents the upper bound of the control. The control set is:

U =

{
(u1,u2)| ∈ (L∞(0, t f )) : 0≤ ui ≤ qi < 1, qi ∈ R+, i = 1,2.

}
. (3.24)

In developing response plans for the effective management of diseases, policymakers seek opti-
mal responses/strategies that can minimize the incidence and/or disease-related mortality rates
while considering the costs involved. Here, the main goal was to minimize the number of in-
fectious hosts (humans and animals) with minimal implementation costs. Thus, the following
objective functional was considered:

J(u1(t),u2(t)) =
∫ t f

0

(
C1Ih(t)+C2Ia(t)+

W1

2
u2

1(t)+
W2

2
u2

2(t)
)

dt. (3.25)
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Equation (3.25) was considered subject to the constraints of the ODEs in system (3.22), with C1,
C2, W1 and W2 as positive constants also known as the balancing coefficients. These balancing
coefficients transfers the integral into a monetary quantity over a finite time interval [0, t f ].

In (3.25), control efforts were assumed to be nonlinear-quadratic. The quadratic structure in
the control has mathematical advantages such as: if the control set is a compact and convex, it
follows that the Hamiltonian attains its minimum over the control set at a unique point. Using
(3.25) and (3.22), derivations on the existence of an optimal control pair as well as the necessary
conditions that must be satisfied by optimal control solutions of system (3.22) are in Appendix3.

3.4 Rhodesiense model with memory and temperature effects

3.4.1 Model formulation and assumptions

Memory effects are inherent in many biological phenomena (Kheiri, 2019), and prior studies
suggest, that they have a significant influence on short-and long-term T. brucei rhodesiense

dynamics. In addition, prior laboratory experiments have shown that temperature has an integral
role on T. brucei rhodesiense dynamics (Phelps, 1973; Coetzer et al., 2004; Alderton et al.,
2018). In particular, Coetzer et al. (2004) noted that temperature does not only alter the different
developmental periods of the vector but it also plays a huge role in the fly’s flight activity. To
investigate the combined effects of memory and temperature on T. brucei rhodesiense dynamics,
model (3.6) was extended to incorporate the early development stages of tsetse flies as well as
temperature-dependent model parameters.

To capture memory effects, mathematical model for T. brucei rhodesiense disease was for-
mulated using fractional-order derivatives. A Caputo derivative was considered since it is the
commonly used to model biological phenomena (Gashirai et al., 2021). Moreover, unlike other
derivatives such the Riemann-Liouville, the Caputo derivative deals properly with initial value
problems and also the Caputo derivative for a constant is equivalent to zero. Additional assump-
tions that were considered for the extended model are as follows:

(i) The life cycle of the tsetse flies was incorporated and was accounted for by the following
system of equations:

c
t0Dα

t L(t) = bα
l WNv

(
1− L

Kα
l

)
− (σα

l +µα
p )L,

c
t0Dα

t Nv(t) = σα
l L−µα

v Nv.





(3.26)

In (3.26), the L(t) modeled the pupal stage of the tsetse, and Nv(t) denotes the total adult
vector population at time t, which comprised of susceptible Sv(t), and infectious Iv(t)
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adults such that, Nv = Sv + Iv. In addition, all model parameters and variables in system
(3.26) were considered to be nonnegative. Furthermore, other model parameters were
defined as follows: bl denoted the rate at which female flies gave birth to larvae; W

accounted for a fraction of female flies in the population of adult flies; Kl modeled the
pupal carrying capacity of the nesting site; σl modeled the transition from the pupal stage
into an adult fly. In addition µp and µv accounted for the mortality rate of pupae and adult
flies, respectively.

(ii) To incorporate the effects of temperature on the development of tsetse flies, model param-
eters of system (3.26) were remodeled as functions of temperature (T ). In these functions
were adapted from the worked of Hargrove (1994) and Lord et al. (2018). Thus, the rate
at which female flies give birth was reformulated as follows:

bl(T ) = d1 +d2(T −T0). (3.27)

In (3.27), bl denotes the rate in which the tsetse flies giving birth and T0 was set to 20◦C
(Lord et al., 2018). The function (3.27) was derived by Hargrove (1994) when the author
used ovarian dissection data from marked and released G. m. morsitans and G. pallidipes

at Rekomitjie and suggested that the larviposition rate per day increases linearly between
20 and 30◦C.

(iii) Adult fly mortality rate was redefined as follows:

µv(T ) =

{
a1 T ≤ 25,

a1ea2(T−25) T > 25,
(3.28)

In (3.28), µv denotes the adult mortality rate, T modeled the temperature in ◦C, and a2

accounted for an increase in temperature. Further, based on the laboratory experiments
performed by Phelps (1973), pupal survival to adulthood was found to dependent on
temperature variations and it was noted to be highest for temperatures between about 20
and 30◦C. It was also observed that as temperatures shift from this range, the mortality
was rose sharply, leading to a U-shaped curve and a suitable function to represent this
relation was proposed as follows:

µp(T ) = b1 +b2exp(−b3(T −T2))+b4exp(b5(T −T3)). (3.29)

In (3.29), T accounted for the temperature in ◦C, T2 and T3 are not parameters but are
constants which were selected to ensure that the coefficients b3 and b5 respectively in a
convenient range and in our simulation these will be set to 16◦C and 32◦C as in Lord et al.

(2018).
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(iv) Another important result from the work of Phelps (1973) was the quantification of the
daily rate of pupal development in G. m. morsitans as a function of constant temperature.
The following function was considered to be the best representation of pupal emergence
and temperature variations:

σl(T ) =
c1

1+ exp(c2 + c3T )
. (3.30)

In (3.30), σL denotes the growth rate of tsetse flies from pupal to an adult stage, T ac-
counted for the mean daily temperature and c1, c2 and c3 modeled pupal hatching rate
(Lord et al., 2018).

(v) Apart from modeling early development stages of the vector a temperature-dependent
functions, in the extended model, disease transmission from infectious vectors to suscep-
tible hosts is modelled by a non-linear incidence rate and the function f (Iv) is equivalent
to f (Iv) = Iv/(1+θ Iv where θ is a positive constant. This type of infection is sometimes
referred to as ‘incidence rate with psychological effect’ because the effect of θ stems
from epidemic control (taking appropriate preventive measures and awareness) and the
rate of infection decreases as the inhibitory coefficient θ increases (Ghosh et al., 2019).

The above assumptions led to the following system of equations:

c
t0Dα

t L(t) = bα
l WNv

(
1− L

Kα
l

)
− (σα

l +µα
p )L,

c
t0Dα

t Nv(t) = σα
l L−µα

v Nv,
c
t0Dα

t Sv(t) = σα
l L− (β α

hvIh +β α
avIa)Sv−µα

v Sv,
c
t0Dα

t Iv(t) = (β α
hvIh +β α

avIa)Sv−µα
v Iv,

c
t0Dα

t Sh(t) = Λα
h −β α

vh f (Iv)Sh−µα
h Sh,

c
t0Dα

t Ih(t) = β α
vh f (Iv)Sh− (µα

h + γα
h )Ih,

c
t0Dα

t Sa(t) = Λα
a −β α

va f (Iv)Sa−µα
a Sa,

c
t0Dα

t Ia(t) = β α
va f (Iv)Sa− (µα

a + γα
a )Ia,

c
t0Dα

t Rh(t) = γα
h Ih−µα

h Rh,
c
t0Dα

t Ra(t) = γα
a Ia−µα

a Ra.





(3.31)

Note that, to avoid flaws regarding the time dimension, we introduced α in the model parameters
(right-hand side) of model (3.31), so that the dimensions of these parameters become (time)−α

which is in agreement with the left-hand side of the model. Comprehensive definitions of the
model variables and parameters can be found in Table 1 and 2, respectively. The flow diagram
for model (3.31) is depicted in Fig. 6.

27



Figure 6: Schematic diagram of model (3.31)

3.4.2 Analysis of the tsetse fly dynamical growth model

Before the analysis of model (3.31), there was need to investigate the conditions for extinction
and persistence of the tsetse fly population at an early stage. Hence analysis of model (3.26)
was conducted first. It was noted that model (3.26) is biologically meaningful and all model
solutions are unique, Theorem 3.4 (see Appendix 4).

Theorem 3.4
Let X (t) = (L(t),Nv(t)) be the unique of the model (3.26) for t ≥ 0. Then, the solution X (t)

is bounded above, that is, X (t) ∈Ω where Ω denotes the feasible region and is given by:

Ω =

{(
L,Nv

)
∈ R2

+

∣∣∣0≤ L≤ Kα
l , 0≤ Nv ≤C

}
. (3.32)

where C = max

{
σα

l Kα
l

µα
v

,Nv(0)

}
.

Based on the outcome of Theorem 3.4, the equilibrium points of model (3.26) were computed
and their stability was also investigated. The computations revealed that model (3.26) has two
equilibrium points, namely the a trivial (L,Nv) = (0,0) and a non-trivial:

{L∗,N∗v }=
{(

1− 1
r

)
Kα

l ,
σα

l
µα

v

(
1− 1

r

)
Kα

l

}
, (3.33)
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where:

r =
σα

l
σα

l +µα
p

bα
l

µα
v

W. (3.34)

From (3.33) and (3.34), it was noted that r is a threshold quantity that determines the growth
of the tsetse fly population. It is defined as the likelihood of the fly to survive the pupal stage
multiplied by the surviving population of female flies (Ndondo et al., 2016). A comprehen-
sive analysis on the stability of the two equilibrium points of model (3.26) revealed the results
summarized in Theorem 3.5 (See Appendix 4 for detailed computation).

Theorem 3.5
For α ∈ (0,1), and r ≤ 1, model (3.26) has a sole equilibrium point (0,0) which is globally
(uniformly) asymptotically stable in Ω. However, if r > 1, then model (3.26) admits a unique
equilibrium (L∗,N∗v ) is also globally (uniformly) asymptotically stable in the interior of Ω.

3.4.3 Analysis of the full rhodesiense model (3.31)

Based on the results in Theorem 3.4 and 3.5, an analysis of the full rhodesiense model (3.31) was
conducted. Making use of the next-generation matrix method proposed in Van den Driessche
(2002) the basic reproduction number of of model (3.31) was obtained as follows:

R0 =

√√√√Kα
l

σα
l

µα
v

(
1− 1

r

)(
β α

vhβ α
hvΛα

h
µα

v µα
h (µ

α
h + γα

h )
+

β α
avβ α

vaΛα
a

µα
v µα

a (µ
α
a + γα

a )

)
. (3.35)

The R0 in (3.35) accounted for the expected number of secondary cases (vector or host) pro-
duced in a completely susceptible population, by one infectious individual (vector or host, re-
spectively) during its lifetime. It was noted that R0 is an integral epidemiological metric for
understanding T. brucei rhodesiense persistence and extinction. It was also noted that this met-
ric depends of disease transmission parameters βi j for i 6= j = a,h,v, the average infectious

period of the vector (host) 1
(µα

i +γα
i ) , vector competence and survival σα

l
µ2α

v

(
1− 1

r

)
Kα

l . Further

dynamics analysis of model (3.31) revealed the results in Theorem 3.6 (see., Appendix for de-
tailed computations).

Theorem 3.6
For α ∈ (0,1), r > 1, and R0 < 1, model system (3.31) admits a unique disease-free equilibrium
which is globally (uniformly) asymptotically stable. However, if R0 > 1, the disease-free equi-
librium becomes unstable and there exists a unique globally (uniformly) asymptotically stable
endemic equilibrium point.
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3.5 Rhodesiense model with time delay and heterogeneity in human population

Various biological reasons lead to the introduction of time delays in models of disease trans-
mission. Precisely, biological processes have intrinsic delays which can represent temporary
immunity, latency in a vector,gestation periods, immune activation, and incubation periods in
infectious diseases (Mushayabasa, 2015, 2016; Ding et al., 2016). There is growing interest
among researchers to understand the implications of time delays on the dynamics of infectious
and non-infectious diseases.

Despite several studies on HAT dynamics, several important questions regarding the transmis-
sion and control of sleeping sickness remain unanswered (Kajunguri, 2013; Ndondo et al., 2016;
Rock et al., 2015). For example, how to characterize the role of incubation period in vector pop-
ulation? Cognizant that the incubation period in tsetse vectors is close their life span, there is a
need to assess its influence on the short-and long-term dynamics of the disease. Another ques-
tion is: to what extent does heterogeneity exposure to tsetse vectors in the human population
influence the short-and long-term dynamics of the disease?

Considering that sleeping sickness is predominant in poor populations in sub-Saharan Africa
(Stone, 2015), there is a need to understand the combined effects of heterogeneous exposure to
the tsetse vector and the incubation period of the vectors on the short-and long-term dynamics
of the disease. Motivated by the two aforementioned research questions, model (3.31) was ex-
tended to include latency delay in tsetse flies and heterogeneity in human population. However,
it is worth noting that here, an integer order differentiation was considered. The proposed model
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was governed by the following system of equations:

L′(t) = bPWNV (t)

(
1− L(t)

KL

)
− (σL +µP)L(t),

N′V (t) = σPL(t)−µPNV (t),

S′V (t) = σLL(t)−βHV [IH1(t)+(1− εH)IH2(t)]SV (t)

−βAV IA(t)SV (t)−µV SV (t),

I′V (t) = [βHV (IH1(t− τ)+(1− εH)IH2(t− τ))

+βAV IA(t− τ)]SV (t− τ)e−µV τ −µV IV (t),

S′H1(t) = µH pHNH−βV H f (IV (t))SH1(t)−µHSH1(t),

I′H1(t) = βV H f (IV (t))SH1(t)− (µH + γH)IH1(t),

S′H2(t) = µH(1− pH)NH−βV H(1− εH) f (IV (t))SH2(t)−µHSH2(t),

I′H2(t) = βV H(1− εH) f (IV (t))SH2(t)− (µH + γH)IH2(t),

S′A(t) = µANA−βVA f (IV (t))SA(t)−µASA(t),

I′A(t) = βVA f (IV (t))SA(t)− (µA + γA)IA(t),

R′H1(t) = γHIH1(t)−µHRH1(t),

R′H2(t) = γHIH2(t)−µHRH2(t),

R′A(t) = γAIA(t)−µARA(t).





(3.35)

All other variables and parameters retain definitions presented in Table 1 and 2, respectively.
However, to account for heterogeneity in the human population, all the previously considered
human compartments (in model 3.31) have an additional one, for example SH1 and SH2 modeled
susceptible human populations in patch 1 and patch 2, respectively. Individuals in these two
patches were assumed to have an unequal degree of risk of infection based on their socio-
economic status and geographical location. For the distinction individuals in patch 2, were
assumed to be at low-risk compared to those in patch 1. Hence, the factor (1− εH), accounted
for the assumed reduction in disease transmission between the low-risk individuals and vector,
with 0 < εH < 1. For the human population, a fraction pH of new recruits was assumed to occur
in the high risk-group and the remainder (1− pH) occur in the low risk group. In addition,
the time delay factor, τ ≥ 0 modeled the incubation period in the tsetse fly population. Thus,
0 < e−µV τ ≤ 1 represented the survival rate of the exposed vectors. Figure 7 illustrate the model
flow diagram.
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Figure 7: Schematic diagram of model (3.5)

3.5.1 Initial conditions and positivity of solutions

The appropriate space for system (3.5) is X = C ([−τ,0],R13
+ ) the Banach space of contin-

uous functions mapping the interval [−τ,0] into R13
+ equipped with sub-norm where τ ≥ 0.

From the standard results of functional differential equations (Hale et al., 1993), it fol-
lows that, given any initial conditions x0 ∈ X there exists a unique solution φ(t,x0) =

(L(t,x0),NV (t,x0),Si(t,x0), Ii(t,x0),Ri(t,x0)), i = A,V,H1,H2, of system (3.5), which satisfies
φ0 = x0, the initial conditions are given by:

L(θ) = x1
0(θ), NV (θ) = x2

0(θ), SV (θ) = x3
0(θ),

IV (θ) = x4
0(θ), SH1(θ) = x5

0(θ), IH1(θ) = x6
0(θ),

RH1(θ) = x7
0(θ), SH2(θ) = x8

0(θ), IH2(θ) = x9
0(θ),

RH2(θ) = x10
0 (θ), SA(θ) = x11

0 (θ), IA(θ) = x12
0 (θ),

RA(θ) = x13
0 (θ), −τ ≤ θ ≤ 0.





. (3.35)

In (3.5.1) x0 = xi
0 ∈ X with xi

0(θ)≥ 0 (θ ∈ [−τ,0]), i = 1,2,3, ...,13. By summing all the equa-
tions that represent the human population one can easily note that, the total human population
considered in this study is constant, that is; N′H(t) = S′i(t) + I′i(t) = 0, for i = H1,H2. This
implies that NH(t) = NH , where NH is a positive constant. Similarly, by summing the equations
for the animal population one can also demonstrate that N′A(t) = S′A(t)+ I′A(t) = 0, such that
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NA(t) = NA. For the proposed system to be biologically meaningful the solutions of the first
equation in (3.5) need to be bounded in the region, 0≤ L≤ KL. Hence, it follows that solutions
for the equations that describe the adult tsetse vector population will be bounded in the region
0 ≤ NV ≤ σL

µv
KL. From this, it was concluded that all feasible solutions of the system (3.5) are

bounded and enter the region (3.5.1):

Ω =








L(t)

NV (t)

NH(t)

NA(t)



∈ R13

+

∣∣∣∣∣∣∣∣∣∣∣∣

0≤ L≤ KL,

Nv(t)≤ σL
µv

KL,

NH(t) = NH ,

NA(t) = NA





, (3.35)

Hence it was concluded that the solutions of model (3.5) determined from initial conditions
(3.5.1) remain positive for t ≥ 0 and are bounded and lie in the region Ω which is positively
invariant with respect to model (3.5).

3.5.2 The basic reproduction number and model equilibria

Following the next-generation matrix method proposed by Van den Driessche (2002), the R0 of
model (3.5) was found to be (see Appendix 5 for the derivation) (3.36):

R0 =

√√√√
(

RH +RA

)(
1− 1

r

)
σLe−µvτ

µV
KL, (3.36)

with RH = βV HβHV NH [pH+(1−pH)(1−εH)
2]

µV (µH+γH)
, RA = βAV βVANA

µV (µA+γA)
and r = σα

l
σα

l +µα
p

bα
l

µα
v

W. The R0 (3.36)
was defined as the measure of the expected number of secondary cases (vector or host) produced
in a completely susceptible population by one infectious individual (vector or host, respectively)
during its lifetime as infectious. Further dynamical analysis of model (3.5) on the stability of
model equilibria revealed outcomes summarized in Theorem 3.7.

Theorem 3.7
If R0 ≤ 1 model (3.5) admits a diease-free equilibrium which is globally asymptotically stable.
However, if R0 > 1 the disease-free equilibrium is unstable and there exists a unique endemic
equilibrium point that is globally asymptotically stable.

3.6 Chapter overview

In this chapter, four mathematical models meant to understand the transmission dynamics of
T. brucei rhodesiense dynamics were formulated and analyzed. In the first model, the effects
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of educational campaigns were considered. It was noted that due to educational campaigns,
the model undergoes a backward bifurcation, that is, a stable disease-free equilibrium co-exists
with one or more stable endemic equilibria when the associated reproduction number is less
than unity. In the second model, the effects of seasonality on tsetse fly development and feeding
were investigated. Among the several outcomes, it was observed that if the model R0 is less
than unity, the model has a sole equilibrium point, the disease-free equilibrium which is glob-
ally asymptotically stable. However, whenever the R0 is greater than unity the non-autonomous
model admits at least one positive ω-periodic solution, and solutions of the model are consid-
ered to be uniformly persistent. In the third model, effects of temperature and memory effects
of T. brucei rhodesiense dynamics were investigated. The results showed that indeed memory
and temperature have significant effects on the extinction and persistence of the disease in the
community. In the fourth model, it was noted that time delay and heterogeneity have a signif-
icant impact on the stability of the model’s steady states. In the next chapter, simulation were
carried out to support the analytical results presented in this chapter.
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Introduction

In this chapter, the results obtained after the proposed mathematical models were simulated
are presented and comprehensively discussed. A majority of baseline values for the model
parameters were drawn from literature and sources from which they were obtained have been
acknowledged. In circumstances where baseline values were not found in literature, an assumed
baseline value and the justification were provided.

4.2 Numerical results of model with educational campaigns

4.2.1 Data fitting and model validation

Tanzania is one of the countries in sub-Saharan Africa were T. brucei rhodesiense cases have
been recorded since 1990 (Franco et al., 2014a). WHO report T. brucei rhodesiense data for
Tanzania as shown in Table 3 was used to calibrate and validate model (3.6). Making use of
the least square method was conducted in MATLAB programming Language during model
calibration process. Cumulative yearly infections (human) predicted by the proposed model,
C(t), were defined by equation (4.1):

dC
dt

= βvhiv(t)sh(t) (4.1)

Thus, the estimation of confirmed cumulative T. brucei rhodesiense cases over a fixed time inter-
val tk−1 ≤ t ≤ tk (where t0 and T marks the beginning and end of the time interval, respectively)
from the model output is computed using equation (4.2):

Ck =
∫ tk

tk−1

βvhiv(τ)sh(τ)dτ. (4.2)

During the fitting process model, five (5) parameters θh, βvh, βva, βhv and βav were determined
by fitting the model, while the remainder of parameters assumed baseline values as presented
in Table 2.
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Table 1: T. brucei rhodesiense data for Tanzania, 1990-2017 (Franco et al., 2014a)

Year 1990 1991 1992 1993 1994 1995 1996 1997
Observed cases 187 177 366 262 319 422 400 354
Rescaled data 0.10 0.09 0.18 0.08 0.16 0.2 0.2 0.18

Year 1998 1999 2000 2001 2002 2003 2004 2005
Observed cases 299 288 350 277 228 113 159 186
Rescaled data 0.15 0.14 0.18 0.14 0.11 0.06 0.08 0.09

Year 2006 2007 2008 009 2010 2011 2012 2013
Observed cases 126 126 59 14 5 1 4
Rescaled data 0.06 0.06 0.003 0.007 0.003 0.0005 0.0005 0.002

Year 2014 2015 2016 2017
Observed cases 1 2 3 4
Rescaled data 0.0005 0.001 0.0015 0.002

Table 2: Baseline values for parameters of model (3.6)

Symbol Parameter baseline value Units Source
γh 1/90 Day−1 Rogers (1988); Moore et al. (2012a)
γa 1/75 Day−1 Rogers (1988); Moore et al. (2012a)
µh 1/(365×50) Day−1 Kajunguri (2013); Ndondo et al. (2016)
µa 1/(365×15) Day−1 Kajunguri (2013); Ndondo et al. (2016)
µv 1/33 Day−1 Artzrouni (1996c); Ndondo et al. (2016)
αh 1/30 Day−1 Rogers (1988); Ndondo et al. (2016)
αa 1/25 Day−1 Rogers (1988); Ndondo et al. (2016)
βhv 0.011715 Day−1 Fitting
βav 0.011715 Day−1 Fitting
βvh 0.002739 Day−1 Fitting
βva 0.002739 Day−1 Fitting
θh 0.2 Day−1 Fitting
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Figure 1: Data fitting result for the cumulative confirmed T. brucei rhodesiense cases in Tanzania from
1990-2017

Figure 1 presents a graph of cumulative confirmed cases fitted to the model. The circles (in
red) denote the reported cases and the solid line (in blue) denotes the fitting result. To measure
the goodness-of-fit, the normalized root-mean-square error (NRMSE) was computed using the
formula (4.3) at it was found to be 0.2842. This shows that the proposed model had 28.42%
deviations from observed values. It was concluded that the model was approximately 71.58%
efficient.

NRMSE =

√√√√ 28

∑
i=1

(Real data−Estimated cases)2. (4.3)

To further test the efficiency of the model, residuals were computed and plotted against time
(Fig. 2). It was observed that the residuals did not follow any particular path (exhibit random
pattern), implying that the model was a good fit to observed cases.
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Figure 2: A time series plot of residuals against time

4.2.2 Sensitivity analysis of the basic reproduction number

To investigate the influence of model parameters on generation on secondary cases, sensitivity
analysis of the R0 was performed following the approach by Arriola (2007). In general, Arriola
defined the sensitivity as follows:

Definition 4.1
The normalized forward sensitivity index of the R0 which depends on the differentiable of the
model parameter ω is defined as

ω

R0
× ∂R0

∂ω
. (4.3)

Making use of formula (4.1), computations for the sensitivity analysis of model (3.6) was done
and the output is in Table 4.1.

Table 3: Sensitivity analysis of model parameters in system (3.6)

Parameter βhv βav βvh βva γh θh µh γa

Index +0.029 +0.47 +0.029 +0.47 +0.028 -0.028 -8×10−5 +0.021
Parameter γa µa µv αh αa

Index +0.021 -0.002 -0.50 -0.029 -0.468

From the results in Table 3, it was noted that model parameters βhv, βav, βvh, γh and γa have
a positive influence on the R0, that is., whenever they are increased the R0 increases. For
instance an increase in βav by 10% will lead to an increase in the magnitude of the R0 by 4.7%.
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Model parameters µh, µv, µa and θh were observed to have a negative influence on the R0, thus,
whenever they were increased the magnitude of the R0 decreased.

4.2.3 Backward bifurcation

Analytical results of model (3.6) revealed that the model admits multiple equilibrium point
when the model reproduction number is less than unity (Theorem 5.12). This phenomenon
is known as the backward bifurcation. Precisely, a backward bifurcation is a phenomenon in
which a stable endemic equilibrium point co-exists with a stable disease-free equilibrium point
for R0 < 1. This phenomenon has also been observed in epidemiological settings (Gumel,
2012). To investigate the possibility of this phenomenon, the discriminant of equation (B2−
4AC = 0) was determined from through the computation of the model’s endemic equilibrium
(see Appendix 2), The equation was solved to determine the critical value of R0, denoted by
R0c, as follows:

R0c =

√
1− B2

4Am2m4m5m6(m1 + γh)
. (4.4)

Using parameter values in Table 2 illustration in Fig. 3.
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(a)

(b)

Figure 3: Graphical results for the possibility of bifurcations for model system (3.6)

Simulation results in Fig. 3 were generated for different values of awareness campaigns θh with
parameters taken from Table 2. Further parameters different than those listed in Table 2 are
βhv = βav = 0.65, βvh = βva = 0.4. In (a), it was assumed that θh = 0.764 and in (b) θh =

0.857. For R0 < 1, the model has two endemic equilibria: one stable and the other unstable.
As R0 approaches one, the unstable endemic equilibrium looses its nature and coalesce with
the disease-free equilibrium at R0 = 1. Therefore, it was concluded that the model admits a
backward bifurcation whenever R0 < 1 and a forward bifurcation for R0 > 1.

4.2.4 Optimal control results

The Forward-backward sweep algorithm as outlined in Lenhart (2007) was used to generate
simulation results for the optimal control problem (3.9). From the proposed objective functional
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(3.25), parameters c1 and c2 were set as follows c1 = 2c2. This supposition implied that the
minimization of the infected humans has more importance/weight compared to that of infected
animals.

It is worth noting that the initial level and upper bound for each control reflects practical limi-
tations on the maximum rate of control that can be implemented in a given time. These bounds
and initial levels do not exist in literature since a primary study would have to be conducted
first and ascertain them. However, to demonstrate the possible outcomes from the model, these
bounds and initial levels were varied and possible outcomes were not and comparison was made.
Recall that the minimum level of each control is zero, implying the absence of time-dependent
controls and the maximum is unity, implying 100% implementation of time-dependent con-
trols. For example, by setting u1 = 0.30 with a bound of q1 = 0.6 implies that the assumed
initial value of u1 is 0.30, however, since u1 is a variable that also requires to be bounded, then
the expected maximum success rate is 60%. For each set of bounds and initial control values
chosen, the number of infections averted was computed using equations (4.5) and (4.6).

Further, due to the environmental effects associated with insecticide use, their intensity was
assumed to be always lower or equivalent to that of awareness. It was also hypothetically
assumed that the cost of insecticide use was higher than awareness campaign costs. The initial
population levels which were used in the simulations were set as follows sh = 0.99, ih = 0.01,
rh = 0, ia = 0.01, ra = 0, iv = 0.01, that is, each species comprise of 1% infectives initially and
no recoveries for the hosts. It was also assumed that δv = 1 per day. The total number of new
infections generated to within the human population in the presence and absence of optimal
control was defined in (4.5) as follows:

Th =
∫ t f

0

(
βvhiv(t)Nvsv(t)Nh

)
dt. (4.5)

Similarly, the total number of new infections generated in within the animal population in the
presence and absence of optimal control was considered in (4.6) as:

Ta =
∫ t f

0

(
βvaiv(t)Nv(1− ia(t)− ra(t))Na

)
dt, (4.6)

where Nh, Na and Nv are constants and are equivalent to 1× 105, 1× 104 and 5× 104, respec-
tively. Equations (4.5) and (4.6) were used to estimate the power of the controls to avert the
disease.
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(a) (b)

(c) (d)

Figure 4: Simulations of model system (3.9) with the initial guesses u1 = 0.45 and u2 = 0.3

Simulation results in Fig. 4 showed the dynamics of T. brucei rhodesiense with, u1 = 0.45 and
u2 = 0.3. The bounds of the controls were assumed to be q1 = q2 = 1. The weight constants
were set as follows w1 = 10, w2 = 100 and the model parameter values were adopted from
Table 2. It was noted that in the presence of optimal intervention strategies, the proportion of
infectious hosts and vectors may never exceed the initially assumed population levels (1%). In
particular, in the presence of optimal awareness and insecticide use, the population levels for the
hosts and vectors converge to the disease-free equilibrium suggesting that the aforementioned
optimal control mechanisms can lead to disease eradication. Precisely, the results showed that,
in the presence of optimal control the total numbers of new infections for the human and ani-
mal population generated over 300 days are 2.5635×105, 9.7×104, respectively, and the total
cost is J = 6.5028× 104. However, in the absence of optimal controls, that is, u1 = u2 = 0,
one can observe that the disease persists. In Fig. 4 (d), it was observed that the control pro-
files of u1 and u2 start at the maximum, and they remain there for approximately 200 and 250
days, respectively, suggesting that awareness campaigns can essentially be ceased after 200
days of implementation while insecticides use need to maintained at maximum strength for an
additional 50 days.

42



Figure 5: Simulation results for controls u1(t) and u2(t) with bounds less than 1

Figure 5 shows the optimal control profiles for u1 and u2 when the upper bound for these con-
trols are less than unity, that is, q1 = 0.5 and q2 = 0.3, with initial guesses of the controls set
to u1 = 0.45 and u2 = 0.3. It was noted that both u1 and u2 starts from their maxima, and they
stay at the maximum strength for much longer periods of time than the previous case (compare
to Fig. 4), due to the reduced intensity bounds. When the upper bounds of the controls are re-
duced, the population levels for all the infected species will converge to zero within the defined
time interval, t f = 300 (the Figures were omitted since their behaviour is analogous to that of
Fig. 4). The results also showed that by reducing the bounds for the controls, the total cost
J(= 5.3582×104) is reduced 17.6%, compared to that of Fig. 4.
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(a) (b)

(c) (d)

Figure 6: Simulations of model (3.9) with the initial guesses u1 = 0.45 and u2 = 0.3

Numerical results in Fig.6 shows the dynamics of T. brucei rhodesiense disease. When the
population of infectious vectors is 3%, and the hosts’ infectious population is 1% each and
the controls have the following bounds set to: q1 = 0.5, q2 = 0.3 and the initial guesses of
the controls were set to u1 = 0.45 and u2 = 0.3. The rest of the model parameter values were
adopted from Table 2. Again, one can note that the population levels will converge to the
disease-free equilibrium in the presence of optimal control, whereas in the absence of optimal
control the disease persists. The total numbers of new infections for the human and animal
population generated over 300 days are 3.7167× 105 and 1.1232× 104 respectively, and the
total cost is J = 5.4726×104. In Fig. 6 (d), it was noted that the control profiles for u1 and u2

exhibits a similar behaviour to the one illustrated in Fig. 5. Comparing the results in Fig. 3 and
Fig. 6, one can observe that even if the total number of new infections for the hosts increases
due to an increase in the population of infectious vector population, the total cost will still be
lower by approximately 15.8%.
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Next, the effects of extremely low-intensity controls on T. brucei rhodesiense disease dynamics
in Fig. 7 was investigated. The initial control values was assigned to be u1 = 0.15, u2 = 0.01
and the upper bounds of the controls to q1 = 0.15 and q2 = 0.01. The weights constants were
set to w1 = 10, and w2 = 100 and the rest of the model parameter values are as in Table 2.
Furthermore, the initial population-levels and the weight constants was defined as ih = ia = 0.01,
iv = 0.03, rh = ra = 0, sh = 1− ih− rh, sa = 1− ia− ra, sv = 1− iv, w1 = 10, and w2 = 100.
Although the Figures of the population level effects are not displayed since their behaviour
is similar to that of Fig. 6, it was noted that in the presence of optimal control, the infected
population levels will converge to the disease-free equilibrium and the reverse occurs in the
absence of optimal control. The total numbers of new infections for the human and animal
population generated over 300 days are 4.8695× 105 and 1.2764× 104 respectively, and the
total cost is J = 5.4519×104. From these simulation results, it was observed that for effective
disease management, the control profiles will have to be maintained at their maximum intensity
for the greater part of the implementation period. Even though we have considered insecticide
control as more expensive compared to the awareness control, in addition to that this control has
to be maintained at its maximum intensity for a slightly longer time even after the awareness
control has been dropped.

Figure 7: Simulations of model (3.9) with the initial guesses u1 = 0.15 and u2 = 0.01

In what follows, the formulas (4.5) and (4.6) was used to determine the number of new in-
fections averted by the implementation of optimal control. This was determined by taking the
difference between the total numbers of new infections observed in the absence of optimal con-
trol and those recorded when optimal control is implemented, the results are displayed in Table
4. The total numbers of new infections generated in the human and animal population in the
absence of optimal control are 1.0866×107 and 7.7237×107 respectively.
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Table 4: Infection reduction due to implementation of optimal control functions

Case Host T1 T2
Fig. 4 Human population 2.5635×105 1.0097×107

Animal population 9.7000×104 7.7141×107

Fig. 6 Human population 3.7197×105 1.04943×107

Animal population 1.1232×104 7.7226×107

Fig. 7 Human population 4.8695×105 1.03791×107

Animal population 1.2764×104 7.7224×107

From Table 4, T1 represents the total number of new infections, and T2 denotes the number
of infections averted due to the implementation of control functions. It was observed that the
number of infections averted is extremely high even when the intensity of the optimal controls
is low, and this clearly shows the strength of optimal control strategies on minimizing the spread
of the disease.

4.3 Numerical results of model with seasonality

To support the analytical findings for the rhodesiense model with seasonality, model (3.22) was
numerically solved using the forward-backward sweep method outlined by (Lenhart, 2007).
In brief, in the forward-backward sweep method, one has to start with an initial guess for the
optimal controls and solve the optimal state system forward in time and then solve the adjoint
state backward in time using ode45 in MATLAB. Then these optimal controls are updated for
optimality using the Hamiltonian of the optimal system. For this purpose, the steepest descent
method of optimization discussed in Kirk (2004) was also utilized.

On simulating system (3.22), the following initial population levels was assumed: Sh = 1×104,
Eh = 0, Ih = 5× 102, Rh = 0, Sa = 5× 103, Ea = 0, Ia = 3.5× 102, Ra = 0, Sv = 2× 104,
Ev = 0, Iv = 1×103. Since no specific weights are in literature for this particular problem, the
weight constants W1 and W2 were varied and the different outcomes obtained were discussed
accordingly. Without loss of generality, it was assumed that the periodic forcing in all seasonal
parameters at 0.8. Baseline values for non-periodic parameters were obtained from Table 2. The
baseline values of additional parameters are in Table 5:
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Table 5: Baseline values for additional model parameters in model (3.22)

Symbol Description Unit Source
bh,ba

1
50×365 , 1

15×365 Day−1 Moore et al. (2012a); Ndondo et al. (2016)
bv0

1
33 Day−1 Rogers (1988); Moore et al. (2012a)

da,dh 0.0008, 1
108 Day−1 Moore et al. (2012a); Ndondo et al. (2016)

κv0
1
25(

1
25 − 1

30) Day−1 Artzrouni (1996c); Ndondo et al. (2016)
κa,κh

1
12(

1
10 − 1

14) Day−1 Rogers (1988); Ndondo et al. (2016)
σv0

1
4(

1
10 − 1

3) Day−1 Rogers (1988); Ndondo et al. (2016)
σa,σh 0.62,0.7 Day−1 Rogers (1988); Ndondo et al. (2016)
βva,βvh 0.62 Rogers (1988); Ndondo et al. (2016)
βav,βhv 0.01 Rogers (1988); Ndondo et al. (2016)

For model (3.22), the total number of new infections in the human and cattle population was
determined by the formulas in (4.7) and (4.8), respectively:

Th =
∫ t f

0

(
σv(t)Nvσh

σv(t)Nv +σhNh
βvh

Iv

Nv
Sh

)
dt, (4.7)

Ta =
∫ t f

0

(
σv(t)Nvσa

σv(t)Nv +σaNa
βva

Iv

Nv
Sa

)
dt. (4.8)
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(a) (b)

(c) (d)

(e) (f)

Figure 8: Simulations of model (3.22) with and without optimal controls

Simulation results in Fig. 8 illustrate T. brucei rhodesiense dynamics in the host and vector
populations in the presence of human awareness only, that is 0 ≤ u1(t) ≤ 0.003 and u2(t) = 0.
The weight constants were assumed to be W1 = 0.1 and W2 = 0. Overall, it was observed that
in the presence of optimal human awareness, the numbers of infected hosts and vectors is low
compared to without optimal control. Furthermore, with optimal control, the numbers of in-
fected host and vector converge to the disease-free equilibrium in a short time than when there
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is no optimal control. In addition, the result showed that the total number of infected human
and animal without control over a 3×103 day is 5.7×103 and 3.013×103, respectively, while
in the presence of optimal human awareness campaigns only, the total number of infected hu-
man and animal populations for the same period is 3.662× 103 and 2.146× 103, respectively
and the associated total costs of implementing the strategy is J = 2.3535×104. Based on these
results, one can conclude that the presence of optimal human awareness leads to a reduction in
cumulative infections for the human and animal hosts by 2.038× 103 and 8.67× 102, respec-
tively. Comparing the reduction of infection relative to the total number of infections recorded
in without optimal control, it follows that, there is a 36% and 29% reduction in the human and
animal populations respectively.

Figure 9: Control profile for u1(t), (0≤ u1(t)≤ 0.003), u2(t) = 0 and w1 = 0.1

Figure 9 illustrates the control profile of u1(t), (note that u2(t) = 0). From the numerical sim-
ulation the results demonstrated that, the control profile starts at its maxima and remains there
for the entire time horizon. This signifies that to attain the above results, the control will have
to be maintained at its maximum intensity for the entire time horizon.
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(a) (b)

(c) (d)

(e) (f)

Figure 10: Simulations of model (3.22) with and without optimal controls for 2000 days

Numerical results in Fig. 10, illustrates the effects of combining optimal human awareness and
insecticide use on long term T. brucei rhodesiense dynamics in a periodic environment over
2000 days (we set 0≤ u1(t)≤ 0.003 and 0≤ u1(t)≤ 0.001, with W1 = 0.1 and W2 = 1×102).
Once again, it was observed that with optimal control strategies in place, a few infections will
be recorded compared to when there are no optimal control strategies. Precisely, with optimal
control strategies in place, the total number of new infections over 2×103 days is 2.368×103
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and 1.741× 103, for the human and animal populations, respectively, and the associated costs
of implementation is J = 19,264. The results also demonstrated that without optimal control
strategies, the total number of new infections for the human and animal host over 2000 days is
5.336×103 and 2.703×103 respectively.

It follows that the optimal control strategies associated would have averted 2.368× 103 and
9.62× 102 infections in human and animal populations respectively. This represents approx-
imately 44 and 36% reduction of infections in human and animal populations respectively,
relative to when there are no controls. Comparing the results in Fig. 8 and Fig. 10, it was ob-
served that combining optimal human awareness and insecticide use leads to effective disease
management in a short period (convergence of solutions to the disease-free equilibrium in Fig.
10 takes less time than in Fig. 8) compared to when there is optimal human awareness alone.

(a) (b)

Figure 11: Numerical results illustrating the control profiles for u1(t), (0≤ u1(t)≤ 0.003) and
u2(t) (0≤ u2(t)≤ 0.001), with W1 = 0.1 and W2 = 100

Simulation results in Fig. 11 depict the control profiles for u1(t) and u2(t) over 2000 days.
The overall results showed that, all the control profiles start at their respective maximums and
remain so for the greater part of the time horizon. In particular, the control profile for u1(t)

drops on the final time while that of u2(t) drops just before the final time. These results suggest
that for this scenario, both controls can be maintained at their respective maximum intensities
in order to effectively manage the spread of the disease.
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(a) (b)

(c) (d)

(e) (f)

Figure 12: Simulations of model (3.22) with and without optimal human awareness and
insecticides use over 2000 days
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(a) (b)

Figure 13: Numerical results illustrating the control profiles for u1(t), (0≤ u1(t)≤ 0.03) and
u2(t) (0≤ u2(t)≤ 0.01), with W1 = 0.1 and W2 = 103

In Fig. 12, the bounds of the controls; human awareness u1(t) and insecticide use u2(t). Further,
it was assumed that 0≤ u1(t)≤ 0.03 and 0≤ u1(t)≤ 0.01, with W1 = 0.1 and W2 = 1000. Under
this scenario, it was noted that the total number of new infections generated in human and animal
populations in the presence of the controls over 2000 days will be 667 and 716, respectively,
implying that optimal control strategies will avert approximately 4,669 and 1,988 infections in
human and animal populations, respectively. Relative to the total number of infections in the
absence of controls, the presence of controls will be associated with 88 and 74% reductions
for human and animal populations, respectively. Comparing with earlier scenarios (Fig. 8 and
Fig. 8), it was observed that this scenario will have more impact on disease management. In
addition, the control profiles associated with this scenario (Fig. 13) suggest that for these results
to be attained, control u1(t) will have to be maintained at its maximum intensity from the start
to the final day, while control u2(t) can be maintained at a maximum intensity from the start till
the 750 th day, there after can be ceased. Thus at higher costs and intensity, control u2(t) cannot
be maintained at its maximum intensity from the start till the final day.

4.4 Numerical results of model with memory and temperature effects

4.4.1 Temperature-dependent model parameters

In this section, numerical experiments conducted using MATLAB programing language to sup-
port the analytical findings of model (3.31) are presented. For the numerical implementation of
fractional derivatives, the Adam-Bashforth-Moulton (ABM) scheme (Garrappa, 2011) was used
for the model simulation. It is worth noting that the construction of model (3.31) was proposed
by the outcomes from a recent laboratory experiment conducted by Lord et al. (2018). Hence all
temperature-dependent parameters used in model (3.31) had their baseline values and function
adapted from Lord et al. (2018) and no other source. To the best of the author’s knowledge, this
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is the most recent experiment of tsetse flies. Other model parameters are as in Table 2 and 5.

Table 6: Description and baseline values of temperature-depedent parameters used in model
(3.31). All the baseline values were adopted from the work of Lord et al. (2018)

Parameter Function or parameter definition Range Baseline value
d1 Larviposition rate (bl) 0.1046±0.0004 0.1050
d2 Larviposition rate (bl) 0.0052±0.0001 0.0053
a1 Adult mortality rate (µv) 0.027±0.001 0.027
a2 Adult mortality rate (µv) 0.153±0.020 0.153
b1 Pupal mortality rate (µp) 0.0019±0.0004 0.0019
b2 Pupal mortality rate (µp) 0.006±0.001 0.006
b3 Pupal mortality rate (µp) 1.481±0.681 1.4881
b4 Pupal mortality rate (µp) 0.003±0.001 0.003
b5 Pupal mortality rate (µp) 1.211±0.117 1.094
c1 Pupal emergence rate (σl) 0.05884±0.00289 0.05884
c2 Pupal emergence rate (σl) 4.8829±0.0993 4.8829
c3 Pupal emergence rate (σl) −0.2159±0.0050 -0.2159

4.4.2 Model calibration and validation

The observed HAT cases in Table 1 were used to calibrate model (3.31). The least-squares
method (4.9) was used to determine a fractional-order that gives the best fit. Since the fractional-
order lies between zero and unity 0 < α ≤ 1, the values of the fractional-order were varied till
the best fit was obtained. The least squares method used is given:

RMSE =

√√√√ 28

∑
i=1

(Real data−Estimated cases)2. (4.9)

The graphical illustration in Fig. 14 show the outcome of different fractional-orders versus the
observed data. It was observed that α = 0.62 gives a good fit, hence it was plotted as a single
graph in Fig. 15.
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Figure 14: Model system (3.31) fitted to r-HAT cases in Tanzania

Figure 14 illustrates the cumulative confirmed cases versus the model fitting curve with α =

0.59, 0.61, 0.62, 0.63, and 0.64. The results demonstrated that, the model formulated fit well
with r-HAT cases in Tanzania. To measure the goodness-of-fit, the model was fitted at α = 0.62
as shown in Fig. 15 and the normalized root-mean-square error (RMSE) was computed using
the formula (4.9) at it was found to be 0.1301. This shows that the proposed model had 13.01%
deviations. Hence it was concluded that the model was approximately 86.99% efficient. To
further illustrate the efficiency of the model residuals were computed and plotted against time
(Fig. 16). It was noted that residuals did not appear to follow a particular path. Precisely the
plot showed that residuals have no pattern and this imply that model was really a good fit.
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Figure 15: Model system (3.31) fitted to r-HAT cases in Tanzania at α = 0.62

Figure 16: A time series plot of residuals against time

4.4.3 Effects of temperature variation the basic reproduction number

Since model (3.31) has temperature-dependent parameters the effects of temperature on the R0

needed to be determined. Numerical simulations were carried out and the results are sown in
Fig. 17.
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Figure 17: The relationship between the R0 and temperature T. for model (3.22)

The numerical results in Fig. 17 demonstrate the relationship between the R0 and temperature
in ◦C. It was set that Kl = 1300, Nh = 1000, Na = 500, Nv = 1500 and varied the tempera-
ture from 16-27 ◦C. The results demonstrated that as temperature increases from the critical
minimum T = 16◦C, the R0 gradually increases till the highest value is attained at optimum
temperature T = 25◦C, thereafter R0 sharply declines. Furthermore, It was observed that when
T < 16◦C then R0 < 1.
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(a) (b)

(c)

Figure 18: Numerical results of model system (3.31) for R0 ≤ 1

The numerical results in Fig. 18 illustrate the dynamics of the infected population when for
R0≤ 1 to demonstrate the convergence of infected species at the disease-free equilibrium point.
On the construction of the simulations, the initial population levels was assumed as discussed
earlier while baseline values for the model parameters are as in Table 2 and 6. In addition, it was
assumed that T = 16.5◦C and K = 3.3× 103, giving R0 = 1.0. From the numerical results, it
was concluded that all populations converged to the disease-free equilibrium, irrespective of the
chosen value of α. These results concur with the analytical findings presented in Theorem 3.6
that whenever R0 ≤ 1, the proposed model is stable and the disease dies out in the community.
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(a) (b)

(c)

Figure 19: Numerical results of system (3.31) demonstrating the convergence of infected
population to the endemic equilibrium for R0 > 1

The simulation results in Fig. 19 show the solution of model (3.31) at different levels of α =

(0.5,0.7,0.9,1.0) for R0 = 3.7 > 1. The temperature was set to be T = 25◦C, and Kl = 3.3×
103. From the graphical illustration, it was noted that the solutions profiles converge to a non-
zero equilibrium point, implying that whenever R0 > 1, the model is stable and admits a unique
endemic equilibrium point. Biologically, this means that if R0 > 1, the disease persists in the
community. These simulation results support analytical findings presented in Theorem 3.6.
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4.4.4 Effects of screening and vector control

In this section, the effects of screening infected hosts and vector control on disease dynamics
was investigated. Detection and treatment of humans has been a primary control strategy for
HAT. Detection of cases can be carried out either periodically (usually large-scale screening)
or continually (usually small scale) at health care centres. To explore the potential effects of
continuous detection and treatment the study closely followed the approach used by Artzrouni
(1996a). This author proposed that the rate of exit of infected hosts to the recovery stage can
be presented as a composite of the intrinsic underlying disease progression (say, γint) in (4.10)
and the removal rate by treatment (extrinsic , say γext) such that:

γh = γint+ γext, (4.10)

then the monthly percent detection is given in (4.11) by:

Ch = 100[1− exp(−30γext)]. (4.11)

Consequently, (4.10) and (4.11) lead to the exit rate from the infected class for human hosts to
be:

γh = γint−
1
30

ln

(
1− Ch

100

)
. (4.12)

From (4.12), it was noted observed that linear detection of an infected individual does not result
in linear changes in γh. Rock et al. (2015) opines that this representation of the recovery rate
leads to a meaningful way in which the

influence of the parameter on the R0 can be extensively explored. Although there are several
methods to control the density of tsetse such as aerial spraying and the deployment of natural
or artificial baits, essentially altering the total population parameter Nv, birth rate and natural
mortality rate will alter the density of the tsetse population. Cognisant of these fundamental
parameters, Artzrouni (1996a) hypothesized that tsetse control will affect mortality rate but not
the population size. Hence in an analogous approach to mdelling detection and treatment of
human, they model ’natural’ mortality rate of the vectors a follows in (4.13):

µv = µv,int+µv,ext, (4.13)

where µv,int accounts for the mortality experienced by flies in their environment and µv,ext
describes an additional death rate that occurs as a result of control strategies. Furthermore, it
was suggested that this death rate µv is related to the daily percentage of flies killed as denoted
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here in (4.14) by:

Cv = 100[1− exp(−30µv,ext)]. (4.14)

With Cv denotes the daily percentage killing of tsetse flies. Thus, the total mortality rate of
vectors due to ‘natural’ and control measures is given in (4.15) by:

µv = µv,int− ln

(
1− Cv

100

)
, (4.15)

Note that Artzrouni (1996a) used rates with 3 days as the unit of time on equation (4.15).

In what follows, we numerically explore the effectiveness of case detection and vector controls
on the spread of the disease. Precisely, the contour plot to determine the influence of ch and cv

on the R0 was used, since it an integral epidemiological metric for understanding the power of
T. brucei rhodesiense to invade the community.
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(a) (b)

(c)

Figure 20: Simulation for model system (3.31) at different temperature levels

Figure 20 shows the number of infected vectors, humans and animals at different temperature
values for 500 days. It was assumed that α = 0.7, Kl = 1× 103, Nh = 1× 103, Na = 5× 102,
L = 1.3× 103, Nv = 1.5× 103, Sv = 1× 103, Iv = 5× 102, Ih = 1× 102, Sa = 3.8× 103 and
Ia = 17. From the graphical illustration it was noted that low-temperature values (T < 25◦C)
were associated with low infection levels and as the temperature increased to the optimum value
replay T = 25◦C, the number of infections increased over time. Furthermore, it was observed
that for t < 100 days the impact of different temperature values on populations are not extremely
distinct. However, thereafter there was a significant distinction.
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Figure 21: A contour plot illustrating the effects of human detection and vector control on T.
brucei rhodesiense dynamics

The contour plot in Fig. 21 illustrates the impact of human case detection and vector control
on T. brucei rhodesiense dynamics at T = 20◦C. In this case, the temperature was assumed to
be T = 20◦C, and the other parameters were defined as Kl = 1×103, βhv = βav = 3.55×10−4,
βvh = βva = 8.3×10−4, Nh = 1×103, Na = 5×102, γint = 0.009 and µv,int = 0.027. It has been
shown that an increase in both case detection and vector control percentages leads to a decrease
in the magnitude of R0. The results also demonstrated that vector control has a strong influence
on minimizing the magnitude of R0 compared to human detection. In particular, whenever,
Cv > 30, then R0 < 1, despite any value of Ch.

Figure 22: A contour plot illustrating the effects of human detection and vector control on T.
brucei rhodesiense dynamics

The contour plot in Fig. 22 demonstrates the impact of Ch and Cv on the transmission dynamics
of T. brucei rhodesiense at T = 25◦C. Comparing the results in Fig. 22 and Fig. 22, it has been
assumed that T = 25◦C, Kl = 1× 103, Nh = 1× 103, Na = 5× 102, γint = 0.009 and µv,int =
0.027. From numerical simulations, the results show that at optimum temperature, T = 25◦C,
vector control needs to be greater than fifty (Cv > 50) in order to reduce the magnitude of the
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basic R0 to values less than unit whereas in Fig. 22, Cv > 30 is sufficient to obtain R0 < 1.
Therefore, it was concluded that if the average temperature in the community is very close to
the optimum temperature, then the intensity of vector control needs to be at least 50%.

Figure 23: Simulation results showing the effects of temperature on R0

In Fig. 23, the relationship between temperature and R0 in the presence of human screening and
vector control was investigated. It was set that Ch =Cv = 50, Kl = 1×103, Nh = 1×103, Na =

5×102, L = 1.3×103, Nv = 1.5×103, Sv = 1×103, Iv = 5×102, Ih = 1×102, Sa = 3.8×102,

Ia = 17, and the rest of the parameter values are as in Table 2. From the illustration, it was
observed that R0 > 1, for 23 < T < 26◦C. This implies that at 50% human detection and 50%
killing of vectors, the disease can only persist in the community when the average temperature
is between 23 and 26◦C, otherwise, the disease dies out. However, by setting Ch = 50 and
Cv = 55, (Fig. 23), the disease is not persist even at optimum temperature, T = 25◦C .
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Figure 24: Simulation results showing the effects of temperature on R0

In Fig. 24, the relationship between temperature and R0 in the presence of human screening
and vector control was investigated. It was assumed that Ch =Cv = 50. The results showed that
R0 > 1 for 23 < T < 26◦C. Next, the control was set to be Ch = 50, Cv = 55, with kl = 1×103,
Nh = 1× 103, Na = 500, L = 1.3× 103, Nv = 1.5× 103, Sv = 1× 103, Iv = 5× 102, Ih = 100,
Sa = 3.8× 103 and Ia = 17, and the rest of the parameter values are as in Table 5. The results
demonstrated that at 50% human detection and 50% killing of vectors, the disease can only
persist in the community when the average temperature is between 23 and 26◦C, otherwise,
it dies out. However, if Ch = 50 and Cv = 55, (Fig. 24), the disease will not persist even at
optimum temperature, T = 25◦C.

4.5 Numerical results of model with time delay and heterogeneity

In this section, numerical illustrations which were carried out to support the analytical results of
model (3.5) are presented. Baseline values for model parameters are in Table 2 and 5. Fig. 25
illustrates a contour plot of R0 as a function of pH (proportion of new recruits in the high-risk
population) and εH (modification factor). The values of other model parameters are based on
Table 2 and 5. It was observed that for small values of pH and εH , the number of secondary
infections generated is high and the reverse is equally true. In addition, the results also showed
that even with small initial population levels considered PH = εH = 1 (100%) may not be asso-
ciated with the value of R0 less than unity.
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Figure 25: Contour plot of R0 as a function of pH (proportion of new recruits in the high-risk
population) and εH (modification factor)

Figure 26: Contour plot of R0 as a function of pH (proportion of new recruits in the high-risk
population) and τ (time delay factor)

A contour plot of R0 as a function of pH (proportion of new recruits in the high-risk population)
and τ (time delay factor) is presented in Fig. 26. The results suggest that the time delay factor
τ has more influence on the outcome of R0 compared to pH . For high values of τ the outcomes
of R0 are low even when the values of PH are small. This further suggests that the time delay
factor may be an important component in the transmission and control of the disease.
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(a) (b)

(c) (d)

Figure 27: Simulation results of system 3.5 at the disease-free-equilibrium E 0

Figure 27 demonstrates the convergence of the infected populations to the disease-free equilib-
rium for R0 < 1. The value of R0 in this case, is R0 = 0.59 < 1 and it is evident that all the
infected populations die out after 500 days which is in agreement with the analytical results
summarized by Theorem 3.7.
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(a) (b)

(c) (d)

Figure 28: Simulations of system (3.5) at the endemic equilibrium point E ∗

The numerical results in Fig. 28 illustrate the trajectories of system (3.5) at an endemic equi-
librium point. The results were obtained using parameter values in Table 2 and 5 coupled
with βHV = βAV = 3.55× 10−5, βV H = βVA = 8.3× 10−5, giving R0 = 7.23. In addition, the
population levels were assumed as follows: L(0) = 1300, SV (0) = 5× 103, IV (0) = 3× 102,
SH1(0) = 1×103, IH1(0) = 150, SH2(0) = 5×102, IH2(0) = 150, SA(0) = 5×102, IA(0) = 100,
and RH(0) = RA(0) = 0. It was evidenced that all the trajectories present some periodic oscil-
lations from the start for a considerable time frame before they finally converge to a unique
equilibrium point. These results showed that the inclusion of the time delay factor destabilizes
the endemic equilibrium point for a certain period of time leading to periodic oscillations due
to the existence of Hopf bifurcations. In the following illustrations (Fig. 30 and 31), it was
investigated the effects of the size of the initial population levels on the period and amplitude of
the periodic oscillations.
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(a) (b)

(c)

Figure 29: Numerical simulations to demonstrating the Hopf bifurcations of that arise due to
the inclusion of the time delay factor in the model (3.5)

The simulation results in Fig. 30 depict the persistence of the disease at an endemic equilibrium,
that is., for R0 > 1. The results were obtained by setting βHV = βAV = 3.55× 10−5, βV H =

βVA = 8.3× 10−5 and the rest of the model parameters are as in Table 2 and 5, leading to
R0 = 2.51. From the numerical simulations, it was observed that the solution profiles for all the
populations (susceptible and infected) undergo periodic oscillations for a certain time before
they finally converging to the endemic equilibrium point E ∗. Thus, the time delay factor τ factor
leads to some periodic oscillations from the start for a considerable time frame before finally
converging to a unique equilibrium point. Therefore, one can note that, adding the time delay
in the model system destabilizes the solution profile of the system, leading to some periodic
solutions.
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(e) (f)

(g) (h)

Figure 30: Numerical results of system (3.5) depicting the persistence of the disease of R0 > 1

To further support the analytical results in Fig. 31, the Hopf bifurcation plots were presented in
Fig. 29. The plots further demonstrate the existence of periodic solutions which are arise due to
Hopf bifurcations caused by the time delay factor. Comparing the results in Fig. 28 and 30, it
was observed that small initial population levels are associated with more pronounced periodic
oscillations with large amplitude in comparison to high initial population levels. Moreover,
the existence of periodic oscillations solutions arising due to Hopf bifurcations caused by the
time delay factor may cause challenges in planning the control strategies for dynamics of the
sleeping sickness disease.
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(a) (b)

(c)

Figure 31: Dynamics of model system (3.5) illustrating stability of endemic equilibrium
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 32: Numerical results of system (3.5) demonstrating the effects of the time delay factor
τ = 30 on the dynamics of the disease

Numerical simulations in Fig. 32 illustrate the effect of the time delay factor τ , on the period
and amplitude of the oscillations. It was also considered that, τ = 15 and τ = 30 and compared
the results with those in Fig. 30 where τ is set to 25. For all the plots in blue was set to be
τ = 15 and for those in red τ = 30. All the other parameter values and initial population levels
were fixed. Overall, the results showed that the period and amplitude of the periodic solutions
become is smaller for both τ = 15 and τ = 30 compared to τ = 25.
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4.6 Chapter overview

In this chapter, the numerical results and discussions on the results for the four proposed models
have been presented. From the first model, rhodesiense with educational campaigns, it was
noted that the model admits multiple equilibrium points when the R0 is less than unity. Hence,
it was concluded that the model undergoes a backward bifurcation. It was also noted that time-
dependent educational campaigns and insecticide use could significantly reduce new cases of
the disease when they are implemented at less than 100% intensity. From the second framework,
rhodesiense with seasonality, it was observed that seasonality plays an important role in shaping
the long-term dynamics of the disease which subsequently impact the design of its optimal
control strategies. In the third model, rhodesiense with memory and temperature effects, it
was noted that at temperature less than 16◦C, the tsetse population could become extinct even
in the absence of intervention strategies. The simulation results from the rhodesiense with
time delay and heterogeneity showed that the inclusion of the time delay factor in the model
destabilized the endemic equilibrium point leading to periodic solutions for a certain time frame.
It was also observed that as the time delay exceed 15 days, the amplitude of the oscillations
decreases significantly. Overall, the numerical results presented in this chapter have not only
reaffirmed some of the existing hypothesis on tsetse fly epidemiology but also demonstrated
the implications of educational campaigns, seasonality, memory effects, temperature effects,
heterogeneity in human population and time delay in tsetse fly population, on the short-and
long-term dynamics of T. brucei rhodesiense disease

73



CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

Increased understanding of the ecological, environmental and behavioral drivers of HAT trans-
mission is critical to designing effective control programs that maximize the probability of
achieving elimination. The present study aimed to utilize mathematical model to investigate
the effects of different factors (educational campaigns, seasonality, memory and temperature
effects, time-delay effects due to the incubation period of vector population and heterogeneity
of the human population) on the short-and long-term dynamics of T. brucei rhodesiense dis-
ease. Hence, four new comprehensive mathematical frameworks (which extend many of the
published models in the literature) were designed and rigorously analyzed.

The first mathematical proposed model, assessed the implications of educational campaigns and
insecticide use on T. brucei rhodesiense dynamics. Dynamical analysis of the model showed
that due to educational campaigns admits multiple equilibrium point whenever the R0 of this
model was less than unity. When a model admits multiple equilibrium points for R0 < 1, it
implies that it undergoes a backward bifurcation. Making use of the numerical illustrations, the
existence of the backward bifurcation for this framework was illustrated.

Backward bifurcation makes disease elimination difficult (since, effective disease control or
elimination is dependent on the initial sizes of the sub-populations of the model). Hence, it was
imperative to investigate the implications of time-dependent educational campaigns (control
u1(t) and insecticide use (control u2(t)). An optimal control problem whose objective was to
minimize the number of infected human populations over the defined time horizon, at minimal
implementation costs the aforementioned disease intervention strategies were proposed. In the
entire analysis, the intensity of awareness campaigns was assumed to be higher than that of
insecticide use since the excessive use of insecticides has some residual effects.

Analysis of the optimal model problem was done with the population levels for the hosts (hu-
mans and animals) fixed at 1% while the vector population was varied from 1 to 3%. The
results showed that optimal control awareness campaigns and insecticide use have the potential
to eliminate the disease in the community, whereas in the absence of optimal control, the dis-
ease may not be reduced to levels close to zero. It was observed that when the bounds of the
control were high, the associated costs were also high, and the reverse was true. In particular,
it was noted that reducing the upper bound of u1 from 1 to 0.5 and u2 from 1 to 0.3 could lead
to a reduction in costs by 17.6%. Overall, the study demonstrated that optimal awareness and
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insecticide use have the potential to reduce the population levels of infected species to levels
close to zero, and for this to be attained insecticide control has to be implemented for a slightly
longer period compared to the awareness control.

The effects of seasonal variations on the epidemiology of T. brucei rhodesiense disease are
well documented. In particular, seasonal variations alter vector development rates and behav-
ior, thereby in influencing the transmission dynamics of the disease. To investigate the effects
of seasonality on the short-and long-term dynamics of T. brucei rhodesiense disease, a non-
autonomous framework that incorporates relevant biological details, (human, animal and vector
populations) was proposed. Owing to the importance of understanding the effective ways of
managing the spread of the disease, this framework included time-dependent educational cam-
paigns as well as tine-dependent insecticide use.

In developing response plans for effective management of diseases, policymakers seek optimal
responses that can minimize the incidence and/or disease-related mortality rate while consid-
ering the costs involved. Hence, on this model the aim of this model was to minimize the
number of people who become infected, while minimizing the costs associated with strategy
implementation. Overall the study showed that seasonality plays an important role in shaping
the short-and long-term dynamics of the disease which subsequently impacts the design of its
optimal control strategies. Although insecticide usage is associated with adverse effects on the
environment, the results from this study suggest that by totally neglecting insecticide use, effec-
tive disease management may present a formidable challenge. However, if human awareness is
combined with low insecticide usage, then the disease can be effectively be managed.

Over the past few decades, many scientists have demonstrated that fractional models can more
accurately describe natural phenomena than classical integer order. Unlike integer differential
equations, fractional derivatives can capture memory effects that are inherent in real world prob-
lems from fields such as engineering, biology, and social sciences. To investigate the effects of
memory on T. brucei rhodesiense transmission and control dynamics, a mathematical model
based on Caputo derivative was proposed and analyzed. The proposed model also incorpo-
rated temperature-dependent parameters to investigate their effects on the short-and long-term
dynamics of the disease.

Among the several outcomes obtained, the study showed that when daily averaged temperature
is around T = 20◦C then destruction of 30% or more vectors in 3 days will reduce the R0 to
levels below unity, despite any level of human detection. In addition, it was observed that if
human detection is around 50% and vector control is 55% or more, then the disease will die
out in the community even at the optimum temperature T = 25◦C. Overall, the findings from
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this study have demonstrated the impact of temperature and control strategies on the long term
dynamics of T. brucei rhodesiense and the outcomes enhance our understanding of the effective
management of the disease.

The last model considered in this dissertation aimed to investigate the effects of time delay and
heterogeneity of human population on T. brucei rhodesiense transmission and control dynamics.
To account for heterogeneity in the human population, a two patch structure for the human
population was considered. Individuals were subdivided into two distinct patches, patch 1 (high-
risk individuals) and patch (low-risk individuals). Since the life span of tsetse flies is extremely
short of approximately 33 days (Ndondo et al., 2016) compared to that of humans and animals, it
was imperative to investigate the effects of the needed incubation period for an infected vector
to become infectious. Hence the time delay factor considered in the proposed frame work
was due to latency in the tsetse fly population. Dynamical analysis of the model revealed that
the model admits a globally asymptotically stable disease-free equilibrium whenever the basic
reproduction number is less than unity. It was also noted that a unique endemic equilibrium
which is globally asymptotically stable exists whenever the R0 is greater than unity. Results
from simulations showed that whenever the R0 is greater than unity the model solutions will be
associated with periodic oscillations for a considerable time scale from the start before attaining
stability. This suggests that, the inclusion of the time delay factor destabilized the endemic
equilibrium point leading to periodic solutions for a certain time frame due to Hopf bifurcations.

5.2 Recommendations

Sleeping sickness or HAT is a neglected disease that impacts 70 million people living in 1.55
million km2 in sub-Saharan Africa (Aksoy et al., 2017). Several modelling studies have been
undertaken to assess the feasibility of the WHO’s goal of eliminating the disease by 2030.
However, these studies overlooked the effects of time-dependent use of educational campaigns
(awareness) and insecticides, heterogeneity in the human population and memory effects. In
this study, mathematical models were proposed and analyzed to assess the effects of the afore-
mentioned factors on T. brucei rhodesiense elimination. Based on outcomes from this study the
following recommendations are made:

(i) Coupling of time-dependent educational campaigns and insecticides use be considered
and mathematical model be utilized to evaluate the success after a defined time horizon.
In addition, insecticide be applied at an intensity lower than that of educational campaigns
all the time. From the study, it was observed that educational campaigns alone even at an
intensity higher than 50% may not be sufficient to eliminate the disease.

(ii) The intensity of intervention strategies needs to be varied based on the season since sea-
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sonality plays an important role in shaping the short-and long-term dynamics of the dis-
ease.

(iii) Policymakers need to pay more attention to heterogeneity in the human population when
designing ways of effectively managing the disease. The study showed that heterogeneity
could possibly be one of the several factors complicating the elimination of the disease. In
particular, it was noted that an increase of the risk population beyond a certain threshold
could lead to the persistence of the disease.

(iv) Mathematical models be utilized alongside medical interventions to infer and make fore-
casts on the success and possible elimination of the disease. Since mathematical models
have proved to be important tools that can aid our understanding and provide solutions to
phenomena which are complex to measure in the field. Combining mathematical models
with other approaches could shed light on the feasibility of the WHO’s goal of eliminating
the disease by 2030.

5.2.1 Limitation of the study and possible future works

Although this study adds to the existing body of knowledge on T. brucei rhodesiense transmis-
sion and control, it has some limitations which need to be acknowledged. These limitations is
regarded as the areas of future work:

(i) Effects of host and vector migrations were not factored in all the four frameworks con-
sidered. Both tsetse flies and hosts are capable of migrating from one place to another in
time. Hence partial differential equations (PDEs) could be used to formulate a spatial T.

brucei rhodesiense.

(ii) Considered intervention strategies could be coupled with cattle treatment (use of try-
panocide). In all the formulated mathematical models and analyzed in this study animals
were assumed to recover from the infection naturally (as suggested by Stone & Chitnis
(2015)). However, according to Hargrove et al. (2012) use of trypanocide could signifi-
cantly aid on the effective management of the T. brucei rhodesiense.

(iii) On some of the objectives, deterministic model was used to evaluate the effects of certain
intervention strategies on disease elimination. Though such modeling approach captures
the average behavior of the system, it may miss some aspects of disease transmission, es-
pecially in the context of small populations and low infection prevalence where stochastic
fade-out or take-off may be significant.

(iv) Multiple animal hosts could also be considered since the disease affects both wild and
domesticated animals.
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APPENDICES

Appendix 1: Basic mathematical concepts

Dynamical system and equilibrium point

If qi is the group of any population of living organisms at a time i, then the notation qi+1 = h(qi)

is called a dynamical system and the point q∗ is an equilibrium point of the dynamical system
if and only if h(q∗) = q∗ (Brin, 2002) (See Appendix 5.25).

Stability of the dynamical system

The stability of any system implies that any solution that is initially selected close to the critical
point ξ of the system must remain to the point ξ for the entire period of infection (Cressman,
2013).

Definition 5.2
(See, Bhatia & Szego, 2002; Beretta, 1986). Let ξ be the critical point of the system ˙g(t) =

h(g(t)), the following definition is true (See in Appendices 5.101, 5.105 and 5.126):

(i) The critical point ξ is said to be stable if for all ε > 0, there exist δ > 0 such that the
solution of ˙g(t) = h(g(t)) satisfy the condition that |g(0)− ξ | ≤ δ → |g(t)− ξ | ≤ ε for
all t ≥ 0.

(ii) The critical point ξ is said to be asymptotically stable if the point ξ is stable and there
exist δ > 0 such that the solution of ˙g(t) = h(g(t)) satisfy the condition that |g(0)−ξ | ≤
δ → lim→∞ g(t) = ξ .

Basic reproduction number

The basic reproduction number (R0) is the average number of secondary cases that is produced
when a single infected individual is introduced in a population of full susceptible for the entire
period of infection (Van den Driessche, 2008). The R0 provides the necessary conditions for
the existence of the disease in the population as well as the stability of the equilibrium points,
in particular the following is true (See Appendix 5.23):

(i) When R0 < 1, the disease dies in the population and the disease free-equilibrium point is
asymptotically stable.

(ii) When R0 >,1 the disease exist in the population and the disease-free equilibrium point
is unstable.
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Next-generation matrix method

The next-generation matrix is a popular method for the computation of basic reproduction.
This technique was first introduced by Diekmann et al. (1990) and further extended in Van den
Driessche (2002). The following are the procedures for computation of R0 using the next-
generation matrix method; Suppose the number of individuals in each compartment of a dy-
namical x = (x1,x2,x3.....xn)

T for which m < n compartments contain the infected individu-
als whereby x0 is a disease-free equilibrium point which exists and is stable, then the system
(x1,x2,x3.....xn)

T in (5.1) can be expressed in the following form 5.1 (See Appendix 5.123):

dxi

dt
= Fi(x)−Vi(x), (5.1)

where Fi(x) denotes the rate of new appearance of infection in the compartment and Vi(x) is
the new transfer rate between compartment i and infected compartments with i = 1,2,3, ....m.
Therefore this is defined in 5.2 (See also Appendix 5.42):

F =
∂Fi(x0)

∂x j
, and V =

∂Vi(x0)

∂x j
. (5.2)

In this case, R0 is given by R0 = ρ(FV−1), where ρ represents the maximum eigenvalue of the
matrix (FV−1) called the spectral radius (Van den Driessche, 2008).

Lyapunov function

(See, (Ruo-Shi et al., 2013; Rosenbrock, 1963; Lakshmikantham, 1969)). Let the function
N(y,z) be continuous and differentiable on an open interval containing the origin, then the
function is said to be Lyapunov function of any dynamical system if it satisfies the following
conditions (See Appendix 5.133):

( i) N(0,0) = 0.

( ii) N(y,z)> 0 for all value of y,z except 0.

( iii) Ṅ(y,z)≤ 0 for all values of y,z except 0.

Lyapunov stability theorem

(See, (Khalil, 2009; Jleli et al., 2017)). Let Ẏ = f (Y ) be any dynamical system with an equi-
librium point at Y ∗ such that f : D→Rn and let N : D→R be continuous and differentiable
function then the following is true (See Appendix 5.103):

( i) If Ṅ(y,z)≤ 0 for all value of y,z except 0 then the equilibrium point Y ∗ is Lyapunov stable.
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( ii) If Ṅ(y,z)< 0 for all value of y,z except 0 then the point Y ∗ is asymptotically stable .

( iii) Ṅ(y,z)> 0 for all values of y,z except 0 then the point Y ∗ is unstable.

Optimal control problem

(See, (LaSalle et al., 1960; Lee, 1967)), suppose ˙z(t) = f (z,µ, t) is any system y(t) ∈ ℜn and
control µ(t) ∈ µℜm where µ is convex and compact in ℜm, in this case the optimal control
problem is defined as follows in (5.3) (See Appendix 5.73):

J(z0) = M(z(t),T )+
∫ T

0
L(z(t),µ(t), t)dt, (5.3)

whereby [0,T ] is the finite time interval, M(z(T ),T ) is the terminal state and L(z(t),µ(t), t) is
any constant called weight balance, with aim of transferring the integral into monitory quantity.

Hamiltonian function

(See, (Blaszak, 2012; Kalman, 1963; Todorov, 2006)), The function H(t,y(t),ν(t),λ (t)) de-
fined in (5.4) (See Appendix 5.77):

(t,z(t),ν(t),λ (t)) = f (t,z(t),ν(t),λ (t))+λ (t)g(t,z(t),ν(t)), (5.4)

which satisfy the following Euler-Langragian equations (5.5) (See Appendix 5.89):

∂ z
∂ t

=
∂H
∂ z

,
∂λ

∂ t
=−∂H

∂ z
,

∂H
∂ν

= 0. (5.5)

is called Hamiltonian function whereby λ (t) is adjoin function.

Existence and uniqueness theorem

Consider the dynamical system ẏ = g(t,x), such that y(t0) = a, this problem has a unique solu-
tion y(t) for a≤ t ≤ b if and only if g(t,y) is continuous on the domain ℜ = {a≤ t ≤ b, ∞≤
t ≤ ∞} and satisfies the following condition (5.6), (See Appendix 5.25):

|g(t,y)−g(t,y∗)| ≤ K|y− y∗|, (5.6)

for which (y, t),(t,y∗) ∈ℜ (see, (Chen, 2010; Gao, 2012; Faizullah, 2017; Wei, 2013)). On the
other hand, the condition |g(t,y)− g(t,y∗)| ≤ K|y− y∗| is called Lipschitz condition and the
constant K is Lipschitz constant.
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Definitions of the Caputo fractional calculus

Definition 5.3
Suppose that α > 0, t > a,α,a, t ∈R, the Caputo fractional derivative of order α ∈ (0,1] is given
by the following equation (5.7) (Vargas-De-León, 2015; Caputo, 1967; Diethelm, 2010):

c
aDα

t f (t)
1

Γ(n−α)

∫ t

a

f n(ξ )

(t−ξ )α+1−n dξ , n−1 < α,n ∈ N. (5.7)

Definition 5.4
Consider (Linearity property) g(t),h(t) : [a,b]→ R such that c

aDα
t g(t) and c

aDα
t h(t) are both

exist everywhere and let c1,c2 ∈ R Then, c
aDα

t (c1g(t))+c
a Dα

t (c2h(t)) exists everywhere and the
following equation (5.8) is true (Vargas-De-León, 2015):

c
aDα

t (c1g(t)+ c2h(t)) = c1
c
aDα

t g(t)+ c2
c
aDα

t h(t). (5.8)

Definition 5.5
The Caputo fractional order derivative of any constant function g(t) = k is zero as shown in
(5.9) (Podlubny, 1999), that is:

c
aDα

t k = 0. (5.9)

Definition 5.6
The Caputo derivative of fractional order α ∈ (0,1] for any dynamical system is given by the
following equation (5.10) (Podlubny et al., 1997; Aguila-Camacho et al., 2014):

c
t0Dα

t y(t) = g(t,y(t)), α ∈ (0,1) (5.10)

where by y0 = y(t0).

Definition 5.7
The Caputo fractional dynamic system (5.10) has an equilibrium point x∗ if and only if,
f (t,x∗) = 0 (see (Vargas-De-León, 2015)).

Theorem 5.8
(Uniform Asymptotic Stability), Let y∗ be an equilibrium point for the non-autonomous
fractional-order differential equation (5.10) and Ω ⊂ Rn be a domain containing y∗ as shown
in (5.11) and (5.12). Let M : [0,∞)×Ω→ R be a continuously differentiable function (Vargas-
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De-León, 2015; Diethelm, 2010)) such that:

N1(y)≤M(t,y(t))≤ N2(y) (5.11)

and

c
aDα

t M(t,y(t))≤−N3(y) (5.12)

for every α ∈ (0,1) and every y ∈ Ω, for N1(y), N2(y) and N3(y) are continuous non-negative
definite functions on Ω. Thus, the equilibrium point of system (5.10) is uniformly asymptoti-
cally stable.

Definition 5.8
Let x(·) be any function which is differentiable and continuous with condition that x(t) ∈ R+.
Then, the Volterra-type Lyapunov function for fractional-order differential equations for the
disease dynamics is given by the following expression(5.13) (See Appendix 5.109):

c
t0Dα

t

(
x(t)− x∗− x∗ ln

x(t)
x∗

)
≤
(

1− x∗

x(t)

)
c
t0Dα

t x(t), x∗ ∈ R+, ∀α ∈ (0,1). (5.13)

Theorem 5.9
Suppose that f (t), f ′(t), ..., f (n−1)(t) are continuous on [t0,∞) and the exponential order and that
c
t0Dα

t f (t) is piecewise continuous on [t0,∞) (Liang et al., 2015). Let α > 0, n−1 < α < n ∈ N.
Then the following equation (5.14) is true:

L {c
t0Dα

t f (t)}= sαF (s)−
n−1

∑
k=0

sα−k−1 f (k)(t0) (5.14)

where F (s) = L { f (t)}.

Theorem 5.10
Let C be the complex plane. For any α > 0 β > 0, and A∈Cn×n, one get the following equation
(5.15) (Kexue, 2011):

L {tβ−1Eα,β (Atα)}= sα−β (sα −A)−1, (5.15)

for Rs > ‖A‖ 1
α , where Rs denotes the part of complex number s which real part, and Eα,β is

called Mittag-Leffler function (Igor, 1999).
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Euler method

The Euler method is used to approximate the solution of the dynamical system ẏ = g(t,y) with
y(t0) = a, a≤ ti ≤ b. This method is derive from Taylor series expansion of the function y(t).

The Taylor series expansion for the function y(t) of order n at yi+1 as in( 5.16) is given by (5.16)
(Ochoche, 2007; Hairer, 2015; Allahviranloo, 2011; Griffiths, 2010):

y(ti+1) = y(ti)+(ti+1− ti)
dy(ti)

dt
+

(yi+1− yi)
2

2!
dy2(ti)

dt2 + · · ·+ (ti+1− ti)n

n!
dyn(ti)

dt

+
(ti+1− ti)n+1

(n+1)!
dyn+1(ti)

dtn+1 (ξ ), (5.16)

with ξ ∈ (ti, ti+1). Therefore, for n = 1 we have y(ti+1) = y(ti)+ hdy(ti)
dt + h2

2
dy2

dt2 (ξ ) in which

the term h2

2
dy2

dt2 (ξ ) is the remainder. The Euler-method is obtained by neglecting the remainder
theorem.

Definition 5.9
The Euler-method for dynamical system ẏ = g(t,y) with y(t0) = a, a ≤ ti ≤ b is defined as
follows in (5.17) (Gear, 1974; Lapidus & Seinfeld, 1971):

yi+1 = yi +hẏ(ti)

= yi +hg(ti, ti+1). (5.17)

Runge-Kutta methods

The Runge-Kutta Methods are used to approximate solution of initial value problems of higher-
order Taylor series expansion without considering the higher-order derivatives. For the dynam-
ical system ẏ = g(t,y) with y(t0) = a, a ≤ ti ≤ b, the scheme for computation is defined as
follows in (5.18) (Cartwright, 1992; Zhang et al., 2018; Niu et al., 2014):

L1 = g(tn,yn),

L2 = g(tn + k2h,yn +ha21L1),

L3 = g(tn + k3h,yn +h(a31L1 +a32L2)),
...

Ls = g(tn + ksh,yn +h
s−1

∑
j=1

as jL j). (5.18)

This implies that yn+1 = yn +h∑
s
j=1 biLi for which ki, ai j and bi are arbitrary constants. There-

fore the Runge-Kutta Method of order 4 for approximating the initial value problem ẏ = g(t,y)
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with y(t0) = a, a≤ ti ≤ b is defined in (5.19) and (5.20) (Mehdi & Kareem, 2017):

yn+1 = yn +
h
6
(L1 +2L2 +2L3 +L4), (5.19)

with:

L1 = g(tn,yn),

L2 = g(tn +
h
2
,yn +

h
2

L1),

L3 = g(tn +
h
2
,yn +

h
2

L2),

L4 = g(tn +h,yn +hL3). (5.20)
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Appendix 2: Model with educational campaigns

Positivity and boundedness of model solutions

Since model (3.6) monitors human, animal and vector population it was essential to investigate
its biological and mathematical feasibility and this was done in Theorem 3.1.

Theorem 5.11
Assuming that the initial conditions of model (3.6) are non-negative, then the system of equa-
tions for model (3.6) has a unique solution that exists and remains in the domain Ω (5.21) for
all time t ≥ 0:

Ω =





(
sh, ih, ia,ra, iv

)
∈ R5

+

∣∣∣∣∣∣∣

sh ≥ 0, ih ≥ 0, sh + ih ≤ 1,
ia ≥ 0, ra ≥ 0,
ia + ra ≤ 1, 0≤ iv ≤ 1.




. (5.21)

Proof. The partial derivatives of the model differential equations (3.6) is continuous in ω , there-
fore system (3.6) has a unique solution. In this case it was showed that ω is forward-invariant.
It can easily be observed from (3.6) that if sh = 0, then s′h = µh + γh(1− ih)≥ 0; if ih = 0, then
i′h = βvhivsh≥ 0; if ia = 0, then i′a = βvaiv(1−ra)≥ 0; if ra = 0, then r′a =αaia≥ 0; and if iv = 0,
then i′v = (βhvih +βavia) ≥ 0. this is also true that if sh + ih = 1 then s′h + i′h < 0, if ia + ra = 1
then i′a + r′a < 0 and if iv = 1 then i′v < 0. This shows that no orbits can leave Ω and hence a
unique solution exists for all time.

The derivation of basic reproduction number R0

In the absence of the disease in the community, the disease-free equilibrium of model (3.6) was
found to be denoted by E 0 which is given by:

E 0 :

(
s0

h, i
0
h, i

0
a,r

0
a, i

0
v

)
=

(
(µh + γh)

(µh +θh + γh)
,0,0,0,0

)
. (5.22)

Following the next-generation matrix method proposed in Van den Driessche (2002) the basic
reproduction is computed after one identifies matrices F (that denotes the generation of new in-
fection) and V (non-singular matrix V that denotes the disease transfer among compartments).
To determine the matrix F and V , equations of model (3.6) that model infected species were
considered and evaluated using the disease-free equilibrium (5.22) and the following outcomes
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were obtained:

F =




0 0 βvh(µh+γh)
(µh+γh+θh)

0 0 βva

βhv βav 0


 and V =




µh +αh +dh 0 0
0 µa +αa +da 0
0 0 µv


 . (5.23)

From (5.23) it follows that the spectral radius of model (3.5), that is, ρ(FV −1), and is given
by:

R0 =

√(
βvhβvh(µh + γh)

(µh +αh +dh)(µh + γh +θh)µv

)
+

(
βavβva

µv(µa +αa +da)

)

=
√

R0h +R0a. (5.24)

where R0h represents the secondary cases of infection generated from human-vector interaction
and R0a is the secondary cases of infection from animal-vector interaction. For the vector borne
diseases, the generation of secondary cases require two transmission process, therefore the R0

computed using the next generation method give number of new infections per generation pro-
cess (hence the square root).

Existence and uniqueness of the endemic equilibria

Suppose E ∗ = (s∗h, i
∗
h, i
∗
a,r
∗
a, i
∗
v) is the endemic equilibrium point of the system (3.6). Therefore,

by solving the first four equations of the system (3.6) expressed inform of i∗v as follows:

s∗h = m2m3
m2(m1+γh)+βvhi∗v(m2+γh)

, i∗h =
βvhi∗vm3

m2(m1+γh)+βvhi∗v(m2+γh)
,

i∗a =
βvai∗vm5

m4m5+βvai∗v(αa+m5)
, r∗a =

βvai∗vαa
m4m5+βvai∗v(αa+m5)

,




. (5.25)

with:

m1 = (µh +θh), m2 = (µ +αh +dh), m3 = (µh + γh),

m4 = (µa +αa +da), m5 = (µa + γa), m6 = µv. (5.26)

Substituting i∗h and i∗a from (5.25) into the last equation of the system (3.6) one gets the follow-
ing:

g(i∗v) = A(i∗v)
2 +Bi∗v +C = 0, (5.27)
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with:

A = βvhβva[m2(αam6 +m5(m6 +βav))+βhvm3(αa +m5)+ γh(αam6 +m5(m6 +βav))],

B = βva(m1m2(m6αa +m5(m6 +βav))−βvhβhvm3(βva(αa +m5)−m4m5)

−βvhm5γh(βavβva−m4m6)+m2(m4m5m6βvh +βva(m6αaγh

+m5(m6γh +βav(γh−βvh))))−βvh(βhv +βav)))]+αhm4m3βvhµv−βvaβav),

C = m2m4m5m6(m1 + γh)(1−R2
0). (5.28)

Based on the fact that all parameters in (3.6) are positive for t ≥ 0, it follows from (5.27) that
A > 0. Furthermore, C > 0 when R0 < 1. Therefore, the number of possible positive real roots
the polynomial (5.27) depends on the signs of B and C. By applying the Descartes rule of signs
on the quadratic equation g(i∗v) = 0, given in (5.27), I present a list of various possibilities for
the roots of g(i∗v) in Table 7.

Table 7: The possibility of non-negative real roots of g(i∗v) given in (5.27)
for R0 < 1 and R0 > 1.

Case A B C Basic reproduction No. of sign No. of possible
number, R0 changes positive real roots

1 + + + R0 < 1 0 0
2 + + - R0 > 1 1 1
3 + - + R0 < 1 2 0,2
4 + - - R0 > 1 1 1

Outcomes from Table 7 are summarized in Theorem 5.12.

Theorem 5.12
The model (3.6) admits:

(i) a unique endemic equilibrium E ∗ if R0 > 1 and part 2 and 4 are both holds,

(ii) more than one endemic equilibrium if R0 < 1 and part 1 and case of part 3 satisfied,

(iii) no endemic equilibrium if R0 < 1, and part 1 and case of part 3 are holds.

Existence and uniqueness results on the optimal control problem

Theorem 5.13 states the existence of the solution of the system (3.9) as well as their non-
negativity and boundedness.

97



Theorem 5.13
There exists an optimal control pair (u∗1,u

∗
2) ∈ U with corresponding positive states

(s∗h, i
∗
h, I
∗
a ,r
∗
a, i
∗
v) such that the objective functional J(u1,u2) is minimum.

Proof. Since our control functions and the state variables are both bounded and positive on the
finite interval [0, t f ], therefore a minimum sequence (un

1,u
n
2) exists such that:

lim
n→∞

J(un
1,u

n
2) = inf

(u1,u2)∈U
J(u1,u2). (5.29)

Let (sh, ih, ia,ra, iv) be the state variables corresponding to the sequence. Since the state vari-
ables and control functions are both bounded, then the first derivative of all the state variables
are also bounded. It follows that the Lipschitz conditions with its constant holds for all state
variables. In this case, the sequence (sh, ih, ia,ra, iv) is uniformly continuous in [0, t f ]. By the
Arzela–Ascoli Theorem (Lukes, D. L., 1982), it implies that the state sequence has a subse-
quence that converges uniformly to (sh, ih, ia,ra, iv) in [0, t f ].

In addition, it was demonstrated that the control sequence un = (un
1,u

n
2) has a subsequence that

converges weakly in L2(0, t f ). Let (u∗1,u
∗
2) ∈ U be such that un

i ⇀ u∗i weakly in L2(0, t f ) for
i = 1,2. Using the lower semi-continuity of norms in weak L2, one get the following:

‖u∗i ‖2
L2 ≤ lim

n→∞
inf‖un

i ‖2
L2, for i = 1,2. (5.30)

Hence:

J(u∗1,u
∗
2) ≤ lim

n→∞

∫ t f

0

(
c1inh(t)+ c2ina(t)+

w1

2
un

1(t)+
w2

2
un

2(t)
)

dt

= lim
n→∞

J(un
1,u

n
2). (5.31)

Therefore, it was concluded that there exists a pair of controls (u∗1,u
∗
2) that minimizes the ob-

jective functional J(u1,u2).

By utilizing the results from Lukes (1982) existence and uniqueness of solutions for the state
system (3.9) with a given control pair can easily be verified. Since there exists an optimal
control from appendix 1, the Pontryagin’s Maximum Principle (Pontryagin, 2018a) was used
to further analyze the optimal control problem. Thus, the optimal control system (3.9) was
converted into an equivalent problem of minimizing the Hamiltonian H(t):

H(t) = c1ih(t)+ c2ia(t)+
w1

2
u2

1(t)+
w2

2
u2

2(t)

+λ1

[
µh−βvhivsh− (µh +u1(t)θh)sh + γh(1− sh− ih)

]

+λ2

[
βvhivsh− (µh +αh +dh)ih

]
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+λ3

[
βvaiv(1− ia− ra)− (µa +αa +da)ia

]

+λ4

[
αaia− (µa + γa)ra

]

+λ5

[
(βhvih +βavia)(1− iv)− (µv +u2(t)δv)iv

]
. (5.32)

From (5.32) λ1(t), λ2(t),λ3(t),λ4(t), and λ5(t), denote the adjoint functions associated with the
states sh, ih, ia, ra, respectively. Note that, in H, each adjoint function multiplies the right-hand
side of the differential equation of its corresponding state function. The first term in H comes
from the integrand of the objective functional.

Given an optimal control pair u = (u1,u2) ∈U and corresponding states (sh, ih, ia, ra), there
exist adjoint functions λ1(t), λ2(t),λ3(t),λ4(t), and λ5(t) (Lenhart, 2007) satisfying (5.33):

dλ1(t)
dt = − dH

dsh

= λ1(µh +u1(t)θh + γh +βvhiv)−λ2βvhiv,
dλ2(t)

dt = −dH
dih

= −c1 +λ1γh +λ2(µh +αh +dh)−λ5βhv(1− ih),
dλ3(t)

dt = −dH
dia

= −c2 +λ3(µa +αa +da +βvaiv)−λ4αa−λ5βav(1− iv),
dλ4(t)

dt = − dH
dra

= λ3βvaiv +λ4(µa + γa),
dλ5(t)

dt = −dH
div

= (λ1−λ2)βvh−λ3βva(1− ia− ra)+λ5(µv +u2(t)δ +βhvih +βavia).





(5.33)

with transversality conditions λ j(t f ) = 0 for j = 1,2,3,4,5. Moreover, the optimal solutions of
the Hamiltonian were determined by taking the partial derivatives of the function H(t) in (5.32)
with respect to control functions u1, and u2, followed by setting the resultant equation to zero
and then solve for u1 and u2, as follows:

∂H
∂u1

= u1w1−λ1θhsh, (5.34)

∂H
∂u2

= u2w2−λ5δviv. (5.35)

Setting (5.34) and (5.35) to zero and solve for u1 and u2 leading to (5.36):

u1 =
θhshλ1

w1
, u2 =

δvivλ5

w2
. (5.36)
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Thus:

u1 = min

{
q1,max

(
0,

θhshλ1

w1

)}
, u2 = min

{
q2,max

(
0,

δvivλ5

w2

)}
. (5.37)

Note that (5.37) follows from the standard arguments on bounds of controls (Lenhart, 2007).

100



Appendix 3: Model with seasonality

Positivity and boundedness of solutions

Theorem 5.14
The solutions (Sh(t), Eh(t), Ih(t), Rh(t), Sa(t), Ea(t), Ia(t), Ra(t), Sv(t), Ev(t), Iv(t)) of the
model (3.18) are uniformly and ultimately bounded in

Ω =








Sh(t)+Eh(t)+ Ih(t)+Rh(t)

Sa(t)+Ea(t)+ Ia(t)+Ra(t)

Sv(t)+Ev(t)+ Iv(t)


 ∈ R11

+

∣∣∣∣∣∣∣

Nh(t)≤ Nh0,

Na(t)≤ Na0,

Nv(t)≤ Nv0




, (5.38)

with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0.

Proof. For the Trypanosoma brucei rhodesiense model (3.18) to be epidemiologically mean-
ingful, it is important to demonstrate that all its state variables are non-negative for all t ≥ 0. In
other words, one needs to show that solutions of system (3.18) with non-negative initial data will
remain non-negative for all t ≥ 0. Let the initial data Si(0)≥ 0, Ei(0)≥ 0, Ii(0)≥ 0, Ri(0)≥ 0,
for i = a,h, and Sv(0) ≥ 0, Ev(0) ≥ 0, and Iv(0) ≥ 0, such that from the second equation of
model (3.18) one gets

Eh(t) = e−(µh+κh)t

(
Eh(0)+

∫ t

0
λh(s)Sh(s)ds

)
, t ≥ 0. (5.39)

Thus, Eh(t) ≥ 0 for all t ≥ 0. A similar approach can be utilized to show that all the other
variables of model (3.18) are positive for all t ≥ 0. In what follows, the feasible region of model
(3.18) was determined. It can easily be verified that rate of change of the total host populations
Ni, (i = a,h) is

N′i (t) = (bi−µi)Ni(t)−diIi(t)≤ (bi−µi)Ni(t), where µi ≤ bi. (5.40)

As suggested by Moore et al. (2012b) the following condition was set bi = µi, otherwise the
population will grow without bound or become extinct. Therefore, Ni(t) ≤ Ni(0). Similarly,
by adding all the last three equations of model (3.18), and setting bv(t) = µv(t) as in (Moore
et al., 2012b), one gets N(t)≤ Nv0. Thus, the feasible region for model (3.18) was obtained as
follows:

Ω =








Sh(t)+Eh(t)+ Ih(t)+Rh(t)

Sa(t)+Ea(t)+ Ia(t)+Ra(t)

Sv(t)+Ev(t)+ Iv(t)


 ∈ R11

+

∣∣∣∣∣∣∣

Nh(t)≤ Nh0,

Na(t)≤ Na0,

Nv(t)≤ Nv0




, (5.41)
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with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0. Based on the analysis above, it was concluded
that the proposed model is epidemiologically and mathematically well-posed in the domain Ω.

This completes the proof of Theorem.

Extinction and uniform persistence of the disease

Having determined the positivity and boundedness of solutions of model (3.18), the next
step was to determine the R0. Following the next generation method proposed in
(Van den Driessche, 2002). In the absence of infection it was found that model (3.18)
admits an infection-free equilibrium given by E 0 : (S0

h,E
0
h , I

0
h ,R

0
h,S

0
a,E

0
a , I

0
a ,R

0
a,S

0
v ,E

0
v , I

0
v ) =

(Nh0,0,0,0,0,Na0,0,0,0,Nv0,0,0).

In the model (3.18) the infected compartments are (E j(t), I j(t)) classes, for j = h,a,v. Using
the next-generation matrix method, the positive matrix F(t) of the infection terms and the non-
singular matrix, V (t) of the transfer terms evaluated at E 0 were obtained as follows:

F(t) =




0 0 0 0 0 σv(t)σhβvhNh0
σv(t)Nv(t)+σhNh0

0 0 0 0 0 0

0 0 0 0 0 σv(t)σaβvaNa0
σv(t)Nv(t)+σaNa0

0 0 0 0 0 0

0 σhσv(t)βhvNv(t)
σv(t)Nv(t)+σhNh0

0 σaσv(t)βvaNv(t)
σv(t)Nv(t)+σaNa0

0 0

0 0 0 0 0 0




, (5.42)

and

V (t) =




κh +µh 0 0 0 0 0
−κh m1 0 0 0 0

0 0 κa +µa 0 0 0
0 0 −κa m2 0 0
0 0 0 0 κv(t)+µv(t) 0
0 0 0 0 −κv(t) µv(t)




, (5.43)

with:

m1 = (µh +αh +dh), m2 = (µa +αa +da). (5.44)

Upon evaluating (5.43) the spectral radius of model (3.18) was obtained as:

[R0] =
√

R0h +R0a. (5.45)
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where:

R0h =

(
κhβvhNh0κv0βhvNv0

µv0(κv0 +µv0)(κh +µh)(µh +αh +dh)

)(
σhσv0

σv0Nv0 +σhNh0

)2

,

R0a =

(
κaβvaNa0κv0βavNv0

µv0(κv0 +µv0)(κa +µa)(µa +αa +da)

)(
σaσv0

σv0Nv0 +σaNa0

)2

. (5.46)

Making use of the result in the work of work of Wang and Zhao Wang (2008), the R0 of the
non-autonomous model (3.18) was determined. In particular, Wang (2008) in their computation
of the R0 for a non-autonomous model proposed next-infection operator L as follows:

(Lφ)(t) =
∫

∞

0
Y (t, t− s)F(t− s)φ(t− s)ds (5.47)

where Y (t,s), t ≥ s, represent the evolution operator of the linear ω-periodic system dy
dt =

−V (t)y and φ(t), is the function known as the initial distribution of infected host, is ω-periodic
which is non-negative. By evaluating (5.47) the spectral radius of the non-autonomous model
(3.18) was found to be:

R0 = ρ(L). (5.48)

To explicitly present (5.48), I solved the system of differential equations dy
dt = −V (t)y using

the initial condition Y (s,s) = I6×6 to determine the evolution operator and the following results
were obtained:

Y (t,s) =




y11(t,s) 0 0 0 0 0
y21(t,s) y22(t,s) 0 0 0 0

0 0 y33(t,s) 0 0 0
0 0 y43(t,s) y44(t,s) 0 0
0 0 0 0 y55(t,s) 0
0 0 0 0 y65(t,s) e−µv(t−s)




. (5.49)

where:

y11(t,s) = e−(µh+κh)(t−s),

y21(t,s) =
κh

dh +αh−κh

(
e−(µh+κh)(t−s)− e−(µh+dh+αh)(t−s)

)
,

y22(t,s) = e−(µh+dh+αh)(t−s),

y33(t,s) = e−(µa+γa)(t−s),
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y43(t,s) =
κa

da +αa−κa

(
e−(µa+γa)(t−s)− e−(µa+da+αa)(t−s)

)
,

y44(t,s) = e−(µa+da+αa)(t−s),

y44(t,s) = e−(µa+da+αa)(t−s), (5.50)

y55(t,s) = exp−
{

κvo(t− s)+
2κv0κv1

ω
cos

(
ω

2
(t + τ + s)

)
sin

(
ω

2
(t + τ− s)

)

+µvo(t− s)+
2µv0µv1

ω
cos

(
ω

2
(t + τ + s)

)
sin

(
ω

2
(t− s)

)}
,

y65(t,s) =

(
e−

∫ t
0 µv(s)ds

)∫ t

s
eµv(x)κv(x)y55(x,s)dx,

y66(t,s) = exp−
{

µvo(t− s)+
2µv0µv1

ω
cos

(
ω

2
(t + τ + s)

)

×sin

(
ω

2
(t + τ− s)

)}
.

Based on results in Wang (2008) Lemma 5.1 was proposed.

Lemma 5.1
Theorem 2.2 in Wang and Zhao Wang (2008). Let x(t) = (Ei(t), Ii(t)), i = a,h,v, denote the
infected vector species of all states of the system (3.18), such that the linearization of system
(3.18) at disease-free equilibrium E 0 is

ẋ(t) = (F(t)−V (t))x(t), (5.51)

where F(t) and V (t) are defined earlier on equation (5.43). Furthermore, let ΦF−V (t) and
ρ(ΦF−V (ω) be the monodromy matrices of the variable system (5.51) and the spectral radius of
ΦF−V (t)(ω), respectively, then the following statements are valid:

(i) R0 = 1, if and only if ρ(ΦF−V (ω)) = 1;

(ii) R0 > 1, if and only if ρ(ΦF−V (ω))> 1;

(iii) R0 < 1, if and only if ρ(ΦF−V (ω))< 1.
Thus, the disease-free equilibrium E 0 of system (3.18) is locally asymptotically stable if R0 < 1
and unstable if R0 > 1.

Using Lemma 5.1 exticntion and persistence of the disease in a periodic environment was con-
sidered.
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Theorem 5.15
For the model system (3.18), the its disease-free equilibrium E 0 is globally asymptotically
stable in Ω If R0 < 1.

Proof. According to Lemma 5.1, if R0 < 1, then the disease-free equilibrium E 0 of system
(3.18) is locally asymptotically stable. Hence, it was necessary to demonstrate for R0 < 1,
the disease-free equilibrium is a global attractor. Assuming that R0 < 1, it follows that
ρ(ΦF−V (ω))< 1. From the second, third, sixth, seventh, tenth and eleventh equations of model
(3.18) the following results were obtained:

Ėh(t) ≤
(

σv(t)σhβvhIv
σv(t)Nv(t)+σhNh

)
S0

h− (µh +κh)Eh,

İh(t) = κhEh− (µh +dh +αh)Ih,

Ėa(t) ≤
(

σv(t)σaβvaIv
σv(t)Nv(t)+σaNa

)
S0

a− (µa +κa)Ea,

İa(t) = κaEa− (µa +da +αa)Ia,

Ėv(t) ≤
(

σv(t)σhβhvIh
σv(t)Nv(t)+σhNh

+ σv(t)σaβvaIa
σv(t)Nv(t)+σaNa

)
S0

v− (κv(t)+µv(t))Ev,

İv(t) = κv(t)Ev−µv(t)Iv,





(5.52)

for t ≥ 0. Consider the following auxiliary system:

˙̃Eh(t) =
(

σv(t)σhβvh Ĩv

σv(t)Ñv+σhÑh

)
S0

h− (µh +κh)Ẽh,

˙̃Ih(t) = κhẼh− (µh +dh +αh)Ĩh,
˙̃Ea(t) =

(
σv(t)σaβva Ĩv

σvÑv+σaÑa

)
S0

a− (µa +κa)Ẽa,

˙̃Ia(t) = κaẼa(t)− (µa +da +αa)Ĩa(t),
˙̃Ev(t) =

(
σv(t)σhβhv Ĩh

σv(t)Ñv(t)+σhÑh
+ σv(t)σaβva Ĩa

σv(t)Ñv(t)+σaÑa

)
S0

v− (κv(t)+µv(t))Ẽv,

˙̃Iv(t) = κv(t)Ẽv−µv(t)Ĩv.





(5.53)

Following the standard comparison principle and Lemma 5.1, there exist a function x̃(t) with
a positive ω−periodic such that x(t) ≤ x̃(t)ept , where x̃(t) = (Ẽi(t), Ĩi(t))T, for i = a,h,v, and
p = 1

ω
lnρ
(
Φ(F−V )(·)(ω)

)
< 0. Thus, we conclude that x(t)→ 0 as t→ ∞, that is,

lim
t→∞

Ei(t) = 0, lim
t→∞

Ii(t) = 0, lim
t→∞

Ra(t) = 0, and lim
t→∞

Rh(t) = 0, i = a,h,v. (5.54)

Hence it follows that:

lim
t→∞

Si(t) = S0
i , and lim

t→∞
Nh(t) = N0

i , i = a,h,v. (5.55)

Therefore, the disease-free equilibrium E 0 of the model system (3.18) is globally asymptotically
stable.
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Theorem 5.16
If R0 > 1, then system (3.18) is uniformly persistent, i.e., there exists a positive constant η ,
such that for all initial values of (Si(0),Ei(0), Ii(0),Rk(0))R5

+× Int(R+)6, (i = a,h,v, k = a,h)
the solution of model (3.18) satisfies:

liminf
t→∞

Si(t)≥ η , liminf
t→∞

Ei(t)≥ η , liminf
t→∞

Ii(t)≥ η , liminf
t→∞

Rk(t)≥ η . (5.56)

Proof. Let us define

Y = R
11
+ ; Y0 = R

5
+× Int(R+)6; ∂Y0 = Y\Y0. (5.57)

Let P : Y −→ Y be the Poincaré map corresponding to the model system (3.18) such that
P(y0) = u(ω,y0) ∀y0 ∈Y , where u(t,y0) represents the unique solution of the dynamical system
u(0,y0) = y0.

To begin with, it was demonstrated that P is uniformly persistent with respect to (Y0,∂Y0). It
can easily be deduced from model (3.18) that, Y and Y0 are non-negative invariant. However,
∂Y0 is a relatively closed set in Y. Following the Theorem 5.2.1 that solutions of model(3.18)
uniformly and ultimately bounded. This show that the semiflow P is point dissipative on R11

+ ,
and P : R11

+ → R
11
+ is compact. By Theorem 3.4.8 in (Zhao, 2003b), it shows that the the point

P admits a global attractor, which attracts every bounded set in R11
+ .

Define

M∂ = {(Si(0),Ei(0), Ii(0),Rk(0)) ∈ ∂Y0 :
Pm(Si(0),Ei(0), Ii(0),Rk(0)) ∈ ∂Y0, ∀m≥ 0}, (5.58)

for i = a,h,v, k = a,h.

Next, it was assumed that M∂ = {(Sh(0),0,0,Rh(0),Sa(0),0,0,Ra(0),Sv(0),0,0) : Si ≥ 0,Rk ≥
0}. Clearly, M̃ = {(Sh(0),0,0,Rh(0),Sa(0),0,0,Ra(0),Sv(0),0,0) : Si ≥ 0,Rk ≥ 0} ⊆M∂ .

Now, for every (Si(0), Ei(0), Ii(0),Rk(0))∈ ∂Y0\M; if Eh(0) = Ih(0) = 0, it follows that Si(0)>
0, Rh(0) > 0, Ea(0) > 0, Ia(0) > 0, Ra(0) > 0, Ev(0) > 0, Iv(0) > 0, Ėh(0) = λh(0)Sh(0) > 0,
and İh(0) = 0. If Ea(0) = Ia(0) = 0, it follows that Si(0)> 0, Eh(0)> 0, Ih(0)> 0, Rh(0)> 0,
Ra(0) = 0, Ev(0)> 0, Iv(0)> 0, Ėa(0) = λa(0)Sa(0)> 0, and İa(0) = 0. If Ev(0) = Iv(0) = 0,
it follows that Si(0) > 0, Eh(0) = 0, Ih(0) = 0, Rh(0) > 0, Ea(0) = 0, Ia(0) = 0, Ra(0) = 0,
Ėv(0) = 0, and İa(0) = 0. Thus, we have (Si(0),Ei(0), Ii(0),Rk(0)) /∈ ∂Y0 for 0 < t � 1. By
using the non-negative set of Y0, this implies that Pm(Si(0),Ei(0), Ii(0),Rk(0)) /∈ ∂Y0 for m≥ 1,
hence (Si(0),Ei(0), Ii(0),Rk(0)) /∈M∂ , and thus M∂ = {(Sh(0), 0, 0, Rh(0), Sa(0), 0, 0, Ra(0),
Sv(0), 0, 0) : Si ≥ 0, Rk ≥ 0}.
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In what follows, it was assumed the following fixed point M0 = (S0
h,0,0,R

0
h,S

0
a,0,0,0,S

0
v ,0,0)

of the Poincaré map P, and defined W S(M0) = {y0 : Pm(y0)→M0,m→ ∞}, then the next step
was to demonstrate that:

W S(M0)∩Y0 = /0. (5.59)

Following the solution for continuity with initial conditions, for every ε > 0, it was noted
that there exists δ > 0 with small such that for each (Si(0),Ei(0), Ii(0),Rk(0)) ∈ Y0 with
||(Si(0),Ei(0), Ii(0),Rk(0))−M0|| ≤ δ , thus

||u(t,(Si(0),Ei(0), Ii(0),Rk(0))−u(t,M0)||< ε , ∀t ∈ [0,ω]. (5.60)

To obtain (5.59), the following claim was considered:

limsup
m→∞

||Pm(Si(0),Ei(0), Ii(0),Rk(0))−M0|| ≥ δ , ∀(Si(0),Ei(0), Ii(0),Rk(0)) ∈ Y0. (5.61)

The above claim was proved using contradiction. First it was assumed that:

limsup
m→∞

||Pm(Si(0),Ei(0), Ii(0),Rk(0))−M0||< δ , (5.62)

for some (Si(0),Ei(0), Ii(0),Rk(0))∈Y0. Without loss of generality, it was further assumed that:
||Pm(Si(0),Ei(0), Ii(0),Rk(0))−M0||< δ , ∀m≥ 0. Thus,

||u(t,Pm(Si(0),Ei(0), Ii(0),Rk(0))−u(t,M0)||< ε, ∀t ∈ [0,ω] and m≥ 0. (5.63)

Moreover, for any t ≥ 0, one has t = t0 + qω with t0 ∈ [0,ω) and q = [ t
ω
], the greatest integer

less than or equal to t
ω

. Hence the following result was obtained:

||u(t,(Si(0),Ei(0), Ii(0),Rk(0))−u(t,M0)|| = ||u(t0,Pm(Si(0),Ei(0), Ii(0),Rk(0))
−u(t0,M0)||< ε (5.64)

for any t ≥ 0. Let (Si(t),Ei(t), Ii(t),Rk(t)) = u(t,(Si(0),Ei(0), Ii(0),Rk(0)). It follows that
Ni0− ε < Si(t) < Ni0 + ε , 0 < Ei(t) < ε , 0 < Ii(t) < ε , and 0 < Rk(t) < ε . Therefore using
the second equation of the model system (3.18) one gets the following:

dEh

dt
=

σv(t)σhβvhIvSh

σv(t)Nv +σhNh
− (µh +κh)Eh,

≥ σv(t)σhβvhIv(Nh0− ε)

σv(t)(Nv0 + ε)+σh(Nh0 + ε)
− (µh +κh)Eh,
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=

(
σv(t)σhβvhNh0

σv(t)Nv0 +σhNh0

)
1−

2εσh

(
1+ σv(t)

2σh
+ σv(t)Nv0

2σhNh0

)

σv(t)(Nv0 + ε)+σh (Nh0 + ε)


 Iv

−(µh +κh)Eh, (5.65)

The seventh equation of system (3.18) has the form:

İa(t) = κaEa− (µa +αa +da)Ia. (5.66)

The ninth equation of system (3.18) satisfies:

dEv

dt
≥ σv(t)σhβhvIh(Nv0− ε)

σv(t)(Nv0 + ε)+σh(Nh0 + ε)
+

σv(t)σaβavIa(Nv0− ε)

σv(t)(Nv0 + ε)+σa(Na0 + ε)

−(µv(t)+κv(t))Ev,

= +

(
σv(t)σhβhvNv0

σv(t)Nv0 +σhNh0

)
1−

2εσv(t)
(

1+ σh
2σv(t)

+ σhNh0
2σv(t)Nv0

)

σv(t)(Nv0 + ε)+σh (Nh0 + ε)


 Ih

+

(
σv(t)σaβavNv0

σv(t)Nv0 +σaNa0

)
1−

2εσv(t)
(

1+ σa
2σv(t)

+ σaNa0
2σv(t)Nv0

)

σv(t)
(

Λv
µv(t)

+ ε

)
+σa (Na0 + ε)


 Ia

−(µv(t)+κv(t))Ev(t). (5.67)

Recall that the tenth equation of system (3.18) has the form:

İv(t) = κv(t)Ev−µv(t)Iv. (5.68)

Let:

Mε =




0 0 0 0 0 n1

0 0 0 0 0 0
0 0 0 0 0 n2

0 0 0 0 0 0
0 n3 0 n4 0 0
0 0 0 0 0 0




, (5.69)
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with:

n1 =
2εσh

(
1+σv(t)

2σh
+

σv(t)Nv0
2σhNh0

)

σv(t)(Nv0+ε)+σh(Nh0+ε) , n2 =
2εσa

(
1+σv(t)

2σa +
σv(t)Nv0
2σaNa0

)

σv(t)(Nv0+ε)+σa(Na0+ε) ,

n3 =
2εσv(t)

(
1+ σh

2σv(t)
+

σhNh0
2σv(t)Nv0

)

σv(t)(Nv0+ε)+σh(Nh0+ε) , n4 =
2εσv(t)

(
1+ σa

2σv(t)
+

σaNa0
2σv(t)Nv0

)

σv(t)
(

Λv
µv(t)

+ε

)
+σa(Na0+ε)

,





(5.70)

such that

[Ėh, İh, Ėa, İa, Ėv, İv]
T ≥ [F−V −Mε ][Eh, Ih, Ea, Ia, Ev, Iv]

T. (5.71)

Again based on (Wang, 2008, Theorem 2.2), if ρ(ΦF−V (ω)) > 1, then there exists ε which
is small enough such that ρ(ΦF−V−Mε

(ω)) > 1. Also from the (Wang, 2008, Theorem 2.2)
and the standard comparison principle, one can choose a non-negative ω− periodic func-
tion ν(t) such that y(t) ≥ ỹ1(t)ep1t , with ỹ1(t) = (Ẽi(t), Ĩi(t))T, for i = a,h,v, and p1 =
1
ω

lnρ
(
Φ(F−V−Mε )(ω)

)
> 0 this show that:

lim
t→∞

Ei(t) = ∞, and lim
t→∞

Ii(t) = ∞, i = a,h,v.. (5.72)

which is a contradiction in M∂ since M∂ always tend to M0. and M0 is cyclic in M∂ . By (Zhao,
2003a, Theorem 1.3.1), for a stronger repelling property of ∂Y0, therefore it was concluded
that P is uniformly persistent with respect to (Y0,∂Y0), which show that there exists a uniform
persistence of the solutions of the model system (3.18) with respect to (Y0,∂Y0) (Zhao, 2003a,
Theorem 3.1.1). Now following the Theorem 3.1.1 in (Zhao, 2003a) it was shown that the
solution of (3.18) is uniformly persistent.

Optimal control framework

In this section, an optimal control problem for a seasonal T. brucei rhodesiense model (3.22) was
formulated and analyzed. The main goal being to minimize the population of infected humans
at a minimal cost of implementation. The following objective functional was considered:

J(u1(t),u2(t)) =
∫ t f

0

(
Ih(t)+

W1

2
u2

1(t)+
W2

2
u2

2(t)
)

dt. (5.73)

The optimal control problem becomes seeking an optimal functions, U∗ = (u∗1(t),u
∗
2(t)), such

that

J(u∗1(t),u
∗
2(t)) = inf

(u1,u2)∈U
J(u1(t),u2(t)), (5.74)
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for the admissible set U = {(u1(t),u2(t))∈ (L∞(0, t f ))
2 : 0≤ ui(t)≤ qi;qi ∈R+, i= 1,2}, where

qi denotes the upper bound of the controls.
In what follows, the existence of an optimal control pair based on the work of Fleming (1976)
was considered.

Theorem 5.17
There exists an optimal control U∗ to the problem (3.22).

Proof. Suppose that f(t,x,u) be the right-hand side of the (3.22) where by x = (Sh, Eh, Ih,

Rh, Sa, Ea, Ia, Ra, Sv, Ev, Iv and u = u1(t) represent the vector of state variables and control
functions respectively. The following list shows the requirements for the existence of optimal
control as presented in Fleming (1976):

(i) The function f is of class C1 and there exists a constant C such that |f(t,0,0)| ≤
C, |fx(t,x,u)| ≤C(1+ |u|), |fu(t,x,u)| ≤C;

(ii) the admissible set of all solutions to system (3.22) with corresponding control in Ω is
nonempty;

(iii) f(t,x,u) = a(t,x)+b(t,x)u;

(iv) the control set U = [0,u1max]× [0,u2max] is closed, convex and compact;

(v) the integrand of the objective functional is convex in U.

In order ton verify these conditions we write:

f(t,x,u) =




bhNh(t)−λh(t)Sh(t)−µhSh(t)−u1(t)Sh(t)+ γhRh(t)

λh(t)Sh(t)− (µh +κh)Eh(t)

κhEh(t)− (µh +αh +dh)Ih(t)

u1(t)Sh(t)+αhIh(t)− (µh + γh)Rh(t)

baNa(t)−λa(t)Sa(t)−µaSa(t)+ γaRa(t)

λa(t)Sa(t)− (µa +κa)Ea(t)

κaEa(t)− (µa +αa +da)Ia(t)

αaIa(t)− (µa + γa)Ra(t)

bv(t)Nv(t)−λv(t)Sv(t)− (µv(t)+u2(t))Sv(t)

λv(t)Sv(t)− (κv(t)+µv(t)+u2(t)))Ev(t)

κv(t)Ev(t)− (µv(t)+u2(t))Iv(t)




. (5.75)

From (5.75), it was observed that f(t,x,u) is of class C1 and |f(t,0,0)| = 0. In addition, it can
easily be verified that |fx(t,x,u)| and |fu(t,x,u)| leading to

|f(t,0,0)| ≤C, |fx(t,x,u)|,≤C(1+ |u|) |fu(t,x,u)| ≤C. (5.76)
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Due to the condition 1, the existence of the unique solution for condition 2 for bounded control
is satisfied. on the other hand, the quantity f(t,x,u) is expressed as linear function of control
variables which satisfy the condition 3.

Optimal system

To characterize the optimal control functions, the Pontryagin’s Maximum Principle (Pontryagin,
2018b) was considered. Thus, system (3.22) was converted into an equivalent problem, namely
the problem of minimizing the Hamiltonian H(t) given by:

H(t) = Ih(t)+
W1
2 u2

1(t)+
W2
2 u2

2(t)

+λ1(t)
[
bhNh(t)−λh(t)Sh(t)− (u1(t)+µh)Sh + γhRh(t)

]

+λ2(t)
[
λh(t)Sh(t)− (µh +κh)Eh(t)

]

+λ3(t)
[
κhEh(t)− (µh +dh +αh)Ih(t)

]

+λ4(t)
[
u1(t)Sh(t)+αhIh(t)− (µh + γh)Rh(t)

]

+λ5(t)
[
Λa−λa(t)Sa(t)−µaSa(t)+ γaRa(t)

]

+λ6(t)
[
baNa(t)−λa(t)Sa− (µa +κa)Ea(t)

]

+λ7(t)
[
κaEa(t)− (µa +da +αa)Ia(t)

]

+λ8(t)
[
αaIa(t)− (µa + γa)Ra(t)

]

+λ9(t)
[
bv(t)Nv(t)−λv(t)Sv(t)− (µv(t)+u2(t))Sv(t)

]

+λ10(t)
[
λv(t)Sv− (µv(t)+κv(t)+u2(t))Ev(t)

]

+λ11(t)
[
κv(t)Ev− (µv(t)+u2(t))Iv(t)

]
.





(5.77)

Note that the first part of the terms in H(t) came from the integrand of the objective functional.
Given an optimal control solution (u∗) and the corresponding state solutions (Sh, Eh, Ih, Rh,

Sa, Ea, Ia, Ra,Sv,Ev, Iv) there exist adjoint functions λi(t), (i = 1,2,3, · · · ,11) (Lenhart, 2007)
satisfying

∂λi

dt
=

∂H
∂x

, (5.78)

with transversality condition λ (t f ) = 0. Thus the adjoint system is:

dλ1

dt
= λ1µh +u1(t)(λ1−λ4)+(λ1−λ2)

σv(t)σhβvhIv

σv(t)Nv +σhNh

+(λ2−λ1)
σv(t)σ2

h βvhIvSh

(σv(t)Nv +σhNh)2 +(λ10−λ9)
σv(t)σ2

h βhvIhSv

(σv(t)Nv +σhNh)2 , (5.79)

dλ2

dt
= λ2µh +(λ2−λ3)κh +(λ2−λ1)

σv(t)σ2
h βvhIvSh

(σv(t)Nv +σhNh)2

111



+(λ10−λ9)
σv(t)σ2

h βhvIhSv

(σv(t)Nv +σhNh)2 , (5.80)

dλ3

dt
= −1+λ3(µh +dh)+αh(λ3−λ4)+(λ2−λ1)

σv(t)σ2
h βvhIvSh

(σv(t)Nv +σhNh)2

+(λ9−λ10)
σv(t)σhβhvSv

σv(t)Nv +σhNh
+(λ10−λ9)

σv(t)σ2
h βhvIhSv

(σv(t)Nv +σhNh)2 , (5.81)

dλ4

dt
= λ4µh +(λ4−λ1)γh +(λ2−λ1)

σv(t)σ2
h βvhIvSh

(σv(t)Nv +σhNh)2

+(λ10−λ9)
σv(t)σ2

h βhvIhSv

(σv(t)Nv +σhNh)2 , (5.82)

dλ5

dt
= λ5µa +(λ5−λ6)

σv(t)σaβvaIv

σv(t)Nv +σaNa
+(λ6−λ5)

σv(t)σ2
a βvaIvSa

(σv(t)Nv +σaNa)2

+(λ10−λ9)
σv(t)σ2

a βavIaSv

(σv(t)Nv +σaNa)2 , (5.83)

dλ6

dt
= λ6µa +(λ6−λ7)κa +(λ6−λ5)

σv(t)σ2
a βvaIvSa

(σv(t)Nv +σaNa)2

+(λ10−λ9)
σv(t)σ2

a βavIaSv

(σv(t)Nv +σaNa)2 , (5.84)

dλ7

dt
= λ7(µa +da)+αa(λ7−λ8)+(λ6−λ5)

σv(t)σ2
a βvaIvSa

(σv(t)Nv +σaNa)2

+(λ9−λ10)
σv(t)σaβavSv

σv(t)Nv +σaNa
+(λ10−λ9)

σv(t)σ2
a βavIaSv

(σv(t)Nv +σaNa)2 , (5.85)

dλ8

dt
= λ8µa +(λ8−λ5)γa +(λ6−λ5)

σv(t)σ2
a βvaIvSa

(σv(t)Nv +σaNa)2

+(λ10−λ9)
σv(t)σ2

a βavIaSv

(σv(t)Nv +σaNa)2 , (5.86)

dλ9

dt
= λ9(µv(t)+u2(t))+(λ2−λ1)

σ2
v (t)σhβvhIvSh

(σv(t)Nv +σhNh)2

+(λ6−λ5)
σ2

v (t)σaβvaIvSa

(σv(t)Nv +σaNa)2 +(λ9−λ10)
σv(t)σhβhvIh

σv(t)Nv +σhNh

+(λ9−λ10)
σv(t)σaβavIa

σv(t)Nv +σaNa
+(λ10−λ9)

σ2
v σaβavIaSv

(σvNv +σaNa)2

+(λ10−λ9)
σ2

v (t)σhβhvIhSv

(σv(t)Nv +σhNh)2 , (5.87)
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dλ10

dt
= λ10(µv(t)+u2(t))+κv(t)(λ10−λ11)+(λ2−λ1)

σ2
v (t)σhβvhIvSh

(σv(t)Nv +σhNh)2

+(λ6−λ5)
σ2

v (t)σaβvaIvSa

(σv(t)Nv +σaNa)2

+(λ10−λ9)
σ2

v (t)σaβavIaSv

(σv(t)Nv +σaNa)2 +(λ10−λ9)
σ2

v (t)σhβhvIhSv

(σv(t)Nv +σhNh)2 , (5.88)

dλ11

dt
= λ11(µv(t)+u2(t))+(λ1−λ2)

σv(t)σhβvhSh

σv(t)Nv +σhNh

+(λ2−λ1)
σ2

v (t)σhβvhIvSh

(σv(t)Nv +σhNh)2 +(λ5−λ6)
σv(t)σaβvaSa

σv(t)Nv +σaNa

+(λ6−λ5)
σ2

v (t)σaβvaIvSa

(σv(t)Nv +σaNa)2 +(λ10−λ9)
σ2

v (t)σaβavIaSv

(σv(t)Nv +σaNa)2

+(λ10−λ9)
σ2

v (t)σhβhvIhSv

(σv(t)Nv +σhNh)2 . (5.89)

In addition, the optimal solution of the Hamiltonian are determined by taking the partial deriva-
tives of the function H(t) in (5.77) with respect to control functions ui, followed by setting the
resultant equation to zero and then solve for u∗i , i = 1,2 follows:

∂H
∂u1

= u∗1W1− (λ1−λ4)Sh. (5.90)

∂H
∂u2

= u∗2W2− (λ9Sv +λ10Ev +λ11Iv). (5.91)

Observe that ∂ 2H
∂ui =Wi > 0 and this demonstrates that the optimal control problem has minimum

value at the optimal solution U∗(t). Furthermore by setting (5.91) to zero and solve for u∗i gives

u∗1 =
(λ1−λ4)Sh

W1
, u∗2 =

(Svλ9 +Evλ10 + Ivλ11)

W2
. (5.92)

By applying the the standard arguments and the bounds for the controls the following arguments
on characterization of the optimal controls was obtained:

ui = min

{
qi,max

(
0,u∗i

)}
. (5.93)
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Appendix 4: Model with memory and temperature effects

Basic properties of the model

Theorem 5.18
Let X (t) = (L(t),Nv(t)) be the unique of the model (3.26) for t ≥ 0. Then, the solution X (t)

remains in R2
+.

Proof. In order to demonstrate that the solution X (t) of model (3.26) s non-negative there was
need to investigate the direction of the vector field given by the right hand side of (3.26) on each
space and determine whether the vector field points to the interior of R2

+ or is tangent to the
coordinate space. Since,

c
t0Dα

t L(t) |L=0 = bα
l WNv ≥ 0, (5.94)

c
t0Dα

t Nv(t) |Nv=0 = σ
α
l L≥ 0. (5.95)

The results presented implied that the vector field given by the right hand side of (3.26) on
each coordinate plane is either tangent to the coordinate plane or points to the interior of R2

+.
Hence, the domain R2

+ is a positively invariant region. Moreover, if the initial conditions of
system (3.26) are non-negative then it follows that the corresponding solutions of model (3.26)
are non-negative.

Theorem 5.19
Let X (t) = (L(t),Nv(t)) be the unique of the model (3.26) for t ≥ 0. Then, the solution X (t)

is bounded above, that is, X (t) ∈Ω where Ω denotes the feasible region and is given by

Ω =

{(
L,Nv

)
∈ R2

+

∣∣∣0≤ L≤ Kα
l , 0≤ Nv ≤C

}
. (5.96)

Proof. For model (3.26) to be biological meaningful all model solutions need to be positive.
Hence, from the first equation of model (3.26), one can easily note that for all solutions of this
equation to remain positive the following condition must hold 0 ≤ L(t) ≤ Kα

l , otherwise the
solutions will be negative and biological irrelevant. From the bounds of L(t) it follows that

c
t0Dα

t Nv(t) = σ
α
l L−µ

α
v Nv

≤ σ
α
l Kα

l −µ
α
v Nv. (5.97)

Applying the Laplace transform lead to

sαL (NV (t))− sα−1Nv(0)≤
σα

l Kα
l

s
−µ

α
v L (Nv(t)). (5.98)
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Combining the like terms I got:

L (Nv(t)) ≤ σ
α
l Kα

l
s−1

sα +µα
v
+Nv(0)

sα−1

sα +µα
v

= σ
α
l Kα

l
sα−(1+α)

sα +µα
v

+Nv(0)
sα−1

sα +µα
v
. (5.99)

Applying the inverse Laplace transform lead:

Nv(t) ≤ L −1

{
σ

α
l Kα

l
sα−(1+α)

sα +µα
v

}
+L −1

{
Nv(0)

sα−1

sα +µα
v

}

≤ σ
α
l Kα

l tαEα,α+1(−µvtα)+NV (0)Eα,1(−µvtα)

≤ σα
l Kα

l
µα

v
µ

α
v tαEα,α+1(−µvtα)+NV (0)Eα,1(−µvtα)

≤ max

{
σα

l Kα
l

µα
v

,Nv(0)

}
(µα

v tαEα,α+1(−µvtα)+Eα,1(−µvtα))

=
C

Γ(1)
=C, (5.100)

where C = max{σα
l Kα

l
µα

v
,Nv(0)}. Thus, NV (t) is bounded from above. Hence, one can conclude

that the solution X1(t) is bounded above.

Equilibrium points and their stability

This section constitute the fundamental results of model (3.26) that were derived following the
comprehensive dynamical analysis of the model. In particular, it was noted that model (3.26)
has two equilibrium points, a trivial (L,Nv) = (0,0) and a non-trivial

{L∗,N∗v }=
{(

1− 1
r

)
Kα

l ,
σα

l
µα

v

(
1− 1

r

)
Kα

l

}
, (5.101)

where

r =
σα

l
σα

l +µα
p

bα
l

µα
v

W, (5.102)

r is a threshold quantity that determines growth of the tsetse fly population.

(i) If r ≤ 1, then the equilibrium point (0,0) is the sole equilibrium point of system (3.26)
and it is globally (uniformly) asymptotically stable in Ω.
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(ii) If r > 1, then the equilibrium (L∗,N∗v ) is globally (uniformly) asymptotically stable in
int(Ω).

Proof. Lyapunov functionals were used to demonstrate that Theorem (5.59) holds.

(i) To investigate the first part of Theorem (5.59) the following Lyapunov function was con-
sidered:

U1(t) =
µα

v
bα

l W
L(t)+Nv(t). (5.103)

Taking the fractional derivative of (5.103) leads to:

c
t0Dα

t U1(t) =
µα

v
bα

l W
c
t0Dα

t L(t)+ c
t0Dα

t Nv(t)

=
µα

v
bα

l W

[
bα

l WNv

(
1− L

Kα
l

)
− (σα

l +µ
α
p )L

]
+σ

α
l L−µ

α
v Nv

= −µα
v NvL
Kα

l
− σα

l
r
(1− r). (5.104)

Since c
t0Dα

t U(t)< 0, for r < 1, it was concluded that the equilibrium point (0,0) is glob-
ally (uniformly) asymptotically stable in Ω. The next step was to demonstrate item (ii)
hold.

(ii) To demonstrate that item (ii) hold the following Lyapunov function was considered:

U2(t) = a1

[
L(t)−L∗−L∗ ln

(
L(t)
L∗

)]

+a2

[
Nv(t)−N∗v −N∗v ln

(
Nv(t)
N∗v

)]
, (5.105)

where a1 and a2 are positive constants to be determined. After taking the fractional
derivatives the following results were obtained:

c
t0Dα

t U2(t) ≤ a1

(
1− L∗

L(t)

)
c
t0Dα

t L(t)+a2

(
1− N∗v

Nv(t)

)
c
t0Dα

t Nv(t)

= a1

(
1− L∗

L(t)

)
(g(Nv,L)− (σα

l +µ
α
p )L)

+a2

(
1− N∗v

Nv(t)

)
(σα

l L−µ
α
v Nv), (5.106)
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with g(Nv,L) = bα
l WNv

(
1 − L

Kα
l

)
. Setting a1 = 1 and a2 = g(N∗v ,L

∗) > 0, with

g(N∗v ,L
∗) = bα

l WNv

(
1− L∗

Kα
l

)
. Furthermore by utilizing the identities g(N∗v ,L

∗) = (σα
l +

µα
p )L

∗ and σα
l L∗ = µα

v N∗v one gets

c
t0Dα

t U2(t) ≤ g(N∗v ,L
∗)

(
2− Nv

N∗v
− LN∗v

L∗Nv
− L∗

L
g(Nv,L)

g(N∗v ,L∗)

+
g(Nv,L)

g(N∗v ,L∗)

)
. (5.107)

Let Φ(x) = 1− x+ lnx, for x > 0. It follows that Φ(x) ≤ 0, with the equality satisfied if
and only if x = 1. Using this relation one get the following:

2− Nv
N∗v
− LN∗V

L∗NV
− L∗

L
g(NV ,L)
g(N∗V ,L

∗) +
g(NV ,L)
g(N∗V ,L

∗)

= Φ

(
LN∗V
L∗NV

)
+Φ

(
L∗
L

g(NV ,L)
g(N∗V ,L

∗)

)
− Nv

N∗v
+ g(NV ,L)

g(N∗V ,L
∗)

− ln

(
N∗g(NV ,L)
Ng(N∗V ,L

∗)

)

≤ ln

(
Nv
N∗v

)
− Nv

N∗v
+ g(NV ,L)

g(N∗V ,L
∗) − ln

(
g(NV ,L)
g(N∗V ,L

∗)

)

≤ 0.





(5.108)

Hence, it was concluded that if r > 1, then the equilibrium (L∗,N∗v ) is globally (uniformly)
asymptotically stable in int(Ω). From the above analytical results we can also deduce that
if r < 1, then the tsetse vector population will become extinct and for r > 1 it will persist.
Based on these results the analysis of the full model (3.31) was performed considering
r > 1 implying that the tsetse flies are at the equilibrium (L∗,N∗v ).

Theorem 5.20
For α ∈ (0,1), the disease-free equilibrium of system (3.31) is globally (uniformly) asymptoti-
cally stable for R0 < 1.

117



Proof. The Lyapunov functional was considered:

L0(t) = c1

{
Sh(t)−S0

h−S0
h ln

Sh(t)
S0

h

}
+ c1Ih(t)+ c2

{
Sa(t)−S0

a−S0
a ln

Sa(t)
S0

a

}

+c2Ia(t)+ c3

{
Sv(t)−S0

v−S0
v ln

Sv(t)
S0

v
+ Iv(t)

}
, (5.109)

where c1, c2 and c3 are positive constants to be determined. Thus

c
t0Dα

t L0(t) ≤ c1

(
1− S0

h
Sh

)
c
t0Dα

t Sh + c1
c
t0Dα

t Ih + c2

(
1− S0

a
Sa

)
c
t0Dα

t Sa

c2
c
t0Dα

t Ia + c3

(
1− S0

v
Sv

)
c
t0Dα

t Sv + c3
c
t0Dα

t Iv. (5.110)

Setting

c1 = µ
α
v β

α
hv(µ

α
a + γ

α
a ), c2 = µ

α
v β

α
av(µ

α
h + γ

α
h ),

c3 =

(
β α

hvβ α
vhΛα

h (µ
α
a + γα

a )

µα
h

+
β α

vaβ α
avΛα

a (µ
α
h + γα

h )

µα
a

)
, (5.111)

and simplifying one gets:

c
t0Dα

t L0(t) ≤ −µα
v µα

h β α
hv(µ

α
a + γα

a )
(Sh−S0

h)
2

Sh
−µα

v µα
a β α

av(µ
α
h + γα

h )
(Sa−S0

a)
2

Sa

−
(

β α
hvβ α

vhΛα
h (µ

α
a +γα

a )µα
v

µα
h

+
β α

vaβ α
avΛα

a (µ
α
h +γα

h )µα
v

µα
a

)
(Sv−S0

v)
2

Sv

−
(

β α
hvβ α

vhΛα
h (µ

α
a +γα

a )µα
v

µα
h

+
β α

vaβ α
avΛα

a (µ
α
h +γα

h )µα
v

µα
a

)
θ f (Iv)Iv

−µα
v (µ

α
a + γα

a )(µ
α
h + γα

h )(β
α
hvIh +β α

avIa)(1−R2
0).r





(5.112)

Since all the parameters and variables in system (3.31) are non-negative, it follows that
c
t0Dα

t L0(t)< 0 holds if R0 < 1. Therefore by the Lasalle Invariance principle (LaSalle, 1976),
we conclude that the DFE of system (3.31) is globally (uniformly) asymptotically stable when-
ever R0 < 1. This completes the proof. Biologically, this implies that whenever R0 < 1 then
the disease dies out in the community.

Theorem 5.21
Let E ∗ = (S∗i , I

∗
i ) for i = a,h,v, be the endemic equilibrium point of system (3.31). Then for

α ∈ (0,1) and R0 > 1, the endemic equilibrium point E ∗ is globally (uniformly) asymptotically
stable.
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Proof. Consider the following Lyapunov functional

L1(t) = b1

(
Sh(t)−S∗h−S∗h ln

Sh(t)
S∗h

)
+b2

(
Ih(t)− I∗h − I∗h ln

Ih(t)
I∗h

)

+b3

(
Sa(t)−S∗a−S∗a ln

Sa(t)
S∗a

)
+b4

(
Ia(t)− I∗a − I∗a ln

Ia(t)
I∗a

)

+b5

(
Sv(t)−S∗v−S∗v ln

Sv(t)
S∗v

)

+b6

(
Iv(t)− I∗v − I∗v ln

Iv(t)
I∗v

)
, (5.113)

where bi =, i = 1,2,3, ..,6, are positive constants to be determined, Applying Lemma ?? leads
to:

c
t0Dα

t L1(t) ≤ b1

(
1− S∗h

Sh

)
c
t0Dα

t Sh +b2

(
1− I∗h

Ih

)
c
t0Dα

t Ih +b3

(
1− S∗a

Sa

)
c
t0Dα

t Sa

+b4

(
1− I∗a

Ia

)
c
t0Dα

t Ia +b5

(
1− S∗v

Sv

)
c
t0Dα

t Sv

+b6

(
1− I∗v

Iv

)
c
t0Dα

t Iv. (5.114)

Setting bi = 1, for i = 1,2,3,4 and b5 = b6 =
β α

vh f (I∗v )S
∗
h

β α
hvI∗h S∗v

+
β α

va f (I∗v )S
∗
a

β α
avI∗a S∗v

and utilising the following
identities (which exists at the endemic point)

Λα
h = β α

vh f (I∗v )S
∗
h +µα

h S∗h, (µα
h + γα

h )I
∗
h = β α

vh f (I∗v )S
∗
h,

Λα
a = β α

va f (I∗v )S
∗
a +µα

a S∗a, (µα
a + γα

a )I
∗
a = β α

va f (I∗v )S
∗
a,

σα
l L∗ = (β α

hvI∗h +β α
avI∗a )S

∗
v +µα

v S∗v , µα
v I∗v = (β α

hvI∗h +β α
avI∗a (t))S

∗
v ,





(5.115)

one gets

DαL1(t) ≤ µ
α
h S∗h

(
2− Sh

S∗h
− S∗h

Sh

)

︸ ︷︷ ︸
(1)

+β
α
va f (I∗v )S

∗
a

β α
hvI∗h

β α
avI∗a

(
2− S∗v

Sv
− Iv

I∗v
− SvI∗v Ih

S∗vIvI∗h
+

Ih

I∗h

)

︸ ︷︷ ︸
(2)

+β
α
vh f (I∗v )S

∗
h

(
4− S∗h

Sh
− ShI∗h f (Iv)

S∗hIh f (I∗v )
− S∗v

Sv
− Iv

I∗v
− SvI∗v Ih

S∗vIvI∗h
+

f (Iv)

f (I∗v )

)

︸ ︷︷ ︸
(3)
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+µ
α
a S∗a

(
2− Sa

S∗a
− S∗a

Sa

)

︸ ︷︷ ︸
(4)

+β
α
vh f (I∗v )S

∗
h

β α
avI∗a

β α
hvI∗h

(
2− S∗v

Sv
− Iv

I∗v
− SvI∗v Ia

S∗vIvI∗a
+

Ia

I∗a

)

︸ ︷︷ ︸
(5)

+β
α
va f (I∗v )S

∗
a

(
4− S∗a

Sa
− SaI∗a f (Iv)

S∗aIa f (I∗v )
− S∗v

Sv
− Iv

I∗v
− SvI∗v Ia

S∗vIvI∗a
+

f (Iv)

f (I∗v )

)

︸ ︷︷ ︸
(6)

+µ
α
v S∗v

(
β α

vh f (I∗v )S
∗
h

β α
hvI∗h S∗v

+
β α

va f (I∗v )S
∗
a

β α
avI∗a S∗v

)(
2− Sv

S∗v
− S∗v

Sv

)

︸ ︷︷ ︸
(7)

. (5.116)

Since the arithmetic mean is greater than or equal to the geometric mean, it follows that for
brackets (1), (4) and (7) satisfies:

(
2− Si

S∗i
− S∗i

Si

)
≤ 0. (5.117)

Furthermore, let Φ(x) = 1− x+ lnx, for x > 0. It follows that Φ(x) ≤ 0, with equality if and
only if x = 1. Utilizing, the aforementioned properties of Φ(x) we can demonstrate that the
terms in the brackets are less or equal to zero. Let k = a,h, so that from brackets (2) and (5) we
can write:

2− S∗v
Sv

+
Ik

I∗k
− Iv

I∗v
− SvI∗v Ik

S∗vIvI∗k
,

= Φ

(
S∗v
Sv

)
+Φ

(
SvI∗v Ik

S∗vIvI∗k

)
− ln

(
I∗v Ik

IvI∗k

)
+

Ik

I∗k
− Iv

I∗v

≤ Ik

I∗k
− ln

(
Ik

I∗k

)
− Iv

I∗v
+ ln

(
Iv

I∗v

)

≤ 0. (5.118)

In addition, from brackets (3) and (6) we have:

4− S∗k
Sk
− SkI∗k f (Iv)

S∗kIk f (I∗v )
− S∗v

Sv
− Iv

I∗v
− SvI∗v Ik

S∗vIvI∗k
+

f (Iv)

f (I∗v )
,

= Φ

(
S∗k
Sk

)
+Φ

(
S∗v
Sv

)
+Φ

(
SkI∗k f (Iv)

S∗kIk f (I∗v )

)
+Φ

(
SvI∗v Ik

S∗vIvI∗k

)

− Iv

I∗v
+

f (Iv)

f (I∗v )
− ln

(
f (Iv)I∗v
f (I∗v )Iv

)
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≤ ln

(
Iv

I∗v

)
− Iv

I∗v
+

f (Iv)

f (I∗v )
− ln

(
f (Iv)

f (I∗v )

)

≤ 0. (5.119)

From (5.117), (5.118) and (5.119), it follows that DαL1(t)≤ 0 whenever R0 > 1. Therefore, by
the invariant principle of LaSalles (LaSalle, 1976), system (3.31) admits a globally (uniformly)
asymptotically stable endemic equilibrium for R0 > 1. In a nutshell, the result implies that
whenever R0 > 1 the disease will persist, unless intervention strategies that are capable of
reducing R0 to value less than unity are implemented.
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Appendix 5: Model with heterogeneity and time delay

The derivation of basic reproduction number R0

Through direct calculations it was noted that in the absence of the disease in the community
system (3.5) admits a disease-free equilibrium (DFE) given by:

E 0 :

(
S0

V , I
0
V ,S

0
H1, I

0
H1,S

0
H2, I

0
H2,S

0
A, I

0
A

)

=

(
σLL∗

µV
,0, pHNH ,0,(1− pH)NH ,0,NA,0

)
, (5.120)

with L∗ = KL

(
1− 1

r

)
. Following the next generation matrix approach as used in Van den

Driessche (2002), the non-negative matrix F that denotes the generation of new infection and
the non-singular matrix V that denotes the disease transfer among compartments evaluated at
E 0 are, respectively given by:

F =




0 z1 z2 z3

βV H pHNH 0 0 0
(1− εH)βV H(1− pH)NH 0 0 0

βVANA 0 0 0



, (5.121)

V =




µH + γH 0 0 0
0 µH + γH 0 0
0 0 µA + γA 0
0 0 0 µV



. (5.122)

V =




µH + γH 0 0 0
0 µH + γH 0 0
0 0 µA + γA 0
0 0 0 µV



. (5.123)

with:

z1 =
βHV σLL∗e−µV τ

µV
, z2 =

βHV (1− ε)σLL∗e−µvτ

µV

z3 =
βAV σLL∗e−µV τ

µV
(5.124)
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From (5.123), it follows that the basic reproduction number R0 of system (3.5) is:

R0 =

√√√√
(

RH +RA

)(
1− 1

r

)
σLe−µvτ

µV
KL, (5.125)

with RH = βV HβHV NH [pH+(1−pH)(1−εH)
2]

µV (µH+γH)
and RA = βAV βVANA

µV (µA+γA)
. The basic reproduction number

R0 is defined to be the expected number of secondary cases (vector or host) produced in a
completely susceptible population, by one infectious individual (vector or host, respectively)
during its lifetime as infectious.

Model equilibria and their stability

Having determined the basic reproduction number of model (3.5) the next step was to determine
the existence of the endemic equilibrium point.

Theorem 5.22
If R0 > 1 system (3.5) admits a unique equilibrium poin.t

Proof. Let E ∗H denote the endemic equilibrium of system (3.5) with E ∗H = (S∗H1, I∗H1, S∗H2, I∗H2,

S∗A, I∗A, S∗V , I∗V ). Solving the first seven equations of the system (3.5) in-terms of I∗V one gets:

S∗H1(I
∗
V ) =

µH pHNH
[βV H f (I∗V )+µH ]

, S∗H2(I
∗
V ) =

(1−pH)µHNH
[(1−εH)βV H f (I∗V )+µH ]

,

I∗H1(I
∗
V ) =

pH µHNHβV H f (I∗V )
[βV H f (I∗V )+µH ][µH+γH ]

,

I∗H2(I
∗
V ) =

(1−pH)µHNH(1−εH)βV H f (I∗V )
[(1−εH)βV H f (I∗V )+µH ][µH+γH ]

,

S∗A(I
∗
V ) =

µANA
[βVA f (I∗V )+µA]

, I∗A(I
∗
V ) =

µANAβVA f (I∗V )
[βVA f (I∗V )+µA][µA+γA]

,

S∗V (I
∗
V ) =

σLL∗
βAV I∗A+βHV I∗H1+(1−εH)βHV I∗H2+µV

.





(5.126)

Substituting the expressions present in (5.126) into the second equation of system (3.5) one
gets:

G(IV ) =

[
βHV gH1(IV )+(1− εH)βHV gH2(IV )+βAV gA(IV )

]
gV (IV )e−µV τ

−µV IV , (5.127)
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with:
gH1(IV ) = pHβV H µHNH

[µH+γH ]
f (IV )

[βV H f (IV )+µH ]
,

gH2(IV ) = (1−pH)µHNHβV H
[µH+γH ])

f (IV )
[(1−εH)βV H f (IV )+µH ]

,

gA(IV ) = βVAµANA
[µA+γA]

f (IV )
[βVA f (IV )+µA]

,

gV (IV ) = σLL∗
βAV gA(IV )+βHV (gH1(IV )+(1−εH)gH2(IV ))+µV





. (5.128)

Taking the derivatives of the gH1(IV ), gH2(IV ), gA(IV ), and gV (IV ) with respect to IV leads to:

g′H1(IV ) = pHβV H µHNH
[µH+γH ]

µH f ′(IV )
[βV H f (IV )+µH ]2

,

g′H2(IV ) = (1−pH)µHNHβV H
[µH+γH ])

µH f (IV )
[(1−εH)βV H f (IV )+µH ]2

,

g′A(IV ) = βVAµANA
[µA+γA]

f (IV )
[βVA f (IV )+µA]

,

g′V (IV ) = − [βAV g′A(IV )+βHV g′H1(IV )+(1−εH)g′H2(IV )]σLL∗

[βAV gA(IV )+βHV (gH1(IV )+(1−εH)gH2(IV ))+µV ]2
.





. (5.129)

Taking the derivative of G(IV ) with respect to IV results in:

G′(IV ) =

[
βHV gH1(IV )+(1− εH)βHV gH2(IV )+βAV gA(IV )

]
g′V (IV )e

−µV τ

−µV

[
1− βHV g′H1(IV )+(1− εH)βHV g′H2(IV )+βAV g′A(IV )

µV

×e−µV τgV (Iv)

]
, (5.130)

Recall that the saturation function f (IV ) has the following properties: f (0) = 0, f ′(IV )> 0, and
limIV→+∞ f (IV ) = 1. Hence, it follows that:

for IV = 0, leads to





gH1(0), gH2(0) = 0, g′A(0) = 0, gV (0) = σLL∗
µV

,

g′H1(0) =
pHβV HNH
[µH+γH ]

, g′H2(0) =
(1−pH)(1−εH)βV HNH

[µH+γH ]2
,

g′V (0) =−R2
0 .

(5.131)
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Furthermore;

for IV > 0, leads to

{
gH1(IV )> 0, gH2(IV )> 0, gA(IV )> 0, gV (IV )> 0,
g′H1(IV )> 0, g′H2(IV )> 0, g′A(IV )> 0, g′V (IV )< 0,

(5.132)
From the above illustrations, note that G′(0) = −µV (1−R2

0). It implies that for R0 = 1, we
have G′(0) = 0. For R0 > 1, then G′(0)> 0. Furthermore, it was noted that G′(IV )< 0, ∀IV > 0,
implying that G′(IV ) is a decreasing function on [0;∞) for R0 > 1. Therefore, it follows that for
R0 > 1 system (3.5) admits a unique equilibrium point.

Theorem 5.23
The DFE is globally asymptotically stable stable if R0 < 1, otherwise it is unstable.

Proof. The following Lyapunov functional was considered:

U3(t) =U30(t)+U31(t), (5.133)

with:

U30 = a1[IH1(t)+ IH2(t)]+a2IA(t)+a3IV (t),

U31 = a3
∫ t

t−τ

[
βHV [IH1(θ)+(1− εH)IH2(θ)]SV (θ)+βAV IA(θ)SV (θ)

]
dθ ,





(5.134)

where a1, a2, and a3 are positive constants to be determined. Taking the derivative of U3(t)

along the solutions of system (3.5) leads to:

U ′3(t) = a1[I′H1(t)+ I′H2(t)]+a2I′A(t)+a3I′V (t)

+a3
d
dt
∫ t

t−τ

[
βHV [IH1(θ)+(1− εH)IH2(θ)]SV (θ)+βAV IA(θ)SV (θ)

]
dθ

= a1[βV H f (IV )SH1− (µH + γH)IH1]

+a1[βV H(1− εH) f (IV )SH2− (µH + γH)IH2]

+a2[βVA f (IV )SA− (µA + γA)IA]

+a3[(βHV (IH1)+(1− εH)IH2)+βAV IA)SV e−µV τ −µV IV ].





(5.135)
Let a1, a2, and a3 be

a1 = µV βHV (µA + γA)eµV τ ,

a2 = µV βAV (µH + γH)eµV τ ,

a3 = βHV βV HNH [(1− pH)(1− εH)
2 + pH ][µA + γA]+βVAβAV NA[µH + γH ].





(5.136)
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Simplifying U ′3(t) leads to

U ′3(t) = −µV [µA + γA][µH + γH ][βHV (IH1 +(1− εH)IH2)+βAV IA][1−R2
0 ]e

µτ

−µV{βHV βV HNH [(1− pH)(1− εH)
2 + pH ][µA + γA]

+βVAβAV NA[µH + γH ]}α f (IV )IV .




(5.137)

Since all the parameters and variables in model (3.5) are non-negative, it follows that U ′3(t)< 0
holds if R0 < 1. On the other hand, U ′3(t) = 0 if and only if IH1 = IH2 = IA = IA = 0 and R0 = 1,
leading to SH1 = pHNH , SH2 = (1− pH)NH , SA = NA, and SV = σLL∗

µV
for all t ≥ 0. Hence it

follows from , that the DFE of system (3.5) is globally asymptotically stable whenever R0 ≤ 1.
This completes the proof.

Theorem 5.24
Whenever R0 > 1 system (3.5) admits a globally asymptotically stable equilibrium point.

Proof. The following Lyapunov functional was considered:
U4(t) =U40(t)+U41(t), (5.138)

with:

U40(t) =

(
SH1(t)−S∗H1−S∗H1 ln SH1(t)

S∗H1

)
+

(
IH1(t)− I∗H1− I∗H1 ln IH1(t)

I∗H1

)

+

(
SH2(t)−S∗H2−S∗H2 ln SH2(t)

S∗H2

)
+

(
IH2(t)− I∗H2− I∗H2 ln IH2(t)

I∗H2

)

+

(
SA(t)−S∗A−S∗A ln SA(t)

S∗A

)
+

(
IA(t)− I∗A− I∗A ln IA(t)

I∗A

)

+a4

(
SV (t)−S∗V −S∗V ln SV (t)

S∗V

)
+a4eµV τ

(
IV (t)− I∗V − I∗V ln IV (t)

I∗V

)
,





(5.139)

where a4, is a positive constants to be determined. Furthermore:

U41(t) = a4βHV
∫ t

t−τ

(
IH1(θ)SV (θ)− I∗H1S∗V − I∗H1S∗V ln IH1(θ)SV (θ)

I∗H1S∗V

)
dθ

+a4(1− εH)βHV
∫ t

t−τ

(
IH2(θ)SV (θ)− I∗H2S∗V − I∗H2S∗V ln IH2(θ)SV (θ)

I∗H2S∗V

)
dθ

+a4βAV
∫ t

t−τ

(
IA(θ)SV (θ)− I∗AS∗V − I∗AS∗V ln IA(θ)SV (θ)

I∗AS∗V

)
dθ .





(5.140)
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Taking the derivative of U40(t) along the solutions of system (3.5) leads to:

U ′40(t) =

(
1− S∗H1

SH1

)
dSH1

dt +

(
1− I∗H1

IH1

)
dIH1

dt +

(
1− S∗H2

SH2

)
dSH2

dt

+

(
1− I∗H2

IH2

)
dIH2

dt +

(
1− S∗A

SA

)
dSA
dt +

(
1− I∗A

IA

)
dIA
dt

+

(
1− S∗V

SV

)
dSV
dt +

(
1− I∗V

IV

)
dIV
dt .





(5.141)

Furthermore, differentiating U41(t) along the solutions of system (3.5) gives:

U ′41(t) = a4βHV

(
IH1(t)SV (t)− IH1(t)SV (t)+ I∗H1S∗V ln

IH1(t− τ)SV (t− τ)

IH1(t)SV (t)

)

+a4(1− εH)βHV

(
IH2(t)SV (t)− IH2(t)SV (t)

+I∗H2S∗V ln
IH2(t− τ)SV (t− τ)

IH2(t)SV (t)

)

+a4βAV

(
IA(t)SV (t)− IA(t)SV (t)

+I∗AS∗V ln
IA(t− τ)SV (t− τ)

IA(t)SV (t)

)
. (5.142)

Recall that at endemic equilibrium point the following identities holds:

pH µHNH = βV H f (I∗V )S
∗
H1 +µHS∗H1,

(µH + γH)I∗H1 = βV H f (I∗V )S
∗
H1,

(1− pH)µHNH = (1− εH)βV H f (I∗V )S
∗
H2 +µHS∗H2,

(µh + γh)I∗h2 = βvh f (I∗v )S
∗
h2,

µANA = βVA f (I∗V )S
∗
A +µAS∗A,

(µA + γA)I∗A = βVA f (I∗V )S
∗
A,

σLL∗ = (βHV I∗H1 +(1− εH)βHV I∗H2 +βAV I∗A)S
∗
V +µV S∗V ,

µV I∗V eµV τ = (βHV I∗H1 +(1− εH)βHV I∗H2 +βAV I∗A)S
∗
V .





. (5.143)
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Setting, a4 =
βV H f (I∗V )S

∗
H1

βHV I∗H1S∗V
+

βV H f (I∗V )S
∗
H2

βHV I∗H2S∗V
+

βVA f (I∗V )S
∗
A

βAV I∗AS∗V
, and simplifying the Lyapunov gives:

U ′41(t) = µHS∗H1

(
2− S∗H1

SH1
− SH1

S∗H1

)
+µHS∗H2

(
2− S∗H2

SH2
− SH2

S∗H2

)

+

(
βV H f (I∗V )S

∗
H1

βHV I∗H1S∗V
+

βV H f (I∗V )S
∗
H2

βHV I∗H2S∗V
+

βVA f (I∗V )S
∗
A

βAV I∗AS∗V

)(
2− S∗V

SV
− SV

S∗V

)

+βV H f (I∗V )

(
S∗H2I∗H1

I∗H2
W 1

H1 +
(1−εH)S∗H1I∗H2

I∗H1
W 1

H2

)

+
βHV βVA f (I∗V )S

∗
AI∗H1

βAV I∗A
W 2

H1 +
βHV (1−εH)βVA f (I∗V )S

∗
AI∗H2

βAV I∗A
W 2

H2

+

(
βV HβAV f (I∗V )S

∗
H1I∗A

βHV I∗H1
+

βV HβAV f (I∗V )S
∗
H2I∗A

βHV I∗H2

)
W 2

A

+βV H f (I∗V )S
∗
H1W 3

H1 +βV H(1− εH) f (I∗V )S
∗
H2W 3

H2 +βVA f (I∗V )S
∗
AW 3

A ,





.

(5.144)
with:

W 1
i = 1− S∗V

SV
+ Ii

I∗i
− Ii(t−τ)SV (t−τ)I∗V

I∗i S∗V IV
+ ln Ii(t−τ)SV (t−τ)

Ii(t)SV (t)
,

W 2
i = 2− S∗V

SV
+ Ii

I∗i
− IV

I∗V
− Ii(t−τ)SV (t−τ)I∗V

I∗i S∗V IV
+ ln Ii(t−τ)SV (t−τ)

Ii(t)SV (t)
,

W 3
i = 4− S∗V

SV
− IV

I∗V
+ f (IV )

f (I∗V )
− S∗i

Si
− f (IV )SiI∗i

f (I∗V )S
∗
i Ii
− Ii(t−τ)SV (t−τ)I∗V

I∗i S∗V IV

+ ln Ii(t−τ)SV (t−τ)
Ii(t)SV (t)

,





. (5.145)

for i = H1,H2,A.

Since the arithmetic mean is greater than or equal to the geometric mean. Furthermore, note that
G(x) = 1−g(x)+ lng(x) is always nonpositive for any function g(x)> 0 , and g(x) = 0 if and
only if g(x) = 1. Hence, it follows that U ′4(t)≤ 0. Therefore by the Lasalle Invariance principle
(LaSalle, 1976) it follows that the endemic equilibrium point E ∗ is globally asymptotically
stable if R0 > 1. This completes the proof.
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Abstract: In this paper, a mathematical model for the transmission dynamics of Trypanosoma brucei
rhodesiense that incorporates three species—namely, human, animal and vector—is formulated and
analyzed. Two controls representing awareness campaigns and insecticide use are investigated in
order to minimize the number of infected hosts in the population and the cost of implementation.
Qualitative analysis of the model showed that it exhibited backward bifurcation generated by
awareness campaigns. From the optimal control analysis we observed that optimal awareness and
insecticide use could lead to effective control of the disease even when they were implemented at low
intensities. In addition, it was noted that insecticide control had a greater impact on minimizing the
spread of the disease compared to awareness campaigns.

Keywords: human African trypanosomiasis; mathematical model; awareness programs;
insecticide use; optimal control theory
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1. Introduction

Human African trypanosomiasis (HAT) is one of the neglected tropical diseases (NTDs) that
affect humans and animals in sub-Saharan Africa [1]. More than 20 species of Glossina tsetse flies
are responsible for the transmission of the two parasites associated with the disease: Trypanosoma
brucei rhodesienseand Trypanosoma brucei gambiense [1]. Although these two parasites represent different
pathological entities, they are both classified under the term HAT [2]. T.b. gambiense is found in West
and Central Africa, while T.b. rhodesiense occurs only in the East and South of the African continent [1].
Global estimates report 70,000 HAT cases (range: 50,000–70,000) based on a total number of 17,500 new
cases reported per year worldwide [3]. With more than 60 million in sub-Saharan Africa considered to
be at risk of infection, how to prevent, control and possibly eradicate this disease remains one of the
important topics from many points of view, including medical science and mathematics.

Since the pioneering work of Kermack and McKendrick [4] on compartment modeling, numerous
mathematical models have been proposed to investigate the transmission dynamics of several
infectious diseases (e.g., [5–11] and references therein). These studies and several other models have
certainly produced many useful results and improved the existing knowledge on several infectious
diseases, such that mathematical modeling has become an important tool in analyzing the spread and
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control of infectious diseases. In particular, several mathematical models have already been proposed
to investigate the complex epidemic and endemic behavior of human African trypanosomiasis [12–27].
For example, Hargrove et al. [12] modeled the control of trypanosomiasis caused by Trypanosoma
brucei rhodesiense in multiple hosts. Their model predicted that treating cattle with insecticide would
be generally more effective than treating cattle with drugs. In addition, Moore et al. [14] utilized a
system of ordinary differential equations to explore the impact of climate change on Trypanosoma brucei
rhodesiense dynamics. Results from their framework suggested that climate change could lead to 46–77
million additional people being at risk of exposure to HAT infection by 2090. These studies and those
cited therein have undeniably produced many useful results and improved the existing knowledge on
HAT dynamics.

Despite these efforts in the modeling and analysis of Trypanosoma brucei rhodesiense dynamics,
several important questions regarding the transmission and control of the disease remain to be
answered. For example, to what extent will awareness and insecticide use combined alter short- and
long-term transmission and control of HAT? Thanks to Hargrove and co-workers [12], we are now
aware that insecticide use has a greater impact on controlling the disease compared with the treatment
of cattle with drugs. The key question is, if this intervention were to be combined with awareness
campaigns, would this approach yield a significant change in Trypanosoma brucei rhodesiense? This is
the key question that this study aimed to explore. There is no doubt that continuous advancement
in information and communication technology (ICT) in recent years has greatly improved the level
of information dissemination. In addition, media campaigns are known to be useful public health
tools globally [28,29]. In particular, mass media campaigns have the potential to alter people’s health
behavior in the absence of multiple channels of communication [29,30]. Therefore, as suggested by
Leak [31], understanding the impact of these intervention strategies on disease and vector population
dynamics is a potential area for modeling and further development of existing models. Motivated
by the discussion above, in this paper we seek to use optimal control theory to investigate the
effects of awareness campaigns and insecticide use on the spread and control of Trypanosoma brucei
rhodesiense. Stone and Chitnis’ [16] model of HAT transmission, which does not incorporate an
animal reservoir, does not effectively capture the dynamics of the disease. Hence, we propose a
framework that demonstrates interplay between the vectors and multiple host species (human and
animals). By incorporating the vectors and multiple hosts, our framework will be isomorphic to some
of the earlier studies [12,14,16,23,27].

This paper is organized as follows. In Section 2, the methods and results of the study are presented.
in particular, the Trypanosoma brucei rhodesiense model is formulated and analyzed. The analysis
included the computation of the basic reproduction number and the existence of model steady
states. The impact of two controls—awareness campaigns and insecticide use—as disease control
measures against Trypanosoma brucei rhodesiense infection was also investigated. In addition, numerical
simulations were conducted to support analytical findings. Finally, discussion and conclusions round
up the paper.

2. Methods and Results

2.1. Model Formulation

The proposed model considers two hosts (i.e., animals and humans), subdivided into: susceptible
Si(t), clinically infected Ii(t) and removed Ri(t), for i = a and h - representing the animal and human,
respectively. Thus the host population at time t is given by Ni = Si(t) + Ii(t) + Ri(t). Furthermore,
the total tsetse vector population at time, denoted by Nv(t), constitutes the susceptible Sv(t) and
infectious Iv(t) populations. Once infected, vectors are assumed to remain infectious for their entire
lifetime. Through mass media campaigns humans are assumed to become aware of the disease and
those who become aware are assumed to have negligible chances of being infected. Hence, in our
framework we introduced a constant rate θh to account for the transition of individuals from the
susceptible compartment to the removed class. Thus, the removed compartment for humans comprises
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individuals who were successfully treated and those who have become aware of the disease. With
the passage of time these individuals may lose their awareness and become susceptible to infection
again. In order to model disease transmission from the host to the vector and vice versa, we propose
the following forces of infection:

λh(t) =
βvh Iv(t)

Nv(t)
, λa(t) =

βva Iv(t)
Nv(t)

, λv(t) =
βhv Ih(t)

Nh(t)
+

βav Ia(t)
Na(t)

,

where parameter βvi (i = a, h) denotes the transmission rate of HAT disease from an infected tsetse
vector to a susceptible host i given that effective contact between the two occurs; βiv represents disease
transmission from infected host i to a susceptible vector given that effective contact between the
two occurs. In addition, parameters µa, µh and µv represent the inflow of new individuals into the
susceptible animal, human and vector populations, respectively, through birth, and are assumed to be
equal to the natural mortality rates for each population. There is no vertical transmission of the disease
in either the host or vector. Infected animals and humans recover at rates αa and αh, respectively, and
they become susceptible to infection at rates γa and γh, respectively.

The proposed model is summarized by the following equations, where the prime (′) denotes the
derivative of the component with respect to time:





S′h(t) = µhNh(t)− λh(t)Sh(t)− (µh + θh)Sh(t) + γhRh(t),
I′h(t) = λh(t)Sh(t)− (µh + αh)Ih(t),
R′h(t) = θhSh(t) + αh Ih(t)− (µh + γh)Rh(t),
S′a(t) = µaNa(t)− λa(t)Sa(t)− µaSa(t) + γaRa(t),
I′a(t) = λa(t)Sa(t)− (µa + αa)Ia(t),
R′a(t) = αa Ia(t)− (µa + γa)Ra(t),
S′v(t) = µvNv(t)− λv(t)Sv(t)− µvSv(t),
I′v(t) = λv(t)Sv(t)− µv Iv(t).

(1)

Table 1 presents the model parameters and their baseline values. The baseline values for these
parameters were adopted from the work of Moore et al. [14] and Ndondo et al. [23]. In their studies,
Moore et al. [14] and Ndondo et al. [23] proposed mathematical models with interplay between the
vectors and multiple host species. In particular, the host species considered were humans and animals
(cattle), hence the parameter values from these studies can also be used in this study.

Table 1. Description of parameters used in system (1). HAT: human African trypanosomiasis.

Symbol Description Value Units

βhv Transmission rate of HAT disease from infected human to susceptible vector 0.011715 day−1 [14]
βav Transmission rate of HAT disease from infected animal to susceptible vector 0.011715 day−1 [14]
βvh Transmission rate of HAT disease from infected vector to susceptible human 0.002739 day−1 [14]
βva Transmission rate of HAT disease from infected vector to susceptible animal 0.002739 day−1 [14]

γh Progression rate of human population from recovered to susceptible class
1
90

day−1 [23]

γa Progression rate of animal population from recovered to susceptible class
1

75
day−1 [23]

θh Rate at which humans become aware of the disease 0.2 day−1

µh Natural mortality rate of human population
1

365× 50
day−1 [23]

µa Natural mortality rate of animal population
1

365× 15
day−1 [23]

µv Natural mortality rate of vector population
1
33

day−1 [23]

αh Recovery rate of infected human
1
30

day−1 [23]

αa Recovery rate of infected animal
1
25

day−1 [23]
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From (1) we have N′i (t) = 0 for i = a, h, v, hence without loss of generality we can use
a dimensionless system to explore the dynamics of the disease. Now, to normalize the populations, let

sh(t) =
Sh(t)

Nh
, ih(t) =

Ih(t)
Nh

, rh(t) =
Rh(t)

Nh
, sa(t) =

Sa(t)
Na

,

ia(t) =
Ia(t)
Na

, ra(t) =
Ra(t)

Na
, sv(t) =

Sv(t)
Nv

, iv(t) =
Iv(t)
Nv

.

Therefore, the dimensionless system has the form:





s′h(t) = µh − βvhiv(t)sh(t)− (µh + θh)sh(t) + γhrh(t),
i′h(t) = βvhiv(t)sh(t)− (µh + αh)ih(t),
r′h(t) = θhsh(t) + αhih(t)− (µh + γh)rh(t),
s′a(t) = µa − βvaiv(t)sa(t)− µasa(t) + γara(t),
i′a(t) = βvaiv(t)sa(t)− (µa + αa)ia(t),
r′a(t) = αaia(t)− (µa + γa)ra(t),
s′v(t) = µv − (βhvih(t) + βavia(t)) sv(t)− µvsv(t),
i′v(t) = (βhvih(t) + βavia(t)) sv(t)− µviv(t).

(2)

Furthermore, by using the relations rh(t) = 1 − sh(t) − ih(t), sa = 1 − ia(t) − ra(t) and
sv = 1 − iv(t), system (2) reduces to





s′(t) = µh − βvhiv(t)sh(t)− (µh + θh)sh(t) + γh(1− sh(t)− ih(t)),
i′h(t) = βvhiv(t)sh(t)− (µh + αh)ih(t),
i′a(t) = βvaiv(1− ia(t)− ra(t))− (µa + αa)ia(t),
r′a(t) = αaia(t)− (µa + γa)ra(t),
i′v(t) = (βhvih(t) + βavia(t)) (1− iv(t))− µviv(t).

(3)

2.2. Positivity and Boundedness of Solutions

Model (3) is epidemiologically and mathematically well-posed in the domain:

Ω =

{ (
sh, ih, ia, ra, iv

)
∈ R5

+

∣∣∣∣∣sh, ih ≥ 0, sh + ih ≤ 1, ia, ra ≥ 0, ia + ra ≤ 1, 0 ≤ iv ≤ 1

}
.

The domain, Ω, is valid epidemiologically as the normalized populations, sh, ih, ia, ra and iv, are
all non-negative and have sums over their species type that are less than or equal to unity.

Theorem 1. Assuming that the initial conditions lie in Ω, the system of equations for the HAT model (3) has a
unique solution that exists and remains in Ω for all time t ≥ 0.

Proof. The right-hand side of model (3) is continuous with continuous partial derivatives in Ω,
so system (3) has a unique solution. In what follows we demonstrate that Ω is forward-invariant.
It can easily be observed from (3) that if sh = 0, then s′h(t) = µh + γh(1− ih(t)) ≥ 0; if ih = 0, then
i′h(t) = βvhiv(t)sh(t) ≥ 0; if ia = 0, then i′a(t) = βvaiv(t)(1 − ra(t)) ≥ 0; if ra = 0, then r′a(t) =

αaia(t) ≥ 0; and if iv = 0, then i′v = (βhvih(t) + βavia(t)) ≥ 0. It is also true that if sh(t) + ih(t) = 1 then
s′h(t) + i′h(t) < 0, if ia(t) + ra(t) = 1 then i′a(t) + r′a(t) < 0 and if iv(t) = 1 then i′v(t) < 0. Therefore,
none of the orbits can leave Ω and a unique solution exists for all time.
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2.3. The Basic Reproduction Number

In the absence of the disease in the community, model (3) admits a trivial equilibrium also known
as the disease-free equilibrium (DFE), denoted by E0 and given by

E0 =

(
s0

h, i0h, i0a , r0
a , i0v

)
=

(
(µh + γh)

(µh + θh + γh)
, 0, 0, 0, 0

)
.

Next, we determine the power of the disease to invade the population by computing the
reproduction number R0. Here, the basic reproduction number R0 is defined as the expected
number of secondary cases (vector, animal or humans) produced in a completely susceptible
population, by one infectious individual (tsetse, animal or human, respectively) during its lifetime
as infectious. To determine R0, we follow the next-generation matrix approach and notations
in [32]. Thus, the non-negative matrix F that denotes the generation of new infection and the
non-singular matrix V that denotes the disease transfer among compartments evaluated at E0 are
respectively given by:

F =




0 0
βvh(µh + γh)

(µh + γh + θh)
0 0 βva

βhv βav 0


 and V =




µh + αh 0 0
0 µa + αa 0
0 0 µv


 .

It follows that the basic reproductive number is the spectral radius of the next-generation matrix
(i.e., ρ(FV−1)), and is given by

R0 =

√(
βvhβvh(µh + γh)

µv(µh + αh)(µh + γh + θh)

)
+

(
βavβva

µv(µa + αa)

)

=
√
R0h +R0a,

where R0h represents the basic reproduction number of the human–vector infection and R0a is the
basic reproduction number of animal–vector infection.

2.4. Existence and Uniqueness of the Endemic Equilibria

Let E∗ = (s∗h, i∗h , i∗a , r∗a , i∗v) be any endemic equilibrium of model (3). Solving the first four equations
of system (3) in terms of i∗v one gets the following results:





s∗h =
m2m3

m2(m1 + γh) + βvhi∗v(m2 + γh)
, i∗h =

βvhi∗vm3

m2(m1 + γh) + βvhi∗v(m2 + γh)
,

i∗a =
βvai∗vm5

m4m5 + βvai∗v(αa + m5)
, r∗a =

βvai∗vαa

m4m5 + βvai∗v(αa + m5)
,

with

m1 = (µh + θh), m2 = (µ + αh), m3 = (µh + γh),
m4 = (µa + αa), m5 = (µa + γa).

Substituting i∗h and i∗a into the last equation of (3) yields

g(i∗v) = A(i∗v)
2 + Bi∗v + C = 0, (4)
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where

A = βvhβva[m2(αaµv + m5(µv + βav)) + βhvm3(αa + m5) + γh(αaµv + m5(µv + βav))],
B = βva(m1m2(µvαa + m5(µv + βav))− βvhβhvm3(βva(αa + m5)−m4m5)

−βvhm5γh(βavβva −m4µv) + m2(m4m5µvβvh + βva(µvαaγh + m5(µvγh + βav(γh − βvh)))),
−βvh(βhv + βav)))] + αhm4βvh(m3(µv + δv)− βvaβav),

C = m2m4m5µv(m1 + γh)(1−R2
0).

Based on the fact that all parameters in (3) are positive for t ≥ 0, it follows from (4) that
A > 0. Furthermore, C > 0 when R0 < 1. Therefore the number of possible positive real roots
the polynomial (4) hinges on the signs of B and C. By applying the Descartes rule of signs on the
quadratic equation g(i∗v) = 0, given in (4), we list the various possibilities for the roots of g(i∗v)
in Table 2.

Table 2. Number of possible positive real roots of g(i∗v) given in (4) forR0 < 1 andR0 > 1.

Case A B C Reproduction Number No. of Sign Changes No. of Possible Positive Real Roots

1 + + + R0 < 1 0 0
2 + + - R0 > 1 1 1
3 + - + R0 < 1 2 0,2
4 + - - R0 > 1 1 1

Based on the different possibilities presented in Table 2, we have the following results:

Theorem 2. The model (3) admits:

(i) A unique endemic equilibrium E∗ ifR0 > 1 and cases 2 and 4 are satisfied;

(ii) More than one endemic equilibrium ifR0 < 1 and part of case 3 holds;

(iii) No endemic equilibrium ifR0 < 1, and cases 1 and part of case 3 are satisfied.

The occurrence of a backward bifurcation, where a stable disease-free equilibrium coexists with
a stable endemic equilibrium, is a common phenomenon in vector-borne disease models—more often
for model that incorporates disease-related death for the host [33]. Since model (3) has disease-related
death for both animals and humans, in what follows we check if the model does indeed have a
backward bifurcation. To investigate the possibility of this phenomenon, the discriminant of Equation
(4) is set to zero (B2 − 4AC = 0) and solved to determine the critical value ofR0, denoted byR0c, as
follows:

R0c =

√
1− B2

4Am2m4m5m6(m1 + γh)
. (5)

Numerical illustration in Figure 1 were performed using data in Table 1 in order to demonstrate that
if R0 < 1 model (3) exhibits a backward bifurcation and for R0 > 1 the model admits a forward
bifurcation. We have also noted that the switch occurs when θh = 0.764, thus,R0c = 0.139 < 1. Overall,
we conclude that the model has two endemic equilibria—one stable and the other unstable. As R0

approaches one, the unstable endemic equilibrium loses its nature and coalesces with the disease-free
equilibrium atR0 = 1.
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(a) (b)

Figure 1. Graphical results illustrating the possible bifurcations for model (3) for different values
of awareness campaigns θh. The figures were generated with parameter values taken from Table 1.
Parameters different from those listed in Table 1 are βhv = βav = 0.65, βvh = βva = 0.4. In (a) we set
θh = 0.764 and in (b) θh = 0.857. ForR0 < 1, the model has two endemic equilibria: one stable and the
other unstable. AsR0 approaches one the unstable endemic equilibrium loses its nature and coalesces
with the disease-free equilibrium atR0 = 1. Therefore, we conclude that the model admits a backward
bifurcation wheneverR0 < 1 and a forward bifurcation forR0 > 1.

2.5. Optimal Control

Although there is no vaccine or drug for prophylaxis against African trypanosomiasis, there
are other preventative and treatment options. HAT preventative strategies aim to minimize contact
between the hosts and vectors. Humans can minimize contact with the tsetse vector by: using insect
repellents, avoiding bushy areas, and wearing long-sleeved garments of medium-weight material in
neutral colors that blend with the background environment. Spraying domesticated animals with
insecticides also minimizes contact between the vector and the animals. Drugs can also be used to treat
infected host species. Above all, the success of both preventative and corrective mechanisms revolves
around the level of awareness of the human population. Through awareness, humans can effectively
reduce contact between the vectors and multiple species. Thus, in this section we explore the impact
of time-dependent awareness campaigns and time-dependent insecticides use on the dynamics of
Trypanosoma brucei rhodesiense.

In order to investigate the effects of the aforementioned optimal control strategy, we
reformulate system (3) to include time-dependent media campaigns u1(t) and insecticide use u2(t).
The controls, u1(t) and u2(t), are functions of time and will be assigned reasonable upper and lower
bounds. Furthermore, we also introduce an additional constant parameter δ to account for tsetse
insecticide-induced mortality at the maximum possible rate. Using the same variable and parameter
names as in (3), the system of differential equations describing our model with controls is:





s′h(t) = µh − βvhiv(t)sh(t)− (µh + u1(t)θh)sh(t) + γh(1− sh(t)− ih(t)),
i′h(t) = βvhiv(t)sh(t)− (µh + αh + dh)ih(t),
i′a(t) = βvaiv(t)(1− ia(t)− ra(t))− (µa + αa + da)ia(t),
r′a(t) = αa(t)ia(t)− (µa + γa)ra(t),
i′v(t) = (βhvih(t) + βavia(t)) (1− iv(t))− (µv + u2(t)δv)iv(t).

(6)
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A successful control is one that minimizes the proportion of infected host (humans and animal),
while minimizing the costs associated with these efforts. Thus, our goal is to find a control pair
(u∗1 , u∗2) that minimizes the proportion of infected host over a finite time interval [0, t f ] at minimal cost.
Mathematically, the objective functional is proposed as follows:

J(u1(t), u2(t)) =
∫ t f

0

(
c1ih(t) + c2ia(t) +

w1

2
u2

1(t) +
w2

2
u2

2(t)
)

dt, (7)

subject to the constraints of the ODEs in system (6) and where c1, c2, w1 and w2 are positive constants
also known as the balancing coefficients and their goal is to transfer the integral into monetary
quantity over a finite time interval [0, t f ]. In (7) control efforts are assumed to be nonlinear-quadratic,
since a quadratic structure in the control has mathematical advantages, such as: if the control set
is compact and convex it follows that the Hamiltonian attains its minimum over the control set at
a unique point [34]. The optimal control problem becomes seeking an optimal function, (u∗1(t), u∗2(t)),
such that

J(u∗1(t), u∗2(t)) = inf
(u1,u2)∈U

J(u1(t), u2(t)) (8)

for the admissible set U = {(u1(t), u2(t)) ∈ (L∞(0, t f ))
2 : 0 ≤ ui(t) ≤ qi; qi ∈ R+, i = 1, 2}, where qi

denotes the upper bound of the controls.

2.5.1. Existence and Uniqueness Results

The following theorem proves the existence of the optimal controls.

Theorem 3. There exists an optimal control pair (u∗1 , u∗2) ∈ U with corresponding non-negative states
(s∗h, i∗h , i∗a , r∗a , i∗v) that minimizes the objective functional J(u1(t), u2(t)).

Proof. The uniform boundedness and the positivity of the controls and state variables over the finite
interval [0, t f ] imply that there exists a minimizing sequence (un

1 (t), un
2 (t)) such that

lim
n→∞

J(un
1 (t), un

2 (t)) = inf
(u1(t),u2(t))∈U

J(u1(t), u2(t)).

Let the corresponding sequence of state variables be denoted by (sh, ih, ia, ra, iv). Furthermore,
the boundedness of all the state and control variables implies that all the derivatives of the state
variables are also bounded. Hence, it follows that all state variables are Lipschitz continuous with the
same Lipschitz constant. Thus, the sequence (sh, ih, ia, ra, iv) is uniformly equicontinuous in [0, t f ]. By
the Arzela–Ascoli Theorem [35], it follows that the state sequence has a subsequence that converges
uniformly to (sh, ih, ia, ra, iv) in [0, t f ].

In addition, we can establish that the control sequence un = (un
1 (t), un

2 (t)) has a subsequence that
converges weakly in L2(0, t f ). Let (u∗1 , u∗2) ∈ U be such that un

i ⇀ u∗i weakly in L2(0, t f ) for i = 1, 2.
Applying the lower semi-continuity of norms in weak L2, one gets

‖u∗i ‖2
L2 ≤ lim

n→∞
inf ‖un

i (t)‖2
L2 , for i = 1, 2.

Hence,

J(u∗1 , u∗2) ≤ lim
n→∞

∫ t f

0

(
c1in

h(t) + c2in
a (t) +

w1

2
un

1 (t) +
w2

2
un

2 (t)
)

dt

= lim
n→∞

J(un
1 , un

2 ).

Therefore we conclude that there exists a pair of controls (u∗1 , u∗2) that minimizes the objective
functional J(u1(t), u2(t)).
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In what follows we characterize the optimal control pair by utilizing Pontryagin’s Maximum
Principle [36].

2.5.2. Characterization of an Optimal Control Pair

Since there exists an optimal control pair for minimizing the functional (7) subject to the constraints
of the ODEs in system (6), we now apply Pontryagin’s Maximum Principle [36] to derive the necessary
conditions for this optimal control pair. Thus, system (6) is converted into an equivalent problem,
namely, the problem of minimizing the Hamiltonian H(t) given by:

H(t) = c1ih(t) + c2ia(t) +
w1

2
u2

1(t) +
w2

2
u2

2(t)

+λ1(t)
[
µh − βvhiv(t)sh(t)− (µh + u1(t)θh)sh(t) + γh(1− sh(t)− ih(t))

]

+λ2(t)
[

βvhiv(t)sh(t)− (µh + αh + dh)ih(t)
]

+λ3(t)
[

βvaiv(t)(1− ia(t)− ra(t))− (µa + αa + da)ia(t)
]

+λ4(t)
[
αaia(t)− (µa + γa)ra(t)

]

+λ5(t)
[
(βhvih(t) + βavia(t)) (1− iv(t))− (µv + u2(t)δv)iv(t)

]
.

Given an optimal control pair (u∗1 , u∗2) and solutions (sh, ih, ia, ra, iv), of the corresponding states
system (6) there exist adjoint functions λi(t), (i = 1, 2, 3, 4, 5) [37], satisfying

λ′1(t) = λ1(t)(µh + u1(t)θh + γh + βvhiv(t))− λ2(t)βvhiv(t),
λ′2(t) = −c1 + λ1(t)γh + λ2(t)(µh + αh + dh)− λ5(t)βhv(1− ih(t)),
λ′3(t) = −c2 + λ3(t)(µa + αa + βvaiv(t))− λ4(t)αa − λ5(t)βav(1− iv(t)),
λ′4(t) = λ3(t)βvaiv(t) + λ4(t)(µa + γa),
λ′5(t) = (λ1(t)− λ2(t))βvh − λ3(t)βva(1− ia(t)− ra(t)) + λ5(t)(µv + u2(t)δ + βhvih(t) + βavia(t)),

with transversality conditions λj(t f ) = 0 for j = 1, 2, 3, 4, 5. Furthermore, the optimal solutions of the
Hamiltonian are determined by taking the partial derivatives of the function H(t) in (9) with respect
to control functions u1 and u2, followed by setting the resultant equation to zero and then solving for
u∗1 and u∗2 , as follows:

∂H
∂u1

= u∗1w1 − λ1θhsh, and
∂H
∂u2

= u∗2w2 − λ5δviv. (9)

Setting (9) to zero and solving for u∗1 and u∗2 , one gets

u∗1 =
θhshλ1

w1
, u∗2 =

δvivλ5

w2
.

Using the standard arguments and the bounds for the controls, we obtain the characterization of
this optimal pair as follows:

u1(t) = min

{
q1, max

(
0,

θhshλ1

w1

)}
, u2(t) = min

{
q2, max

(
0,

δviv(t)λ5

w2

)}
.

In what follows, we numerically investigate the impact of awareness campaigns and insecticide
use using the forward–backward sweep algorithm as outlined in [37]. We set c1 = 2c2, implying that
the minimization of the infected humans has more importance/weight compared to that of infected
animals. Furthermore, we assumed that the intensity of implementation of awareness campaigns was
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always higher than that of insecticide use since excessive insecticide use is associated with ecological
side effects, hence their usage should always be kept as low as possible [38]. Thus, u1 was assumed
to be greater than u2. It was also hypothetically assumed that the cost of insecticide use was higher
than awareness campaign costs. The initial population levels were set as follows: sh = 0.99, ih = 0.01,
rh = 0, ia = 0.01, ra = 0, iv = 0.01, that is, each species comprised 1% of the infected population and
no recoveries for the hosts. Also, we assumed that δv = 1 per day. The total number of new infections
generated within the human population in the presence and absence of optimal control is:

Th =
∫ t f

0

(
βvhiv(t)Nvsv(t)Nh

)
dt.

Similarly, the total number of new infections generated within the animal population in the presence
and absence of optimal control is:

Ta =
∫ t f

0

(
βvaiv(t)Nv(1− ia(t)− ra(t))Na

)
dt,

where Nh, Na and Nv are constants and are equivalent to 100,000, 10,000 and 50,000, respectively.
Figure 2 shows the dynamics of Trypanosoma brucei rhodesiense with u1 = 0.45 and u2 = 0.3. We can
observe that in the presence of optimal intervention strategies, the proportion of infectious hosts and
vectors would never exceed the initial assumed population levels (1%). In particular, in the presence of
optimal awareness and insecticides use, the population levels for the hosts and vectors converged to the
disease-free equilibrium suggesting that the aforementioned optimal control mechanisms could lead
to disease eradication. Precisely, we noted that in the presence of optimal control, the total numbers
of new infections for the human and animal populations generated over 300 days were 2.5635× 105,
9.7× 104, respectively, and the total cost was J = 6.5028× 104. However, in the absence of optimal
controls (i.e., u1 = u2 = 0), one can observe that the disease persisted. In Figure 2d, we observe that
the control profiles of u1 and u2 started at the maximum, and they remained there for approximately
200 and 250 days, respectively, suggesting that awareness campaigns could essentially be ceased after
200 days of implementation while insecticides use needed to be maintained at maximum strength for
an additional 50 days.

Figure 3 shows the optimal control profiles for u1 and u2 when the upper bounds for these controls
were less than unity (i.e., q1 = 0.5 and q2 = 0.3), with initial guesses of the controls set to u1 = 0.45
and u2 = 0.3. We again see that both u1 and u2 started from their maxima, and they stayed at the
maximum strength for much longer periods of time than the previous case (compared to Figure 2), due
to the reduced intensity bounds. When the upper bounds of the controls were reduced, the population
levels for all the infected species would converge to zero within the defined time interval, t f = 300
(the figures were omitted since their behavior was analogous to that of Figure 2). We also note that by
reducing the bounds for the controls, the total cost J(= 5.3582× 104) was reduced 17.6%, compared to
that of Figure 2.

Numerical results in Figure 4 show the dynamics of Trypanosoma brucei rhodesiense disease when
the population of infectious vectors was 3% and the hosts’ infectious populations were 1% each,
and the controls had the following bounds set to q1 = 0.5, q2 = 0.3 and the initial guesses of the
controls were set to u1 = 0.45 and u2 = 0.3. Again, we can note that the population levels would
converge to the disease-free equilibrium in the presence of optimal control, whereas in the absence of
optimal control the disease persisted. The total numbers of new infections for the human and animal
populations generated over 300 days were 3.7167× 105 and 1.1232× 104, respectively, and the total
cost was J = 5.4726× 104. In Figure 4d, we note that the control profiles for u1 and u2 exhibited a
similar behavior to the one illustrated in Figure 3. Comparing the results in Figure 2 and Figure 4, one
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can observe that even if the total number of new infections for the hosts increased due to an increase in
the infectious vector population, the total cost would still be lower by approximately 15.8%.

(a) (b)

(c) (d)

Figure 2. Simulations of model (6) with initial guess for the controls set to u1 = 0.45, u2 = 0.3 and the
bounds of the controls were q1 = q2 = 1. The weight constants were set as w1 = 10, w2 = 100, and the
model parameter values were adopted from Table 1. The solid curves in (a–c) represent the proportion
of infectious humans, infectious animals, and infectious tsetse vectors, respectively, in the presence
of time-dependent control, and the dotted lines denote the absence of optimal control. The optimal
control rates are shown in (d).

Figure 3. Numerical results illustrating the impact of the bounds for the control rates, with the initial
guess for the controls set to u1 = 0.45 and u2 = 0.3, and the bounds for these controls fixed to q1 = 0.5
and q2 = 0.3. The remainder of the model parameter values are as in Table 1.
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(a) (b)

(c) (d)

Figure 4. Simulations of model (6) with the initial guesses for the control set to u1 = 0.45, u2 = 0.3,
and the bounds for the controls set to q1 = 0.5 and q2 = 0.3. The rest of the model parameter values
were adopted from Table 1. The solid curves in (a–c) represent the proportion of infectious humans,
infectious animals, and infectious tsetse vectors, respectively, in the presence of time-dependent control
and the dotted lines denote the absence of optimal control. The optimal control rates are shown in (d).

Next, we determined the impact of extremely low-intensity controls on Trypanosoma brucei
rhodesiense disease dynamics (Figure 5). We set the initial guess for the controls to u1 = 0.15, u2 = 0.01,
and the upper bounds of the controls were set to q1 = 0.15 and q2 = 0.01. Furthermore, the we
set the initial population levels and the weight constants to ih = ia = 0.01, iv = 0.03, rh = ra = 0,
sh = 1− ih − rh, sa = 1− ia − ra, sv = 1− iv, w1 = 10, and w2 = 100. Although the Figures of
the population level effects are not displayed, since their behavior was similar to that of Figure 4,
we can report that in the presence of optimal control the infected population levels would converge
to the disease-free equilibrium and the reverse would occur in the absence of optimal control. The
total numbers of new infections for the human and animal populations generated over 300 days
were 4.8695× 105 and 1.2764× 104, respectively, and the total cost was J = 5.4519× 104. From these
simulation results, we see that for effective disease management the control profiles would have to
be maintained at their maximum intensity for most of the implementation period. Despite the fact
that we considered the insecticide control as more expensive than the awareness control, we note that
this control had to be maintained at its maximum intensity for a slightly more time even after the
awareness control was dropped.
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Figure 5. Numerical results illustrating the impact of the bounds for the control rates. The initial guess
for the control were u1 = 0.15 and u2 = 0.01, the upper bounds of the controls were q1 = 0.15 and
q2 = 0.01. The weights constants were set to w1 = 10 and w2 = 100 and the rest of the model parameter
values were as in Table 1.

Next, we determined the number of new infections averted by the implementation of optimal
control. This was determined by taking the difference between the total numbers of new infections
observed in the absence of optimal control and those recorded when optimal control was implemented.
The results are displayed in Table 3. The total numbers of new infections generated in the human and
animal populations in the absence of optimal control were 1.0866× 107 and 7.7237× 107, respectively.

Table 3. Infection reduction due to the implementation of optimal control.

Case Host Total Number of New Infections Infections Averted Due to
Observed with Optimal Control Implementation of Optimal Control

Figure 2 Human population 2.5635× 105 1.0097× 107

Animal population 9.7000× 104 7.7141× 107

Figure 4 Human population 3.7197× 105 1.04943× 107

Animal population 1.1232× 104 7.7226× 107

Figure 5 Human population 4.8695× 105 1.03791× 107

Animal population 1.2764× 104 7.7224× 107

From Table 3, we see that the number of infections averted was extremely high even when the
intensity of the optimal controls was low, and this clearly shows the strength of optimal control
strategies in minimizing the spread of the disease.

3. Concluding Remarks

In this paper, a mathematical model for Trypanosoma brucei rhodesiense transmission was proposed
and analyzed. The framework incorporated three species: human, animal, and vector populations. In
addition, the impact of optimal awareness campaigns and insecticides use to minimize the populations
of infected humans and animals at minimal cost was investigated. The preliminary analysis of the
proposed model revealed that the system always had a unique and positively bounded solution for all
t ≥ 0. Qualitative analysis of the model showed that it admitted a backward bifurcation generated by
awareness campaigns. In particular, the backward bifurcation occurred whenever the reproduction
number was less than unity and the awareness campaign rate, whereas forR0 > 1 the model exhibited
a forward bifurcation.
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Meanwhile, the basic Trypanosoma brucei rhodesiense model was extended to investigate the impact
of optimal awareness and insecticide use to minimize the population of infected humans and animals
at minimal cost. Analysis of the optimal model was done with the population levels for the hosts
(humans and animals) fixed at 1% while the vector population was varied from 1% to 3%. In addition,
in the entire analysis, the intensity of awareness campaigns was assumed to be higher than that of
insecticide use since the excessive use of insecticides has some residual effects. Although the insecticide
intensity was assumed to be low, the associated cost for this control was regarded to be higher than
that of awareness campaigns. Furthermore, the minimization of the infected humans was considered
to be more important than that of infected animals. Optimal control results indicate that optimal
control awareness campaigns and insecticides use have the potential to eliminate the disease in the
community, whereas in the absence of optimal control the disease may not be reduced to levels close to
zero. We observed that when the bounds of the control were high the associated costs were also high,
and the reverse was true. In particular, we observed that reducing the upper bound of u1 from 1 to 0.5
and u2 from 1 to 0.3 could lead to a reduction in costs by 17.6%. Overall, the study demonstrated that
optimal awareness and insecticide use have the potential to reduce the population levels of infected
species to levels close to zero, and for this to be attained the insecticide control has to be implemented
for a slightly longer period compared to the awareness control. In addition, the results from this study
suggest that the use of insecticides to control the spread of the disease could have more impact. The
strength of using insecticides to control the transmission dynamics of the disease was also noted in the
work of Hagrove et al. [12]. Utilizing a mathematical model, Hagrove et al. [12] demonstrated that
using insecticides to treat cattle would have a greater impact on controlling the transmission of the
disease compared treatment of cattle with drugs.

This work is not exhaustive. In future we hope to explore the dynamics of the disease by using a
model with varying total populations for the species, since the constant population approach used
in this study does not adequately capture the dynamics of the disease for long periods of time. We
will also extend this work to explore the effects of climatic conditions on the long-term dynamics of
the disease.
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Abstract: The effects of seasonal variations on the epidemiology of Trypanosoma brucei rhodesiense
disease is well documented. In particular, seasonal variations alter vector development rates and
behaviour, thereby influencing the transmission dynamics of the disease. In this paper, a mathematical
model for Trypanosoma brucei rhodesiense disease that incorporates seasonal effects is presented.
Owing to the importance of understanding the effective ways of managing the spread of the disease,
the impact of time dependent intervention strategies has been investigated. Two controls representing
human awareness campaigns and insecticides use have been incorporated into the model. The
main goal of introducing these controls is to minimize the number of infected host population at
low implementation costs. Although insecticides usage is associated with adverse effects to the
environment, in this study we have observed that by totally neglecting insecticide use, effective disease
management may present a formidable challenge. However, if human awareness is combined with low
insecticide usage then the disease can be effectively managed.

Keywords: Trypanosoma brucei rhodesiense; seasonality; stability; optimal control

1. Introduction

Vector-borne diseases, such as dengue virus, Zika virus, malaria, yellow fever and human African
trypanosomiais (HAT) are known to be highly sensitive to environmental changes, including
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variations in climate and land-surface characteristics [1]. Seasonal variations in climatic factors, such
as rainfall and temperature have a strong influence on the life cycle of vector thereby affecting the
distribution and abundance of vectors seasonally [2]. For example, tsetse flies-vectors responsible for
transmission of trypanosomiasis infection in humans and animals need a particular temperature
(16–38 ◦C) and humidity (50–80% of relative humidity) to survive [3]. Therefore, they are linked to
the presence of water that increases the local humidity, allowing for the growth of vegetation that
protects them from direct sunlight and wind, and attracts the animals to where tsetse feed [3–5].
Therefore, as suggested by Leak [6] understanding the relationship between these factors and vector
population dynamics is therefore a potential area for modelling and further development of existing
models.

The main goal of this study is to understand the effects of seasonal variations on the transmission
and control of Trypanosoma brucei rhodesiense. An analysis of Trypanosoma brucei rhodesiense
datasets for Uganda demonstrated that the disease has seasonal variations with incidence higher
during January, February, and March [7]. Another analysis of Trypanosoma brucei rhodesiense
datasets for Maasai Steppe ecosystem of Tanzania also revealed marked seasonal variations on
disease incidence [2, 8, 9]. Trypanosoma brucei rhodesiense is one of the two forms of Human
African trypanosomiasis (HAT) a neglected disease that affects approximately 70 million people
living in 1.55 million km2 of sub-Saharan Africa [10, 11]. Trypanosoma brucei rhodesiense is
prevalent in Eastern and Southern Africa while the other form Trypanosoma brucei gambiense is
common in West and Central Africa [3]. According the World Health Organization (WHO), in 2015,
2804 cases of HAT were recorded, with 2733 attributed to Trypanosoma brucei gambiense (90%
reduction since 1999) and 71 were attributed to Trypanosoma brucei rhodesiense (89% reduction
since 1999); this number includes cases diagnosed in both endemic and non-endemic countries [12].

Despite an ambitious campaign led by WHO, many non-governmental organizations, and a
public-private which managed to reduce HAT cases to less than 3000 in 2015 leading to the plans to
eliminate HAT as a public health problem by 2020 [10], the disease is still endemic in some parts of
sub-Saharan Africa, where it is a considerable burden on rural communities [12]. It is therefore
essential to gain a better and more comprehensive understanding of effective ways to control disease
in human and animal populations. In this study, we will evaluate the effects of optimal human
awareness and insecticides use on controlling the spread of Trypanosoma brucei rhodesiense in a
periodic environment. Effective management and control of Trypanosoma brucei rhodesiense has
been regarded as complex, since disease transmission involves domestic animals, which serve as
reservoirs for parasite transmission by the tsetse vector [10].

Mathematical models have proved to be an effective tool to investigate the long term dynamics of
several infectious diseases. Several mathematical models have been proposed to qualitatively and
quantitatively analyze the transmission and control of HAT [13–28]. Ackley et al. [16] developed a
dynamic model with the goal to estimate tsetse fly mortality from ovarian dissection data in
populations where age distribution is not essentially stable. One of the important results from their
study was that mortality increases with temperature and this result is concurs with existing field and
laboratory findings. Lord and co-workers [17] utilised a mathematical model to explore the effects of
temperature on mortality, larviposition and emergence rates in tsetse vectors. Results from the work
of Lord et al. [17] suggested that an increase in temperature maybe associated with the decline on
tsetse abundance in Zimbabwe’s Zambezi Valley. They also hypothesised that rising temperatures
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may have made some higher, cooler, parts of Zimbabwe more suitable for tsetse leading to the
emergence of new disease foci. Alderton et al. [18] proposed an agent-based model to assess the
impact of seasonal climatic drivers on trypanosomiasis transmission rates. Simulation results from the
work of Alderton et al. [18] demonstrated a perfect fit with observed HAT datasets thereby
demonstrating that seasonality is key component on trypanosomiasis transmission rates. Stone and
Chitnis [19] employed a system of ordinary differential equations (ODEs) to model to assess the
implications of heterogeneous biting exposure and animal hosts on Trypanosomiasis brucei
gambiense transmission and control. The work of Stone and Chitnis [19] had several outcomes, but
overall, their study demonstrated that effective control of HAT hinges on understanding the ecological
and environmental context of the disease, particularly for moderate and low transmission intensity
settings.

Despite these efforts, none of the aforementioned works assessed the effects of optimal human
awareness and insecticides use on long-term dynamics Trypanosoma brucei rhodesiense in a periodic
environment. Thus in this study we will develop a periodic model for Trypanosoma brucei
rhodesiense with an aim to evaluate the effects of optimal human awareness and insecticides use on
long-term dynamics of the disease. As in [13, 19, 21, 22, 28], the proposed model assumes that both
humans and animals are hosts for Trypanosoma brucei rhodesiense. Epidemiological stages of the
disease that are sensitivity to seasonal variations have been modeled by periodic functions, such
stages includes vector recruitment rate, natural mortality of vectors, vector biting rate and vector
incubation period. Mathematical analysis and optimal control are applied to study the dynamical
behavior of the model with and without optimal strategies. Overall, the results from the study
demonstrated the strength of optimal control strategies on shaping long term dynamics of the disease.
In particular, we have noted that effective control of the disease can be attained if optimal human
awareness is coupled with insecticides use (even at extremely low intensity than when it is absent).

This paper is organized as follows. In section 2, we present the methods and results. In particular,
we present periodic model for Trypanosoma brucei rhodesiense . The basic reproduction number of
the model is computed and qualitatively used to show that it is an important threshold quantity that
determines disease eradication or persistence in the community. We also extend the model to
incorporate optimal human awareness and insecticide use. The main aim of introducing controls is to
minimize the numbers of humans that are infected with disease over time at minimal costs. With the
aid of optimal control theory, necessary conditions to achieve effective disease management in the
presents of controls has been established. Finally, a brief discussion rounds up the paper in section 3.

2. Methods and results

2.1. Model formulation and boundedness of solutions

We consider a periodic ordinary differential equations model that incorporates the interplay
between the vectors (tsetse flies) and two hosts (humans and animals). The compartments used for
each population represents the epidemiological status of the species. Throughout this study, we will
use the subscript a, h and v to denote variables or parameter associated with animals, humans and
vector, respectively. Thus, each host population is subdivided into compartments of: Susceptible S i(t),
exposed Ei(t), infectious Ii(t) and temporary immune Ri(t), for i = a, h. Furthermore, the vector
population is subdivided into compartments of: Susceptible S v(t), exposed Ev(t) and infectious Iv(t).
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Thus, the total population of the hosts and vector at time t, denoted by Ni(t) (i = a, h) and Nv(t),
respectively is given by

Ni(t) = S i(t) + Ei(t) + Ii(t) + Ri(t), Nv(t) = S v(t) + Ev(t) + Iv(t).

The susceptible hosts (animals or humans) can acquire infection when they are bitten by an infectious
tsetse vector. In this model, the following forces of infection describe vector-to-host disease
transmission:

λh(t) =
σv(t)Nv(t)σh

σv(t)Nv(t) + σhNh(t)
βvh

Iv(t)
Nv(t)

, and, λa(t) =
σv(t)Nv(t)σa

σv(t)Nv(t) + σaNa(t)
βva

Iv(t)
Nv(t)

. (1)

The parameter βvi is the probability of infection from an infectious vector to a susceptible host i given
that a contact between the two occurs, σa and σh represents the maximum number of vector bites an
animal host and human host can sustain per unit time, respectively. The parameter,

σv(t) = σv0

{
1 − σv1 cos

(
2π
365

(t + τ)
)}
,

represents the frequency of feeding activity by the tsetse flies and is also known as the vector biting
rate, σv0 is the average vector biting rate, and σv1 defines the amplitude of seasonal variations (degree
of periodic forcing, 0 < σv1 < 1), τ is a phase-shifting parameter to capture the timing of seasonality.
Also note that a one year cycle has been considered, that is, ω = 2π

365 . Prior studies suggests that vector
biting depends on seasonal variations. Precisely, the vector development rates and behaviour, depends
on seasonal variations [13,29]. Furthermore, σv(t)Nv(t) denotes the total number of bites that the tsetse
vectors would like to achieve in unit time, σaNa(t) and σhNh(t) denotes the availability of hosts. The
total number of tsetse-host contacts is half the harmonic mean of σv(t)Nv(t) and σiNi(t) for i = a, h.

In addition, once infected, the susceptible host progresses to the exposed state, where they incubate
the disease for 1/κi days, (i = a, h) before they progress to the infectious stage. Infectious hosts recover
from infection with temporary immunity through treatment at rate αi, (i = a, h), which is inversely
proportional to the average duration of the infectious period. Infectious hosts that fail to recover from
infection succumb to disease-related death at rate di. It is assumed that temporary immunity wanes out
at rate γi (i = a, h) and they become susceptible to infection again. Birth and natural mortality rates
of the hosts are modelled by bi and µi, (i = a, h), respectively. We assume that there is no vertical
transmission of the disease, hence all new recruits are assumed to be susceptible.

In this study, susceptible vectors are assumed to acquire infection when they bite an infectious host
and the following force of infection accounts for disease transmission in this case:

λv(t) =
σv(t)σhNh(t)

σv(t)Nv(t) + σhNh(t)
βhv

Ih(t)
Nh(t)

+
σv(t)σaNa(t)

σv(t)Nv(t) + σaNa(t)
βva

Ia(t)
Na(t)

. (2)

The parameter βhv represents the probability of infection from an infectious human to a susceptible
vector given that a contact between the two occurs, βav is the probability that disease transmission
occurs whenever there is sufficient contact between a susceptible vector and an infectious animal. In
the absence of seasonal forcing, the forces of infection considered in this study, that is, Eqs (1) and (2),
are isomorphic to the ones proposed in [30,31]. Upon infection, the vector moves to the exposed class
and they progress to the infectious stage at rate

κv(t) = κv0[1 − κv1 cos(ωt + τ)],
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κv0 denotes the average incubation rate in the absence of seasonal variations and κv1 (0 < κv1 < 1) is the
amplitude of the seasonal variation. In addition, vector recruitment rate bv(t) and natural mortality rate
µv(t) have been assumed to follow seasonal variations with

bv(t) = bv0[1 − bv1 cos(ωt + τ)], and µv(t) = µv0[1 − µv1 cos(ωt + τ)],

where bv0, µv0 denotes the average birth and natural mortality rates, respectively, and bv1 (0 < bv1 < 1)
µv1 (0 < µv1 < 1) is the amplitude of the seasonal variation. Infectious vectors are assumed to remain
in that state for their entire lifespan.

Based on assumptions above, with all model variables and parameters assumed to be non-negative,
the following system of nonlinear ordinary differential equations summaries the dynamics of
Trypanosoma brucei rhodesiense disease:

S ′h(t) = bhNh(t) − λh(t)S h(t) − µhS h(t) + γhRh(t),
E′h(t) = λh(t)S h(t) − (µh + κh)Eh(t),
I′h(t) = κhEh(t) − (µh + αh + dh)Ih(t),
R′h(t) = αhIh(t) − (µh + γh)Rh(t),
S ′a(t) = baNa(t) − λa(t)S a(t) − µaS a(t) + γaRa(t),
E′a(t) = λa(t)S a(t) − (µa + κa)Ea(t),
I′a(t) = κaEa(t) − (µa + αa + da)Ia(t),
R′a(t) = αaIa(t) − (µa + γa)Ra(t),
S ′v(t) = bv(t)Nv(t) − λv(t)S v(t) − µv(t)S v(t),
E′v(t) = λv(t)S v(t) − (κv(t) + µv(t))Ev(t),
I′v(t) = κv(t)Ev(t) − µv(t)Iv(t),



(3)

subject to the initial values:
S h(0) = S h0 ≥ 0, Eh(0) = Eh0 ≥ 0, Ih(0) = Ih0 ≥ 0, Rh(0) = Rh0 ≥ 0,
S a(0) = S a0 ≥ 0, Ea(0) = Ea0 ≥ 0, Ia(0) = Ia0 ≥ 0, Ra(0) = Ra0 ≥ 0,
S v(0) = S v0 ≥ 0, Ev(0) = Ev0 ≥ 0, Iv(0) = Iv0 ≥ 0.

From the detailed computations in Appendix A, we conclude that the solutions (S h(t), Eh(t), Ih(t),Rh(t),
S a(t), Ea(t), Ia(t),Ra(t), S v(t), Ev(t), Iv(t)) of the model (3) are uniformly and ultimately bounded in

Ω =



S h(t) + Eh(t) + Ih(t) + Rh(t)
S a(t) + Ea(t) + Ia(t) + Ra(t)

S v(t) + Ev(t) + Iv(t)

 ∈ R11
+

∣∣∣∣∣∣∣∣∣
Nh(t) ≤ Nh0,

Na(t) ≤ Na0,

Nv(t) ≤ Nv0

 ,
with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0. Therefore we can conclude that model (3) is
epidemiologically and mathematically well-posed in the region Ω for all t ≥ 0.

2.2. Extinction and uniform persistence of the disease

In order to determine the extinction and uniform persistence of the disease we will begin by
computing the reproduction number of system (3). Often denoted by R0, the reproduction number is
an epidemiologically important threshold value which determines the ability of an infectious disease
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invading a population. It can be determined by utilizing the next-generation matrix method [32].
Based on the computations in Appendix B, the basic reproduction number of the time-averaged
autonomous system is

[R0] =
√
R0h + R0a,

where

R0h =

(
κhβvhNh0κv0βhvNv0

µv0(κv0 + µv0)(κh + µh)(µh + αh + dh)

)(
σhσv0

σv0Nv0 + σhNh0

)2

,

R0a =

(
κaβvaNa0κv0βavNv0

µv0(κv0 + µv0)(κa + µa)(µa + αa + da)

)(
σaσv0

σv0Nv0 + σaNa0

)2

.

The threshold quantities R0h and R0a represents the power of the disease to invade the human and
animal host, respectively. Due to several time-dependent parameters in model (3), a detailed derivation
of the seasonal reproduction number is presented in Appendix B. Furthermore, in Appendix B, we have
also demonstrated that the reproduction number R0 is an important threshold parameter for disease
extinction and persistence. In particular, the results show that when R0 < 1, model (3) admits a
globally asymptotically stable disease-free equilibrium and if R0 > 1, the disease persists.

2.3. The optimal control problem

2.3.1. Model formulation

There are no vaccines for HAT but there exists a couple of preventative and treatment options. The
main goal of the preventative strategies is to reduce contact between the hosts and vectors. Preventative
strategies include use of trypanocides or insecticides. In addition, humans can also minimize vector
contact by clothing on long-sleeved garments of medium-weight material with neutral colors that blend
with the background environment. Prior studies have shown that insecticides or trypanocides use can
be an effect strategy to control HAT [15]. However, it is worth noting that insecticides are expensive
and individuals in many HAT endemic areas are may not be able to afford the cost. Moreover, excessive
use of insecticides is associated with environmental adverse effects. Hence, there is need to investigate
the effects of coupling insecticides use and other disease control mechanisms on long-term disease
dynamics. In particular, a coupling in which low intensity use of insecticides would be more preferable.
Thus, in this section, we seek to evaluate the impact of optimal and cost-effective media campaigns and
insecticides use on long-term Trypanosoma brucei rhodesiense dynamics in a periodic environment.
Once humans are aware of the disease they have the potential to minimize contact between the vectors
and multiple species. In order to make this assessment, we extend model (3) to incorporate two controls
u1(t) and u2(t), that represents time dependent media campaigns and insecticides use. These control
will be assigned reasonable lower and upper bounds to reflect their limitations. Utilizing the same
variables and parameter names as before (model (3)), the extended model with controls takes the form:
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S ′h(t) = bhNh(t) − λh(t)S h(t) − µhS h(t) − u1(t)S h(t) + γhRh(t),
E′h(t) = λh(t)S h(t) − (µh + κh)Eh(t),
I′h(t) = κhEh(t) − (µh + αh + dh)Ih(t),
R′h(t) = u1(t)S h(t) + αhIh(t) − (µh + γh)Rh(t),
S ′a(t) = baNa(t) − λa(t)S a(t) − µaS a(t) + γaRa(t),
E′a(t) = λa(t)S a(t) − (µa + κa)Ea(t),
I′a(t) = κaEa(t) − (µa + αa + da)Ia(t),
R′a(t) = αaIa(t) − (µa + γa)Ra(t),
S ′v(t) = bv(t)Nv(t) − λv(t)S v(t) − (µv(t) + u2(t))S v(t),
E′v(t) = λv(t)S v(t) − (κv(t) + µv(t) + u2(t)))Ev(t),
I′v(t) = κv(t)Ev(t) − (µv(t) + u2(t))Iv(t),



(4)

subject to the initial values:
S h(0) = S h0 ≥ 0, Eh(0) = Eh0 ≥ 0, Ih(0) = Ih0 ≥ 0, Rh(0) = Rh0 ≥ 0,
S a(0) = S a0 ≥ 0, Ea(0) = Ea0 ≥ 0, Ia(0) = Ia0 ≥ 0, Ra(0) = Ra0 ≥ 0,
S v(0) = S v0 ≥ 0, Ev(0) = Ev0 ≥ 0, Iv(0) = Iv0 ≥ 0.

Observe that in system (4), it is assumed that humans who become aware of the disease have
negligible chances of acquiring the infection, and also insecticide use affects all the epidemiological
classes of the vector populations. Further more, we assume that ui(t) ranges between 0 and qi, that is
0 ≤ ui(t) ≤ qi < 1, such that ui = 0 reflects the absence of time dependent controls and qi represents
the upper bound of the control. The control set is

U =

{
(u1, u2)| ∈ (L∞(0, t f )) : 0 ≤ ui ≤ qi < 1, qi ∈ R

+, i = 1, 2.
}
.

In developing response plans for effective management of diseases, policy makers seek optimal
responses that can minimize the incidence and/or disease-related mortality rate while considering the
cost of each mitigation strategy. Here, our goal is to minimize the number of infectious host( humans
and animals) at minimal costs associated with strategy implementation. Thus the objective functional
is given by

J(u1(t), u2(t)) =

∫ t f

0

(
C1Ih(t) + C2Ia(t) +

W1

2
u2

1(t) +
W2

2
u2

2(t)
)

dt, (5)

subject to the constraints of the ODEs in system (4) and where C1, C2, W1 and W2 are positive constants
also known as the balancing coefficients and their goal is to transfer the integral into monetary quantity
over a finite time interval [0, t f ]. In (5) control efforts are assumed to be nonlinear-quadratic, since a
quadratic structure in the control has mathematical advantages such as: If the control set is a compact
and convex it follows that the Hamiltonian attains its minimum over the control set at a unique point.
The basic framework of an optimal control problem is to prove the existence of an optimal control
and then characterize it. Pontryagin’s Maximum Principle is used to establish necessary conditions
that must be satisfied by an optimal control solution [33]. Derivations on the existence of an optimal
control pair as well as the necessary conditions that must be satisfied by optimal control solutions of
system (4) are shown in Appendix C.
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2.3.2. Numerical results and discussion

In this section, we present some numerical results of the proposed optimal control problem,
(system(4)). The numerical solutions were obtained after solving the optimality system of eleven
ordinary differential equations from the state and costate equations. The technique used is commonly
known as the forward-backward sweep iterative method [34]. The first step of the forward-backward
sweep method entails solving of the state equations with a guess for the controls over the simulated
time using fourth-order Runge-Kutta scheme. “The controls are then updated by using a convex
combination of the previous controls and the value from the characterizations of the controls. This
process is repeated and iterations are ceased if the values of the unknowns at the previous iterations
are very close to the ones at the present iterations” [34]. Table 1, below presents the essential steps
carried out, for a detailed discussion we refer the reader to [34].

Table 1. Forward-backward sweep iterative method.

Algorithm
1. Subdivide the time interval [t0, t f ] into N equal subintervals. Set the state variable at different times
as x = x(t) and assume a piecewise-constant control u(0)

j (t), t ∈ [tk, tk+1], where k = 0, 1, 2, ...,N − 1
and j = 1, 2.

2. Apply the assumed control u(0)
j (t) to integrate the state system with an initial condition x(t0) = x(0),

forward in time [t0, t f ] using the fourth-order Runge-Kutta method, where x0 = (S h(0), Eh(0), Ih(0),
Rh(0), S a(0), Ea(0), Ia(0),Ra(0), S v(0), Ev(0), Iv(0)).

3. Apply the assumed control u(0)
j (t) to integrate the costate system with the transversality condition

~λ(t f ) = λi(t f ), i = 1, 2, 3, ..., 11, backward in time [t0, t f ] using the fourth-order Runge-Kutta method.
4. Update the control by entering the new state and costate solutions ~x(t) and ~λ(t f ), respectively,
through the characterization Eq (16) (see, Appendix C).

5. STOP the algorithm if
‖~xi+1 − ~xi‖

‖~xi+1‖
< ξ; otherwise update the control using a convex combination of

the current and previous control and GO to step 2. Here, ~xi is the ith iterative solution of the state
system and ξ is an arbitrarily small positive quantity (Tolerance level).

On simulating system (4) we assumed the following initial population levels: S h = 10000, Eh = 0,
Ih = 500, Rh = 0, S a = 5000, Ea = 0, Ia = 350, Ra = 0, S v = 20000, Ev = 0, Iv = 1000. Furthermore,
the weight constants W1 and W2 are varied. In the simulations we assume that C2 = 2C1 (with C1

fixed to unity), that is, minimization of the infected humans has more importance/weight compare to
that of infected animals. Furthermore, the rest of the parameter values used were taken from Table 2,
majority of parameters values were adopted from the work of Moore et al. [13] as well as Ndondo et
al. [22], while a few were assumed within realistic ranges due to their unavailability.

The total number of new infections in human and cattle population were determined by the
following formulas, respectively

Th =

∫ t f
(

σv(t)Nvσh

σv(t)Nv + σhNh
βvh

Iv

Nv
S h

)
dt,
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Ta =

∫ t f
(

σv(t)Nvσa

σv(t)Nv + σaNa
βva

Iv

Nv
S a

)
dt.

and the total cost associated with infected animals, infected humans and the controls J, which is given
by (5).

Table 2. Description of model parameters of system (3), indicating baseline, ranges and
references.

Symbol Description

ba, bh Birth rate for the hosts 1
15×365 , 1

50×365 Day−1 [22]
bv0 Averaged birth rate of the vectors 1

33 Day−1 [22]
µv0 Averaged mortality rate of the vectors 1

33 Day−1 [22]
µa, µh Natural mortality rate for the hosts 1

15×365 , 1
50×365 Day−1 [22]

da, dh Disease-induced death rate for the hosts 0.0008, 1
108 Day−1 [13]

κv0 Average incubation rate for the vectors 1
25 ( 1

25 −
1

30 ) Day−1 [22]
κa, κh Incubation rate for the hosts 1

12 ( 1
10 −

1
14 ) Day−1 [22]

σv0 Average vector biting rate 1
4 ( 1

10 −
1
3 ) Day−1 [22]

σv1 Amplitude of oscillations in σv(t), respectively 0.8 Dimensionless
bv1 Amplitude of oscillations in bv(t), respectively 0.8 Dimensionless
µv1 Amplitude of oscillations in µv(t), respectively 0.8 Dimensionless
κv1 Amplitude of oscillations in κv(t), respectively 0.8 Dimensionless
τ Phase-shifting parameter 50 Days
σa, σh The maximum number of vector bites the host

can have per unit time. This is a function of the
host’s exposed surface area and any vector control
interventions used by the host
to reduce exposure to tsetse vectors. 0.62, 0.7 Day−1 [22]

αa, αh Recovery rate of the infectious host 1
25 ,

1
30 Day−1 [22]

γa, γh Immunity waning rate for the recovered host 1
75 ,

1
90 Day−1 [22]

βva, βvh Probability of infection from an infectious vector to
a susceptible host given that a contact between the
two occurs 0.62 [22]

βav, βhv Probability that a vector becomes infected after biting
an infectious animal, human 0.01 [22]

Simulation results in Figure 1 illustrates Trypanosoma brucei rhodesiense dynamics in the host
and vector population, in the presence human awareness only, that is 0 ≤ u1(t) ≤ 0.003 and u2(t) = 0.
Overall, we can note that in the presence of optimal human awareness, the numbers of infected hosts
and vectors is low compared to without optimal control. Furthermore, with optimal control, the
numbers of infected host and vector converges to the disease-free equilibrium in a short time than
when there is no optimal control. In addition, we noted that, the total number of infected human and
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animal without control over a 2000 day period is Th = 4, 535 and Ta = 2, 471, respectively, while in
the presence of optimal human awareness campaigns only, the total number of infected human and
animal population for the same period is Th = 2, 985 and Ta = 1, 9039, respectively and the associated
total costs of implementing the strategy is J = 14, 994. Based on these results, one can conclude that
the presence of optimal human awareness leads to reduction on cumulative infections for the human
and animal host by Th = 1, 550 and Ta = 567, respectively. Comparing the infection reduction relative
to the total number of infections recorded in without optimal control, it follows that, there is a 34.2%
and 22.9% reduction in human and animal population, respectively. Figure 2 illustrates the control
profile of u1(t), (note that u2(t) = 0). We can see that, the control profile starts at its maxima and
remains there for the entire time horizon. It gradually drops to its minima at the final horizon. This
signifies that to attain the above results control u1(t) may need to be maintained at its maximum
intensity for almost the entire time horizon.

Numerical results in Figure 3, illustrates the effects of combining optimal human awareness and
insecticides use on long term Trypanosoma brucei rhodesiense dynamics in a periodic environment
over 2000 days (we set 0 ≤ u1(t) ≤ 0.003 and 0 ≤ u1(t) ≤ 0.001, with W1 = 0.1 and W2 = 100). Once
again we can observe that with optimal control strategies in place, few infections will be recorded
compared to when there are no optimal control strategies. Precisely, with optimal control strategies in
place, the total number of new infections over 2000 days is Th = 2, 368 and Ta = 1, 741, for human
and animal populations, respectively, and the associated costs of implementation is J = 19, 264. We
have also noted that without optimal control strategies, the total number of new infections for the
human and animal host over 2000 days is 5, 336 and 2, 703 respectively. It follows that the optimal
control strategies associated would have averted 2, 368 and 962 infections in human and animal
populations. This represents approximately 44% and 36% reduction of infections in human and
animal populations, in relation to when there are no controls. Comparing the results in
Figures 1 and 3, we can note that combining optimal human awareness and insecticides use, leads to
effective disease management in a short period (convergence of solutions to the disease-free
equilibrium in Figure 3 takes less time than in Figure 1) compared to when there is optimal human
awareness alone.

Simulation results in Figure 4 depicts the control profiles for u1(t) and u2(t) over 2000 days. We
can observe that all the control profiles starts at their respective maximums and remain there for the
greater part of the time horizon, in particular, the control profile for u1(t) drops on the final time while
that of u2(t) drops just before the final time. These results suggests that for this scenario both controls
can be maintained at their respective maximum intensities in order to effectively manage the spread of
the disease.

In Figure 5, we varied the bounds of the controls; human awareness u1(t) and insecticides use u2(t).
We set we set 0 ≤ u1(t) ≤ 0.03 and 0 ≤ u1(t) ≤ 0.01, with W1 = 0.1 and W2 = 1000. We assumed u2(t)
will be significantly affected by changes on the bounds of the controls compared to u1(t), hence, we
adjusted W2 from 100 to 1000 while W1 remains 0.1. Under this scenario, we noted that the total
number of new infections generated in human and animal populations in the presence of controls over
2000 days will be Th = 482 and Ta = 544, respectively, implying that optimal control strategies will
be responsible for averting approximately 4, 053 and 1, 927 infections in human and animal
populations, respectively. Thus, relative to the total number of infections in the absence of controls,
the presence of controls will be associated with 89.4% and 78% reductions for human and animal
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populations, respectively. Comparing with earlier scenarios (Figures 1 and 3), we can see that this
scenario will have more impact on disease management. In addition, the control profiles associated
with this scenario (Figure 6) suggests that for these results to be attained, control u1(t) will have to be
maintained at its maximum intensity from the start to the final day, while control u2(t) can be
maintained at maximum intensity from the start and can be ceased immediately after 500 th day of
implementation. Thus at higher costs and intensity, control u2(t) cannot be maintained at its maximum
intensity from the start till the final day. In addition, the total cost of implementation under this
scenario will be J = 32, 559.

(a) (b)

(c) (d)

(e) (f)

Figure 1. Simulations of model (4) with and without optimal control, with
0 ≤ u1(t) ≤ 0.003 and u2(t) = 0, W1 = 0.1 and W2 = 0. The solid and dotted curves
in (a)–( f ) depicts the population levels in the host populations with and without optimal
control, respectively. Overall, we can observe that with optimal control strategies, the total
number of new infections for the hosts is low compared to when there are no optimal control
strategies.

Mathematical Biosciences and Engineering Volume 17, Issue 3, 2530–2556.



2541

Figure 2. Control profile for u1(t), (0 ≤ u1(t) ≤ 0.03), u2(t) = 0 and w1 = 0.1. We can see
that for effective disease management, control u1(t) will have to be maintained at its maxima
for the entire time horizon.

(a) (b)

(c) (d)

(e) (f)

Figure 3. Simulations of model (4) with and without optimal human awareness and
insecticides use over 2000 days. We set 0 ≤ u1(t) ≤ 0.003, 0 ≤ u2(t) ≤ 0.001, W1 = 0.1 and
W2 = 100. We assume that insecticides use is more expensive relative to human awareness
campaigns, hence W1 < W2. The solid and dotted curves in (a)–( f ) represent the population
levels in the host populations with and without optimal control, respectively.
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(a) (b)

Figure 4. Numerical results illustrating the control profiles for u1(t), (0 ≤ u1(t) ≤ 0.003) and
u2(t) (0 ≤ u2(t) ≤ 0.001), with W1 = 0.1 and W2 = 100. The results suggests that for effective
disease management both controls need to be maintained at their respective maxima for the
entire time horizon.

(a) (b)

(c) (d)

(e) (f)

Figure 5. Simulations of model (4) with and without optimal human awareness and
insecticides use over 2000 days. We set 0 ≤ u1(t) ≤ 0.03, 0 ≤ u2(t) ≤ 0.01, W1 = 0.1
and W2 = 1000. Once again, we assume that insecticides use is more expensive compared
to human awareness campaigns, hence W1 < W2. The solid and dotted curves in (a)–( f )
represent the population levels in the host populations with and without optimal control,
respectively.

Mathematical Biosciences and Engineering Volume 17, Issue 3, 2530–2556.



2543

(a) (b)

Figure 6. Numerical results illustrating the control profiles for u1(t), (0 ≤ u1(t) ≤ 0.03) and
u2(t) (0 ≤ u2(t) ≤ 0.01), with W1 = 0.1 and W2 = 103. The results suggests that for these
weight constants, the human awareness control u1(t) will have to maintained at its maxima
from the start till the end and the insecticide control, u2(t) need to be implemented at its
maxima from the start and can be ceased immediately after 500 days.

3. Discussion and concluding remarks

In this study, a periodic model consisting of two hosts (animals and humans) and the tsetse vector
has been proposed and comprehensively analysed with a view to explore the impact of optimal human
awareness and insecticides use on transimission and control of Trypanosoma brucei rhodesiense in a
periodic environment. We computed the basic reproduction number and demonstrated that it is an
important threshold quantity for disease persistence and extinction. In particular, we have
demonstrated that whenever the basic reproduction number is less than unity then the disease dies out
and the reverse occurs whenever it is greater than unity. The main goal of introducing the two controls
in the proposed model was necessitated by the desire to identify effective ways of minimizing the
number of infected human over time at minimal costs. Hence utilizing optimal control theory several
possible outcomes of effectively managing the disease were explored. One of the important outcome
from this study was that effective control of the disease can be managed if optimal human awareness
campaigns are combined with optimal insecticides use. This result was attained after comparing the
strength of optimal human awareness alone and when it is combined with optimal insecticides use.
We also made this comparison based on the fact that insecticides use is known to be associated with
some adverse effects to the environment. Therefore, this study suggests that by totally eliminating
insecticides use from a whole matrix of other Trypanosoma brucei rhodesiense intervention strategies
may present a formidable challenge on effective disease management. We have also noted that at
certain implementation costs, effective management can be attained with low intensity use of
insecticides for a shorter period of time.

The proposed model is not exhaustive. In future, we will incorporate the effects of host movement,
which is one of the integral factors in transmission and control of Trypanosoma brucei rhodesiense.
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Supplementary

Appendix A. Positivity and boundedness of solutions

Theorem 1. The solutions (S h(t), Eh(t), Ih(t),Rh(t), S a(t), Ea(t), Ia(t),Ra(t), S v(t), Ev(t), Iv(t)) of the
model (3) are uniformly and ultimately bounded in

Ω =



S h(t) + Eh(t) + Ih(t) + Rh(t)
S a(t) + Ea(t) + Ia(t) + Ra(t)

S v(t) + Ev(t) + Iv(t)

 ∈ R11
+

∣∣∣∣∣∣∣∣∣
Nh(t) ≤ Nh0,

Na(t) ≤ Na0,

Nv(t) ≤ Nv0

 ,
with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0.

Proof. For the Trypanosoma brucei rhodesiense model (3) to be epidemiologically meaningful, it is
important to demonstrate that all its state variables are non-negative for all t ≥ 0. In other words, one
needs to show that solutions of system (3) with non-negative initial data will remain non-negative for
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all t ≥ 0. Let the initial data S i(0) ≥ 0, Ei(0) ≥ 0, Ii(0) ≥ 0, Ri(0) ≥ 0, for i = a, h, and S v(0) ≥ 0,
Ev(0) ≥ 0, and Iv(0) ≥ 0, such that from the second equation of model (3) we have

Eh(t) = e−(µh+κh)t
(
Eh(0) +

∫ t

0
λh(s)S h(s)ds

)
, t ≥ 0.

Thus, Eh(t) ≥ 0 for all t ≥ 0. A similar approach can be utilised to show that all the other variables of
model (3) are positive for all t ≥ 0. In what follows, we now determine the feasible region of model (3).
One can easily verify the that rate of change of the total host populations Ni, (i = a, h) is

N′i (t) = (bi − µi)Ni(t) − diIi(t) ≤ (bi − µi)Ni(t), where µi ≤ bi.

As suggested in [13] we set bi = µi, otherwise the population will grow without bound or become
extinct. Therefore, Ni(t) ≤ Ni(0). Similarly, by adding all the last three equations of model (3), and
setting bv(t) = µv(t) as in [13], one gets N(t) ≤ Nv0. Thus, model (3) is epidemiologically and
mathematically well-posed in the domain:

Ω =



S h(t) + Eh(t) + Ih(t) + Rh(t)
S a(t) + Ea(t) + Ia(t) + Ra(t)

S v(t) + Ev(t) + Iv(t)

 ∈ R11
+

∣∣∣∣∣∣∣∣∣
Nh(t) ≤ Nh0,

Na(t) ≤ Na0,

Nv(t) ≤ Nv0

 ,
with Nh(0) = Nh0, Na(0) = Na0 and Nv(0) = Nv0. This completes the proof of theorem. �

Appendix B. Extinction and uniform persistence of the disease

Before we investigate the extinction and persistence of the disease, we need to determine the basic
reproduction number of the model. Commonly denoted by R0, the basic reproduction number is an
epidemiologically important threshold value which determines the ability of an infectious disease
invading a population. To determine the reproduction number of model (3), the next-generation
matrix method [32] will be utilized. One can easily verify that model (3) has a disease-free
equilibrium E0 : (S 0

h, E
0
h, I

0
h ,R

0
h, S

0
a, E

0
a, I

0
a ,R

0
a, S

0
v , E

0
v , I

0
v ) = (Nh0, 0, 0, 0, 0,Na0, 0, 0, 0,Nv0, 0, 0).

The infected compartments of model (3) is comprised of (E j(t), I j(t)) classes, for j = h, a, v.
Following the next-generation matrix approach, the nonnegative matrix F(t) of the infection terms
and the non-singular matrix, V(t) of the transition terms evaluated at E0 are,

F(t) =



0 0 0 0 0
σv(t)σhβvhNh0

σv(t)Nv(t) + σhNh0
0 0 0 0 0 0

0 0 0 0 0
σv(t)σaβvaNa0

σv(t)Nv(t) + σaNa0
0 0 0 0 0 0

0
σhσv(t)βhvNv(t)

σv(t)Nv(t) + σhNh0
0

σaσv(t)βvaNv(t)
σv(t)Nv(t) + σaNa0

0 0

0 0 0 0 0 0


,
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and

V(t) =



κh + µh 0 0 0 0 0
−κh µh + αh + dh 0 0 0 0
0 0 κa + µa 0 0 0
0 0 −κa µa + αa + da 0 0
0 0 0 0 κv(t) + µv(t) 0
0 0 0 0 −κv(t) µv(t)


. (6)

Therefore, the basic reproduction number of the time-averaged autonomous system is

[R0] =
√
R0h + R0a,

where

R0h =

(
κhβvhNh0κv0βhvNv0

µv0(κv0 + µv0)(κh + µh)(µh + αh + dh)

)(
σhσv0

σv0Nv0 + σhNh0

)2

,

R0a =

(
κaβvaNa0κv0βavNv0

µv0(κv0 + µv0)(κa + µa)(µa + αa + da)

)(
σaσv0

σv0Nv0 + σaNa0

)2

.

In order to define the basic reproduction number of this non-autonomous model, we follow the work
of Wang and Zhao [35]. They introduced the next-infection operator L for a model in periodic
environments by

(Lφ)(t) =

∫ ∞

0
Y(t, t − s)F(t − s)φ(t − s)ds ,

where Y(t, s), t ≥ s, is the evolution operator of the linear ω-periodic system dy
dt = −V(t)y and φ(t), the

initial distribution of infectious animals, is ω-periodic and always positive. The effective reproductive
number for a periodic model is then determined by calculating the spectral radius of the next infection
operator,

R0 = ρ(L). (7)

For model (3), the evolution operator can be determined by solving the system of differential equations
dy
dt = −V(t)y with the initial condition Y(s, s) = I6×6; thus, one gets

Y(t, s) =



y11(t, s) 0 0 0 0 0
y21(t, s) y22(t, s) 0 0 0 0

0 0 y33(t, s) 0 0 0
0 0 y43(t, s) y44(t, s) 0 0
0 0 0 0 y55(t, s) 0
0 0 0 0 y65(t, s) e−µv(t − s)


.

where

y11(t, s) = e−(µh + κh)(t − s),
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y21(t, s) =
κh

dh + αh − κh

(
e−(µh + κh)(t − s) − e−(µh + dh + αh)(t − s)

)
,

y22(t, s) = e−(µh + dh + αh)(t − s),
y33(t, s) = e−(µa + γa)(t − s),

y43(t, s) =
κa

da + αa − κa

(
e−(µa + γa)(t − s) − e−(µa + da + αa)(t − s)

)
,

y44(t, s) = e−(µa + da + αa)(t − s),

y55(t, s) = exp−
{
κvo(t − s) +

2κv0κv1

ω
cos

(
ω

2
(t + τ + s)

)
sin

(
ω

2
(t + τ − s)

)
+µvo(t − s) +

2µv0µv1

ω
cos

(
ω

2
(t + τ + s)

)
sin

(
ω

2
(t − s)

)}
,

y65(t, s) =

(
e−

∫
µv(t)dt

) ∫ t

s
eµv(x)κv(x)y55(x, s)dx,

y66(t, s) = exp−
{
µvo(t − s) +

2µv0µv1

ω
cos

(
ω

2
(t + τ + s)

)
sin

(
ω

2
(t + τ − s)

)}
.

Utilising the techniques described in [36] one can numerically analyse the basic reproduction number
defined in Eq (7). The following lemma shows that the basic reproduction number R0 is the threshold
parameter for local stability of the disease-free equilibrium E0.

Lemma 1. (Theorem 2.2 in Wang and Zhao [35]). Let x(t) = (Ei(t), Ii(t)), i = a, h, v, denote the
vector of all infected class variables system (3), such that the linearization of system (3) at disease-free
equilibrium E0 is

ẋ(t) = (F(t) − V(t))x(t), (8)

where F(t) and V(t) are defined earlier on Eq (6). Furthermore, let ΦF−V(t) and ρ(ΦF−V(ω) be the
monodromy matrix of system (8) and the spectral radius of ΦF−V(t)(ω), respectively, then the following
statements are valid:

(i) R0 = 1, if and only if ρ(ΦF−V(ω)) = 1;

(ii) R0 > 1, if and only if ρ(ΦF−V(ω)) > 1;

(iii) R0 < 1, if and only if ρ(ΦF−V(ω)) < 1.
Thus, the disease-free equilibrium E0 of system (3) is locally asymptotically stable if R0 < 1 and

unstable if R0 > 1.

In what follows, we now demonstrate that the reproduction number R0 is an important threshold
parameter for disease extinction and persistence. Precisely, we will show that when R0 < 1, model (3)
admits a globally asymptotically stable disease-free equilibrium E0, and if R0 > 1, the disease persists.
The mathematical analysis follows the approach in [37].

Theorem 2. If R0 < 1, then the disease-free equilibrium E0 of system (3) is globally asymptotically
stable in Ω .
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Proof. According to Lemma 1, if R0 < 1, then the disease-free equilibrium E0 of system (3) is locally
asymptotically stable. Hence, it is sufficient to demonstrate that forR0 < 1, the disease-free equilibrium
is the global attractor. Assume that R0 < 1, again from Lemma 1, we have, we have ρ(ΦF−V(ω)) < 1.
From the second, third, sixth, seventh, tenth and eleventh equations of model (3) we have:

Ėh(t) ≤
(

σv(t)σhβvhIv

σv(t)Nv(t) + σhNh

)
S 0

h − (µh + κh)Eh,

İh(t) = κhEh − (µh + dh + αh)Ih,

Ėa(t) ≤
(

σv(t)σaβvaIv

σv(t)Nv(t) + σaNa

)
S 0

a − (µa + κa)Ea,

İa(t) = κaEa − (µa + da + αa)Ia,

Ėv(t) ≤
(

σv(t)σhβhvIh

σv(t)Nv(t) + σhNh
+

σv(t)σaβvaIa

σv(t)Nv(t) + σaNa

)
S 0

v − (κv(t) + µv(t))Ev,

İv(t) = κv(t)Ev − µv(t)Iv,

for t ≥ 0. Consider the following auxiliary system:

˙̃Eh(t) =

 σv(t)σhβvh Ĩv

σv(t)Ñv + σhÑh

 S 0
h − (µh + κh)Ẽh,

˙̃Ih(t) = κhẼh − (µh + dh + αh)Ĩh,

˙̃Ea(t) =

 σv(t)σaβva Ĩv

σvÑv + σaÑa

 S 0
a − (µa + κa)Ẽa,

˙̃Ia(t) = κaẼa(t) − (µa + da + αa)Ĩa(t),
˙̃Ev(t) =

 σv(t)σhβhv Ĩh

σv(t)Ñv(t) + σhÑh

+
σv(t)σaβva Ĩa

σv(t)Ñv(t) + σaÑa

 S 0
v − (κv(t) + µv(t))Ẽv,

˙̃Iv(t) = κv(t)Ẽv − µv(t)Ĩv.

By Lemma 1 and the standard comparison principle, there exist a positive ω−periodic function x̃(t)
such that x(t) ≤ x̃(t)ept, where x̃(t) = (Ẽi(t), Ĩi(t))T, for i = a, h, v, and p = 1

ω
ln ρ

(
Φ(F−V)(·)(ω)

)
< 0.

Thus we conclude that x(t)→ 0 as t → ∞, that is,

lim
t→∞

Ei(t) = 0, lim
t→∞

Ii(t) = 0, lim
t→∞

Ra(t) = 0, and lim
t→∞

Rh(t) = 0, i = a, h, v.

Hence it follows that

lim
t→∞

S i(t) = S 0
i , and lim

t→∞
Nh(t) = N0

i , i = a, h, v.

Therefore, the disease-free equilibrium E0 of system (3) is globally asymptotically stable. �

Theorem 3. If R0 > 1, then system (3) is uniformly persistent, i.e., there exists a positive constant
η, such that for all initial values of (S i(0), Ei(0), Ii(0),Rk(0))R5

+ × Int(R+)6, (i = a, h, v, k = a, h) the
solution of model (3) satisfies:

lim inf
t→∞

S i(t) ≥ η, lim inf
t→∞

Ei(t) ≥ η, lim inf
t→∞

Ii(t) ≥ η, lim inf
t→∞

Rk(t) ≥ η.
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Proof. Let us define

X = R11
+ ; X0 = R5

+ × Int(R+)6; ∂X0 = X\X0.

Let P : X −→ X be the Poincaré map associated with our model (3) such that P(x0) = u(ω, x0) ∀x0 ∈ X
, where u(t, x0) denotes the unique solution of the system with u(0, x0) = x0.

We begin by demonstrating that P is uniformly persistent with respect to (X0, ∂X0). One can easily
deduce that from model (3), X and X0 are positively invariant. Moreover, ∂X0 is a relatively closed set
in X. It follows from Theorem 1 that solutions of model (3) uniformly and ultimately bounded. Thus
the semiflow P is point dissipative on R11

+ , and P : R11
+ → R

11
+ is compact. By Theorem 3.4.8 in [38], it

then follows that P admits a global attractor, which attracts every bounded set in R11
+ .

Define

M∂ = {(S i(0), Ei(0), Ii(0),Rk(0)) ∈ ∂X0 : Pm(S i(0), Ei(0), Ii(0),Rk(0)) ∈ ∂X0, ∀m ≥ 0},

for i = a, h, v, k = a, h.
Next, we claim that M∂ = {(S h(0), 0, 0,Rh(0), S a(0), 0, 0,Ra(0), S v(0), 0, 0) : S i ≥ 0,Rk ≥ 0}. Clearly,
M̃ = {(S h(0), 0, 0,Rh(0), S a(0), 0, 0,Ra(0), S v(0), 0, 0) : S i ≥ 0,Rk ≥ 0} ⊆ M∂.

Now, for any (S i(0), Ei(0), Ii(0),Rk(0)) ∈ ∂X0\M; if Eh(0) = Ih(0) = 0, it follows that S i(0) > 0,
Rh(0) > 0, Ea(0) > 0, Ia(0) > 0, Ra(0) > 0, Ev(0) > 0, Iv(0) > 0, Ėh(0) = λh(0)S h(0) > 0, and
İh(0) = 0. If Ea(0) = Ia(0) = 0, it follows that S i(0) > 0, Eh(0) > 0, Ih(0) > 0, Rh(0) > 0, Ra(0) = 0,
Ev(0) > 0, Iv(0) > 0, Ėa(0) = λa(0)S a(0) > 0, and İa(0) = 0. If Ev(0) = Iv(0) = 0, it follows that
S i(0) > 0, Eh(0) = 0, Ih(0) = 0, Rh(0) > 0, Ea(0) = 0, Ia(0) = 0, Ra(0) = 0, Ėv(0) = 0, and İa(0) = 0.
Thus, we have (S i(0), Ei(0), Ii(0),Rk(0)) < ∂X0 for 0 < t � 1. By the positive invariance of X0, we
know that Pm(S i(0), Ei(0), Ii(0),Rk(0)) < ∂X0 for m ≥ 1, hence (S i(0), Ei(0), Ii(0),Rk(0)) < M∂, and
thus M∂ = {(S h(0), 0, 0,Rh(0), S a(0), 0, 0,Ra(0), S v(0), 0, 0) : S i ≥ 0,Rk ≥ 0}.

Now consider the fixed point M0 = (S 0
h, 0, 0,R

0
h, S

0
a, 0, 0, 0, S

0
v , 0, 0) of the Poincaré map P, where and

define WS (M0) = {x0 : Pm(x0)→ M0,m→ ∞}. We show that

WS (M0) ∩ X0 = ∅. (9)

Based on the continuity of solutions with respect to the initial conditions, for any ε > 0, there exists
δ > 0 small enough such that for all (S i(0), Ei(0), Ii(0),Rk(0)) ∈ X0 with ||(S i(0), Ei(0), Ii(0),Rk(0)) −
M0|| ≤ δ, we have

||u(t, (S i(0), Ei(0), Ii(0),Rk(0)) − u(t,M0)|| < ε , ∀t ∈ [0, ω].

To obtain (9), we claim that

lim sup
m→∞

||Pm(S i(0), Ei(0), Ii(0),Rk(0)) − M0|| ≥ δ, ∀(S i(0), Ei(0), Ii(0),Rk(0)) ∈ X0.

We prove this claim by contradiction; that is, we suppose
lim sup

m→∞
||Pm(S i(0), Ei(0), Ii(0),Rk(0)) − M0|| < δ for some (S i(0), Ei(0), Ii(0),Rk(0)) ∈ X0. Without loss

of generality, we assume that ||Pm(S i(0), Ei(0), Ii(0),Rk(0)) − M0|| < δ, ∀m ≥ 0. Thus,

||u(t, Pm(S i(0), Ei(0), Ii(0),Rk(0)) − u(t,M0)|| < ε, ∀t ∈ [0, ω] and m ≥ 0.
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Moreover, for any t ≥ 0, we write t = t0 + qω with t0 ∈ [0, ω) and q = [ t
ω

], the greatest integer less than

or equal to
t
ω

. Then we obtain

||u(t, (S i(0), Ei(0), Ii(0),Rk(0)) − u(t,M0)|| = ||u(t0, Pm(S i(0), Ei(0), Ii(0),Rk(0)) − u(t0,M0)|| < ε

for any t ≥ 0. Let (S i(t), Ei(t), Ii(t),Rk(t)) = u(t, (S i(0), Ei(0), Ii(0),Rk(0)). It follows that Ni0 − ε <

S i(t) < Ni0 + ε, 0 < Ei(t) < ε, 0 < Ii(t) < ε, and 0 < Rk(t) < ε. Then from the second equation of
system (3) we have

dEh

dt
=

σv(t)σhβvhIvS h

σv(t)Nv + σhNh
− (µh + κh)Eh,

≥
σv(t)σhβvhIv(Nh0 − ε)

σv(t)(Nv0 + ε) + σh(Nh0 + ε)
− (µh + κh)Eh,

=

(
σv(t)σhβvhNh0

σv(t)Nv0 + σhNh0

) 1 − 2εσh

(
1 +

σv(t)
2σh

+
σv(t)Nv0
2σhNh0

)
σv(t) (Nv0 + ε) + σh (Nh0 + ε)

 Iv − (µh + κh)Eh,

Recall that the third equation of system (3) has the form

İh(t) = κhEh(t) − (µh + αh + dh)Ih.

From the sixth equation of system (3) we have

dEa

dt
≥

σv(t)σaβvaIv(Na0 − ε)
σv(t)(Nv0 + ε) + σh(Na0 + ε)

− (µa + κa)Ea,

=

(
σv(t)σaβvaNa0

σvNv0 + σaNa0

) 1 − 2εσa

(
1 +

σv(t)
2σa

+
σv(t)Nv0
2σaNa0

)
σv(t) (Nv0 + ε) + σa (Na0 + ε)

 Iv − (µa + κa)Ea,

The seventh equation of system (3) has the form

İa(t) = κaEa − (µa + αa + da)Ia.

The ninth equation of system (3) satisfies

dEv

dt
≥

σv(t)σhβhvIh(Nv0 − ε)
σv(t)(Nv0 + ε) + σh(Nh0 + ε)

+
σv(t)σaβavIa(Nv0 − ε)

σv(t)(Nv0 + ε) + σa(Na0 + ε)
− (µv(t) + κv(t))Ev,

= +

(
σv(t)σhβhvNv0

σv(t)Nv0 + σhNh0

) 1 − 2εσv(t)
(
1 + σh

2σv(t) + σhNh0
2σv(t)Nv0

)
σv(t) (Nv0 + ε) + σh (Nh0 + ε)

 Ih

+

(
σv(t)σaβavNv0

σv(t)Nv0 + σaNa0

) 1 − 2εσv(t)
(
1 + σa

2σv(t) + σaNa0
2σv(t)Nv0

)
σv(t)

(
Λv
µv(t) + ε

)
+ σa (Na0 + ε)

 Ia − (µv(t) + κv(t))Ev(t).

Recall that the tenth equation of system (3) has the form

İv(t) = κv(t)Ev − µv(t)Iv.
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Let

Mε =



0 0 0 0 0
2εσh

(
1+

σv(t)
2σh

+
σv(t)Nv0
2σhNh0

)
σv(t)(Nv0+ε)+σh(Nh0+ε)

0 0 0 0 0 0

0 0 0 0 0
2εσa

(
1+

σv(t)
2σa

+
σv(t)Nv0
2σaNa0

)
σv(t)(Nv0+ε)+σa(Na0+ε)

0 0 0 0 0 0

0
2εσv(t)

(
1+

σh
2σv(t) +

σhNh0
2σv(t)Nv0

)
σv(t)(Nv0+ε)+σh(Nh0+ε) 0

2εσv(t)
(
1+

σa
2σv(t) +

σaNa0
2σv(t)Nv0

)
σv(t)

(
Λv
µv(t) +ε

)
+σa(Na0+ε)

0 0

0 0 0 0 0 0


,

such that

[Ėh, İh, Ėa, İa, Ėv, İv]T ≥ [F − V − Mε][Eh, Ih, Ea, Ia, Ev, Iv]T.

Again based on ( [35], Theorem 2.2) , we know that if ρ(ΦF−V(ω)) > 1, then we can choose ε small
enough such that ρ(ΦF−V−Mε

(ω)) > 1. Again by ( [35], Theorem 2.2) and and the standard comparison
principle, there exists a positive ω− periodic function ν(t) such that x(t) ≥ x̃1(t)ep1t, where x̃1(t) =

(Ẽi(t), Ĩi(t))T, for i = a, h, v, and p1 = 1
ω

ln ρ
(
Φ(F−V−Mε )(ω)

)
> 0 which implies that

lim
t→∞

Ei(t) = ∞, and lim
t→∞

Ii(t) = ∞, i = a, h, v.

which is a contradiction in M∂ since M∂ converges to M0. and M0 is acyclic in M∂. By ( [39],
Theorem 1.3.1), for a stronger repelling property of ∂X0, we conclude that P is uniformly persistent
with respect to (X0, ∂X0), which implies the uniform persistence of the solutions of system (3) with
respect to (X0, ∂X0) ( [39], Theorem 3.1.1). It follows from Theorem 3.1.1 in [39] that the solution
of (3) is uniformly persistent. �

Appendix C. Optimal control framework

In this section, an optimal control problem for a seasonal Trypanosoma brucei rhodesiense
model (4) is formulated and analysed. The main goal being to minimize the population of infected
humans at minimal cost of implementation. We define our objective functional as follows

J(u1(t), u2(t)) =

∫ t f

0

(
C1Ih(t) + C2Ia(t) +

W1

2
u2

1(t) +
W2

2
u2

2(t)
)

dt. (10)

The optimal control problem becomes seeking an optimal functions, U∗ = (u∗1(t), u∗2(t)), such that

J(u∗1(t), u∗2(t)) = inf
(u1,u2)∈U

J(u1(t), u2(t)),

for the admissible set U = {(u1(t), u2(t)) ∈ (L∞(0, t f ))2 : 0 ≤ ui(t) ≤ qi; qi ∈ R
+, i = 1, 2}, where qi

denotes the upper bound of the controls.
In what follows, we investigate the existence of an optimal control pair basing our analysis on the

work of Fleming and Rishel (1975) [40]. Based on Theorem 1 we are now aware that all the variables
of system (4) have a lower and upper bounds.
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Theorem 4. There exists an optimal control U∗ to the problem (4).

Proof. Suppose that f(t, x,u) be the right-hand side of the (4) where by x = (S h, Eh, Ih,Rh, S a, Ea, Ia,

Ra, S v, Ev, Iv and u = (u1(t), u2(t)) represent the vector of state variables and control functions
respectively. We list the requirements for the existence of optimal control as presented in Fleming and
Rishel (1975) [40]:

1. The function f is of class C1 and there exists a constant C such that |f(t, 0, 0)| ≤ C, |fx(t, x,u)| ≤
C(1 + |u|), |fu(t, x,u)| ≤ C;

2. the admissible set of all solutions to system (4) with corresponding control in Ω is nonempty;
3. f(t, x,u) = a(t, x) + b(t, x)u;
4. the control set U = [0, u1 max] × [0, u2 max] is closed, convex and compact;
5. the integrand of the objective functional is convex in U.

In order to verify these conditions we write

f(t, x,u) =



bhNh(t) − λh(t)S h(t) − µhS h(t) − u1(t)S h(t) + γhRh(t)
λh(t)S h(t) − (µh + κh)Eh(t)
κhEh(t) − (µh + αh + dh)Ih(t)

u1(t)S h(t) + αhIh(t) − (µh + γh)Rh(t)
baNa(t) − λa(t)S a(t) − µaS a(t) + γaRa(t)

λa(t)S a(t) − (µa + κa)Ea(t)
κaEa(t) − (µa + αa + da)Ia(t)
αaIa(t) − (µa + γa)Ra(t)

bv(t)Nv(t) − λv(t)S v(t) − (µv(t) + u2(t))S v(t)
λv(t)S v(t) − (κv(t) + µv(t) + u2(t)))Ev(t)

κv(t)Ev(t) − (µv(t) + u2(t))Iv(t)



. (11)

From (11), it is clear that f(t, x,u) is of class C1 and |f(t, 0, 0)| = 0. In addition, we have one can easily
compute |fx(t, x,u)| and |fu(t, x,u)| and demonstrate that

|f(t, 0, 0)| ≤ C, |fx(t, x,u)|,≤ C(1 + |u|) |fu(t, x,u)| ≤ C.

Due to the condition 1, the existence of the unique solution for condition 2 for bounded control is
satisfied. On the other hand, the quantity f(t, x,u) is expressed as linear function of control variables
which satisfy the condition 3. �

After demonstrating the existence of optimal controls, in what follows, we characterize the optimal
control functions by utilizing the Pontryagin’s Maximum Principle [33]. Pontryagin’s Maximum
Principle introduces adjoint functions that allow the state system (4) to be attached to the objective
functional, that is, it converts the system (4) into the problem of minimizing the Hamiltonian H(t)
given by:

H(t) = C1Ih(t) + C2Ia(t) +
W1

2
u2

1(t) +
W2

2
u2

2(t) + λ1(t)
[
bhNh(t) − λh(t)S h(t) − (u1(t) + µh)S h + γhRh(t)

]
+λ2(t)

[
λh(t)S h(t) − (µh + κh)Eh(t)

]
+ λ3(t)

[
κhEh(t) − (µh + dh + αh)Ih(t)

]
+λ4(t)

[
u1(t)S h(t) + αhIh(t) − (µh + γh)Rh(t)

]
+ λ5(t)

[
Λa − λa(t)S a(t) − µaS a(t) + γaRa(t)

]
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+λ6(t)
[
baNa(t) − λa(t)S a − (µa + κa)Ea(t)

]
+ λ7(t)

[
κaEa(t) − (µa + da + αa)Ia(t)

]
+λ8(t)

[
αaIa(t) − (µa + γa)Ra(t)

]
+ λ9(t)

[
bv(t)Nv(t) − λv(t)S v(t) − (µv(t) + u2(t))S v(t)

]
+λ10(t)

[
λv(t)S v − (µv(t) + κv(t) + u2(t))Ev(t)

]
+ λ11(t)

[
κv(t)Ev − (µv(t) + u2(t))Iv(t)

]
. (12)

Note that the first part of the terms in H(t) came from the integrand of the objective functional.
Given an optimal control solution (u∗) and the corresponding state solutions (S h, Eh, Ih, Rh, S a, Ea, Ia,

Ra, S v, Ev, Iv) there exist adjoint functions λi(t), (i = 1, 2, 3, · · · , 11) [34] satisfying

∂λi

dt
= −

∂H
∂x

,

with transversality condition λ(t f ) = 0. Thus the adjoint system is:

dλ1

dt
= λ1µh + u1(t)(λ1 − λ4) + (λ1 − λ2)

σv(t)σhβvhIv

σv(t)Nv + σhNh
+ (λ2 − λ1)

σv(t)σ2
hβvhIvS h

(σv(t)Nv + σhNh)2

+(λ10 − λ9)
σv(t)σ2

hβhvIhS v

(σv(t)Nv + σhNh)2 ,

dλ2

dt
= λ2µh + (λ2 − λ3)κh + (λ2 − λ1)

σv(t)σ2
hβvhIvS h

(σv(t)Nv + σhNh)2 + (λ10 − λ9)
σv(t)σ2

hβhvIhS v

(σv(t)Nv + σhNh)2 ,

dλ3

dt
= −C1 + λ3(µh + dh) + αh(λ3 − λ4) + (λ2 − λ1)

σv(t)σ2
hβvhIvS h

(σv(t)Nv + σhNh)2 + (λ9 − λ10)
σv(t)σhβhvS v

σv(t)Nv + σhNh

+(λ10 − λ9)
σv(t)σ2

hβhvIhS v

(σv(t)Nv + σhNh)2 ,

dλ4

dt
= λ4µh + (λ4 − λ1)γh + (λ2 − λ1)

σv(t)σ2
hβvhIvS h

(σv(t)Nv + σhNh)2 + (λ10 − λ9)
σv(t)σ2

hβhvIhS v

(σv(t)Nv + σhNh)2 ,

dλ5

dt
= λ5µa + (λ5 − λ6)

σv(t)σaβvaIv

σv(t)Nv + σaNa
+ (λ6 − λ5)

σv(t)σ2
aβvaIvS a

(σv(t)Nv + σaNa)2 + (λ10 − λ9)
σv(t)σ2

aβavIaS v

(σv(t)Nv + σaNa)2 ,

dλ6

dt
= λ6µa + (λ6 − λ7)κa + (λ6 − λ5)

σv(t)σ2
aβvaIvS a

(σv(t)Nv + σaNa)2 + (λ10 − λ9)
σv(t)σ2

aβavIaS v

(σv(t)Nv + σaNa)2 ,

dλ7

dt
= −C2 + λ7(µa + da) + αa(λ7 − λ8) + (λ6 − λ5)

σv(t)σ2
aβvaIvS a

(σv(t)Nv + σaNa)2 + (λ9 − λ10)
σv(t)σaβavS v

σv(t)Nv + σaNa

+(λ10 − λ9)
σv(t)σ2

aβavIaS v

(σv(t)Nv + σaNa)2 ,

dλ8

dt
= λ8µa + (λ8 − λ5)γa + (λ6 − λ5)

σv(t)σ2
aβvaIvS a

(σv(t)Nv + σaNa)2 + (λ10 − λ9)
σv(t)σ2

aβavIaS v

(σv(t)Nv + σaNa)2 ,

dλ9

dt
= λ9(µv(t) + u2(t)) + (λ2 − λ1)

σ2
v(t)σhβvhIvS h

(σv(t)Nv + σhNh)2 + (λ6 − λ5)
σ2

v(t)σaβvaIvS a

(σv(t)Nv + σaNa)2

+(λ9 − λ10)
σv(t)σhβhvIh

σv(t)Nv + σhNh
+ (λ9 − λ10)

σv(t)σaβavIa

σv(t)Nv + σaNa

+(λ10 − λ9)
σ2

vσaβavIaS v

(σvNv + σaNa)2 + (λ10 − λ9)
σ2

v(t)σhβhvIhS v

(σv(t)Nv + σhNh)2 ,
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dλ10

dt
= λ10(µv(t) + u2(t)) + κv(t)(λ10 − λ11) + (λ2 − λ1)

σ2
v(t)σhβvhIvS h

(σv(t)Nv + σhNh)2 + (λ6 − λ5)
σ2

v(t)σaβvaIvS a

(σv(t)Nv + σaNa)2

+(λ10 − λ9)
σ2

v(t)σaβavIaS v

(σv(t)Nv + σaNa)2 + (λ10 − λ9)
σ2

v(t)σhβhvIhS v

(σv(t)Nv + σhNh)2 ,

dλ11

dt
= λ11(µv(t) + u2(t)) + (λ1 − λ2)

σv(t)σhβvhS h

σv(t)Nv + σhNh
+ (λ2 − λ1)

σ2
v(t)σhβvhIvS h

(σv(t)Nv + σhNh)2

+(λ5 − λ6)
σv(t)σaβvaS a

σv(t)Nv + σaNa
+ (λ6 − λ5)

σ2
v(t)σaβvaIvS a

(σv(t)Nv + σaNa)2 + (λ10 − λ9)
σ2

v(t)σaβavIaS v

(σv(t)Nv + σaNa)2

+(λ10 − λ9)
σ2

v(t)σhβhvIhS v

(σv(t)Nv + σhNh)2 . (13)

In addition, the optimal solution of the Hamiltonian are determined by taking the partial derivatives of
the function H(t) in (12) with respect to control functions ui, followed by setting the resultant equation
to zero and then solve for u∗i , i = 1, 2 follows:

∂H
∂u1

= u∗1W1 − (λ1 − λ4)S h. (14)

∂H
∂u2

= u∗2W2 − (λ9S v + λ10Ev + λ11Iv). (15)

Observe that ∂2H
∂ui = Wi > 0 and this demonstrates that the optimal control problem has minimum value

at the optimal solution U∗(t). Furthermore by setting (15) to zero and solve for u∗i gives

u∗1 =
(λ1 − λ4)S h

W1
, u∗2 =

(S vλ9 + Evλ10 + Ivλ11)
W2

.

By applying the the standard arguments and the bounds for the controls, we obtain the
characterization of the optimal controls as follows:

ui = min
{

qi,max
(
0, u∗i

)}
. (16)
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Abstract
Temperature is one of the integral environmental drivers that strongly affect the
distribution and density of tsetse fly population. Precisely, ectotherm performance
measures, such as development rate, survival probability and reproductive rate,
increase from low values (even zero) at critical minimum temperature, peak at an
optimum temperature and then decline to low levels (even zero) at a critical
maximum temperature. In this study, a fractional-order Trypanosoma brucei
rhodesiensemodel incorporating vector saturation and temperature dependent
parameters is considered. The proposed model incorporates the interplay between
vectors and two hosts, humans and animals. We computed the basic reproduction
number and established results on the threshold dynamics. Meanwhile, we explored
the effects of vector control and screening of infected host on long-term disease
dynamics. We determine threshold levels essential to reducing the basic reproduction
number to level below unity at various temperature levels. Our findings indicate that
vector control and host screening could significantly control spread of the disease at
different temperature levels.

MSC: 92B05; 93A30; 93C15

Keywords: Trypanosoma brucei rhodesiense; Temperature; Mathematical model;
Caputo fractional derivative; Vector saturation

1 Introduction
Human African trypanosomiasis (HAT), also known as sleeping sickness, is a neglected
tropical disease that continues to affect people living in world’s poorest communities. In
particular, it is more prevalent in nations or communities with weak health infrastructure,
scanty health information and low food security. Two forms of the disease exist depend-
ing on the parasite involved: Trypanosoma brucei gambiense, which is a chronic form of
the disease present in western and central Africa, and Trypanosoma brucei rhodesiense,
which is an acute disease located in eastern and southern Africa [1]. Of the HAT cases
recorded in the last decade, approximately 98% are attributed to the gambiense form and
the remainder to rhodesiense [1]. With such statistics, several researchers believe that the

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.
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rhodesiense form is a zoonotic disease that affects mainly animals (livestock and wildlife),
with humans being only accidentally infected [1].

Although the signs and symptoms of HAT are generally similar for both forms, their fre-
quency, severity and kinetic appearance differ. The rhodesiense form is an acute disease
that usually progresses to death within six months, whereas the gambiense form is usually
a chronic progressive infection with an average duration of almost three years [1]. Further-
more, clinical signs and symptoms are unspecific in both forms of the disease, and their
appearance varies between individuals and foci. Some of the main signs and symptoms
of the first stage of infection are intermittent fever, headache, lymphadenopathies, weak-
ness, asthenia, anemia, cardiac disorders, endocrine disturbances, musculoskeletal pains
and hepatosplenomegaly [1]. Neuropsychiatric signs and symptoms, including sleep dis-
turbances, are often presented by patients in the second stage of infection. It is worth not-
ing that most of the symptoms of both stages overlap, rendering the distinction between
the stages unclear [1].

HAT is transmitted by more than 20 species of Glossina tsetse flies. Prior studies have
shown that all metabolic processes that occur in tsetse flies strongly depend on tempera-
ture. In particular, it was observed that the interlarval period, pupal period, adult lifespan
and the period between successive feeds are reduced as temperature increases [2]. Phelps
and Lovemore [3] noted that temperature does not only alter the different developmental
periods of the vector but it also plays a huge role in the fly’s flight activity. Furthermore,
for temperature below 17◦C it was noted that tsetse flies will rest in direct sunlight and
when temperatures are above 32◦C the vectors will be inactive and they will seek artificial
refuges, and in most cases these are cool shaded places [4].

According to Phelps and Burrow [5], temperatures above 40◦C are fatal to both small
and large flies and pupae. Bursell [6] opines that temperature and the size of the fly affect
the amount of fat reservation in the fly. Precisely, smaller flies have less fat than larger ones.
This is one of the reasons why temperatures below 16◦C are known not to be suitable for
the development of smaller flies, since the fat which would have been reserved during the
larval periods will get exhausted before the pupa is fully matured. Thus fat reservation is
integral for the development of the fly from pupa to adult as well as the survival of the
fly till it gets its first blood-meal [6]. Phelps and Clarke [7] demonstrated that extreme
temperature is associated with higher mortality among young flies, particularly in small
male flies.

The above discussion clearly demonstrates that temperature has an integral role on
tsetse population dynamics and can be one of the strongest abiotic determinants of tsetse
distributions [8]. Hence, as opined by Leak [9], understanding the relationship between
these factors and vector population dynamics is therefore a potential area for modelling
and further development of the existing models. Mathematical modelling, as a powerful
tool in quantifying the complex and numerous factors, has been widely used to understand
the transmission and control of HAT [8, 10–32]. The aforementioned studies improved
the existing knowledge on HAT dynamics. For example, the study of Hagrove et al. [10]
demonstrated that treating cattle with insecticides could be useful on HAT management.
Pandey et al. [11], Funk et al. [12], Ndondo et al. [13] and Rock et al. [14] among others
explored the role of animals as reservoirs on HAT dynamics. Their studies demonstrated
that animals play an integral role of HAT dynamics hence they need to be incorporated
in the frameworks that seek to explore the intrinsic dynamics of HAT. Stone and Chitnis
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[15] utilised a mathematical model to explore the effects of heterogeneous biting exposure
and animal hosts on Trypanosoma brucei gambiense transmission and control. Outcomes
from their study highlighted that heterogeneity biting rates as well as ecological and envi-
ronmental factors play a crucial role on Trypanosoma brucei gambiense transmission and
control.

Recently, Lord et al. [16], Alderton et al. [17] and Ackley and Hagrove [18] explored
the role of temperature on HAT dynamics. Alderton et al. [17] utilised an agent based
model to explore the effects of temperature on seasonal HAT transmission. Among sev-
eral other outcomes, their work suggested that mathematical models could strongly mirror
the transmission dynamics of HAT. In particular, they found out that their model solutions
were in agreement with reality. Lord et al. [16] developed a mathematical model for HAT
that incorporated the effects of temperature on mortality, larviposition and emergence
rates. Making use of the epidemiological data for infection in cattle they validated their
framework, and findings from their work highlighted that temperature variations are key
to tsetse distribution and abundance. Ackley and Hagrove [18] developed a dynamical
model to simulate female tsetse populations and the associated changes in their age dis-
tribution. One of the key findings from their work is that for temperatures greater than
25◦C mortality among immature classes of the vector increases substantially.

As concerted efforts to “eliminate” HAT continue to increase, with the current set tar-
get being “the reduction of gambiense HAT incidence to less than 1 new case per 10,000
population at risk in at least 90% of foci with fewer than 2000 cases reportedly globally by
2020” and “to target zero incidence of the disease by 2030” [19], different modelling ap-
proaches need to be utilised to continue the characterisation of the relationship between
temperature and HAT. In this paper, we utilise fractional calculus to explore the effects of
temperature on Trypanosoma brucei rhodesiense.

Although the aforementioned studies improved our quantitative and qualitative knowl-
edge on the relationship between temperature and HAT, most of the mathematical models
of infectious diseases have been described by the ordinary differential equations (ODEs)
in which the order of derivative is an integer. However, recent studies suggest that mod-
els that use integer-order differentiation do not adequately capture memory effects, long-
rage interactions and hereditary properties, which govern many real world problems [33].
In contrast, it has been proved that models that utilise fractional differentiation provide
“more reasonable” outcomes compared to those that use integer-order differentiation [33]
since they can capture memory effects. Moreover, several researchers concur that many
real world problems are influenced by history, suggesting that memory has a strong im-
pact on the underlying dynamics. Based on this notion, fractional-order calculus has been
widely and extensively used in many fields such as engineering, biochemistry, finance,
chemistry, medicine, biology and so on, compared to the classical order [34, 35].

Prior studies suggest that evolution and control of epidemic processes in human soci-
eties cannot be considered without any memory effect [33–36]. In particular, they argue
that whenever a disease spreads within a community, individuals gain knowledge or ex-
perience, which greatly influences their response [33]. Thus once people are aware of a
certain disease and its impact they use suitable mitigation strategies to minimise contact
between themselves and vectors, thereby minimising chances of being infected. Evidently,
this results in some endogenous controlled suppression of the spreading, although other
factors can help [33]. Based on this assertion, fractional-order derivative is more suited
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for modelling problems involving memory, which is the case in most biological systems
[36]. Another advantage of using fractional-order derivative is that it enlarges the stabil-
ity region of the dynamical systems [36]. Motivated by this discussion we believe that the
memory has an effect on HAT dynamics. The framework proposed in this study includes
the life cycle of tsetse flies, humans and animals. Furthermore, the model incorporates the
formulae proposed by Artzrouni and Gouteux [25] to explore the role of human detection
and vector control on short and long term dynamics of the disease at different temperature
levels.

The rest of the paper is organised as follows. In Sect. 2, we present preliminaries on the
Caputo fractional calculus. The proposed model and analytical results are presented in
Sect. 3. In Sect. 4, the dynamical behaviour of the proposed model is investigated. Pre-
cisely, we compute the basic reproduction number and investigate the stability of the
model’s steady states. In Sect. 5, numerical experiments are done in order to verify theo-
retical results presented in the study. Finally, a brief discussion rounds up the paper.

2 Preliminaries on the Caputo fractional calculus
We begin by introducing the definition of Caputo fractional derivative and stating related
theorems (see [37–41]) that we will utilise to derive important results in this work.

Definition 2.1 Suppose that α > 0, t > a, α, a, t ∈ R. The Caputo fractional derivative is
given by

c
aDα

t f (t) =
1

Γ (n – α)

∫ t

a

f n(ξ )
(t – ξ )α+1–n dξ , n – 1 < α, n ∈N.

Definition 2.2 (Linearity property [37]) Let f (t), g(t) : [a, b] →R be such that c
aDα

t f (t) and
c
aDα

t g(t) exist almost everywhere, and let c1, c2 ∈ R. Then c
aDα

t (c1f (t)) + c
aDα

t (c2g(t)) exists
everywhere, and

c
aDα

t
(
c1f (t) + c2g(t)

)
= c1

c
aDα

t f (t) + c2
c
aDα

t g(t).

Definition 2.3 (Caputo derivative of a constant [40]) The fractional derivative for a con-
stant function f (t) = c is zero, that is,

c
aDα

t c = 0.

Let us consider the following general type of fractional differential equations involving
Caputo derivative:

c
t0 Dα

t x(t) = f
(
t, x(t)

)
, α ∈ (0, 1) (1)

with initial condition x0 = x(t0).

Definition 2.4 (see [37]) The constant x∗ is an equilibrium point of the Caputo fractional
dynamic system (1) if and only if f (t, x∗) = 0.

Definition 2.5 (see [41]) For the system described by (1):
(i) The trivial solution is said to be stable if, for any t0 ∈R and any ε > 0, there exists

δ = δ(t0, ε) such that ‖x(t0)‖ < δ implies ‖x(t)‖ < ε for all t > t0.
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(ii) The trivial solution is said to be asymptotically stable if it is stable and, for any
t0 ∈R and any ε > 0, there exists δa = δa(t0, ε) > 0 such that ‖x(t)‖ < δa implies
limt→∞ ‖x(t)‖ = 0.

(iii) The trivial solution is said to be uniformly stable if it is stable and δ = δ(ε) > 0 can
be chosen independently of t0.

(iv) The trivial solution is uniformly asymptotically stable if it is uniformly stable and
there exists δa.0, independent of t0, such that if ‖x(t0)‖ < δa, then limt→∞ ‖x(t)‖ = 0.

(v) The trivial solution is globally (uniformly) asymptotically stable if it is (uniformly)
asymptotically stable and δa can be an arbitrary large finite number.

Theorem 2.1 (Uniform asymptotic stability [37, 42]) Let x∗ be an equilibrium point for
the nonautonomous fractional-order system (1) and Ω ⊂ R

n be a domain containing x∗.
Let L : [0,∞) × Ω →R be a continuously differentiable function such that

W1(x) ≤ L
(
t, x(t)

) ≤ W2(x)

and

c
aDα

t L
(
t, x(t)

) ≤ –W3(x)

for all α ∈ (0, 1) and all x ∈ Ω , where W1(x), W2(x) and W3(x) are continuous positive def-
inite functions on Ω . Then the equilibrium point of system (1) is uniformly asymptotically
stable.

The following theorem summarises a lemma proved in [37], where a Volterra-type Lya-
punov function is obtained for fractional-order epidemic systems.

Theorem 2.2 (see [37]) Let x(·) be a continuous and differentiable function with x(t) ∈R+.
Then, for any time instant t ≥ t0, one has

c
t0 Dα

t

(
x(t) – x∗ – x∗ ln

x(t)
x∗

)
≤

(
1 –

x∗

x(t)

)
c
t0 Dα

t x(t), x∗ ∈R
+,∀α ∈ (0, 1).

Theorem 2.3 (see [43]) Let α > 0, n – 1 < α < n –N. Suppose that f (t), f ′(t), . . . , f (n–1)(t) are
continuous on [t0,∞) and the exponential order and that c

t0 Dα
t f (t) is piecewise continuous

on [t0,∞). Then

L
{c

t0 Dα
t f (t)

}
= sαF (s) –

n–1∑
k=0

sα–k–1f (k)(t0),

where F (s) = L{f (t)}.

Theorem 2.4 (see [44]) Let C be a complex plane. For any α > 0 β > 0 and A ∈ C
n×n, we

have

L
{

tβ–1Eα,β
(
Atα

)}
= sα–β

(
sα – A

)–1

for Rs > ‖A‖ 1
α , where Rs represents the real part of the complex number s, and Eα,β is the

Mittag-Leffler function [45].
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3 Mathematical model
In this section, the Caputo fractional calculus has been used to formulate and explore the
role of temperature on the transmission and control of Trypanosoma brucei rhodesiense.
The proposed mathematical model demonstrates the interplay between the tsetse and two
hosts, humans and animals. Furthermore, the proposed framework consists of two parts
(i) the life cycle of the tsetse flies and (ii) the full model that governs HAT transmission
dynamics when the tsetse fly population growth persists. Comprehensive details on the
modelling of the early stages of the tsetse flies can be found in [13]. As proposed in [13],
let the following system summarise the dynamical growth of the tsetse fly:

c
t0 Dα

t L(t) = bα
l WNv(1 – L

Kα
l

) – (σα
l + μα

p )L,
c
t0 Dα

t Nv(t) = σα
l L – μα

v Nv.

}
(2)

The variable L(t) represent the pupal stage of the tsetse, and Nv(t) denotes the total adult
vector population at time t, which is comprised of susceptible Sv(t) and infectious Iv(t).
Thus, Nv = Sv + Iv. In addition, all model parameters and variables in system (2) are con-
sidered to be positive, and the parameters are defined as follows: bl represents the rate at
which female flies give birth to larvae; W denotes a fraction of female flies in the popula-
tion of adult flies; Kl is the pupal carrying capacity of the nesting site; σl is the transition
from pupal stage into an adult fly, thus 1/σl represents the average time a fly spends as a
pupa; μp and μv account for mortality rate of pupae and adult flies, respectively.

Assuming that the growth of the tsetse fly persists, we now present the full model
that governs disease transmission. Thus, we subdivide the two host populations (humans
and animals) into compartments of: the susceptible Si(t), the infectious Ii(t) and the re-
covered Ri(t), i = a, h. The subscripts a and h represent the animal and human popula-
tions, respectively. It follows that the total population of each host at time t is given by
Ni(t) = Si(t) + Ii(t) + Ri(t). The proposed fractional-order model has the form

c
t0 Dα

t Sv(t) = σα
l L – (βα

hvIh + βα
avIa)Sv – μα

v Sv,
c
t0 Dα

t Iv(t) = (βα
hvIh + βα

avIa)Sv – μα
v Iv,

c
t0 Dα

t Sh(t) = Λα
h – βα

vhf (Iv)Sh – μα
h Sh,

c
t0 Dα

t Ih(t) = βα
vhf (Iv)Sh – (μα

h + γ α
h )Ih,

c
t0 Dα

t Sa(t) = Λα
a – βα

vaf (Iv)Sa – μα
a Sa,

c
t0 Dα

t Ia(t) = βα
vaf (Iv)Sa – (μα

a + γ α
a )Ia,

c
t0 Dα

t Rh(t) = γ α
h Ih – μα

h Rh,
c
t0 Dα

t Ra(t) = γ α
a Ia – μα

a Ra.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3)

All model parameters and variables in system (3) are considered to be positive, and the
parameters are defined as follows: parameter Λj, j = a, h, represents the constant recruit-
ment rate of the host population through birth and they are assumed to be susceptible, μi,
i = a, h, v, denotes natural mortality rate, βvk represents the transmission rate of infection
from an infected tsetse vector to a susceptible host k given that effective contact between
the two species occurs, βkv represents disease transmission from an infected host k to a
susceptible vector given that effective contact between the two occurs, γk is the recovery
rate for the host population. Furthermore, disease transmission from infectious vectors
to susceptible hosts is modelled by a nonlinear incidence rate, and the function f (Iv) is
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equivalent to

f (Iv) =
Iv

1 + θ Iv
,

where θ is a positive constant.
As highlighted earlier, temperature plays a crucial role on Trypanosoma brucei rhode-

siense transmission dynamics. To account for this effect, we now remodel parameters of
system (2) and (3): bl is the rate at which female flies give birth to larvae; σl denotes pupal
development rate; μp denotes pupal mortality rate and μv is adult tsetse mortality rate;
and functions of temperature. In particular, we adopted the following function [16, 46] to
model the rate at which female flies give birth to larvae:

bl = d1 + d2(T – T0), (4)

where T0 was set to 20◦C [16]. Function (4) was derived by Hargrove [46] when the author
used ovarian dissection data from marked and released G. m. morsitans and G. pallidipes
at Rekomitjie. Precisely, Hargrove’s work suggested that the larviposition rate per day in-
creases linearly between 20◦C and 30◦C. Adult fly mortality rate μv is now modelled by

μv =

⎧⎨
⎩

a1 for T ≤ 25,

a1ea2(T–25) for T > 25,

where T is the temperature in ◦C, a2 parameterises the increase at higher temperatures.
Based on the laboratory experiments performed by Phelps [2], pupal survival to adulthood
depends on temperature variations and is highest for temperatures between about 20◦C
and 30◦C. As temperatures move from this range, the mortality rises sharply, leading to a
U-shaped curve, and a suitable function to represent this relation is

μp = b1 + b2 exp
(
–b3(T – T2)

)
+ b4 exp

(
b5(T – T3)

)
,

where T is the temperature in ◦C, T2 and T3 are not parameters but are constants selected
to ensure that the coefficients b3 and b5 are in a convenient range, and in our simulation
these will be set to 16◦C and 32◦C as in [16].

Additional important result from Phelps’ work was the quantification of the daily rate
of pupal development σL in G. m. morsitans as a function of constant temperature. The
following function was considered to be the best representation of pupal emergence and
temperature variations:

σl =
c1

1 + exp(c2 + c3T)
,

where T represents the mean daily temperature and c1, c2 and c3 parametrise pupal hatch-
ing rate [16].

Remark 3.1 Note that, in order to avoid flaws regarding the time dimension, we intro-
duced α in the model parameters (right-hand side) of both systems (2) and (3), so that the
dimensions of these parameters become (time)–α , which is in agreement with the left-hand
side of the model.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Helikumi et al. Advances in Difference Equations        (2020) 2020:284 Page 8 of 23

It is worth noting that there is need to derive the threshold quantity that determines the
growth of the tsetse fly population. Thus, the analysis of the proposed model will begin
with system (2). Once this threshold condition has been determined, one can then proceed
to investigating the dynamical behaviour of system (3).

4 Analytical results of the proposed framework
4.1 The dynamical behaviour of system (2)
In this section, the dynamical behaviour of system (2) is investigated. The basic properties
of the model and other fundamental results will be established.

4.1.1 Basic properties of the model
Theorem 4.1 Let X (t) = (L(t), Nv(t)) be the unique of model (2) for t ≥ 0. Then the solution
X (t) remains in R

2
+.

Proof To demonstrate that the solution X (t) of model (2) is nonnegative, there is need
to investigate the direction of the vector field given by the right-hand side of (2) on each
space and determine whether the vector field points to the interior of R2

+ or is tangent to
the coordinate space. Since

c
t0 Dα

t L(t)|L=0 = bα
l WNv ≥ 0,

c
t0 Dα

t Nv(t)|Nv=0 = σα
l L ≥ 0.

The results presented imply that the vector field given by the right-hand side of (2) on each
coordinate plane is either tangent to the coordinate plane or points to the interior of R2

+.
Hence, the domain R

2
+ is a positively invariant region. Moreover, if the initial conditions

of system (2) are nonnegative, then it follows that the corresponding solutions of model
(2) are nonnegative. �

Theorem 4.2 Let X (t) = (L(t), Nv(t)) be the unique of model (2) for t ≥ 0. Then the solution
X (t) is bounded above, that is, X (t) ∈ Ω where Ω denotes the feasible region and is given
by

Ω =
{

(L, Nv) ∈R
2
+|0 ≤ L ≤ Kα

l , 0 ≤ Nv ≤ C
}

.

Proof For model (2) to be biologically meaningful, all model solutions need to be positive.
Hence, from the first equation of model (2), one can easily note that for all solutions of this
equation to remain positive the following condition must hold 0 ≤ L(t) ≤ Kα

l ; otherwise,
the solutions will be negative and biologically irrelevant. From the bounds of L(t), it follows
that

c
t0 Dα

t Nv(t) = σα
l L – μα

v Nv

≤ σα
l Kα

l – μα
v Nv.

By closely following Theorems 2.3 and 2.4, applying the Laplace transform leads to

sαL
(
NV (t)

)
– sα–1Nv(0) ≤ σα

l Kα
l

s
– μα

vL
(
Nv(t)

)
.
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Combining the like terms, one gets

L
(
Nv(t)

) ≤ σα
l Kα

l
s–1

sα + μα
v

+ Nv(0)
sα–1

sα + μα
v

= σα
l Kα

l
sα–(1+α)

sα + μα
v

+ Nv(0)
sα–1

sα + μα
v

.

Applying the inverse Laplace transform leads to

Nv(t) ≤L–1
{
σα

l Kα
l

sα–(1+α)

sα + μα
v

}
+ L–1

{
Nv(0)

sα–1

sα + μα
v

}

≤ σα
l Kα

l tαEα,α+1
(
–μvtα

)
+ NV (0)Eα,1

(
–μvtα

)

≤ σα
l Kα

l
μα

v
μα

v tαEα,α+1
(
–μvtα

)
+ NV (0)Eα,1

(
–μvtα

)

≤ max

{
σα

l Kα
l

μα
v

, Nv(0)
}(

μα
v tαEα,α+1

(
–μvtα

)
+ Eα,1

(
–μvtα

))

=
C

Γ (1)
= C, (5)

where C = max{ σα
l Kα

l
μα

v
, Nv(0)}. Thus, NV (t) is bounded from above. Hence, one can con-

clude that the solution X1(t) is bounded above. �

4.1.2 Equilibrium points and their stability
In what follows, we derive the fundamental results for model (2). Through direct calcula-
tions, one can note that model (2) has two equilibrium points, trivial (L, Nv) = (0, 0) and
nontrivial

{
L∗, N∗

v
}

=
{(

1 –
1
r

)
Kα

l ,
σα

l
μα

v

(
1 –

1
r

)
Kα

l

}
,

where

r =
σα

l
σα

l + μα
p

bα
l

μα
v

W ,

r is a threshold quantity that determines growth of the tsetse fly population. It is defined as
the likelihood of the fly to survive the pupal stage multiplied by the surviving population
of female flies [13].

Theorem 4.3
(i) If r ≤ 1, then the equilibrium point (0, 0) is the sole equilibrium point of system (2)

and it is globally (uniformly) asymptotically stable in Ω .
(ii) If r > 1, then the equilibrium (L∗, N∗

v ) is globally (uniformly) asymptotically stable in
int(Ω).

Proof We will use Lyapunov functionals to demonstrate that Theorem 4.3 holds.
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(i) To investigate the first part of Theorem 4.3, we consider the following Lyapunov
function:

U1(t) =
μα

v
bα

l W
L(t) + Nv(t).

Observe that the function U(t) is defined, continuous and positive definite for all
L(t) and Nv(t). It follows from Definition (2.2) that

c
t0 Dα

t U1(t) =
μα

v
bα

l W
c
t0 Dα

t L(t) + c
t0 Dα

t Nv(t)

=
μα

v
bα

l W

[
bα

l WNv

(
1 –

L
Kα

l

)
–

(
σα

l + μα
p
)
L
]

+ σα
l L – μα

v Nv

= –
μα

v NvL
Kα

l
–

σα
l
r

(1 – r).

Since c
t0 Dα

t U(t) < 0, for r < 1, we can conclude that the equilibrium point (0, 0) is
globally (uniformly) asymptotically stable in Ω . Now, we proceed to demonstrating
item (ii).

(ii) Consider the following Lyapunov function:

U2(t) = a1

[
L(t) – L∗ – L∗ ln

(
L(t)
L∗

)]
+ a2

[
Nv(t) – N∗

v – N∗
v ln

(
Nv(t)
N∗

v

)]
,

where a1 and a2 are positive constants to be determined. Applying Lemma 2.2 leads
to

c
t0 Dα

t U2(t) ≤ a1

(
1 –

L∗

L(t)

)
c
t0 Dα

t L(t) + a2

(
1 –

N∗
v

Nv(t)

)
c
t0 Dα

t Nv(t)

= a1

(
1 –

L∗

L(t)

)(
g(Nv, L) –

(
σα

l + μα
p
)
L
)

+ a2

(
1 –

N∗
v

Nv(t)

)(
σα

l L – μα
v Nv

)
,

with g(Nv, L) = bα
l WNv(1 – L

Kα
l

).

Setting a1 = 1 and a2 = g(N∗
v , L∗) > 0, with g(N∗

v , L∗) = bα
l WNv(1 – L∗

Kα
l

).
Furthermore, by utilising the identities g(N∗

v , L∗) = (σα
l + μα

p )L∗ and σα
l L∗ = μα

v N∗
v ,

one gets

c
t0 Dα

t U2(t) ≤ g
(
N∗

v , L∗)(2 –
Nv

N∗
v

–
LN∗

v
L∗Nv

–
L∗

L
g(Nv, L)

g(N∗
v , L∗)

+
g(Nv, L)

g(N∗
v , L∗)

)
.

Let Φ(x) = 1 – x + ln x for x > 0. It follows that Φ(x) ≤ 0, with the equality satisfied
if and only if x = 1. Using this relation, we have

2 –
Nv

N∗
v

–
LN∗

V
L∗NV

–
L∗

L
g(NV , L)
g(N∗

V , L∗)
+

g(NV , L)
g(N∗

V , L∗)

= Φ

(
LN∗

V
L∗NV

)
+ Φ

(
L∗

L
g(NV , L)
g(N∗

V , L∗)

)
–

Nv

N∗
v

+
g(NV , L)
g(N∗

V , L∗)
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– ln

(
N∗g(NV , L)
Ng(N∗

V , L∗)

)

≤ ln

(
Nv

N∗
v

)
–

Nv

N∗
v

+
g(NV , L)
g(N∗

V , L∗)
– ln

(
g(NV , L)
g(N∗

V , L∗)

)

≤ 0.

Hence, we can conclude that if r > 1, then the equilibrium (L∗, N∗
v ) is globally

(uniformly) asymptotically stable in int(Ω). From the above analytical results we can
also deduce that if r < 1, then the tsetse vector population will go into extinction and
for r > 1 it will persist. Thus, as we proceed to perform the analysis of (2), we will
consider r > 1 implying the tsetse flies are at the equilibrium (L∗, N∗

v ). �

4.2 Analysis of the full model
We have noted that the tsetse population grows if r > 1 and the equilibrium (L∗, N∗

V ) will
be globally (uniformly) asymptotically stable. Therefore, in this section, we explore the
dynamics of the full model, and we will consider L = L∗. Furthermore, as we can observe,
the last two equations in system (3) do not influence the dynamics of the disease since all
the other six equations do not depend on these equations. Hence, without loss of generality
one can explore the dynamics of the disease based on a reduced system:

c
t0 Dα

t Sv(t) = σα
l L∗ – (βα

hvIh + βα
avIa)Sv – μα

v Sv,
c
t0 Dα

t Iv(t) = (βα
hvIh + βα

avIa)Sv – μα
v Iv,

c
t0 Dα

t Sh(t) = Λα
h – βα

vhf (Iv)Sh – μα
h Sh,

c
t0 Dα

t Ih(t) = βα
vhf (Iv)Sh – (μα

h + γ α
h )Ih,

c
t0 Dα

t Sa(t) = Λα
a – βα

vaf (Iv)Sa – μα
a Sa,

c
t0 Dα

t Ia(t) = βα
vaf (Iv)Sa – (μα

a + γ α
a )Ia.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6)

4.2.1 Basic properties of the model
By closely following the approach in Sect. 4.1.1 one can easily verify the positivity and
boundedness of solutions for system (6). For instance, we can note that all the solutions of
system (6) are unique and positive since

c
t0 Dα

t Sv(t) = σα
l L∗ ≥ 0,

c
t0 Dα

t Iv(t) = (βα
hvIh + βα

avIa)Sv ≥ 0,
c
t0 Dα

t Sh(t) = Λα
h ≥ 0,

c
t0 Dα

t Ih(t) = βα
vhf (Iv)Sh ≥ 0,

c
t0 Dα

t Sa(t) = Λα
a ≥ 0,

c
t0 Dα

t Ia(t) = βα
vaf (Iv)Sa ≥ 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(7)

Moreover, by following the approach used earlier, it can determined that 0 ≤ Ni(t) ≤
max{Λα

i
μα

i
, Ni(0)} for i = a, h implying that all the solutions of system (6) are bounded above.

4.2.2 Equilibrium points and their stability
In the absence of the disease in the community, system (6) admits a trivial equilibrium
point also known as the disease-free equilibrium (DFE) and given by

E0 :
(
S0

h, I0
h , S0

a, I0
a , S0

v , I0
v
)

=
(

Λα
h

μα
h

, 0,
Λα

a
μα

a
, 0,

σα
l

μα
v

(
1 –

1
r

)
Kα

l , 0
)

.
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Following the next generation matrix approach [47, 48], it can easily be verified that the
basic reproduction number of system (6) is

R0 =

√
Kα

l
σα

l
μα

v

(
1 –

1
r

)(
βα

vhβ
α
hvΛ

α
h

μα
v μα

h (μα
h + γ α

h )
+

βα
avβ

α
vaΛ

α
a

μα
v μα

a (μα
a + γ α

a )

)
. (8)

The basic reproduction number R0 is defined to be the expected number of secondary
cases (vector or host) produced in a completely susceptible population by one infectious
individual (vector or host, respectively) during its lifetime as infectious. The basic repro-
duction number is an integral epidemiological metric for understanding Trypanosoma
brucei rhodesiense persistence and extinction. As we can observe, this metric depends on
disease transmission parameters βij for i = j = a, h, v, the average infectious period of the
vector (host) 1

(μα
i +γ α

i ) , vector competence and survival σα
l

μ2α
v

(1 – 1
r )Kα

l .

Remark 4.1 From the expression of the basic reproduction number (8), one can observe
that if r = 1, R0 = 0, and for r < 1, we have R0 ≤ 1. This implies that whenever r ≤ 1 the
disease will not persist in the community since the tsetse fly population would naturally
become extinct.

Next, we investigate the stability of the steady states of system (6). We will begin with
the disease-free equilibrium (DFE).

Theorem 4.4 For α ∈ (0, 1), the disease-free equilibrium of system (6) is globally (uni-
formly) asymptotically stable for R0 < 1.

Proof Consider the following Lyapunov functional:

L0(t) = c1

{
Sh(t) – S0

h – S0
h ln

Sh(t)
S0

h

}
+ c1Ih(t) + c2

{
Sa(t) – S0

a – S0
a ln

Sa(t)
S0

a

}

+ c2Ia(t) + c3

{
Sv(t) – S0

v – S0
v ln

Sv(t)
S0

v
+ Iv(t)

}
,

where c1, c2 and c3 are positive constants to be determined. Now, it follows from Defini-
tion 2.2 and Lemma 4.3 that

c
t0 Dα

t L0(t) ≤ c1

(
1 –

S0
h

Sh

)
c
t0 Dα

t Sh + c1
c
t0 Dα

t Ih + c2

(
1 –

S0
a

Sa

)
c
t0 Dα

t Sa

+ c2
c
t0 Dα

t Ia + c3

(
1 –

S0
v

Sv

)
c
t0 Dα

t Sv + c3
c
t0 Dα

t Iv.

Setting

c1 = μα
v βα

hv
(
μα

a + γ α
a
)
, c2 = μα

v βα
av

(
μα

h + γ α
h
)
,

c3 =
(

βα
hvβ

α
vhΛ

α
h (μα

a + γ α
a )

μα
h

+
βα

vaβ
α
avΛ

α
a (μα

h + γ α
h )

μα
a

)
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and simplifying one gets:

c
t0 Dα

t L0(t) ≤ –μα
v μα

hβα
hv

(
μα

a + γ α
a
) (Sh – S0

h)2

Sh
– μα

v μα
aβα

av
(
μα

h + γ α
h
) (Sa – S0

a)2

Sa

–
(

βα
hvβ

α
vhΛ

α
h (μα

a + γ α
a )μα

v
μα

h
+

βα
vaβ

α
avΛ

α
a (μα

h + γ α
h )μα

v
μα

a

)
(Sv – S0

v )2

Sv

–
(

βα
hvβ

α
vhΛ

α
h (μα

a + γ α
a )μα

v

μα
h

+
βα

vaβ
α
avΛ

α
a (μα

h + γ α
h )μα

v

μα
a

)
θ f (Iv)Iv

– μα
v
(
μα

a + γ α
a
)(

μα
h + γ α

h
)(

βα
hvIh + βα

avIa
)(

1 – R2
0
)
.

Since all the parameters and variables in system (6) are nonnegative, it follows that
c
t0 Dα

t L0(t) < 0 holds if R0 < 1. Therefore, by the LaSalle invariance principle [49], we con-
clude that the DFE of system (6) is globally (uniformly) asymptotically stable whenever
R0 < 1. This completes the proof. Biologically, this implies that whenever R0 < 1 then the
disease dies out in the community. �

Theorem 4.5 Let E∗ = (S∗
i , I∗

i ) for i = a, h, v be the endemic equilibrium point of system (6).
Then, for α ∈ (0, 1) and R0 > 1, the endemic equilibrium point E∗ is globally (uniformly)
asymptotically stable.

Proof Consider the following Lyapunov functional:

L1(t) = b1

(
Sh(t) – S∗

h – S∗
h ln

Sh(t)
S∗

h

)
+ b2

(
Ih(t) – I∗

h – I∗
h ln

Ih(t)
I∗

h

)

+ b3

(
Sa(t) – S∗

a – S∗
a ln

Sa(t)
S∗

a

)
+ b4

(
Ia(t) – I∗

a – I∗
a ln

Ia(t)
I∗

a

)

+ b5
(

Sv(t) – S∗
v – S∗

v ln
Sv(t)

S∗
v

)
+ b6

(
Iv(t) – I∗

v – I∗
v ln

Iv(t)
I∗

v

)
,

where bi =, i = 1, 2, 3, . . . , 6, are positive constants to be determined. Applying Lemma 4.3
leads to

c
t0 Dα

t L1(t) ≤ b1

(
1 –

S∗
h

Sh

)
c
t0 Dα

t Sh + b2

(
1 –

I∗
h

Ih

)
c
t0 Dα

t Ih + b3

(
1 –

S∗
a

Sa

)
c
t0 Dα

t Sa

+ b4

(
1 –

I∗
a

Ia

)
c
t0 Dα

t Ia + b5

(
1 –

S∗
v

Sv

)
c
t0 Dα

t Sv + b6

(
1 –

I∗
v

Iv

)
c
t0 Dα

t Iv.

Setting bi = 1 for i = 1, 2, 3, 4 and b5 = b6 = βα
vhf (I∗v )S∗

h
βα

hvI∗h S∗
v

+ βα
vaf (I∗v )S∗

a
βα

avI∗a S∗
v

and utilising the following
identities (which exist at the endemic point)

⎧⎪⎪⎨
⎪⎪⎩

Λα
h = βα

vhf (I∗
v )S∗

h + μα
h S∗

h, (μα
h + γ α

h )I∗
h = βα

vhf (I∗
v )S∗

h,

Λα
a = βα

vaf (I∗
v )S∗

a + μα
a S∗

a, (μα
a + γ α

a )I∗
a = βα

vaf (I∗
v )S∗

a,

σα
l L∗ = (βα

hvI∗
h + βα

avI∗
a )S∗

v + μα
v S∗

v , μα
v I∗

v = (βα
hvI∗

h + βα
avI∗

a (t))S∗
v ,

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Helikumi et al. Advances in Difference Equations        (2020) 2020:284 Page 14 of 23

one gets

DαL1(t) ≤ μα
h S∗

h

(
2 –

Sh

S∗
h

–
S∗

h
Sh

)

︸ ︷︷ ︸
(1)

+βα
vaf

(
I∗

v
)
S∗

a
βα

hvI∗
h

βα
avI∗

a

(
2 –

S∗
v

Sv
–

Iv

I∗
v

–
SvI∗

v Ih

S∗
v IvI∗

h
+

Ih

I∗
h

)

︸ ︷︷ ︸
(2)

+ βα
vhf

(
I∗

v
)
S∗

h

(
4 –

S∗
h

Sh
–

ShI∗
h f (Iv)

S∗
hIhf (I∗

v )
–

S∗
v

Sv
–

Iv

I∗
v

–
SvI∗

v Ih

S∗
v IvI∗

h
+

f (Iv)
f (I∗

v )

)

︸ ︷︷ ︸
(3)

+ μα
a S∗

a

(
2 –

Sa

S∗
a

–
S∗

a
Sa

)

︸ ︷︷ ︸
(4)

+βα
vhf

(
I∗

v
)
S∗

h
βα

avI∗
a

βα
hvI∗

h

(
2 –

S∗
v

Sv
–

Iv

I∗
v

–
SvI∗

v Ia

S∗
v IvI∗

a
+

Ia

I∗
a

)

︸ ︷︷ ︸
(5)

+ βα
vaf

(
I∗

v
)
S∗

a

(
4 –

S∗
a

Sa
–

SaI∗
a f (Iv)

S∗
aIaf (I∗

v )
–

S∗
v

Sv
–

Iv

I∗
v

–
SvI∗

v Ia

S∗
v IvI∗

a
+

f (Iv)
f (I∗

v )

)

︸ ︷︷ ︸
(6)

+ μα
v S∗

v

(
βα

vhf (I∗
v )S∗

h
βα

hvI∗
h S∗

v
+

βα
vaf (I∗

v )S∗
a

βα
avI∗

a S∗
v

)(
2 –

Sv

S∗
v

–
S∗

v
Sv

)

︸ ︷︷ ︸
(7)

.

Since the arithmetic mean is greater than or equal to the geometric mean, it follows that
for (1), (4) and (7) the following is satisfied:

(
2 –

Si

S∗
i

–
S∗

i
Si

)
≤ 0. (9)

Furthermore, let Φ(x) = 1 – x + ln x for x > 0. It follows that Φ(x) ≤ 0 with equality if and
only if x = 1. Utilising the aforementioned properties of Φ(x), we can demonstrate that the
terms in the brackets are less or equal to zero. Let k = a, h, so that from (2) and (5) we can
write

2 –
S∗

v
Sv

+
Ik

I∗
k

–
Iv

I∗
v

–
SvI∗

v Ik

S∗
v IvI∗

k
,

= Φ

(
S∗

v
Sv

)
+ Φ

(
SvI∗

v Ik

S∗
v IvI∗

k

)
– ln

(
I∗

v Ik

IvI∗
k

)
+

Ik

I∗
k

–
Iv

I∗
v

≤ Ik

I∗
k

– ln

(
Ik

I∗
k

)
–

Iv

I∗
v

+ ln

(
Iv

I∗
v

)

≤ 0. (10)

In addition, from (3) and (6) we have

4 –
S∗

k
Sk

–
SkI∗

k f (Iv)
S∗

k Ikf (I∗
v )

–
S∗

v
Sv

–
Iv

I∗
v

–
SvI∗

v Ik

S∗
v IvI∗

k
+

f (Iv)
f (I∗

v )
,

= Φ

(
S∗

k
Sk

)
+ Φ

(
S∗

v
Sv

)
+ Φ

(
SkI∗

k f (Iv)
S∗

k Ikf (I∗
v )

)
+ Φ

(
SvI∗

v Ik

S∗
v IvI∗

k

)

–
Iv

I∗
v

+
f (Iv)
f (I∗

v )
– ln

(
f (Iv)I∗

v
f (I∗

v )Iv

)
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≤ ln

(
Iv

I∗
v

)
–

Iv

I∗
v

+
f (Iv)
f (I∗

v )
– ln

(
f (Iv)
f (I∗

v )

)

≤ 0. (11)

From (9), (10) and (11), it follows that DαL1(t) ≤ 0 whenever R0 > 1. Therefore, by the
invariant principle of LaSalle [49], system (6) admits a globally (uniformly) asymptotically
stable endemic equilibrium for R0 > 1. In a nutshell, the result implies that whenever R0 >
1 the disease will persist unless intervention strategies that are capable of reducing R0 to
value less than unity are implemented. �

5 Numerical results and discussion
In this section, numerical experiments are conducted using MATLAB software in order
to support analytical findings presented in the previous section. For the numerical im-
plementation of fractional derivatives, we have utilised the Adam–Bashforth–Moulton
(ABM) scheme, which has been implemented in the Matlab code fde12 by Garrappa [50].
This code implements a predictor-corrector PECE method of ABM type, as described in
[51]. For aspects on convergence and accuracy of the numerical technique utilised, we re-
fer readers to [52]. Furthermore, comprehensive details on stability of predictor-corrector
algorithms for fractional differential equations are found in [53].

The baseline values for temperature dependent parameters are given in Table 1, and the
remaining model parameters which are not temperature are given in Table 2. We have
redefined some of the parameters as follows: Λh = μhNh, Λa = μaNa, implying that the
host birth rate is now regarded to be equivalent to natural mortality rate. In addition, we set
βav = pξψ , βhv = (1–p)ξω, βva = pξu and βvh = (1–p)ξb, where p is the proportion of tsetse
fly bite on animals, ξα is the fly biting rate, ψ is the probability that a susceptible fly gets
infected upon contact with an infectious animals, ω is the probability that a susceptible
fly gets infected upon contact with an infectious human, u and b represent the probability
that an infectious fly infects an animal and a human, respectively, upon contact. In all the
simulation results we set ω = ψ = 3.55×10–4 and b = u = 8.3×10–4. These baseline values
were based upon consultation of several published frameworks.

On simulating system (6) we assumed the following initial population levels: L = 1300,
Nv = 1500, Sv = 1000, Iv = 500, Sh = 900, Ih = 100, Sa = 380, Ia = 120 and θ = 0.8. Without
loss of generality, we set the values of the fractional order to be α = 0.5, α = 0.7, α = 0.9, α =
1.0. Model parameters that are considered to be independent of temperature are in Table 2.
All the baseline values for these parameters were adopted from the work of Ndondo et al.
[13]. Note that K will be varied in order to obtain different values of R0. Additional model
parameters dependent on temperature are presented in Table 1, and all the baseline values
were adopted from the work of Lord et al. [16].

Numerical results in Fig. 1 demonstrate the relationship between the basic reproduction
number R0 and temperature in ◦C. We can observe that as temperature increases from
the critical minimum T = 16◦ C, the basic reproduction number R0 gradually increases
till the highest value is attained at optimum temperature T = 25◦C, thereafter R0 sharply
declines. Furthermore, we can also note that when T < 16◦C then R0 < 1.

Numerical results in Fig. 2 illustrate the dynamics of the infected population when for
R0 ≤ 1. As we can note, all the populations converged to the disease-free equilibrium,
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Table 1 Description of temperature dependent model parameters used in system (6). All the
parameter values were adopted from the work of Lord et al. [16]

Function Definition Parameter Baseline value Range

bl (day–1) Larviposition rate d1 0.1050 0.1046± 0.0004
Larviposition rate d2 0.0053 0.0052± 0.0001

μv (day–1) Adult mortality rate a1 0.027 0.027± 0.001
Adult mortality rate a2 0.153 0.153± 0.020

μp (day–1) Pupal mortality rate b1 0.0019 0.0019± 0.0004
Pupal mortality rate b2 0.006 0.006± 0.001
Pupal mortality rate b3 1.4881 1.481± 0.681
Pupal mortality rate b4 0.003 0.003± 0.001
Pupal mortality rate b5 1.094 1.211± 0.117

σl (day–1) Pupal emergence rate c1 0.05884 0.05884± 0.00289
Pupal emergence rate c2 4.8829 4.8829± 0.0993
Pupal emergence rate c3 –0.2159 –0.2159± 0.0050

Table 2 Description of non-temperature dependent model parameters used in system (6). All the
parameter values were adopted from the work of Ndondo et al. [13]

Symbol Description Value Units

W Proportion of female flies 0.6 Dimensionless

μh Human population birth/natural death rate 1
50×365 Day–1

μa Animal population birth/death rate 1
15×365 Day–1

γh Human recovery rate 1
30 Day–1

γa Animal recovery rate 1
25 Day–1

ξ Tsetse fly biting rate 1
4 Day–1

p Proportion of tsetse fly bite on animal 0.7 Dimensionless

Figure 1 The relationship between the basic reproduction numberR0 and temperature T . Parameter values
used are given in Tables 2 and 1. Furthermore, we set Kl = 1500, Nh = 1000, Na = 500, Nv = 1500 and varied the
temperature from 16–27◦C

despite the chosen value of α. These results concur with analytical findings presented in
Theorem 4.4 that whenever R0 ≤ 1 the proposed model is stable and the disease dies out
in the community.

Simulation results in Fig. 3 show the solutions of model (6) at different levels of α =
(0.5, 0.7, 0.9, 1.0) for R0 = 3.7 > 1. We set T = 25◦C and Kl = 3300. As we can note, solu-
tion profiles converge to a nonzero equilibrium point, implying that whenever R0 > 1 the
model is stable and admits a unique endemic equilibrium point. Biologically, this means
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Figure 2 Numerical results of system (6) demonstrating the convergence of infected population to the
disease-free equilibrium forR0 ≤ 1. On construction of the simulations, we considered initial population
levels discussed earlier, while baseline values for the model parameters are as in Tables 2 and 1. In addition,
we also set T = 16.5◦C and K = 3300, givingR0 = 1.0. As we can observe, the results concur with analytical
findings presented in Theorem 4.4 that wheneverR0 ≤ 1 the disease dies out in the community

that R0 > 1 the disease will persist in the community. These simulation results support
analytical findings presented in Theorem 4.5.

Figure 4 shows the numbers of infected vectors, humans and animals, at different tem-
perature values over a period of 500 days. As we can observe, low temperature values
(T < 25◦C) are associated with low infection levels and as the temperature increased to
the optimum value T = 25◦C, the number of infections increases over time. We can also
observe that for t < 100 days the impact of different temperature values on population
levels will not be extremely distinct. However, thereafter there is a significant distinc-
tion.

Next, we investigate the effects of screening infected hosts and vector control on dis-
ease dynamics. Detection and treatment of humans has been a primary control strategy
for HAT. Cases detection can be carried out either periodically (usually large-scale screen-
ing) or on continuous basis (usually small scale) at health care centres [29]. In this study,
we explore the potential effects of continuous detection and treatment and we follow the
approach in Artzrouni and Gouteux [25]. Artzrouni and Gouteux proposed a model for
HAT that had a new parameter Ch, which was meant to account for the month percent
detections of infected individuals. Furthermore, Artzrouni and Gouteux proposed that
the rate of exit of infected host to the recovery stage can be presented as a composite of
the intrinsic underlying disease progression (say, γint and the removal rate by treatment
(extrinsic, say γext) such that

γh = γint + γext, (12)
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Figure 3 Numerical results of system (6) demonstrating the convergence of infected population to the
endemic equilibrium forR0 > 1. On simulating the model, we considered initial population levels discussed
earlier, while baseline values for the model parameters are as in Tables 2 and 1. In addition, we also set
T = 25◦C and K = 3300, givingR0 = 3.7. As we can observe, the results concur with analytical findings
presented in Theorem 4.5 that wheneverR0 > 1 the system is stable and the infection persists in the
community

then the monthly percent detection is given by

Ch = 100
[
1 – exp(–30γext)

]
. (13)

Consequently, the exit rate from the infected class for human host is given by

γh = γint –
1

30
ln

(
1 –

Ch

100

)
. (14)

From (14) we can observe that linear detection of infected individual does not result in
linear changes in γh. Rock et al. [29] opine that this representation of the recovery rate leads
to a meaningful way in which the influence of the parameter on the basic reproduction
number can be extensively explored.

Despite the fact that there are several methods to control the density of the tsetse, such
as aerial spraying and the deployment of natural or artificial baits, essentially altering the
total population parameter Nv, birth rate and natural mortality rate μα

v will alter the den-
sity of the tsetse population. Cognisant of these fundamental parameters, Artzrouni and
Gouteux [25] hypothesised that tsetse controls will affect mortality rate but not the pop-
ulation size. Hence in an analogous approach to modelling detection and treatment of
human, they model ‘natural’ mortality rate of the vectors a follows:

μv = μv,int + μv,ext, (15)
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Figure 4 Numerical results depicting the effects of temperature variation on the dynamics of infected hosts
and vectors. We set α = 0.7, Kl = 3300, Nh = 1000, Na = 500, L = 1300, Nv = 1500, Sv = 1000, Iv = 500, Ih = 100,
Sa = 380 and Ia = 17. The rest of the model parameters were adopted as in Tables 2 and 1

where μv,int accounts for the mortality experienced by flies in their environment and μv,ext

describes an additional death rate which occurs as result of control strategies. Further-
more, they suggested that this death rate μα

v is related to the daily percentage of flies killed
and denoted here by Cv:

Cv = 100
[
1 – exp(–30μv,ext)

]
. (16)

Thus, the total mortality rate of vectors due to ‘natural’ and control measures is given by

μv = μv,int – ln

(
1 –

Cv

100

)
. (17)

Note that in the work of Artzrouni and Gouteux they used rates with three days as the
unit of time on equation (17).

In what follows, we numerically explore the effectiveness of case detection and vector
on the spread of the disease. Precisely, we will use contour plot to determine the influence
of ch and cv on the basic reproduction number, since it an integral epidemiological metric
for understanding the power of Trypanosoma brucei rhodesiense to invade the commu-
nity. A contour plot in Fig. 5 illustrates the impact of human case detection and vector
control on Trypanosoma brucei rhodesiense dynamics at T = 20◦C. As we can observe,
an increase in both case detection and vector control percentages will lead to a decrease
in the magnitude of R0. We can also note that vector control has a strong influence on
minimising the magnitude of R0 compared to human detection. In particular, whenever
Cv > 30, then R0 < 1 despite any value of Ch.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Helikumi et al. Advances in Difference Equations        (2020) 2020:284 Page 20 of 23

Figure 5 A contour plot illustrating the effects of
human detection and vector control on
Trypanosoma brucei rhodesiense dynamics. We set
T = 20◦C, Kl = 3300, βhv = βav = 3.55× 10–4,
βvh = βva = 8.3× 10–4, Nh = 1000, Na = 500,
γint = 0.009 and μv,int = 0.027

Figure 6 A contour plot illustrating the effects of
human detection and vector control on
Trypanosoma brucei rhodesiense dynamics. We set
T = 25◦C, Kl = 1500, Nh = 1000, Na = 500, γint = 0.009
and μv,int = 0.027

Figure 7 Simulation results showing the effects of temperature onR0 in the presence of human screening
and vector control. We set Ch = Cv = 50, Kl = 1500, Nh = 1000, Na = 500, L = 1300, Nv = 1500, Sv = 1000,
Iv = 500, Ih = 100, Sa = 380 and Ia = 17. The rest of the parameter values are as in Tables 2 and 1

A contour plot in Fig. 6 demonstrates the impact of Ch and Cv on the transmission dy-
namics of Trypanosoma brucei rhodesiense at T = 25◦C. Comparing the results in Fig. 5
and Fig. 6, we can observe that at optimum temperature T = 25◦C, vector control needs
to be greater that 50 (Cv > 50) in order to reduce the magnitude of the basic reproduction
number to values less than unity, whereas in Fig. 5, Cv > 30 is sufficient to obtain R0 < 1.
Therefore, we can conclude that if the average temperature in the community is very close
to the optimum temperature, then intensity of vector control needs to be at least 50%.

In Fig. 7 we explore the relationship between temperature and R0 in the presence of
human screening and vector control. Wet set Ch = Cv = 50. As we can observe, R0 > 1 for
23 < T < 26◦C. This implies that at 50% human detection and 50% killing of vectors, the
disease can only persist in the community when the average temperature is between 23
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Figure 8 Simulation results showing the effects of temperature onR0 in the presence of human screening
and vector control. We set Ch = 50, Cv = 55, kl = 1500, Nh = 1000, Na = 500, L = 1300, Nv = 1500, Sv = 1000,
Iv = 500, Ih = 100, Sa = 380 and Ia = 17. The rest of the parameter values are as in Tables 2 and 1

and 26◦C; otherwise, the disease dies out. However, if we set Ch = 50 and Cv = 55 (Fig. 8),
the disease will not persist even at optimum temperature T = 25◦C.

6 Concluding remarks
In this work, a fractional-order model with long run memory has been used to explore the
effects of temperature on Trypanosoma brucei rhodesiense transmission and control. The
memory effects are represented by the Caputo derivative. The proposed model incorpo-
rates the interplay between the tsetse flies and two hosts, humans and animals. The model
incorporates all the necessary and relevant biological information concerning transmis-
sion and control of Trypanosoma brucei rhodesiense, hence in the framework we incor-
porated the early stages of the vector. Key stages of the vector population that strongly
depend on temperature were modelled as functions of temperature. We computed the
basic reproduction number and established results on the threshold dynamics. Further-
more, we utilised the formulae proposed by Artzrouni and Gouteux [25] to explore the ef-
fects of daily human detection and vector control on long term disease dynamics. Among
other several outcomes, we have established that vector control has strong influence on
minimising the spread of the disease. In particular, we note that when daily averaged tem-
perature is around T = 20◦C, destruction of 30% or more vectors in three days will reduce
the basic reproduction number to levels below unity despite any level of human detection.
In addition, we also observed that if human detection is around 50% and vector control is
55% or more, then the disease will die out in the community even at optimum temperature
T = 25◦C. Overall, findings from this study have demonstrated the impact of temperature
and control strategies on long term dynamics of Trypanosoma brucei rhodesiense, and the
outcomes enhance our understanding on effective management of the disease.

Like other modelling studies, the proposed study could be extended by validating the
model using data obtained from specific countries and associated laboratory experiments
conducted in those countries. Aspects of heterogeneity (high and low risk populations)
can also be included. Instead of average daily temperatures, seasonal variation in temper-
ature can also be factored into the framework.
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 Human African trypanosomiasis (HAT),

also known as sleeping sickness, is a

neglected tropical disease (NTD) caused

by parasites of the genus Trypanosoma,

which are transmitted by tsetse flies.

 The disease has two forms, T. brucei

gambiense in West and Central Africa

and T. brucei rhodesiense in East Africa.

 The HAT can be transmitted to humans

and animals (both livestock and wildlife)

by over 20 species of Glossina tsetse

flies.

 The symptoms of HAT disease include

fever, headache, sleeping sickness,

enlarged lymph nodes, fatigue, change of

behavior and endocrine disorders.

1. Introduction

2. Materials and Methods

 In this study we proposed a fractional-

order model for T. brucei rhodesiense

disease with three species namely; the

humans, animals and vectors.

 To capture the memory effects,

mathematical model for T. brucei

rhodesiense disease was formulated

using fractional-order derivatives.

 To capture the effects of temperature in

the dynamics of T. brucei rhodesiense, I

incorporated the temperature in four

parameter of the vectors that is birth

rate, incubation period, biting rate and

mortality rate.

 In this work, a fractional-order model

with long run memory has been used

to explore the effects of temperature

on Trypanosoma brucei rhodesiense

transmission and control.

 The memory effects are represented

by the Caputo derivative.

 Among other several outcomes, we

have established that vector control

has strong influence on minimizing

the spread of the disease. In

particular, we note that when daily

averaged temperature is around T =

20 Centigrade, destruction of 30% or

more vectors in three days will reduce

the basic reproduction number to

levels below unity despite any level of human

detection.
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Figure 3: Model fitted to r-HAT cases in Tanzania at

α = 0.62.and the results show the best fit of the

model.

Figure 1: Compartmental model for T. brucei

rhodesiense disease transmission.

3. Results

Figure 2: Model system (3.31) fitted to r-HAT cases in

Tanzania at α = 0.59, 0.61, 0.62, 0.63, and 0.64.

The results showed that the rhodesiense HAT cases

in Tanzania fit well with the formulated model.

Figure 4:A time series plot of residuals against time.

The results here showed that, residuals did not appear to

follow a particular path. Precisely the plot showed that

residuals have no pattern and this imply that model was

really a good fit.

5. Recommendations

 Sleeping sickness or HAT is a neglected disease that

impacts 70 million people living in 1.55 million km2

in sub- Saharan Africa. Several modelling
studies have been undertaken to assess the

feasibility of the WHO’s goal of eliminating the

disease by 2030.

 However, this study overlooked the effects of

temperature, use of insecticides, case detection for

infected humans and memory effects.

 In this study, analyzed to assmathematical model

was shaping the short-and long-term dynamics of

the disease
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