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ABSTRACT

Tuberculosis continues to be a life-threatening disease in Sub-Saharan African countries despite the

available vaccine whereas soil-transmitted helminth is among the neglected tropical disease that

causes threats to pre-school, school-aged children and child-bearing mothers. The infection by

helminths increases susceptibility to tuberculosis. Thus, there is a need to investigate the possi-

bility of co-infection of the two diseases due to its geographical overlap at cellular and population

levels. This dissertation presents deterministic mathematical models that are aimed at describing the

transmission dynamics of soil-transmitted disease and the co-infection with tuberculosis. The first

model that describes the transmission dynamics of soil-transmitted helminth with optimal control is

presented. The model was qualitatively analyzed and the threshold that governs the spread of the

disease derived. The best control model was developed, and numerical simulations were run using

a variety of control measures to determine the most cost-effective method for effectively containing

the disease. According to the findings, the most cost-effective method for combating the spread of

soil-transmitted helminths is a combination of health education and sanitation. The soil-transmitted

helminth model was modified to form the second model for the co-infection with tuberculosis. The

qualitative analysis was made to determine the equilibrium points and the conditions for the disease

eradication. The impact of helminth infection on tuberculosis and vice-versa were discussed and it

was observed that helminth infection enhances tuberculosis in the community. Numerical simulation

for the model revealed that the interventions that include a combination of measures for controlling

helminth infection, vaccinating the babies with bacille Calmette-Guérin vaccine and the treatment of

individuals with active tuberculosis were effective in controlling the spread of the diseases. The last

model considered the interaction of the helminth parasites, mycobacterium tuberculosis pathogens,

and the immune competence within an individual host. Numerical simulations showed that primary

infection by either helminth parasite or Mtb bacteria is unsuccessful within the host when the basic

reproduction number is less than the unit.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Problem

1.1.1 Basic Information about Soil-transmitted Helminths

The worldwide burden of helminths (worms) infection cannot be underestimated. It is estimated

that over 1.5 billion people worldwide are infected with helminths (WHO, 2018). Helminths are

parasitic worms that infect the intestine and are spread through contaminated soil in areas with poor

sanitation. They are transmitted by eggs found on human faces. Ingestion of eggs or larvae in con-

taminated food or skin penetration by infective larvae in the soil are two other ways that helminths

can be transmitted (CDC, 2018). The main species of worms that infect people are the roundworm

(Ascaris lumbricoides), the whipworm (Trichuris trichiura) and the hookworms (Necator americanus

and Ancylostoma duodenale). Intestinal manifestations (diarrhea, abdominal pain), general malaise,

and weakness are all symptoms of these worms. Hookworms cause chronic intestinal hemorrhage

and that lead to anemia. Helminth infection is widespread in tropical and subtropical areas, and it is

attributed to a lack of sanitation as a result of extreme poverty. Individuals at risk in endemic areas

include pre-school infants, school-aged children, and women of childbearing age (Uneke, 2010).

According to the WHO, there are several methods for controlling soil-transmitted helminths, includ-

ing regular deworming to eliminate the infecting worms, health education to prevent re-infection, and

improved sanitation to reduce the contamination of the soil with ineffective eggs.

1.1.2 Basic Information about Mycobactrium Tuberculosis

In 2019, a quarter of the world’s population was estimated to be infected with Mycobacterium tuber-

culosis (Mtb), with 9.6 million people developing active tuberculosis and 1.5 million tuberculosis-

related deaths recorded (Harding, 2020). Despite the huge infectious population about 90% to 95%

are asymptomatic for a long period of time and they have 10% lifetime risk of developing active

tuberculosis (Monin et al., 2015). Mycobacterium tuberculosis is a bacteria that cause tuberculosis

(TB) after inhalation of aerosolizing nuclei from an individual with active TB and infects predomi-

nantly human being but may also infect other diverse hosts. These bacteria have a slow growth rate,

are aerobic, and can expand within human cells (an intracellular bacterium).
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Tuberculosis is treated in two ways: for latent tuberculosis (chemoprophylaxis) and for active tuber-

culosis (treatment) (therapeutics). A successful treatment strategy to reduce the prevalence of TB

infection is by considering both chemoprophylaxis and therapeutic. The control strategies have been

developed for compliance with TB treatment due to its long-lasting treatment procedures (Ozcaglar

et al., 2012). However, treatment efficacy has lead to the development of Mtb resistant to the first

line anti-TB drugs but still individuals can be infected with Mtb bacteria.

1.1.3 Helminth-Mycobacterium Tuberculosis Co-infection

It is well known that these two diseases have a geographical overlap which in turn increases the like-

lihood of co-infection with both pathogens and as a result competition become more intense within

host. TB is most prevalent in societies where individuals are infected with helminth while helminth

is reported as the most common parasite found in TB patients (Elliott & Weinstock, 2012). Figure 1

shows the world geographical distribution of the burden of helminths and tuberculosis co-infection.

Immunologic studies show that asymptomatic helmith infection is associated with the increase in the

regulatory T-cell and Th2-type responses which affect the host ability to mount an effective TH1-type

immune-mediated protection against Mtb (Abate, 2013). Co-infection may significantly inhibit a host

immune system, affects the antibacterial therapy which is detrimental to the prognosis of disease and

impairs protective immune responses to vaccination against Mtb.

Figure 1: World map showing the geographical distribution of the burden of helminths and

tuberculosis co-infection (Salgame et al., 2013)

.
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1.2 Statement of the Problem

The study of both helminths and Mtb is important because of co-occurrence of these two diseases in

same geographical location. Literature shows that in resource-poor areas, co-infection with helminth

and Mtb pathogens frequently occurs. The pathogen competition against hosts limited resources

and virulence may differ from that of the single infection as in co-infection there is more than

one pathogen or strain co-infecting a single host. Furthermore, infection by helminth parasites in-

creases the susceptibility to tuberculosis and the consequences associated with such dual infections

are tremendously serious in the cognitive development of the pre-school and school aged children

(Mkhize-Kwitshana et al., 2017). Previous mathematical models have concentrated on single infec-

tions in an attempt to control the diseases and the virulence caused by the two diseases which is

not always the case. Thus this study considered inter-host and intra-host mathematical models for

helminths and Mycobacterium tuberculosis co-infection and incorporated the aspects of immune re-

sponses and therapeutic measures. Furthermore, this study employed the power of optimal control in

determining the best combination of control measures to combat the spread of the two diseases.

1.3 Rationale of the Study

This study is motivated by the fact that helminths and Mtb co-infections continue to pose a great

threat in Sub-Saharan Africa due to limited resources. Co-infection is of particular importance and

the interaction of co-infecting pathogens can either have positive or negative impact (Bhunu et al.,

2009; Mushayabasa & Bhunu, 2011). Helminths and Mycobacterium tuberculosis infections have

large overlap at the population level and geographical level and both show different and complex

immune responses (Babu & Nutman, 2016). Literature review shows that the helminth infection can

impair the immunologic host control, which in turn leads to the increase in the risk of occurrence

and progression of Mtb (Chatterjee & Nutman, 2015). Furthermore, studies show that infection by

helminth is associated with an increased incidence of Mycobacterium disease. However, single infec-

tion mathematical models (Anderson & May, 1985; Medley et al., 1993; Farrell et al., 2018; Pullan

et al., 2014; Bhunu et al., 2008a; Nkamba et al., 2019; Du et al., 2017) have proposed various inter-

ventions on an attempt to control the disease but had limited impact on eradication of both helminth

infection and tuberculosis from the community. Thus mathematical modeling of soil-transmitted

helminth and Mtb co-infection is of particular importance in understanding the transmission dynam-

ics and control of these diseases in the community.
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1.4 Objectives of the Study

The objectives of this study are classified in general objective and specific objectives.

1.4.1 General Objective of the Study

The general objective of this study is to develop and analyze mathematical models for helminths and

Mycobacterium tuberculosis co-infection with the effect of treatment and immune responses.

1.4.2 Specific Objectives of the Study

The specific objectives of this study are:

(i) To formulate and analyze mathematical models for soil-transmitted helminth with the applica-

tion of optimal strategies.

(ii) To formulate and analyze inter-host mathematical model for helminth and Mycobacterium tu-

berculosis co-infection with the application of optimal control strategies.

(iii) To formulate and analyze intra-host mathematical model for helminth and Mycobacterium

tuberculosis co-infection with the effect of immune responses.

1.5 Research Hypothesis

(i) It is possible to formulate and analyze mathematical models for soil-transmitted helminth with

the application optimal strategies.

(ii) It is possible to formulate and analyze inter-host mathematical model for helminth and My-

cobacterium tuberculosis co-infection with the application of optimal control strategies.

(iii) It is possible to formulate and analyze intra-host mathematical model for helminth and My-

cobacterium tuberculosis co-infection with the effect of immune responses.

1.6 Significance of the Study

(i) The developed mathematical models will help the decision makers and stakeholders to under-

stand the transmission dynamics and control of helminth and Mycobacterium tuberculosis co-

infection in order to make precise policies for interventions and also provides an understanding

to the society on how helminth and tuberculosis can be controlled.
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(ii) The findings of this study add up new knowledge to the existing literature and provide a plat-

form for further research and studies to develop more suitable mathematical models for para-

sitic diseases of human and tuberculosis.

1.7 Delineation of the Study

Mathematical modeling of the co-infection of helminth infection and tuberculosis is of paramount

importance. This study intended to cover various modeling techniques to come up with mathematical

models for Helminth and Mtb co-infection at the population level and cellular level. The study was

limited by the availability of secondary data to estimate model parameters. However, few data set

obtained from the published articles were used to validate the soil-transmitted helminth model.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

This chapter presents a review of the mathematical models/framework and contribution of other

scholars on helminth infection and the co-infection of helminth infection with Mtb.

2.2 Basic Mathematical Concepts

In this study, mathematical models for soil-transmitted helminths, inter-host mathematical model

for soil-transmitted helminths and tuberculosis co-infection and intra-host model for Helminths and

tuberculosis co-infection are analyzed using various techniques described here under.

2.2.1 Autonomous System

In this work, biological models are represented by autonomous system of the form:

dx
dt

= f(x) (2.1)

where, x = (x1, x2, ..., xn) represents the state variables. The function f(x) denote collection of

real-valued functions of state variables xi, i = 1, 2, ..., n and time t.

2.2.2 Stability of Steady States

Local stability explains what happens near the equilibrium point. The equilibrium point is said to

be stable if noise is added (perturbation) to the solution starting with the initial condition, over time

the system will return to its equilibrium point. Global stability of the equilibrium point explains the

inevitability of the system to return to its equilibrium point regardless of the starting point. For local

stability of disease free equilibrium (DFE), the jacobian of system (2.1) is of the form:

J =



∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn

. . . . . .

. . . . . .

. . . . . .

∂fn
∂x1

∂fn
∂x2

. . . ∂fn
∂xn


(2.2)
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The conclusions can be drawn on the stability of the system (2.1) by studying the signs of the eigen-

values of J . However, Routh-Hurwitz conditions may applied to the system (2.2) to draw conclusion

on the behavior of stability around the equilibrium point.

2.2.3 Bifurcation Analysis

Definition 2.1. Bifurcation is defined as the sudden change in qualitative behavior of a dynamical

system when a small change is made to the corresponding parameter value (bifurcation parameter).

To investigate the local bifurcations at the endemic equilibrium points, Center Manifold Theorem by

Castillo-Chavez and Song (2004) is employed. The theorem is stated here under for convenience.

Theorem 2.1. (See Castillo-Chavez and Song (2004)) Consider the following general system of

ordinary differential equations with a parameter ϕ:

dx
dt

= f(x, ϕ), f : Rn × R→ R
n and f ∈ C

2(Rn × R) (2.3)

It is assumed that 0 is an equilibrium for system (2.3) for all values of the parameter ϕ: that is,

f(0, ϕ) = 0 for all ϕ. Assume

A1: A = Dxf(0, 0) =

(
∂fi(0, 0)

∂xj

)
is the linearisation of system (2.3) around the equilibrium

0 with ϕ evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A have

negative real parts:

A2: Matrix A has a right eigenvector w and a left eigenvector v corresponding to the zero eigen-

value.

Let fk be the kth component of f and

a =
n∑

k,i,j=1

vkwiwj
∂2fk(0, 0)

∂xi∂xj

,

b =
n∑

k,i=1

vkwi
∂2fk(0, 0)

∂xi∂ϕ
.

(2.4)

The local dynamics of (2.3) around 0 are governed by a and b in the following manner:

(i) a > 0;b > 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is locally asymptotically stable, and there exists a

positive unstable equilibrium; when 0 < ϕ ≤ 1: 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium:
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(ii) a < 0: b < 0. When ϕ < 0 with |ϕ| ≪ 1 is unstable; when 0 < ϕ ≤ 1; 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium:

(iii) a > 0: b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and there exists a locally asymptotically

stable negative equilibrium; when 0 < ϕ ≤ 1; 0 is stable, and a positive unstable equilibrium

appears:

(iv) a < 0: b > 0. When ϕ changes from negative to positive, 0 changes its stability from stable to

unstable. Correspondingly, a negative equilibrium becomes positive and locally asymptotically

stable.

2.2.4 Optimal Control Theory

Optimal control theory is a branch of mathematics that involves finding a piece-wise continuous

control u(t) and the related state variables x(t) to maximize the given objective functional of the

form:

max
u

∫ tf

t0

f(t, x(t), u(t))dt,

subject to x′(t) = g(t, x(t), u(t)),

x(t0) = x0 and x(tf ) is free.

(2.5)

2.2.5 Pontryagin’s Maximum Principle

Pontryagin’s Maximum Principle Pontryagin (2018) is used to solve optimal control problem and

must satisfy the following necessary and sufficient condition for the existence of an optimal control

problem. If u∗(t) and x∗(t) are optimal for problem (2.5), then there exists a piece-wise differentiable

adjoint variable λ(t) such that H(t, x(t), u(t), λ(t)) ≤ H(t, x∗(t), u∗(t), λ(t)) for all controls u at

each time t where the Hamiltonian H given by:

H = f(t, x(t), u(t), λ(t), g(t, x(t), u(t))), and

λ′(t) =
∂H(t, x∗(t), u∗(t), λ(t))

∂x
,

λ(tf ) = 0.

(2.6)
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Algorithm 2.1 Foward-Backward Sweep Method (FBSM)

INPUT: Piecewise-constant control u(t), t ∈ [tj, tj+i], where j = 0, 1, ..., N − 1, N is the number

of time instants

OUTPUT: State and control optimal trajectory

while Error in termination condition is larger than specified tolerance do

-Solve ẋ(t) = m(x(t), u(t), t), t ∈ [t0, tf ], using foward RK4 with initial condition x(t0) = x0

and control vector u(t).

-Solve ṗ(t) = −gx(x(t), u(t), t) −mx(x(t), u(t), t)p(t), t ∈ [t0, tf ], using backward RK4 with

state x(t), the transvesality condition p(tf ) = 0 and control vector u(t).

-Compute the new control uk+1(t) by solving the characterization equation: gu(x(t), u(t), t) +

mu(x(t), u(t), t)p(t) = 0.

-Compute error in terminal conditions.

Using the relative error: ||xk+1−xk||
||xk+1|| < ϵ and/or ||uk+1−uk||

||uk+1|| < ϵ or using absolute error. Here, k

stands for the kth iteration and ϵ is the tolerance level.

-Update control using a convex combination of the current and previous control.

end while

2.2.6 Numerical Solution of Optimal Control Problems

Most optimal control problems arising from engineering or biological sciences can not be solved

analytically and hence numerical solutions are often sought. Solving the optimality system which

comprises of the state, adjoint and optimal control, requires an iterative scheme. In this dissertation

the Forward-Backward sweep method (FBSM ) is presented and applied because it is the best method

for solving problems arising from PMP. The method use Runge-Kutta method of order four in the in-

tegration. Any specific optimal control problem can be implemented and the algorim 2.1 summarizes

the FBSM.

2.3 Mathematical models for Soil-transmitted helminths

It is critical to understand how the immune system regulates infection in individuals with exposed

and chronic helminth infection, what immune traits allow some hosts to maintain low infection bur-

dens, and how anthelminthic treatment and the resulting reduction in parasite burdens affect those

protective immune traits (Babayan et al., 2018).

Mathematical modeling and analysis of helminths has drawn the attention of many researchers since

the first papers in understanding its transmission and the impact of control measures (Anderson &
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May, 1985, 1992; Truscott et al., 2016). The deterministic model used did not consider particular

helminth species and results show that selective treatment can be effective in reducing worm burden

per unit drug provided. Anderson and May (1985) developed a mathematical model to investigate

the transmission dynamics of helminth infections including mathematical models for intestinal ne-

matodes, models for schistosome flukes and policies for the control of helminth infection in human

societies. A range of mathematical models have been developed as an extension of the model by

Anderson and May framework to allow host worm burden to adopt dynamically to treatment and re-

infection process (Medley et al., 1993). However, none of these models have applied optimal control

theory to determine the best combination of control measures and the cost effective strategy for the

eradication of helminth infection.

Medley et al. (1993) developed a model that expressed the proportion of individuals harboring an

intense infection and the distribution of helminths in the host population to achieve community treat-

ment. The model adopted the deterministic framework by Anderson and May (1982, 1985) com-

prised the system describing the dynamics of parasites in the community and the distribution of

parasites between hosts. Then the model was modified to the hybrid structure which may predict

treatment programs in the community. However, community treatment alone can not sufficiently

eradicate helminth infection in the community and the hybrid model proposed can not be extended to

include other control measures. The current study propose a deterministic model that can be extended

to include regular community treatment by MDA, health education, and sanitation and hygiene.

Farrell et al. (2018) developed two sets of soil-transmitted helminth (STH) mathematical models

to test the efficacy of current and modified World Health Organization (WHO) guidelines for the

control of soil-transmitted helminth infection. The findings show that current treatment guidelines

should be expanded to include treatment for people of all ages. However, the proposed stochastic

model does not permit the inclusion of control measures other than the repeated use of mass drug

administration which is not sufficient for the eradication of helminth infection. Models for helminth

show that elimination of infection from the community by the mass drug administration (MDA)

alone is not achievable in some settings. Therefore, it is recommended to consider other control

interventions such as water, sanitation, and hygiene (WASH) and improved health education (Pullan

et al., 2014). The current study proposes a deterministic model for soil-transmitted helminth which

allow the application of the aforementioned control measures.

Coffeng et al. (2015) developed WORMSIM modeling framework for transmission and control of

helminths and parameterize the model using published data. Their findings indicate that a minimum
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of semi-annual preventive chemotherapy with albendazole at 90% coverage, combined with health

education and/or WASH interventions, can control hookworm infection in highly endemic areas.

The model did not consider the application of optimal control measures which is crucial in resources

limited societies.

2.4 Mathematical models for the Inter-host co-infection of Mtb with other infectious diseases

Bhunu et al. (2009) developed a TB and HIV/AIDS co-infection model which considered the treat-

ment of latent and active forms of TB and antiretroviral therapy. The analysis of the model was

considered by separately analyzing the sub-models i.e TB-only model and HIV-only model and fi-

nally the full HIV-TB co-infection model.They concluded that treatment of AIDS cases resulted in a

significant reduction in the number of individuals that progressed to active TB and treatment of all

types of TB resulted in a delayed onset of the AIDS stage of HIV infection. Their findings suggest

that only one control measure for the effective control of the HIV/AIDS and tuberculosis co-infection

which is not sufficient for the eradication of the diseases. The current study considered co-infection

of tuberculosis and soil-transmitted helminth to study the interaction of Mtb and helminth parasites

so that pattern of control measures can be proposed with the application of optimal control.

Yakob et al. (2013) developed a mechanistic model of macro-parasite that demonstrated how optimal

control strategy should be applied to macro-parasite co-infection. Previous studies by Anderson

and May (1978) modeled the micro-parasite (e.g. virus, bacteria) using classic SIR (Susceptible

Infectious Recovered) which provides an updated record on the prevalence of the infection. The

studies of macro-parasite (e.g nematode, trematode) disease transmission and co-infection models

have used the negative binomial function to explain the aggregation of parasites within the host

population. The methodology applied does not allow the application of control measures and can not

be applied in scenarios where infection rates vary temporally. In this study, deterministic models are

used to allow the application of optimal control theory.

Tasman (2016) developed and analyzed an optimal control TB-HIV co-infection model that consid-

ered the treatment of anti-TB and antiretroviral for the control of TB and HIV infected individuals.

They found that a combination of anti-TB and ARV treatments was the effective strategy for the con-

trol of TB-HIV infection. Moreover, the use of one control measure could reduce the infection and

the use of anti-TB treatment was better than ARV treatment only for the elimination of TB-HIV co-

infection in the populations which is not always the case. In this study, we propose the Mtb-helminth

co-infection model that focuses on the treatment of infected individuals with the application of com-
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bination of control measures and the effect of helminth infection on tuberculosis.

Okosun and Robert (2017) developed and analyzed the mathematical model for malaria and schis-

tosomiasis in the presence of treatment. They considered three sub-populations namely the human

population, the mosquito population, and the snail population which is the intermediate host for the

miracidium population. The co-infection model was developed based on the assumption that sus-

ceptible individuals cannot be simultaneously infected by both pathogens at the same time. Their

results revealed that prevention and effective treatment of schistosomiasis infection would assist in

the effective control and eradication of malaria. The current study proposed the co-infection of Mtb

and helminth infection to determine the effect of helminths on the transmission dynamics of Mtb

with the application of optimal control strategies.

2.5 Mathematical models for the Intra-host co-interaction of Mtb with other infectious dis-

eases

Mayer et al. (1995) developed a basic mathematical model for the interaction of the target population

(viruses, parasites, bacteria, or tumor cells) with the immune response. The model was described by

two ordinary differential equations that explained the single target population and the immune sys-

tem. Their findings demonstrated that combining a few mechanisms and interaction rules in a simple

and idealistic model can result in a wide range of immune reactions corresponding to a wide range

of phenomena in different diseases or within a single disease. The current study extends the work by

considering the co-interaction of two target populations (Mtb pathogen and helminth parasites) with

the effectiveness of the immune system.

Kirschner (1999) developed a mathematical model for the dynamics of Mtb and HIV-1 co-infection.

To investigate immune system dynamics in the presence of infection by both Mtb and HIV pathogens,

the model represented the relationship between the immune system, Mtb, and HIV. Their results

showed that in the presence of Mtb alone, HIV-infected individuals deteriorate the clinical picture

and HIV-infected individuals activate latent TB. They further showed that the presence of infection

with Mtb in the body worsens the clinical picture of HIV and infection by HIV activates Mtb. It is

therefore important to consider the intra-host mathematical model of Mtb with other pathogens to

examine the effects of the co-infecting pathogens. In this study, we explore the effect of the immune

system in the absence of any infection and the presence of both Mtb and helminth parasites.

The study by Xiao and Bossert (2010) provides more insights on the interacting pathogens with the

immune system. They proposed a mathematical model for the interaction between HIV and malaria
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at the cellular level. The model comprised of three non-linear differential equations describing the

interaction of the concentration of meteorites and HIV and the immune competence. Their results

revealed that infection by the two pathogens among individuals depends on several factors which in-

clude immunity thresholds of the host, pathogenic factors, immunological factors, and the strengths

of immunostimulation. The current study considered the an intra-host mathematical model for the in-

teraction of the parasitic worms, Mtb and the immune system to study the dynamics of the pathogens

and the resulted immune responses.

Anderson and May (1985) developed a stochastic model to investigate the transmission dynamics of

human helminths and estimation of parameter values from epidemiological data.The current study

propose deterministic models over stochastic model because we didn’t consider any element of ran-

domness. In addition deterministic models offers a functional way of getting adequate knowledge

of the dynamics of a population when the population is sufficiently large as compared to stochastic

model which is more appropriate for small population (Keeling & Rohani, 2011).

Although a lot has been done for a single epidemics infection (helminths or Mycobacterium tuber-

culosis) not much work has been done on helminth and mycobacterium tuberculosis co-infection.

To the best of our knowledge this study will possibly be the first attempt to propose and analyze

comprehensive mathematical models for helminths and Mycobacterium tuberculosis co-infection.
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CHAPTER THREE

MATERIAS AND METHODS

3.1 Introduction

In this chapter we develop and analyze deterministic models of soil-transmitted helminth using non-

liner differential equations.The model is later modified to include optimal control measures. The

inter-host mathematical model for Helminth and Mtb co-infection was formulated by extending the

basic helminth model. Epidemiological studies indicates that infection with helminths increases

the susceptibility to Mtb infection. Therefore, the co-infection model was developed to capture

this aspect and later optimal control was applied to determine the best strategy for the control of

Helminth-Mtb infection. Finally, the intra-host mathematical model for the interaction between Mtb

and helminth infection was formulated and analysed. The model was formulated by considering the

two co-infecting pathogens, i.e helminth parasites , Mtb and the immune responses encountered. The

goal is to figure out what happens when helminth parasites, Mtb bacteria and the host’s immune

system interact with the immune system.

3.2 Mathematical Model for Optimal Control of Soil-transmitted Helminth Infection

3.2.1 Model Formulation

For modeling, the total human population is divided into four sub-populations S(t), E(t), I(t), R(t).

S(t) represents the number of individuals who are not infected but can be infected by helminth par-

asites. The subclass E(t) represents the number of individuals exposed to helminth infection but not

infectious. The subclass I(t) represents the number of individuals infected with parasitic worms.

The subclass R(t) represents the number of individuals recovered from helminth infection. The sub-

class M(t) represents the parasite population in the environment. Individuals in the susceptible class

contracts infection after a sufficient contact with the contaminated environment. All the newborns

enter susceptible class at the rate b and are moved to the exposed class at the rate λ. Individuals in

the exposed class are being re-infected as they interact with contaminated environment but remain

latent for a period of
1

ρ
, where ρ is the progression rate from the exposed to infective class. Again

we assume that an infected individual contaminate the environment at rate ϵ but do not acquire new

infection, hence individuals in the infected class are moved to the recovered class as the result of
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natural immunity at the rate q. Furthermore, we believe that these infected people develop a tempo-

rary immunity to the infection. As a result of the loss of immunity, individuals in the recovered class

revert to the susceptible class at a rate γ.

The infected individuals contaminate the environment at the rate ϵ as they defecate outside the latrines

to increase the concentration of parasitic worms in the soil. The parasitic worms in the soil infect

human population at the rate,

λ =
βM

K +M
(3.1)

where β is the intake rate of eggs in contaminated food or larvae that has penetrated the skin to lead

the transmission of infection and K is the number(density) of the helminths at which the infection

rate is half the maximum rate. The natural mortality in each human class is denoted by µ and the

infectious individuals have added helminths induced death rate denoted by d. Further, we assume

that the parasitic worms die naturaly at the rate µM . The aforementioned assumptions and explana-

tion gives the dynamics of the helminth model as illustrated in Fig. 2. Model parameters are fully

described in Table 1. The model has five non linear ordinary differential equations given by system

(3.2).

Figure 2: Compartmental diagram for the helminth model. The dashed lines indicate the in-

teraction of human population with contaminated environment to ingest parasitic

worms while the dashed line with dot indicate the rate at which individuals infected

with helminths releases eggs to contaminate the environment
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Table 1: Description of the model parameters

Parameters Definition Units

b Per capita birth rate Day−1

µ Per capita mortality rate Day−1

β Ingestion rate of parasites Day−1

or skin penetration by infective larvae

K Carrying Capacity of parasites in the soil -

q Natural recovery rate Day−1

γ Immunity warning rate for Day−1

recovered individuals

d Disease induced rate Day−1

µM Clearance rate for parasitic worms Day−1

ϵ Shading rate of parasite to the soil Day −1

ρ Progression rate from exposed Day−1

class to infective class

dS

dt
= bN + γR− (µ+ λ)S,

dE

dt
= λS − (µ+ ρ)E,

dI

dt
= ρE − (d+ µ+ q + ϵ)I,

dR

dt
= qI − (µ+ γ)R,

dM

dt
= ϵI − µMM,

(3.2)

with the condition S + E + I +R = N.

From equations (3.2) we have:

dN

dt
= (b− µ)N − (d+ ϵ)I. (3.3)

To make our analytical analysis easier, it would be instructive to work with fractions instead of

total number of populations. Hence the dynamics of the helminth model can be investigated by

normalizing the model (3.2).

Let s =
S

N
, e =

E

N
, i =

I

N
, r =

R

N
and m =

M

K
.

Then equation (3.3) can be written in terms of fractional variables as:
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dN

dt
= (b− µ− (d+ ϵ)i)N. (3.4)

Using equation (3.4) and differentiating the fractional variables with respect to t leads to the following

normalized model:
ds

dt
= b+ γr − (b+

βm

1 +m
− (d+ ϵ)i)s,

de

dt
=

βm

1 +m
s− (b+ ρ− (d+ ϵ)i)e,

di

dt
= ρe− (b+ d+ q + ϵ− (d+ ϵ)i)i,

dr

dt
= qi− (b+ γ − (d+ ϵ)i)r,

dm

dt
= ϵi− µMm.

(3.5)

The solutions of the system (3.5) enter the region that is positively invariant given by:

Ω = {(s, e, i, r,m) ∈ R
5
+|s+ e+ i+ r ≤ 1, 0 ≤ m ≤ 1}.

The following theorem guarantee the well posedness of the system (3.5) such that the solutions with

non-negative initial conditions will remain non-negative for all future time.

Theorem 3.1

The region Ω ∈ ℜ5
+ is positively invariant with respect to the system (3.5) and non-negative solutions

exist for t > 0.

Proof. Given the non-negative initial conditions, it can be shown that the solutions to the system

(3.5) , s(t), e(t), i(t), r(t) and m(t) are non-negative for t > 0 otherwise we assume a contradiction

that there exists a first time t0 such that s(t0) = 0, s′(t0) ≤ 0 and s(t) > 0, e(t) > 0, i(t) > 0,

r(t) > 0, m(t) > 0 for 0 < t < t0.

Consider the first equation of the system (3.5) with the aforementioned condtion, we have:

ds(t0)

dt
= b+ γr(t0)−

(
b+

βm(t0)

1 +m(t0)
− (d+ ϵ)i(t0)

)
s(t0), (3.6)

Then,
ds(t0)

dt
= b+ γr(t0) > 0. (3.7)

Equation (3.7) is a contradiction of the previous assumption i.e s(t0) = 0 and s(t0) < 0.

Therefore, it follows that for any t > 0: 0 < t < t0, we have s(t0) > 0. Also, it can be shown that

the remaining variables are all positive for t > 0.
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Thus the helminth model is well posed epidemiologicaly and mathematically. Thus it is sufficient to

consider the dynamics of (3.5) in Ω.

3.2.2 The Disease Free Equilibrium and Basic Reproduction Number

The disease free of the model (3.5) is obtained by equating all the derivatives equal to zero and then

setting e = 0, i = 0, r = 0 and m = 0. Thus we obtain the DFE as:

E0 = (1, 0, 0, 0, 0).

The basic reproduction number denoted by R0 is the quantity that quantify the ability of the disease

to invade the community and it is the quantity that governs the spread of the disease. Furthermore, it

helps in deciding on control strategies to be adopted for disease eradication. Therefore, in our case

R0 determines the role of parasitic worms/larvae present in the soil to produce secondary infections

to the individual hosts.

The next generation approach is used to obtain R0 following (Diekmann & Heesterbeek, 2000).

Using the principles of next generation matrix, let:

F =



βm

1 +m
s

0

0

0


and

V =


(b+ ρ− (d+ ϵ)i)e

(b+ d+ q + τ + ϵ− (d+ ϵ)i)i− ρe

(b+ γ − (d+ ϵ)i)r − (τ + q)i

(µM − θ)m− ϵi

 .

be the appearance of new infections and transfer on individuals between compartments, respectively.

Applying linearization technique, the Jacobian matrices of F and V at DFE E0 are:

F =


0 0 0 β

0 0 0 0

0 0 0 0

0 0 0 0

 and V =


b+ ρ 0 0 0

−ρ b+ d+ q + ϵ 0 0

0 −(τ + q) b+ γ 0

0 −ϵ 0 µM


Therefore:
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FV −1 =



β(bρϵ+ γρϵ)

(b+ γ)(b+ ρ)µM(b+ d+ q + ϵ)
βϵ

µM (b+d+q+ϵ)
0

β

µM

0 0 0 0

0 0 0 0

0 0 0 0


.

The basic reproduction number R0 is the spectral radius of the next generation matrix FV −1. Thus,

R0 =
ρϵβ

µM(b+ ρ)(d+ b+ q + ϵ)
. (3.8)

It is important to unpack the basic reproduction number into components that can tell fitness and

opportunities for selection i.e the duration of infectiousness, transmission per contact and number of

contacts per unit time. To do this limit theory can be applied to equation (3.8) to have the fraction
β

b+d+q+ϵ
that represent the average number of susceptible individuals being infected during the in-

fectious period, and the fraction ρ
b+ρ

represent the proportion of individuals that survives the latent

period while ϵ
µM

represent the fraction of parasites diminish from the environment.

3.2.3 Stability of DFE

Theorem 3.2

The disease free equilibrium of the model (3.5) is LAS if R0 < 1 and unstable if R0 > 1.

Proof. To investigate the local stability of the DFE at E0 we obtain the Jacobian matrix of equation

(3.5) i.e:

JE0 =



−b 0 −(d+ ϵ) γ −β

0 −(b+ ρ) 0 0 β

0 ρ −(b+ d+ q + ϵ) 0 0

0 0 q −(b+ γ) 0

0 0 ϵ 0 −µM


. (3.9)

Clearly, λ1 = −b and λ2 = −(b+ γ) are the first and second eigenvalues of the Jacobean matrix JE0

which are strictly negative. The remaining three can be obtained by considering the sub matrix J1
E0:

J1
E0 =


−(b+ ρ) 0 β

ρ −(b+ d+ q + ϵ) 0

0 ϵ −µM

 . (3.10)

From equation (3.10), the characteristic equation is given by:

f(λ) = λ3 + d2λ
2 + d1λ+ d0 = 0. (3.11)
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where,

d2 = 2b+ d+ q + ρ+ ϵ+ µM ,

d1 = (b+ ρ)(b+ d+ q + ϵ) + µM(2b+ d+ q + ρ+ ϵ),

d0 = µM(b+ ρ)(b+ d+ q + ϵ)[1−R0].

(3.12)

Applying the Routh-Hurwitz criteria, the conditions in (3.12) d0 > 0, d1 > 0, d2 > 0 and d2d1 > d0.

Here d1 > 0, d2 > 0 and d0 > 0 when R0 < 1, and then d2d1 > d0. Hence according to the

Routh-Hurwitz criteria, the sub-matrix J1
E0 has negative real parts whenever R0 < 1.

Thus, the DFE E0 is locally asymptotically stable if R0 < 1.

3.2.4 Global Stability of the Disease-Free Equilibrium

For the proof of global stability we consider the Theorem developed by Chavez et al. (2002) and later

applied by Mafuta et al. (2013).

To apply the theorem, system (3.5) is written in the form:

dX
dt

= F (X,Z),

dZ
dt

= G(X,Z), G(X, 0) = 0

(3.13)

where, X = (s, r) ∈ R
2
+ denote the number of uninfected components (individuals) and Z =

(e, i,m) ∈ R
3
+ denotes infected components (individuals) including the latent and infectious indi-

viduals.

The disease free equilibrium is now denoted by E0 = (X∗, 0) = (1, 0).

The conditions (H1) and (H2) in the system (3.14) must be satisfied to guarantee local asymptotic

stability:

H1 : For
dX
dt

= F (X∗, 0), X∗ is globally asymptotically stable, and

H2 : G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for(X,Z) ∈ Ω

(3.14)

where, A = DZG(X∗, 0) is the Metzeler-matrix (the off-diagonal elements of A are non-negative)

and Ω is the region where the model makes biological sense.

If the system (3.13) satisfy the two conditions in 3.14 then the following theorem holds.

Theorem 3.3

The disease fixed point E0 = (X∗, 0) is globally asymptotically stable of the system (3.13) provided

that R0 < 1 and that conditions H1 and H2 are satisfied.
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Proof. From the system (3.5) we have:

F (X,Z) =

b+ γr − (b+
βm

1 +m
− (d+ ϵ)i)s

qi− (b+ γ − (d+ ϵ)i)r

 , (3.15)

and

G(X,Z) =


βm

1 +m
s− (b+ ρ− (d+ ϵ)i)e

ρe− (b+ d+ q + ϵ− (d+ ϵ)i)i

ϵi− µMm

 , (3.16)

Then system (3.15) can be reduced to:

dX
dt

∣∣∣
Z=0

=

b(1− s)

0

 (3.17)

Now, condition H1 is satisfied as it can be observed from the solution namely s(t) = 1 +

(s(0)− 1) e−bt. As t −→ ∞, the solution s(t) −→ 1 implying global convergence of solution

of (3.17) in Ω. Thus condition H1 is satisfied.

Let

A =


−(b+ ρ) 0 β

ρ −(b+ d+ q + ϵ) 0

0 ϵ −µM

 ,

Then

Ĝ(X,Z) =


Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

 =


(
1− s

1 +m

)
βm− (d+ ϵ)ie

−(d+ ϵ)i2

0

 .

From above Ĝ(X,Z) ≥ 0 if and only if d = ϵ = 0. Thus E0 may not be globally asymptotically stable

for some parameter values. This suggest the possibility of backward bifurcation of section 3.2.6.

3.2.5 Existence of Endemic Equilibrium

The endemic equilibrium E∗ of the model (3.5) is defined as the steady state solution which occurs

when disease persists in the community and is obtained by equating the derivatives of the system (3.5)

to zero. If we denote the force of infection as λ∗ =
βm

1 +m
at steady states and let z∗ = b− (d+ ϵ)i∗

for any choice of i∗ at the endemic equilibrium, then the endemic equilibrium can be expressed in

terms of the force of infection as:
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s∗ =
b (γ + z∗) (ρ+ z∗) (d+ q + z∗ + ϵ)

△3 + (z∗)3 (λ∗ +△1) + (z∗)2 (λ∗ △1 +ρ(γ +△2) + γ△2) + z∗ △4 +(z∗)4
,

e∗ =
bλ∗ (γ + z∗) (△2 + z∗)

(γ + z∗) (λ∗ + z∗) (ρ+ z∗) (△2 + z∗)− γλ∗qρ
,

i∗ =
bλ∗ρ (γ + z∗)

△3 + (z∗)3 (λ∗ +△1) + (z∗)2 (λ∗ △1 +ρ(γ +△2) + γ△2) + z∗ △4 +(z∗)4
,

r∗ =
bλ∗qρ

△3 + (z∗)3 (λ∗ +△1) + (z∗)2 (λ∗ △1 +ρ(γ +△2) + γ△2) + z∗ △4 +(z∗)4
,

m∗ =
bλ∗ρϵ (γ + z∗)

µM

(
△3 + (z∗)3 (λ∗ +△1) + (z∗)2 (λ∗ △1 +ρ(γ +△2) + γ△2) + z∗ △4 +(z∗)4

) .

(3.18)

where,

△1 = γ + d+ q + ρ+ ϵ,

△2 = d+ q + ϵ,

△3 = γλ∗ρ(d+ ϵ),

△4 = (λ∗(ρ(γ +△2) + γ△2) + γρ△2) .

Using equation five of (3.18) and the force of infection λ∗ =
βm∗

1 +m∗ with the model parameters then

(3.18) satisfies the following polynomial:

λ∗P (λ∗) = λ∗(Aλ∗ +B) = 0 (3.19)

where,

A = µM (γρ(d+ ϵ) + z∗ (ρ(γ + d+ q + ϵ) + γ(d+ q + ϵ) + z∗ (γ + d+ q + ρ+ z∗ + ϵ))) ,

B = µMz∗(γ + z∗)(ρ+ z∗)(d+ q + ϵ+ z∗)(1−R0).

In equation (3.19), λ∗ = 0 corresponds to the disease free equilibrium and the polynomial P (λ∗) = 0

correspond to the existence of endemic equilibrium which co-exist with disease free equilibrium

point when R0 < 1.

3.2.6 Bifurcation Analysis

To investigate the type of bifurcation the model (3.5) exhibits, we use the center manifold theory

of Castillo-Chavez and Song (2004). To apply the center manifold theory we make the change of

variables for the normalized helminth model (3.5). Let x1 = s, x2 = e, x3 = i, x4 = r and x5 = m.

Using the vector notation X = (x1, x2, x3, x4, x5)
T , then (3.5) can be written in the form

dX
dt

= F(x)

with F = (f1, f2, f3, f4, f5)
T . If we choose β = β∗ as the bifurcation parameter and solving for

R0 = 1 we have:
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

f1 = b+ γx4 − (b+
β∗x5

1 + x5

− (d+ ϵ)x3)x1,

f2 =
β∗x5

1 + x5

x1 − (b+ ρ− (d+ ϵ)x3)x2,

f3 = ρx2 − (b+ d+ q + ϵ− (d+ ϵ)x3)x3,

f4 = (q + τ)x3 − (b+ γ − (d+ ϵ)x3)x4,

f5 = ϵx3 − µMx5.

(3.20)

where,

β∗ =
µM(b+ ρ)(d+ b+ q + ϵ+ τ)

ϵρ

Now, the matrix W at DFE E0 of the equations (3.20) is:

W =



−b 0 −(d+ ϵ) γ −β

0 −(b+ ρ) 0 0 β

0 ρ −(b+ d+ q + ϵ) 0 0

0 0 q −(b+ γ) 0

0 0 ϵ 0 −µM


(3.21)

At the value R0 = 1, the Jacobian W has simple zero eigenvalue whose corresponding left and right

eigenvectors are expressed as :

w1 =

(
µMγq − (b+ γ)(µM(d+ ϵ) + ϵβ)

b(b+ γ)

)
w3, w2 =

β∗ϵw3

µM(b+ ρ)
, w3 = w3 > 0 is free,

w4 =
qw3

b+ γ
, w5 =

ϵw3

µM

and,

v1 = v4 = 0, v2 =
ρv3
b+ ρ

, v3 = v3 > 0 is free, v5 =
ρβ∗v3

µM(b+ ρ)
.

Using the result in Castillo-Chavez and Song (2004), we need to compute the co-efficients a and b

where,

a =
5∑

k,i,j=1

vkwiwj
∂2fk

∂xi∂xj

(E0, β∗) ,

b =
5∑

k,i=1

vkwi
∂2fk

∂xi∂β∗ (E0, β
∗) .

(3.22)

Now, evaluating the partial derivatives of the system (3.20) at (E0, β∗) we obtain

∂2f1
∂x1∂x5

= −β∗,
∂2f1

∂x3∂x1

= d+ ϵ,
∂2f2

∂x1∂x5

= β∗,
∂2f2

∂x3∂x2

= d+ ϵ,

∂2f3
∂x2

3

= 2(d+ ϵ),
∂2f4

∂x3∂x4

= d+ ϵ.
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Furthermore,

∂2f1
∂x5∂β∗ = −1,

∂2f2
∂x5∂β∗ = 1.

Therefore,

a =
v3w

2
3ρ

bµM(b+ ρ)2(b+ γ)
ϵβ∗a0 + 2(d+ ϵ)v3w

2
3. (3.23)

where

a0 = (b+ ρ)[µMγq − (b+ γ)(µM(d+ ϵ) + ϵβ∗)] + b(b+ γ).

and

b =
ρϵβ∗

µM(b+ ρ)2
v3w3. (3.24)

The coefficient b is positive. By Castillo-Chavez and Song (2004), the coefficient a decides the local

dynamics of E0. Therefore if a0 < 0 then system (3.5) will exhibit forward bifurcation and if a0 > 0

it undergoes backward bifurcation.

3.2.7 Sensitivity Analysis

Numerical sensitivity analysis was done by computing sensitivity indices of basic reproduction num-

ber R0 which measures the model robustness to parameter values (Chitnis et al., 2006). A variable’s

forward sensitivity index to a parameter is a ratio of the variable’s relative change to the parameter’s

relative change.

Definition 3.1

The normalized forward sensitivity index of a variable ω that depends differentiable on a parameter

ς is defined as rως =
∂ω

∂ς
× ς

ω
.

From equation (3.8), we compute the sensitivity indices of each parameter involved in R0 using the

equation rR0
ς =

∂R0

∂ς
× ς

R0

. For example, the sensitivity index of parameter value with respect to β

is given by rR0
β =

∂R0

∂β
× β

R0

= 1, and other indices are rR0
ρ , rR0

ϵ , rR0
µM

, rR0
b , rR0

d , rR0
q were obtained

and evaluated using parameter values in Table 6 as illustrated in Fig. 3.

To evaluate the most sensitive parameters for the model’s dynamics, a sensitivity analysis was con-

ducted to assess the model’s robustness to parameter values. Clearly β, ρ and ϵ have positive indices

with most sensitive parameter being β and the least positively sensitive parameter ρ. This implies that

the endemicity of the disease increases when the parameters β, ρ and ϵ are increased while keeping

other parameters constant. On the other hand the parameters µM , b, d and q have negative indices and
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Figure 3: Sensitivity analysis of R0 with respect to each model parameter

when each of these are decreased while keeping the other parameters constant decreases the value of

R0 implying that they decrease the endemicity of the disease. Thus based on these results we suggest

the following interventions to be made for the control of the helminth infection from the endemic

communities. The first intervention is the mass cleanliness to reduce the concentration of the para-

sites from contaminated environment. The other one is the use of anthelmintic drugs including MDA

for both healthy and infected individuals which will in turn reduce the shedding rate of the parasite

to the environment.

3.2.8 Extension of the Model to Optimal Control

In this section we extend the helminths model (3.2) by incorporating three time dependent control

measures. The best intervention strategies will be identified from combination of these control mea-

sures so as to minimize the infection from the community. The optimal control model for helminth

infection is formulated by considering the following controls:

(i) Health education control, u1(t) that aims to sensitize the susceptible population. This is done

through provision of education materials for example through TV messages, radio, posters,

and leaflets, educational messages which can be delivered by health practitioners or teachers

in schools, education that improve hygiene awareness and behavior of people who defecate
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outside the latrines and purchase of shoes to both pre-school aged and school aged children

(Mascarini-Serra, 2011). Thus the force of infection is modified as λ = (1−κ1u1)βM
K+M

where κ1

is the effectiveness measure of health education control, where κ1 ∈ (0, 1) such that if κ1 = 0

then health education is not effective and κ1 = 1 corresponds to completely effective health

education, 0 < κ1 < 1 implies that health education is effective to some degree.

(ii) The use of mass drug administration (deworming) κ2u2(t), which is administered regularly

without individual diagnosis is applied to the entire population (Brooker et al., 2006). Appli-

cation of this control moves the individuals in exposed class to the susceptible class and those

in the infected class to the recovered class.

(iii) Sanitation control (u3(t)) which measures the efforts to prevent susceptible from contracting

the disease. This include drinking clean water, personal hygiene, avoiding eating row vegeta-

bles, cleaning of fruits and intensive cleanliness of the environment which helps to break the

helminth transmission cycle (Brooker et al., 2006). Thus the clearance of the parasite from the

environment will be accelerated by µM + κ3u1, where κ3 is the effectiveness of the control to

protect susceptible population from contracting helminth infection.

After incorporating the controls and using the same parameters and variables as in (3.2), we obtain

the modified model with controls for helminth infection given by:

dS

dt
= bN + γR− µS − (1− κ1u1)λS + κ2u2E,

dE

dt
= (1− κ1u1)λS − (µ+ ρ)E − κ2u2E,

dI

dt
= ρE − (d+ µ+ ϵ)I − (q + κ2u2)I,

dR

dt
= (q + κ2u2)I − (µ+ γ)R,

dM

dt
= ϵI − (µM + κ3u3)M.

(3.25)

with S(0) = S0, E(0) = E0, I(0) = I0, R(0) = R0, M(0) = M0. In this study, we assume that the

control functions u1(t), u2(t), u3(t) are Lebesque integrable functions with 0 ≤ ui ≤ 1 for i = 1, 2, 3

to mean that when the control is zero there is no any control implemented and when the control is

one there is maximum implementation of the control. The objective is to obtain the optimal levels of

the control and state variables that optimize the objective functional given by:

J(u1, u2, u3) =

∫ tf

0

(
A1I + A2u2N +

1

2

3∑
i=1

wiu
2
i

)
dt. (3.26)
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Here we want to minimize the number of infected individual from the population while keeping

the cost of controls low. In equation (3.26), A1 is the relative weight of the infected individuals

that accounts for the social cost while A2u2 is the individual cost for MDA of the entire population

(pre-school and school aged children) because it is the most vulnerable population for helminth

infection. Furthermore, wi is the relative costs weight associated with background costs for each

control measure ui such as advisement costs, production of posters, ordering and transportation of

drugs, water treatment and tf is the final fixed time. In this work the cost is not linear as may result

to bang bang which means that the optimal control take values at only upper and lower control set

thus we choose to have quadratic cost on the control of the form
1

2
wiu

2
i [see (Joshi et al., 2006)]. The

problem becomes of determining the optimal triplet (u∗
1, u

∗
2, u

∗
3) such that:

J(u∗
1, u

∗
2, u

∗
3) = min

u1,u2,u3∈U
J(u1, u2, u3). (3.27)

where U = {(u1, u2, u3)| each ui is measurable with 0 ≤ ui ≤ 1 for 0 ≤ t ≤ tf} is the admissible

set.

3.2.9 Existence of an Optimal Control

The solution of the helminth model (3.5) is proved to be bounded so we use this result to prove the

existence of the optimal control. However, existence of optimal control is shown using the approach

of Fleming and Richel; Mafuta et al. (2013) and later applied by other scholars (Mpeshe et al., 2014;

Mwanga et al., 2015; Chuma et al., 2019). For detailed proof see (Mafuta et al., 2013) Theorem 4.1,

p 68-69.

3.2.10 The Hamiltonian and Optimality System

To obtain the Hamiltonian H , we apply the principles of Pontryagin’s Maximum Principle (Pon-

tryagin, 2018) to derive necessary conditions for the optimal pair. Therefore, the Hamiltonian is

expressed as:

H(S,E, I, R,M, t) = A1I + A2u2N +
1

2

3∑
i=1

wiu
2
i + λ1

dS

dt
+ λ2

dE

dt
+ λ3

dI

dt
+

λ4
dR

dt
+ λ5

dM

dt
.

(3.28)

with λi, i = 1, 2, 3, 4, 5 denote the adjoint variables to be determined by taking the negative derivative

the Hamiltnian function.

Theorem 3.4

Given the optimal set u1, u2, u3 that minimizes J over U , there exist an adjoint variables
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λ1, λ2, λ3, λ4, λ5 such that:

dλ1

dt
= −A2u2 +

(1− κ1u1)βM

K +M
(λ1 − λ2) + (µ− b)λ1,

dλ2

dt
= −A2u2 + (µ+ ρ)λ2 + κ2u2(λ2 − λ1)− bλ1 − ρλ3,

dλ3

dt
= −A1 − A2u2 − bλ1 + (d+ µ+ ϵ)λ3 + (q + κ2u2)(λ3 − λ4)− ϵλ5,

dλ4

dt
= −A2u2 − (b+ γ)λ1 + (µ+ γ)λ4,

dλ5

dt
=

(
(1− κ1u1)Sβ

K +M
− (1− κ1u1)SMβ

(K +M)2

)
(λ1 − λ2) + (µM + κ3u3)λ5,

(3.29)

with transversality conditions, λi(tf ) = 0, i = 1, 2, 3, 4, 5. The characterization of the control set (u∗
1,

u∗
2, u

∗
3) using the technique of control bounds gives:

u∗
1(t) = max{0,min (1,Φ1)},

u∗
2(t) = max{0,min (1,Φ2)},

u∗
3(t) = max{0,min (1,Φ3)}.

where,

Φ1 =
κ1βMS

w1(K +M)
(λ2 − λ1),

Φ2 =
κ2E(λ2 − λ1) + κ2I(λ3 − λ4)

w2

− A2(S + E + I +R)

w2

,

Φ3 =
κ3Mλ5

w3

.

Proof. By using the Pontragian’s Maximum Principle (Pontryagin, 2018) the adjoint system is the

Euler-Lagrange equations obtained taking the negative of the partial derivative of the Hamiltonian in

3.28 with respect to the state variables. Thus the adjoint system can be written as:

dλ1

dt
= −∂H

dS
= −A2u2 +

(1− κ1u1)βM

K +M
(λ1 − λ2) + (µ− b)λ1,

dλ2

dt
= −∂H

dE
= −A2u2 + (µ+ ρ)λ2 + κ2u2(λ2 − λ1)− bλ1 − ρλ3,

dλ3

dt
= −∂H

dI
= −A1 − A2u2 − bλ1 + (d+ µ+ ϵ)λ3 + (q + κ2u2)(λ3 − λ4)− ϵλ5,

dλ4

dt
= −∂H

dR
= −A2u2 − (b+ γ)λ1 + (µ+ γ)λ4, ,

dλ5

dt
= −∂H

dM
=

(
(1− κ1u1)Sβ

K +M
− (1− κ1u1)SMβ

(K +M)2

)
(λ1 − λ2) + (µM + κ3u3)λ5.

Using the same principle we get the controls by solving the equation obtained by taking the partial
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derivative of the Hamiltonian with respect to each control.i.e:

∂H

∂u1

= w1u1 +
κ1βMS

K +M
λ1 −

κ1βMS

K +M
λ2,

∂H

∂u2

= w2u2 + κ2E(λ1 − λ2) + κ2I(λ3 − λ4),

∂H

∂u3

= w3u3 − κ3Mλ5.

Now, setting
∂H

∂ui

= 0 at u∗
1 for i = 1, 2, 3 we obtain the controls set:

u∗
1(t) =

κ1βMS

w1(K +M)
(λ2 − λ1),

u∗
2(t) =

κ2E(λ2 − λ1) + κ2I(λ3 − λ4)

w2

− A2(S + E + I +R)

w2

,

u∗
3(t) =

κ3Mλ5

w3

.

The controls can then be written using standard control arguments with bounds on the controls as:

u∗
1 =


Φ1 if 0 < Φ1 < 1,

0 if Φ1 ≤ 0,

1 if Φ1 ≥ 1.

u∗
2 =


Φ2 if 0 < Φ2 < 1,

0 if Φ2 ≤ 0,

1 if Φ2 ≥ 1.

u∗
3 =


Φ3 if 0 < Φ3 < 1,

0 if Φ3 ≤ 0,

1 if Φ3 ≥ 1.

In compact notation we write,

u∗
1(t) = max{0,min(1,Φ1)},

u∗
2(t) = max{0,min(1,Φ2)},

u∗
3(t) = max{0,min(1,Φ3)}.

where,
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Φ1 =
κ1βMS

w1(K +M)
(λ2 − λ1),

Φ2 =
κ2E(λ2 − λ1) + κ2I(λ3 − λ4)

w2

− A2(S + E + I +R)

w2

,

Φ3 =
κ3Mλ5

w3

.

The optimality system consists of the state system (3.25) coupled with adjoint system (3.29) together

with the characterization of the optimal control with the initial and transversality conditions.

The state equations in 3.25 and the co-state(adjoint) equation in system (3.29) are bounded and satisfy

Lipchitz condition, thus uniqueness of the optimality systems follows using the approaches by Joshi

et al. (2006).

3.2.11 Cost-Effectiveness Analysis

Using the Incremental Cost Effective Ratio (ICER), cost effectiveness analyses were conducted to

measure the cost effectiveness of various combinations of control strategies. When comparing two

competing intervention methods, one is compared to the next less successful solution in this process

(Okosun et al., 2013; Seidu & Makinde, 2014; Mwanga et al., 2015). The ICER formula is given by

ICER =
Difference in costs between strategies

Difference in the total number of infection averted
. (3.30)

We sum the difference between the total number of exposed and untreated individuals without and

with control to get the total number of infections averted. Also to obtain the total cost for each

strategy we used the cost function as shown in Table 2.

ICER(Strategy (i)) = 7.8901×105

8.0089×104
= 9.85, ICER(Strategy (iv)) = 9.9591×103−7.8901×105

8.0092×104−8.0089×104
=

Table 2: Ranking of control strategies in ascending order of the number of infections averted

Strategy Total infection averted Total costs $

No strategy 0 0

Strategy (i) 8.0089× 104 7.8901× 105

Strategy (iv) 8.0092× 104 9.9591× 103

Strategy (ii) 8.0098× 104 1.1149× 104

Strategy (iii) 8.0176× 104 3.3270× 103

−259683.6,

ICER(Strategy (ii)) = 1.1149×104−9.9591×103

8.0098×104−8.0092×104
= 225.15, ICER(Strategy (iii)) =
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3.3270×103−1.1149×104

8.0176×104−8.0098×104
= −100.28.

Comparing strategy (i) and (iv), strategy (i) is more costly and less effective than strategy iv. Hence,

we omit strategy (i) and recompute ICER values as indicated in Table 3. From Table 3 we observe

Table 3: Computation of ICER after omitting strategy (i)

Strategy Total infection averted Total costs $ ICER

Strategy 4 8.0092× 104 9.9591× 103 -259,683.6

Strategy 2 8.0098× 104 1.1149× 104 225.15

Strategy 3 8.0176× 104 3.3270× 103 -100.28

that strategy (ii) has higher cost compared to strategy (iv), Hence we omit strategy (ii) and recompute

ICER as indicated in Table 4

From table 4 we conclude that strategy (iii) (control with health education and sanitation) is more

Table 4: Computation of ICER after omitting strategy (ii)

Strategy Total infection averted Total costs $ ICER

Strategy 4 8.0092× 104 9.9591× 103 0.12

Strategy 3 8.0176× 104 3.3270× 103 -100.28

cost effective than strategy (iv) (control with health education, MDA and sanitation) implying that it

is the cheapest of all the control strategies.

3.3 Inter-host Mathematical Model for Helminth and Mycobacterium Tuberculosis Co-

infection with the application Optimal of Control Strategies

3.3.1 Model Formulation

The Helminth-Mtb infection model was formulated under the following assumptions:

(i) The susceptible individuals cannot simultaneously get infected by both diseases but rather get

infected with one disease and later by the other disease.

(ii) The population is homogeneously mixed.

(iii) The incidence rate for helminth infection follows the logistic model while Mtb is assumed to

be frequency dependent.

(iv) An individual get helminth infection after a sufficient contact with polluted environment.
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(v) Due to the fact that Mtb infection is more severe than helminth infection, we assume that

co-infected individuals seek for TB treatment rather than helminth infection.

(vi) The Bacille Calmette-Guérin (BCG) vaccine does not confer a total immunity.

The model was formulated by considering two populations namely the human population and the

parasite population (M) that are present in contaminated environment. The human population is sub-

divided into nine classes namely: susceptible (S), the vaccinated against Mtb (VT ), those infected

with Mtb but does not show clinical symptoms of TB (ET ), those with active TB (IT ), TB recovered

individuals (RT ), those infected by helminths (IH), those who have recovered from helminths (RH)

and those who are dually infected by helminths and Mtb (IHT ). Thus the total human population is

given by N = S+VT +ET +IT +IH+IHT +RT +RH+RHT . The susceptible population increases

by recruitment through birth at the rate (1 − η)bN and by those who lose their temporary immunity

against the helminths and Mtb at rates γ1 and γ2 respectively. The susceptible individuals get infected

with Mtb upon sufficient contact with an infectious individual with the force of infection λT =

βT (IT+σITH)
N

where βT is the transmission rate and σ > 1 is the modification parameter for co-infected

individuals that models infectivity for susceptible individuals. The susceptible individuals also get

infected by helminths after ingestion of eggs/larvae or skin penetration by infective larvae with the

force of infection λH = βHM
K+M

where βH is the ingestion rate of parasitic worms and K is the density

of parasites in the soil. The helminth infected individuals increase due to susceptible individuals

being infected with helminths, Mtb vaccinated individuals infected with helminths and co-infected

individuals who recover from Mtb at rate τ2. Furthermore, due to the fact that BCG vaccine does

not grant total protection (Nkamba et al., 2019), then individuals exposed to Mtb increase due to

Mtb vaccinated individuals losing their protection against Mtb and get infected at the rate ϱλT , with

ϱ ∈ (0, 1) such that 1− ϱ is the efficacy of the vaccine.

The chronic infection by helminths alter the chance of getting infection and the progression of co-

infecting parasites (virus or bacteria) (Fenton, 2013) as a result, individuals infested with helminths

are at higher risk of developing tuberculosis (DiNardo et al., 2016). Therefore, individuals co-

infected with helminth and Mtb is increased by helminth infected individuals being infected with

Mtb at the force of infection gλT , where g > 1 is the modification parameter that models increased

susceptibility to Mtb and Mtb exposed individuals getting infected by helminths at a force of infec-

tion λH . In addition, the number of individuals with active TB increases as individuals progress from

the exposed class at rate k and the co-infected individuals who recover from helminth infection at

the rate τ1 and are decreased due to natural recovery at the rate τ2. The parasite population in the
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Figure 4: Compartmental diagram for the helminth and mycobactrium tuberculosis co-

infection. The doted lines indicates the interaction of individuals with the polluted

environment.

environment increase as they are released by the helminth infected individuals at the rate ϵ1 and co-

infected individuals at the rate ϵ2 and are cleared from the environment at a rate µM . The description

above is illustrated in Fig. 4 and the governing system of non-linear differential equations is as in

model (3.31). The model parameters are described in Table 5.



dS

dt
= (1− η)bN + γ1RH + γ2RT − (µ+ λT + λH)S,

dVT

dt
= ηbN − (µ+ ϱλT + λH)VT ,

dET

dt
= λTS + ϱλTVT + λTRH − (µ+ k + λH)ET ,

dIT
dt

= kET + τ1IHT − (µ+ dT + τ2 + λH)IT ,

dIH
dt

= λHS + λHVT + λHRT + τ2ITH − (gλT + µ+ dH + τ1 + ϵ1)IH

dIHT

dt
= gλT IH + λH(ET + IT )− (µ+ dHT + τ1 + τ2 + ϵ2)IHT ,

dRT

dt
= τ2IT − (λH + µ+ γ2)RT ,

RH

dt
= τ1IH − (λT + µ+ γ1)RH ,

dM

dt
= ϵ1IH + ϵ2IHT − µMM.

(3.31)

where,
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λT =
βT (IT + σIHT )

N
and

λH =
βHM

M +K
.

We reduce the model parameters in-order to simplify qualitative analysis of the model (3.31) using

dimensionless version such that dimensionless variables are obtained by setting s =
S

N
, vT =

VT

N
,

eT =
ET

N
, iT =

IT
N

, iH =
IH
N

, iHT =
IHT

N
, rT =

RT

N
, rH =

RH

N
, rHT =

RHT

N
and m =

M

K
replace

the original variables S, VT , ET , IT , IH , IHT , RT , RH , RHT , M respectively in which the rate of

change of the population at time t is given by:

dN

dt
= (b− µ)N + dT IT − (dH + ϵ1)IH − (dHT + ϵ2)IHT . (3.32)

Upon differentiating dimensionless variables with respect to time and using equation (3.2), the system
(3.31) becomes:

Table 5: Description of the model parameters

Parameters Definition Estimated value Reference

b Natural birth rate 1
18250

day−1 Slater et al. (2013)

βT Transmission rate for Mtb 0.42day−1 Das et al. (2019)

µ Natural death rate
1

(60 × 365)
day−1 Mwanga et al. (2015)

γ1 Loss of temporary immunity for

helminth recovered individuals
1

70
day−1 Assumed

βH Ingestion rate of parasitic worms 1 parasites day−1 Assumed

ϱ Vaccine wane rate 0.7 Dimensionaless Colditz et al. (1994)

τ1 Natural recovery rate for

helminth infected individuals
1

28
day−1 Assumed

dH Helminths disease induced

death rate
35

1000
day−1 Slater et al. (2013)

γ2 Loss of temporary immunity for

Mtb recovered individuals 0.3day−1 Yeketi et al. (2019)

τ2 Natural recover rate for Mtb

infected individuals
0.2

365
day−1 Dye et al. (1999)

dT Mtb disease induced death rate 0.08day−1 Colditz et al. (1994)

dHT Helminths -Mtb disease induced

death rate 0.08day−1 Assumed

k Progression to active TB
0.00013

365
day−1 Bhunu et al. (2008b)

µM Clearance rate of parasitic
13

37500
day−1 Slater et al. (2013)

worms

ϵ1 Shading rate for helminth

infected

individuals 0.09day−1 Assumed

K Number of parasites in the 105 parasites Assumed

environment

ϵ2 Shading rate for co-infected 0.1day−1 Assumed

individuals

g Modification parameter 1.12 Dimensionless Assumed

σ Modification Parameter 1.5 Dimensionless Assumed
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ds

dt
= (1− η)b+ γ1rH + γ2rT − (b+ λ∗

T + λ∗
H − dT iT − (dH + ϵ1)iH

− (dHT + ϵ2)iHT )s,

dvT
dt

= ηb− (b+ ϱλ∗
T + λ∗

H − dT iT − (dH + ϵ1)iH − (dHT + ϵ2)iHT )vT ,

deT
dt

= λ∗
T (s+ ϱvT + rH)− (b+ k + λ∗

H − dT iT − (dH + ϵ1)iH − (dHT + ϵ2)iHT )eT ,

diT
dt

= keT + τ1iHT − (b+ dT + λ∗
H + τ2 − dT iT − (dH + ϵ1)iH − (dHT + ϵ2)iHT )iT ,

diH
dt

= λ∗
H(s+ vT + rT ) + τ2iHT − (b+ dH + τ1 + ϵ1 + gλ∗

T − dT iT − (dH + ϵ1)iH−

(dHT + ϵ2)iHT )iH ,

diHT

dt
= gλ∗

T iH + λ∗
H(eT + iT )− (b+ τ1 + τ2 + ϵ2 + dHT − dT iT − (dH + ϵ1)iH−

(dHT + ϵ2)iHT )iHT ,

drT
dt

= τ2iT − (b+ γ2 + λ∗
H − dT iT − (dH + ϵ1)iH − (dHT + ϵ2)iHT )rT ,

drH
dt

= τ1iH − (b+ γ1 + λ∗
T − dT iT − (dH + ϵ1)iH − (dHT + ϵ2)iHT )rH ,

dm

dt
= ϵ1iH + ϵ2iHT − µMm,

(3.33)

subject to condition

s+ vT + eT + iT + iH + iHT + rT + rH = 1. (3.34)

3.3.2 Helminth only Model

Before analyzing the full model (3.33), we first gain insight of the the helminth only model and Mtb

only model.The helminth only model was obtained from equation (3.33) by setting vT = eT = iT =

iHT = rT = η = 0. Then we obtain:

ds

dt
= b+ γ1rH − (b+ λ∗∗

H − (dH + ϵ1)iH)s,

diH
dt

= λ∗∗
H s− (b+ dH + τ1 + ϵ1 − (dH + ϵ1)iH)iH ,

drH
dt

= τ1iH − (b+ γ1 − (dH + ϵ1)iH)rH ,

dm

dt
= ϵ1iH − µMm,

(3.35)

where, λ∗∗
H =

βHm

1 +m
.
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3.3.3 Positivity and Boundness of the Solution

The Helminth only model (3.35) is mathematically and epidemiologicaly well-posed in the region

given by:

ΩH =
{
(s, iH , rH ,m) ∈ R

3
+ ∪ R+ : s+ iH + rH ≤ 1, 0 ≤ m ≤ 1

}
. (3.36)

Theorem 3.5

Supposing that the initial conditions are in ΩH , then the system of equations for the Helminth model

(3.35) has unique solution in ΩH for t > 0.

3.3.4 Disease-Free Equilibrium (DFE) and Basic Reproduction Number

The disease-free equilibrium point of the helminth model (3.35) is obtained by letting the RHS of

equation (3.35) to zero and evaluating at iH = rH = m = 0. Then, have E0
H = (1, 0, 0, 0).

To obtain the basic reproduction number, we apply the next generation approach. From the equations:

diH
dt

= λ∗∗
H s− (b+ dH + τ1 + ϵ1 − (dH + ϵ1)iH)iH ,

drH
dt

= τ1iH − (b+ γ1 − (dH + ϵ1)iH)rH ,

dm

dt
= ϵ1iH − µMm.

We have p =


λ∗∗
H s

0

0

 and q =


(b+ dH + τ1 + ϵ1 − (dH + ϵ1)iH)iH

(b+ γ1 − (dH + ϵ1)iH)rH − τ1iH

µMm− ϵ1iH

 , Then,

P =


0 0 βH

0 0 0

0 0 0

, Q−1 =


µM(b+ γ1)

µM(b+ γ1)(b+ dH + ϵ1 + τ1)
0 0

τ1
µM(b+ γ1)(b+ dH + ϵ1 + τ1)

1

b+ γ1
0

(b+ γ1)

µM(b+ γ1)(b+ dH + ϵ1 + τ1)
0

1

µM

 ,

PQ−1 =


βHϵ1

µM(b+ dH + ϵ1 + τ1)
0 βH

µM

0 0 0

0 0 0

 . (3.37)

Therefore, we can easily note that the matrix in equation (3.37) has
βHϵ1

µM(b+ dH + ϵ1 + τ1)
as its

spectral radius. Thus the basic reproduction number is

RH =
βHϵ1

µM(b+ dH + ϵ1 + τ1)
. (3.38)
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3.3.5 Local Stability of the Disease-Free Equilibrium

Theorem 3.6

The disease free equilibrium point is locally asymptotically stable if RH < 1 and unstable if RH > 1.

Proof. We fist obtained the jacobean matrix at E0
H

J0
H =


−b dH γ1 −βH

0 −(b+ dH + τ1 + ϵ1) 0 βH

0 τ1 −(b+ γ1) 0

0 ϵ1 0 −µM

 .

The characteristic polynomial of J0
H is given by:

P (x) = (b+x)(b−γ1−x)(x2+(b+dH + ϵ1+ τ1+µM)x−βHϵ1+µM(b+dH + ϵ1+ τ1)) (3.39)

From equation (3.39), the eigenvalues of J0
H are x1 = −b < 0, x2 = −(b+ γ1) < 0, and

(x2 + (b+ dH + ϵ1 + τ1 + µM)x+
1

µM(b+ dH + ϵ1 + τ1)
(1−RH) = 0. (3.40)

Applying Routh-Hurwiz criteria on equation (3.40), it has strictly negative roots if RH < 1. There-

fore the disease free equilibrium for the helminth only model is locally asymptotically stable if

RH < 1 and unstable otherwise.

3.3.6 Existance of Endemic Equilibrium

The helminth only model has endemic equilibrium which exist whenever RH > 1. Let

k∗ = b − (dH + ϵ1)i
∗
H then solving equation (3.35) for the state variables, the endemic equilibrium

in-terms of the force of infection is given by:

s∗ =
(γ1 + k∗) (dH + k∗ + τ1 + ϵ1) b

(λH) ∗
(
γ1 (dH + ϵ1) + k∗ (γ1 + dH + τ1 + ϵ1) + (k∗)2

)
+ k∗ (γ1 + k∗) k1

,

i∗H =
(λH)

∗ (γ1 + k∗) b

(λH) ∗
(
γ1 (dH + ϵ1) + k∗ (γ1 + dH + τ1 + ϵ1) + (k∗)2

)
+ k∗ (γ1 + k∗) k1

,

r∗H =
τ1 (λH)

∗b

γ1τ1 (λH) ∗ + (γ1 + k∗) ((λH) ∗ + k∗) k1
,

m∗ =
ϵ1 (λH)

∗ (γ1 + k∗) b

µM

(
(λH) ∗

(
γ1 (dH + ϵ1) + k∗ (γ1 + dH + τ1 + ϵ1) + (k∗)2

)
+ k∗ (γ1 + k∗) k1

) .
(3.41)

By using the force of infection λ∗∗
H =

βHm
∗

1 +m∗ and the equation (3.41),we have :

P (λ∗∗
H ) = λ∗∗

H (A1λ
∗∗
H +B1) = 0. (3.42)
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where,

k1 = (dH + k∗ + τ1 + ϵ1) ,

A1 = γ1(ϵ1(b+ µM) + µM(dH + k∗)) + k∗(ϵ1(b+ µM) + µM(dH + τ1 + k∗))

B1 = µMk∗(γ1 + k∗)(dH + ϵ1 + τ1 + k∗)(1−RH).

(3.43)

From equation (3.42), λ∗∗
H = 0 corresponds to the disease free equilibrium and the polynomial

P (λ∗∗
H ) = 0 corresponds to the endemic equilibrium point. Here we clearly observe that A1 > 0 and

B1 ≥ 0 whenever RH < 1 so that λ∗∗
H = −B1

A1
≤ 0. Thus the helminth only model has endemic equi-

librium when RH < 1 which suggests the impossibility of backward bifurcation whenever RH < 1.

3.3.7 Mycobacterium Tuberculosis Only Model

The Mtb only model was obtained from equation (3.33) by setting iH = iHT = rH = m = 0. Then

we obtain:



ds

dt
= (1− η)b+ γ2rT − (b+ λ∗∗

T − dT iT )s,

dvT
dt

= ηb− (b+ ϱλ∗∗
T − dT iT )vT ,

deT
dt

= λ∗∗
T (s+ ϱvT )− (b+ k − dT iT )eT ,

diT
dt

= keT − (b+ dT + τ2 − dT iT )iT ,

drT
dt

= τ2iT − (b+ γ2 − dT iT )rT .

(3.44)

where, λ∗∗
T = βT iT .

3.3.8 Positiviy and Boundness of the Solution

The Mtb only model (3.44) is epidemiologicaly and mathematically well posed in the region given

by:

ΩT = {(s, vT , eT , iT , rT ) ∈ R
5
+ : s+ vT + eT + iT + rT ≤ 1}. (3.45)

Theorem 3.7

Assuming that the initial conditions of the Mtb only model are in ΩT , then the system of equations

for the model (3.44) has unique solution for all t > 0.
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3.3.9 Disease-Free Equilibrium (DFE) and Effective Reproduction Number

The disease free equilibrium of the Mtb only model is given by E0
T = (1 − η), η, 0, 0, 0. We use the

principles of next generation matrix to obtain the effective reproduction number.

By considering the equations:

deT
dt

= λ∗∗
T (s+ ϱvT )− (b+ k − dT iT )eT ,

diT
dt

= keT − (b+ dT + τ2 − dT iT )iT ,

drT
dt

= τ2iT − (b+ γ2 − dT iT )rT .

(3.46)

We have:

pT =


λ∗∗
T (s+ ϱvT0)

0

0

 and qT =


(b+ k − dT iT )eT

(b+ dT + τ2 − dT iT )iT − keT

(b+ γ2 − dT iT )rT − τ2iT

, Then,

PT =


0 βT (s0 + ϱvT ) 0

0 0 0

0 0 0

, and

Q−1
T =


1

b+ k
0 0

k

(b+ k)(b+ dT + τ2)

1

b+ dT + τ2
0

kτ2
(b+ k)(b+ γ2)(b+ dT + τ2)

τ2
(b+ γ2)(b+ dT + τ2)

1

b+ γ2


Therefore

PTQ
−1
T =


βTk(s0 + ϱvT0)

(b+ k)(b+ dT + τ2)

βT (s0 + ϱvT0)

(b+ dT + τ2
0

0 0 0

0 0 0

 . (3.47)

Hence, the spectral radius of the next generation matrix (3.47) is
βTk(s0 + ϱvT0)

(b+ k)(b+ dT + τ2)
. Thus, the

effective reproduction of the Mtb only is given by

RT =
βTk(1 + (ϱ− 1)η)

(b+ k)(b+ dT + τ2)
. (3.48)

3.3.10 Local Stability of the Disease-free Equilibrium

Theorem 3.8

The disease-free equilibrium point is locally asymptotically stable if RT < 1 and unstable if RT > 1.
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Proof. We obtain the jacobean matrix at E0
T

J0
T =



−b 0 0 (dT − βT )s0 γ2

0 −b 0 (dT − ϱβT ) 0

0 0 −(b+ k) βT (s0 + ϱvT0) 0

0 0 k −(b+ dT + τ2) 0

0 0 0 τ2 −(b+ γ2)


. (3.49)

It can be clearly observed that the first three eigenvalues of the jacobean matrix J0
T are λ1,2 = −b < 0

and λ3 = −(b+ γ2). The remaining two eigenvalues can be obtained from the characteristic polyno-

mial of the block matrix ĴT =

−(b+ k) βT (s0 + ϱvT0)

k −(b+ dT + τ2)

 . We can quickly make conclusion on

the stability by obtaining the trace of matrix ĴT .

Trace(tr) of ĴT = −(2b+ k + dT + τ2) < 0. Here we only need the condition that Det(ĴT ) > 0 for

the system (3.44) to be stable.

Det(ĴT ) = (b+ k)(b+ dT + τ2)[1−RT ] which is strictly positive whenever RT < 1.

Therefore the disease free equilibrium point of the Mtb only model is locally asymptotically stable if

RT < 1 and unstable if RT > 1.

3.3.11 Existence and Uniqueness of the Endemic Equilibrium

The endemic equilibrium point of the system (3.44) is given by (s∗, v∗T , e
∗
T , i

∗
T , r

∗
T ) and exists if the

sub-populations is positive for future time. Let h∗ = b− dT i
∗
T , then state variable can be obtained by

equating the RHS of Eq. (3.44) equal to zero and solving to have:

s∗ =
b ((1− η)dT (γ2 + h∗) (h∗ + k) (h∗ + ϱλ∗∗

T ) + (1− η)h∗ (γ2 + h∗) (h∗ + k) (h∗ + τ2) + h1)

(h∗ + ϱλ∗∗
T ) (dT (γ2 + h∗) (h∗ + k) (h∗ + λ∗∗

T ) + h∗h2)
,

v∗T =
bη

h∗ + ϱλ∗∗
T

,

e∗T =
b (γ2 + h∗)λ∗∗

T (dT + h∗ + τ2) (ηh
∗(ϱ− 1) + h∗ + ϱλ∗∗

T )

(h∗ + ϱλ∗∗
T ) (dT (γ2 + h∗) (h∗ + k) (h∗ + λ∗∗

T ) + h∗h2)
,

i∗T =
bk (γ2 + h∗)λ∗∗

T (ηh∗(ϱ− 1) + h∗ + ϱλ∗∗
T )

(h∗ + ϱλ∗∗
T ) (dT (γ2 + h∗) (h∗ + k) (h∗ + λ∗∗

T ) + h∗h2)
,

r∗T =
bkτ2λ

∗∗
T (ηh∗(ϱ− 1) + h∗ + ϱλ∗∗

T )

(h∗ + ϱλ∗∗
T ) (dT (γ2 + h∗) (h∗ + k) (h∗ + λ∗∗

T ) + h∗h2)
.

(3.50)

Solving equation (3.50) into the equilibrium value for the force of infection λ∗∗
T we get:
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λ∗∗
T g(λ∗∗

T ) = λ∗∗
T (A1λT

∗∗2 +B1λ
∗
T + C1) = 0. (3.51)

such that λ∗∗
T = 0 corresponds to the DFE and g(λ∗∗

T ) = 0 corresponds to the existence of endemic

equilibrium.

Where,

h1 = ϱλ∗∗
T (γ2 (τ2 ((1− η)h∗ + k) + (1− η)h∗ (h∗ + k)) + (1− η)h∗ (h∗ + k) (h∗ + τ2)) ,

h2 = ((γ2 + h∗) (h∗ + k) (h∗ + τ2) + λ∗∗
T (γ2 (h

∗ + k + τ2) + (h∗ + k) (h∗ + τ2))) ,

C1 = h∗2(γ2 + h∗)(k + h∗)(dT + τ2 + h∗)(1−RT ),

B1 = h∗((1 + ϱ)(k + h∗)(dT (γ2 + h∗) + h∗(τ2 + h∗)) + γ2((1 + ϱ)(k + h∗)h∗,

+ τ2(kϱ+ (1 + ϱ)h∗)))− bkϱβT (γ2 + h∗),

A1 = ϱ(dT (k + h∗)(γ2 + h∗) + h∗((k + h∗)(τ2 + h∗) + γ2(k + τ2 + h∗))).

(3.52)

From the quadratic equation (3.51), we see that there is a unique endemic equilibrium if A1 >

0, B2 < 0, C2 = 0 or A2 > 0, B2 < 0, B2
2 − 4A2C2 = 0. Two equilibria occurs if A2 > 0, B2 > 0,

C2 > 0 and B2
1 − 4A1C1 > 0.

Now from equation (3.51), the coefficient A2 is always positive and C2 is positive or negative if RT

is less than or greater than one. We therefore state the following result.

Lemma 3.1. The system (3.44) has

• Precisely one unique endemic equilibrium if A2 > 0, B2 < 0, C2 = 0 or A2 > 0, B2 < 0,

B2
2 − 4A2C2 = 0.

• Precisely two endemic equlibria if A2 > 0, B2 > 0, C2 > 0 and B2
2 − 4A2C2 > 0.

• None otherwise.

To find the critical point where bifurcation occurs, we let the discriminant B2
2 − 4A2C2 = 0 and

express RT in terms of other parameters to obtain:

Rc
T = 1− B2

2

4A1h∗2(k + h∗)(γ2 + h∗)(dT + τ2 + h∗)
. (3.53)

Therefore from (3.53) it is observed that backward bifurcation occurs in the range Rc
T < RT < 1

[see Fig. 5].
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Figure 5: Backward bifurcation of the Mtb model

3.3.12 Existence of Backward Bifurcation

The backward bifurcation phenomenon can be proved by applying the center Manifold theory on

the system (3.44). By adopting the center Manifold theorem of Castillo-Chavez and Song (2004),

we perform bifurcation analysis by considering the transmission coefficient βT as the bifurcation

parameter if and only if RT = 1.

Let βT = β∗
T =

(b+ k)(b+ dT + τ2)

k(1 + (ϱ− 1)η)
. We make the following change of variable s = x1, vT = x2,

eT = x3, iT = x4, rT = x5. In addition, using the vector notation x = (x1, x2, x3, x4, x5)
T then the

Mtb-only model can be written in the form
dx

dt
= F (x) as shown in the system (3.54).

dx1

dt
= f1 = (1− η)b+ γ2x5 − (b+ β∗

Tx4 − dTx4)x1,

dx2

dt
= f2 = ηb− (b+ ϱβ∗

Tx4 − dTx4)x2,

dx3

dt
= f3 = β∗

Tx4(x1 + ϱx2)− (b+ k − dTx4)x3,

dx4

dt
= f4 = kx3 − (b+ dT + τ2 − dTx4)x4,

dx5

dt
= f5 = τ2x4 − (b+ γ2 − dTx4)x5.

(3.54)

We then obtain the Jacobean of the system (3.54) at E0
T given by:
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J(E0
T ) =



−b 0 0 (dT − βT )s0 γ2

0 −b 0 (dT − ϱβT ) 0

0 0 −(b+ k) βT (s0 + ϱvT0) 0

0 0 k −(b+ dT + τ2) 0

0 0 0 τ2 −(b+ γ2)


. (3.55)

To apply the Center Manifold theorem, we need to calculate a and b. We begin by calculat-

ing the right and left eigenvalues of the system (3.55) denoted by w(w1, w2, w3, w4, w5)
T , and

v = (v1, v2, v3, v4, v5)
T . We get

w1 =
((b+ γ2)(dT − βT )s0 + γ2τ2)w4

b(b+ γ2)
,

w2 =
(dT − ϱβ∗

T )vT0w4

b
,

w3 =
β∗
T (s0 + ϱvT0)w4

b+ k
,

w4 = w4 > 0 is free,

w5 =
τ2w4

b+ γ2
.

(3.56)

and

v1 = v2 = v5 = 0, v3 =
kv4
b+ k

, v4 = v4 > 0 is free.

Using the aforementioned theorem the coefficients a and b are given by the expressions in equation

(3.57).

a =
5∑

k,i,j=1

vkwiwj
∂2fk

∂xi∂xj

(
E0
T , β

∗
T

)
,

b =
5∑

k,i=1

vkwi
∂2fk

∂xi∂β∗

(
E0
T , β

∗
T

)
.

(3.57)

From the system (3.55), we obtain the non-vanishing partial derivatives at E0
T , β

∗
T given by:
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∂2f1
∂x4∂x1

= −(βT − dT ),

∂2f2
∂x4∂x2

= −(ϱβT − dT ),

∂2f3
∂x4∂x3

= dT ,

∂2f3
∂x1∂x4

= βT ,

∂2f3
∂x2∂x4

= ϱβT ,

∂2f4
∂x2

4

= dT ,

∂2f5
∂x4∂x5

= dT .

(3.58)

Furthermore,
∂2f1

∂β∗
T∂x4

= −s0,

∂2f2
∂β∗

T∂x4

= −ϱvT0,

∂2f3
∂β∗

T∂x4

= s0 + ϱvT0.

(3.59)

After tedious computations, it can be verified that:

a =
βT (dT (ϱ(2b+ k)vT + s0 (2b+ γ2))− ϱ(b+ k)vTϱβT − s0 (b+ γ2) βT + γ2τ2) kv4w

2
4

b(b+ k)2

+ dTv4w
2
4.

(3.60)

and

b =
(s0 + ϱvT0)kw4v4

b+ k
. (3.61)

The coefficient b is always positive. Hence by Castillo-Chavez and Song (2004), the coefficient a

dictactes the local dynamics of E0
T . Thus the system (3.44) will undergo backward bifurcation if

a > 0.
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3.3.13 Analysis of the Full Model

We consider the complete Mtb-helminth co-infection model (3.33) after analyzing the dynamics of

the two sub-models.

3.3.14 Disease-Free Equilibrium (DFE)

The DFE point of the system (3.33) is obtained by setting the right hand sides of the equations equal

to zero with eT = 0, iT = 0, iH = 0, iHT = 0, rT = 0, rH = 0, rHT = 0, and m = 0 to obtain the

DFE E0 = (1− η, η, 0, 0, 0, 0, 0, 0, 0).

3.3.15 Effective Reproduction Number

The principles of next-generation matrix by Van den Driessche and Watmough (2002) is used to

obtain the effective reproduction number. It follows that the effective reproduction number of the

Mtb-Helminth co-infection model (3.33), denoted by RHT is given by RHT = max{RH ,RT},

where,

RH =
βHϵ1

µM(b+ dH + ϵ1 + τ1)
(3.62)

and

RT =
βTk(1 + η(ϱ− 1))

(b+ k)(b+ dT + τ2)
(3.63)

corresponding to the reproduction numbers for helminth infection and Mtb transmission models ob-

tained from sub-sections 3.3.4 and 3.3.9 respectively.

3.3.16 Local Stability of the Disease-Free Equilibrium

Theorem 3.9

The disease free equilibrium point is locally asymptotically stable if RHT < 1 and unstable if RHT >

1.

Proof. We first obtain the Jacobian matrix at the disease free equilibrium E0 in order to prove this

theorem. The Jacobian Matrix is given by:
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JE0 =



−b 0 0 l0 −l1 −l2 γ2 γ1 −βHs0

0 −b 0 (ϱβT − dT )vT0 −l3 −l4 0 0 −βHvT0

0 0 −(b+ k) βT (s0 + ϱvT0) 0 βTσ(s0 + ϱvT0) 0 0 0

0 0 k −l5 0 τ1 0 0 0

0 0 0 0 −l6 τ2 0 0 βH

0 0 0 0 0 −l7 0 0 0

0 0 0 τ2 0 0 −l8 0 0

0 0 0 0 τ1 0 0 −l9 0

0 0 0 0 ϵ1 ϵ2 0 0 −µM



.

(3.64)

where,
l0 = (dT − βT )s0,

l1 = (dH + ϵ1)s0,

l2 = (σβT − (dHT + ϵ2))s0,

l3 = (dH + ϵ1)vT0,

l4 = (ϱσβT − (dHT + ϵ2))vT0,

l5 = (b+ dT + τ2),

l6 = (b+ dH + τ1),

l7 = (b+ τ1 + τ2 + ϵ2 + dHT ),

l8 = (b+ γ2),

l9 = (b+ γ1).

(3.65)

Now the characteristic polynomial of the Jacobian matrix JE0 is given by:

p(λ) = (b+ λ)2 (b+ γ1 + λ) (b+ γ2 + λ) (b+ dHT + τ1 + τ2 + λ+ ϵ2)(
λ2 + (2b+ k + dT + τ2)λ+ (b+ k)(b+ dT + τ2)[1−RT ]

)
(
λ2 + (b+ dH + ϵ1 + µM + τ1)λ+ µM(b+ dH + ϵ1 + τ1)[1−RH ]

)
.

(3.66)

Clearly, from equation (3.66) the eigenvalues of JE0 are as follows: λ1,2 = −b < 0, λ2 = −(b+γ1) <

0, λ3 = −(b+ γ2) < 0, λ4 = −(b+ dHT + τ1 + τ2 + ϵ2) < 0,

and (
λ2 + (2b+ k + dT + τ2)λ+ (b+ k)(b+ dT + τ2)[1−RT ]

)
(
λ2 + (b+ dH + ϵ1 + µM + τ1)λ+ µM(b+ dH + ϵ1 + τ1)[1−RH ]

)
= 0.

(3.67)
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Applying Routh- Hurwitz conditions May (2019) on equation (3.5), it has strictly negative real roots

if RT < 1 and RH < 1. Thus the DFE point E0 is locally asymptotically stable whenever RHT < 1

and unstable if either RT > 1 or RH > 1.

3.3.17 Global Stability of Disease-Free Equilibrium

We investigate the global asymptotic stability of the disease free equilibrium of model (3.33) by using

the theory applied by Castillo-Chavez et al. (2002). The system (3.33) is written as:

dX
dt

= F (X,Y),

dY
dt

= G(X,Y), G(X, 0) = 0,

(3.68)

where, X = (s, vT , rT , rH) ∈ R
4
+ represents the number of uninfected individuals and Y =

(eT , iT , iH , iHT ,m) ∈ R
5
+ represents the number of infected individuals including the latent and

infectious individuals.

The DFE is given by E0 = (X∗
0 , 0) , where X∗

0 = (1− η, η). The conditions in equation (3.69) must

be satisfied to guarantee local asymptotic:

dX
dt

= F (X∗, 0), X∗ is globally asmptotically stable(g.a.s) and

G(X,Y) = BY − Ĝ(X,Y), where Ĝ(X,Y) ≥ 0 for (X,Y) ∈ Σ,

(3.69)

and, B = DYĜ(X∗, 0) is M− matrix (That is, the off diagonal elements of matrix B are non nega-

tive), and Σ is the region where the model makes biological sense. If the equations in 3.33 satisfy the

conditions in 3.69 then the following theorem holds:

Theorem 3.10

The fixed point E0 is globally asymptotically stable equilibrium of the system (3.33) given that

RHT < 1 and that the conditions in 3.69 are fulfilled.

Proof. The system (3.33) as written in equation (3.69) can be re-written in a reduced form:

dX
dt

∣∣∣
Y=0

=


(1− η)b− bs

ηb− bvT

0

 . (3.70)

Solving equation one in (3.70) gives s(t) = (1− η) + (s0 − (1− η))e−bt implying that s(t) → 1− η

as t → ∞. Similarly solving equation two in (3.15) gives vT (t) = η + (vT0 − η)e−bt implying that

47



vT (t) → η as t → 0. Therefore the fist condition in 3.69 is satisfied.

Let

Ĝ1(X,Y)

Ĝ2(X,Y)

Ĝ3(X,Y)

Ĝ4(X,Y)

Ĝ5(X,Y)


=



χ1λ
∗
T

(
1− s+ ϱvT

χ1

)
− λ∗

T rH + λ∗
HeT − dT iT eT − χ2iHeT − χ3iHT eT

λ∗
HiT − dT i

2
T − χ2iHiT − χ3iHT iT

βHm

(
1− s+ vT + rT

1 +m

)
+ gλ∗

T iH − dT iT iH − χ2i
2
H − χ3iHT iH

−gλ∗
T iH − λ∗

H(eT + iT )− dT iT iHT − χ2iHiHT − χ3i
2
HT

0


.

(3.71)

and

B =



−(b+ k) βT (s0 + ϱvT0) 0 βTσ(s0 + ϱvT0) 0

k −(b+ dT + τ2) 0 τ1 0

0 0 −(b+ dH + τ1 + ϵ1) τ2 βH

0 0 0 −Γ 0

0 0 ϵ1 ϵ2 −µM


.

where χ1 = (1+η(ϱ−1)), χ2 = dH+ϵ1, χ3 = dHT+ϵ3 and Γ = b+τ1+τ2+ϵ2+dHT . From equation

(3.71) we observe that Ĝ4(X, Y ) < 0 implying that the second condition in 3.69 is not fulfilled, so

E0 may not be globally asymptotic stable. This suggests existence of multiple equlibria.

3.3.18 The Effect of Helminth Infection on Mtb and Vice-versa

We analyze the effective reproduction number for helminth-Mtb co-infection model to determine

the impact of helminth infection on Mtb by using approach by other scholars (Okosun & Robert,

2017; Tilahun et al., 2018; Mushayabasa & Bhunu, 2011). This is done to determine how the rate

of increase of infection by one disease affect the spread of the other disease in the community. The

net effect of the co-infection and the interactions can have either positive or negative effect on each

other. To analyze the effect of helminth infection on Mtb infection and vice-versa, we first express

RH in terms of RT . Then solve for b from the expression of RT in equation (3.62) to get:

b =
−θ1RT +

√
θ2R2

T + θ3RT

2RT

, (3.72)

where θ1 = k + dT + τ2, θ2 = (k + dT + τ2)
2 − 4k(dT + τ2), θ3 = 4βTk(1 + η(ϱ− 1)).
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Then substituting b into the expression for RH we get

RH =
βHϵ1

µM

(
−θ1RT +

√
θ2R2

T + θ3RT

2RT

+ dH + ϵ1 + τ1

) . (3.73)

Differentiating equation (3.73) partially with respect to RT gives

∂RH

∂RT

=
θ3βHϵ1RT

µM

√
RT (θ2RT + θ3)

(
2RT (dH + ϵ1 + τ1)− θ1RT +

√
RT (θ2RT + θ3)

)2 . (3.74)

Now, whenever the right hand side of Eq. (3.74) is strictly positive, an increase in Mtb incidence in

the society results in an increase in the incidence of helminth infection in the society.

If RHS of equation (3.74) is equal to zero, means that Mtb incidences have no influence on the spread

of helminth infection.

Also, expressing b in terms of RH from the expression of RH in equation (3.63) we get:

b =
βHϵ1 − θ6RH

µMRH

, (3.75)

where θ6 = µM(dH + τ1). Then expressing RT in terms of RH we have

RT =
βTk(1 + η(ϱ− 1))µ2

MR2
H

(βHϵ1 + (µMk − θ6)RH)(βHϵ1 + (µM(dT + τ2)− θ6)RH)
(3.76)

Differentiating RT with respect to RH we get

∂RT

∂RH

=
kϵ1RHµ

2
MβHβT (1 + η(ϱ− 1))[RH(µM(dT + k + τ2)− 2θ6) + 2βHϵ1]

(RH(kµM − θ6) + βHϵ1)2(RH(µM(dT + τ2)− θ6) + βHϵ1)2
(3.77)

Whenever µM(dT + k + τ2) ≥ 2θ6, then
∂RT

∂RH

is strictly positive. This indicates that helminth

infection incidence results in an increase in Mtb infection incidence in the society. Thus helminth

infection enhances Mtb infection in the society.

3.3.19 Existance of Backward Bifurcation

To evaluate the endemic equilibrium’s local asymptotic stability, we use the Centre Manifold

Theorem, which was developed by Castillo-Chavez and Song (2004). To use the theory we

make the subsequent change of variables: Let x1 = s, x2 = vT , x3 = eT , x4 = iT , x5 = iH ,

x6 = iHT , x7 = rT , x8 = rH , x9 = m. Then the model system (3.3) are often written within the form:

dX
dt

= F(x) = (f1(x), f2(x), f3(x), f4(x), f5(x), f6(x), f7(x), f8(x), f9(x)) (3.78)
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where,

dx1

dt
= f1(x) = (1− η)b+ γ1x8 + γ2x7 − (b+ βT (x4 + σx6)− dTx4 − (dH + ϵ1)x5

− (dHT + ϵ2)x6)x1,

dx2

dt
= f2(x) = ηb− (b+ ϱβT (x4 + σx6) +

βHx9

1 + x9

− dTx4 − (dH + ϵ1)x5 − (dHT + ϵ2)x6)x2,

dx3

dt
= f3(x) = βT (x4 + σx6)(x1 + ϱx2 + x8)− (b+ k +

βHx9

1 + x9

− dTx4 − (dH + ϵ1)x5−

(dHT + ϵ2)x6)x3,

dx4

dt
= f4(x) = kx3 + τ1x6 − (b+ dT + τ2 +

βHx9

1 + x9

− dTx4 − (dH + ϵ1)x5 − (dHT + ϵ2)x6)x4,

dx5

dt
= f5(x) =

βHx9

1 + x9

(x1 + x2 + x7) + τ2x6 − (b+ dH + τ1 + ϵ1 + gβT (x4 + σx6)− dTx4−

(dH + ϵ1)x5 − (dHT + ϵ2)x6)x5,

dx6

dt
= f6(x) = gβT (x4 + σx6)x5 +

βHx9

1 + x9

(x3 + x4)− (b+ τ1 + τ2 + ϵ2 + dHT − dTx4−

(dH + ϵ1)x5 − (dHT + ϵ2)x6)x6,

dx7

dt
= f7(x) = τ2x4 − (b+ γ2 +

βHx9

1 + x9

− dTx4 − (dH + ϵ1)x5 − (dHT + ϵ2)x6)x7,

dx8

dt
= f8(x) = τ1x5 − (b+ γ1 + βT (x4 + σx6)− dTx4 − (dH + ϵ1)x5 − (dHT + ϵ2)x6)x8,

dx10

dt
= f9(x) = ϵ1x5 + ϵ2x6 − µMx10.

(3.79)

So the Jacobian matrix of the system (3.79) at the disease-free (E0 ) is given by:

JE0 =



−b 0 0 J0 −J1 −J2 γ2 γ1 −βHs0

0 −b 0 (ϱβT − dT )vT0 −J3 −J4 0 0 −βHvT0

0 0 −(b+ k) β∗
T (s0 + ϱvT0) 0 β∗

Tσ(s0 + ϱvT0) 0 0 0

0 0 k −J5 0 τ1 0 0 0

0 0 0 0 −J6 τ2 0 0 βH

0 0 0 0 0 −J7 0 0 0

0 0 0 τ2 0 0 −J8 0 0

0 0 0 0 τ1 0 0 −J9 0

0 0 0 0 ϵ1 ϵ2 0 0 −µM



.

(3.80)

where,
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J0 = (dT − βT )s0,

J1 = (dH + ϵ1)s0,

J2 = (σβT − (dHT + ϵ2))s0,

J3 = (dH + ϵ1)vT0,

J4 = (ϱσβ∗
T − (dHT + ϵ2))vT0,

J5 = (b+ dT + τ2),

J6 = (b+ dH + τ1),

J7 = (b+ τ1 + τ2 + ϵ2 + dHT ),

J8 = (b+ γ2),

J9 = (b+ γ1).

(3.81)

Recall that RHT = max{RH ,RT}. If we consider RHT = 1 (that is RH < RT = 1), and let

βT = β∗
T be a bifurcation parameter. Then, with RT = 1 gives

βT = β∗
T =

(b+ k)(b+ dT + τ2)

k(1 + η(ϱ− 1))
. (3.82)

The Jacobian JE0 has simple zero eigenvalue whose related right eigenvectors are denoted by w =

[w1, w2, w3, w4, w5, w6, w7, w8, w9]
T .

where,

w1 =

(
J8(dT − β∗

T )s0 + γ2τ2
bJ8

)
w4 +

(
µMγ1τ1 − J1J9 − β∗

T ϵ1s0J9
bµMJ9

)
w5,

w2 =
(ϱβ∗

T − dT )vT0

b
w4 −

(µM(dH + ϵ1) + βHϵ1)

bµM

w5,

w3 =
β∗
T (s0 + ϱvT0)w4

b+ k
,

w4 = w4 > 0 is free ,

w5 = w5 > 0 is free ,

w6 = 0,

w7 =
τ2w4

J8
,

w8 =
τ1w5

J9
,

w9 =
ϵ1w5

µM

.

(3.83)
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The left eigenvectors of JE0 associated with the simple eigenvalues are denoted by v =

[v1, v2, v3, v4, v5, v6, v7, v8, v9]
T , where,

v1 = v2 = v7 = v8 = 0,

v3 =
kv4
b+ k

,

v4 = v4 > 0 is free ,

v5 = v5 > 0 is free ,

v6 =

(
kβ∗

Tσ(s0 + ϱvT0) + τ1(b+ k)

J7(b+ k)

)
v4 +

(
τ2µM + ϵ2βH

J7µM

)
v5,

v9 =
βHv5
µM

.

(3.84)

The coefficients a and b that decides the local dynamics of endemic equilibrium point are defined in

equation (3.85) and (3.86):

a =
n∑

k,j,i=1

vkwiwj
∂2fk

∂xi∂xj

(E0, β∗
T ). (3.85)

b =
n∑

k,i=1

vkwi
∂2fk

∂xi∂β∗
T

(E0, β∗
T ). (3.86)

From the system (3.79), the non-zero partial derivatives of F related to a at DFE are given by:
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∂2f1
∂x4∂x1

= dT − β∗
T ,

∂2f1
∂x5∂x1

= dH + ϵ1,

∂2f1
∂x6∂x1

= dH + ϵ2 − σβ∗
T ,

∂2f2
∂x4∂x2

= dT − ϱβ∗
T ,

∂2f2
∂x5∂x2

= dH + ϵ1,

∂2f2
∂x6∂x2

= dHT + ϵ2 − σϱβ∗
T ,

∂2f2
∂x9∂x2

= −βH ,

∂2f3
∂x4∂x3

= dT ,

∂2f3
∂x5∂x3

= dH + ϵ1,

∂2f3
∂x6∂x3

= dHT + ϵ2,

∂2f3
∂x9∂x3

= −βH ,

∂2f3
∂x4∂x1

= βT ,

∂2f3
∂x6∂x1

= σβT ,

∂2f3
∂x4∂x2

= ϱβT ,

∂2f3
∂x6∂x2

= ϱσβT ,

∂2f3
∂x4∂x8

= βT ,

∂2f3
∂x6∂x8

= σβT ,

∂2f4
∂x2

4

= dT ,

∂2f4
∂x5∂x4

= dH + ϵ1,

∂2f4
∂x6∂x4

= dHT + ϵ2,

∂2f4
∂x9∂x4

= −βH ,

(3.87)
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∂2f5
∂x4∂x5

= dT − gβ∗
T ,

∂2f5
∂x2

5

= dH + ϵ1,

∂2f5
∂x6∂x5

= dHT + ϵ2 − gσβ∗
T ,

∂2f5
∂x9∂x1

= βH ,

∂2f5
∂x9∂x2

= βH ,

∂2f5
∂x9∂x7

= βH ,

∂2f6
∂x4∂x6

= dT ,

∂2f6
∂x5∂x6

= dH + ϵ1 + gσβ∗
T ,

∂2f6
∂x2

6

= dHT + ϵ2,

∂2f6
∂x4∂x5

= gβ∗
T ,

∂2f6
∂x9∂x3

= βH ,

∂2f6
∂x9∂x4

= βH ,

∂2f7
∂x9∂x7

= −βH ,

∂2f7
∂x4∂x7

= dT ,

∂2f7
∂x5∂x7

= dH + ϵ1,

∂2f7
∂x6∂x7

= dHT + ϵ2,

∂2f8
∂x4∂x8

= dT − β∗
T ,

∂2f8
∂x5∂x8

= dH + ϵ1,

∂2f8
∂x6∂x8

= dHT + ϵ2 − σβ∗
T .

Therefore equation (3.85) becomes:

a =

(
a0w

2
4

b(b+ k)J8
+

a1w4w5

bJµMJ8J9(b+ k)

)
v3 +

(
dTw

2
4 +

(µM(dH + ϵ1)− βHϵ1)

µM

w4w5

)
v4+(

a2w4w5

bJ8µ2
M

+
a3w

2
5

bJ9µ2
M

)
v5 +

a4w4w5

µM(b+ k)
v6.

(3.88)
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where,

a0 = bdTβ
∗
TJ8(s0 + ϱvT0) + J8ϱβ

∗
TvT0(b+ k)(ϱβ∗

T − dT ) + (J8(dT − β∗
T )s0 + γ2τ2)σβ

∗
T

a1 = β∗
T (s0 + ϱvT0)bJ8J9(µM(dH + ϵ1)− βHϵ1) + β∗

TµM(b+ k)(σJ9(µMγ1τ1 − J1J8−

β∗
T ϵ1s0J9)− bτ1J8)− ϱβ∗

TJ8J9b(b+ k)(µM(dH + ϵ1) + βHϵ1)

a2 = (dT − gβ∗
T )bJ8µ

2
M + (J8(dT − β∗

T )s0 + γ2τ2)ϵ1βHµM + bµMϵ1βHτ2

a3 = bJ9µ
2
M(dH + ϵ1) + βHϵ1(µMγ1τ1 − J1J9 − β∗

T ϵ1s0J9)

a4 = (µMβ∗
T (b+ k) + β∗

T (s0 + ϱvT0)ϵ1βH + βHϵ1(b+ k)).

(3.89)

To determine the sign of b, we find the subsequent non-vanishing partial derivatives of F.

∂2f1
∂x4∂β∗

T

= −s0,

∂2f1
∂x6∂β∗

T

= −σs0,

∂2f3
∂x4∂β∗

T

= s0 + ϱvT0,

∂2f3
∂x6∂β∗

T

= σ(s0 + ϱvT0).

(3.90)

Therefore,

b =
β∗
Tk(s0 + ϱvT0)

2

(b+ k)2
w4v4. (3.91)

Now, according to Castillo-Chavez and Song (2004), the signs of a and b dictates the local dynamics

thus we have the following lemma.

Lemma 3.2. Suppose that b > 0. Then we have

(i) The system (3.33) undergoes backward bifurcation if the coefficient a is positive.

(ii) The system (3.33) will exhibit transcritical bifurcation if the coefficient a is negative.

3.3.20 Sensitivity Analysis

To evaluate the impact of each parameter on the effective reproduction number, we conduct a sensi-

tivity analysis of the effective reproduction number subject to each parameter. Therefore we compute

the forward sensitivity index of the effective reproduction number RHT with respect to the parame-

ters using the approach by Chitnis et al. (2006). Since RHT = max{RH ,RT}, then the sensitivity

indices for RH and RT are computed. The normalized forward sensitivity index of a variable P with

respect to parameter r is defined as ζPr =
r

P

∂P

∂r
. For instance, the sensitivity index of RT with re-

spect to βT is given by ζRT
βT

=
βT

RT

∂RT

∂βT

= 1, and other indices are evaluated using parameter values

in Table 5. The remaining indices are given in Table 6 and Table 7.
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Table 6: Sensitivity indices for reproduction number of Mtb infection RT

Parameter Description Sensitivity indices

βT Transmission rate for Mtb +1.0000

k Progression to active TB +0.9935

η Rate of vaccination -0.5385

ϱ Vaccine wane rate +0.5385

dT Mtb disease induced death rate -0.9691

τ2 Natural recover rate for Mtb infected individuals -0.0303

Table 7: Sensitivity indices for reproduction number of Helminth infection, RH

Parameter Description Sensitivity indices

βH Ingestion rate of parasitic worms +1

ϵ1 Shading rate for helminth infected individuals +0.4402

µM Clearance rate of parasitic worms -1.0000

dH Helminths disease induced death rate -0.2177

τ1 Natural recovery rate for helminth infected individuals -0.2221

From Table 6 and Table 7, the most positive parameter indices are βT , k and βH while the most

negative parameter indices are b, dT , and µM . This imply that when parameters βT , k and βH is

increased, while the remaining are kept constant, increases the endemicity of the disease, while when

the parameter µM is increased, the endemicity of disease is decreased. Increasing the natural birth

rate and Mtb mortality rate does not make biological sense that the disease would be contained. Thus

we suggest the application of optimal control to sensitive parameters such as βH , βT , and µM to study

how effectively we can contain the Helminth-Mtb infection.

3.3.21 The Optimal Control Problem

In this section, the extension of the model (3.31) is formed by including four time-dependent controls

so as to decide the optimal strategy for controlling the two diseases. The controls are defined as

follows:

(i) Education campaign u1(t) that sensitize the parents to vaccinate more infants. Therefore the

recruitment for the Mtb vaccinated individuals changes to ηN(1 + u1(t)) meaning that when

this control is 100% implemented then the number of vaccinated babies doubles.
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(ii) Treatment α1u2(t) of individuals with active TB where α1 is the drug efficacy use for Mtb

infection. Therefore the Mtb recover rate changes to τ2 + α1u2(t).

(iii) Deworming at a rate α2u3(t) for the helminth infected individuals and co-infected individuals

where α2 is the drug efficacy use for the helminth infection. Therefore the helminth recover

rate changes to τ1 + α2u3(t).

(iv) Sanitation and proper hygiene u4 that reduces the ingestion rate of parasites. Therefore the

force of infection for the helminth infection is changed to λH =
(1− u4)βHM

K +M
.

After incorporating the controls u1(t), u2(t), u3(t), and u4(t) in the Mtb-helminth infection model

(3.31), then the optimal control model becomes:



dS

dt
= (1− η)bN + γ1RH + γ2RT − (µ+ λT + (1− u4)λH)S,

dVT

dt
= ηb(1 + u1)N − (µ+ ϱλT + (1− u4)λH)VT ,

dET

dt
= λTS + ϱλTVT + λTRH − (µ+ k + (1− u4)λH)ET ,

dIT
dt

= kET + (τ1 + α2u3)IHT − (µ+ dT + τ2 + (1− u4)λH)IT − (τ2 + α1u2)IT ,

dIH
dt

= (1− u4)λHS + (1− u4)λHVT + (1− u4)λHRT + τ2ITH − (gλT + µ+ dH + ϵ1)IH

−(τ1 + α2u3)IH ,

dIHT

dt
= gλT IH + (1− u4)λH(ET + IT )− (µ+ dHT + τ2 + ϵ2)IHT − (τ1 + α2u3)IHT ,

dRT

dt
= (τ2 + α1u2)IT − ((1− u4)λH + µ+ γ2)RT ,

RH

dt
= (τ1 + α2u3)IH − (λT + µ+ γ1)RH ,

dM

dt
= ϵ1IH + ϵ2IHT − µMM.

(3.92)

We employ Pontryagin’s Maximum Principle to figure out the required conditions for the optimal

control of Helminth-Mtb co-infection. The control set U is Lebesgue measurable and is defined

as U = {u1(t), u2(t), u3(t), u4(t) : 0 ≤ ui(t) ≤ 1, 0 < t ≤ tf}. Then objective is to minimize

individuals with active TB, individuals infested with helminth parasites and co-infected individuals

while keeping the cost low. For this problem, we consider the objective functional defined by:

J =

∫ tf

t0

{C1IT + C2IH + C3IHT +
1

2

4∑
i=1

wiu
2
i }dt. (3.93)
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where, C1IT , C2IH , C3IHT are the costs related to active tuberculosis individuals, infected with

helminths individuals, and co-infected individuals respectively. The expression
1

2
wiu

2
i is related to

the background costs with relative cost weights wi for every control measure. The quadratic cost is

tailored as utilized in other models with controls (Makinde & Okosun, 2011; Mwanga et al., 2015).

The particular value of the weights require intensive data processing, hence we elect estimate values

for theoretical purposes.

The aim is to minimize the objective functional J as defined in 3.93 subject to model equations

(3.92). Therefore we seek to get the optimal controls u∗
1, u

∗
2, u∗

3, u
∗
4 such that:

J(u∗
1, u

∗
2, u

∗
3, u

∗
4) = min

u1,u2,u3,u4∈U
J(u1, u2, u3, u4) (3.94)

where U = {(u1, u2, u3, u4) and therefore the controls u1, u2, u3, u4 are measurable with 0 ≤ u1 ≤

1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1 and 0 ≤ u4 ≤ 1 for t ∈ [t0 tf ]}.

Theorem 3.11

Consider the control problem with the system of equations in 3.92. There exist u∗ = (u∗
1, u

∗
2, u

∗
3, u

∗
4) ∈

U such that

min
u1,u2,u3,u4∈U

J(u1, u2, u3, u4, ) = J(u∗
1, u

∗
2, u

∗
3, u

∗
4).

The necessary conditions that an optimal solutions must satisfy is derived from Pontryagin Maximum

Principle (Pontryagin, 2018). The principle converts equations (3.92)-(3.93) into the problem of

minimizing the pointwise a Hamiltonian H , with reference to u1, u2, u3, u4. The Hamiltonian is

given by:

H = C1IT + C2IH + C3IHT +
1

2
(w1u

2
1 + w2u

2
2 + w3u

2
3 + w4u

2
4) + λS{(1− η)bN+

γ1RH + γ2RT − (µ+ λT + (1− u4)λH)S}+ λVT
{ηb(1 + u1)N − (µ+ ϱλT + (1− u4)

λH)VT}+ λET
{λTS + ϱλTVT + λTRH − (µ+ k + (1− u4)λH)ET + λIT {kET + (τ1+

α2u3)IHT − (µ+ dT + (1− u4)λH)IT − (τ2 + α1u2)IT}+ λIH{(1− u4)λH(S + VT +RT )

+ τ2ITH − (µ+ dH + ϵ1 + gλT )IH − (τ1 + α2u3)IH}+ λIHT
{gλT IH + (1− u4)λH(ET + IT )

− (µ+ dHT + τ2 + ϵ2)IHT − (τ1 + α2u3)IHT}+ λRT
{(τ2 + α1u2)IT − (λH + µ+ γ2)RT}+

λRH
{(τ1 + α2u3)IH − (λT + µ+ γ1)RH}+ λM{ϵ1IH + ϵ2IHT − µMM}.

(3.95)

where λS , λVT
, λET

, λIT , λIH , λIHT
, λRT

, λRH
and λM are the co-state variables or the adjoint vari-

ables. Now applying Pontryagin’s Principle Pontryagin (2018) the problem has solution following

the results of optimal control problem by Fleming and Rishel (2012).
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Theorem 3.12

Given the optimal control ui, for i = 1, 2, 3, 4 and the solution S, VT , ET , IT , IH , IHT , RT , RH

and M , the state system (3.92)-(3.93) that minimize J(u1, u2, u3, u4) over U , there exists adjoint

variables λS , λVT
, λET

, λIT , λIH , λIHT
, λRT

, λRH
and λM satisfying

− dλi

dt
=

∂H

∂xi

(3.96)

where xi = S, VT , IT , IH , IHT , RT , RH ,M with transvesality conditions λS(tf ) = λVT
(tf ) =

λET
(tf ) = λIT (tf ) = λIH (tf ) = λIHT

(tf ) = λRT
(tf ) = λRH

(tf ) = λM(tf ) = 0

and the subsequent characterization holds on the interior of the control set U

u∗
1 = max

{
0,min

{
1,−ηbNλVT

w1

}}
,

u∗
2 = max

{
0,min

{
1,

α1IT (λIT − λRT
)

w2

}}
,

u∗
3 = max

{
0,min

{
1,

α2IH(λIH − λRH
) + α2IHT (λIHT

− λIT )

w3

}}
,

u∗
4 = max

{
0,min

{
1,

λHλIH (S + VT +RT ) + λHλIHT
(ET + IT )

w4

−

λH(SλS + VTλVT
+ ETλET

+ ITλIT )

w4

}}
.

(3.97)

Proof. Fleming and Rishel (2012) provides the existence of an optimal control model (3.92) and the

costate variables (3.96) due to boundness of state equations and the Lipschiz structure of the ordinary

differential equations. Therefore applying the necessary conditions from Pontryagin Maximum

Principle, we obtain the following system for costate variables:

dλS

dt
= −(1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
βT (IT + σIHT )VT

N2
(ϱλET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) +

βT (IT + σIHT )

N
(λS − λET

)

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) +
(1− u4)βHM

K +M
(λS − λIH ) + µλS,

dλVT

dt
= −(1− η)bλS +

βT (IT + σIHT )VT

N2
(ϱλET

− λVT
) +

βT (IT + σIHT )RH

N2
(λET

− λRT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )S

N2
(λET

− λS) +
βT (IT + σIHT )

N
(λVT

− ϱλET
)

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) +
(1− u4)βHM

K +M
(λVT

− λIH ) + µλVT
,

dλET

dt
= −(1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) +

gβT (IT + σIHT )IH
N2
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(λIHT
− λIH ) +

(1− u4)βHM

K +M
(λET

− λIHT
) + k(λET

− λIT ) + µλET
,

dλIT

dt
= −C1 − (1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) +

βT (SλS + VTλVT
+ ITλRH

)

N

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) +
(1− u4)βHM

K +M
(λIT − λIHT

) + (µ+ dT )λIT

+
gβT IH
N

(λIH − λIHT
) + (τ2 + α1u2)(λIT − λRH

), (3.98)

dλIH

dt
= −C2 − (1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) +

gβT (IT + σIHT )

N
(λIH − λIHT

)

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) + (τ1 + α2u3)(λIH − λRH
) + (µ+ dH + ϵ1)λIH

+ ϵ1λM ,

dλIHT

dt
= −C3 − (1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) +

σgβT (IT + σIHT )

N
(λIH − λIHT

)

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) + (τ1 + α2u3)(λIHT
− λIT ) + (µ+ dHT + τ2+

ϵ2)λIHT
+ ϵ2λM − τ2λIH +

βTσ(SλS + ϱVTλVT
+RHλRH

)

N
− σβT (S + ϱVT +RH)

N
,

dλRT

dt
= −(1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) + γ2(λRT

− λS) + µλRT

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) +
(1− u4)βHM

K +M
(λλRT

− λIH ),

dλRH

dt
= −(1− η)bλS +

βT (IT + σIHT )S

N2
(λET

− λS) +
ϱβT (IT + σIHT )VT

N2
(λET

− λVT
)

− ηb(1 + u1)λVT
+

βT (IT + σIHT )RH

N2
(λET

− λRH
) + γ1(λRH

− λS) + µλRH

+
gβT (IT + σIHT )IH

N2
(λIHT

− λIH ) +
βT (IT + σIHT )

N
(λλRH

− λET
),

dλM

dt
=

(1− u4)βHMS

(K +M)2
(λIH − λS) +

(1− u4)βHMVT

(K +M)2
(λIH − λVT

) +
(1− u4)βHMRT

(K +M)2

(λIH − λRT
) +

(1− u4)βHMET

(K +M)2
(λIHT

− λET
) +

(1− u4)βHMIT
(K +M)2

(λIHT
− λIT )

+
(1− u4)βH(SλS + VTλVT

+ ETλET
+ ITλIT +RTλRT

)

K +M
+ µMλM−

(1− u4)βH((S + VT +RT )λIH + (ET + IT )λIHT
)

K +M
.

60



To get the controls, we solve the equations
∂H

∂ui

= 0 at u∗
i for i = 1..., 4 and obtained the following:

u∗
1 = −ηbNλVT

w1

,

u∗
2 =

α1IT (λIT − λRT
)

w2

,

u∗
3 =

α2IH(λIH − λRH
) + α2IHT (λIHT

− λIT )

w4

,

u∗
4 =

λHλIH (S + VT +RT ) + λHλIHT
(ET + IT )

w4

− λH(SλS + VTλVT
+ ETλET

+ ITλIT ).

(3.99)

Then we write by standard control arguments involving the bounds on the controls as:

u∗
1 =


Θ1 if 0 < Θ1 < 1

0 if Θ1 ≤ 0

1 if Θ1 ≥ 1

(3.100)

u∗
2 =


Θ2 if 0 < Θ2 < 1

0 if Θ2 ≤ 0

1 if Θ2 ≥ 1

(3.101)

u∗
3 =


Θ3 if 0 < Θ3 < 1

0 if Θ3 ≤ 0

1 if Θ3 ≥ 1

(3.102)

u∗
4 =


Θ4 if 0 < Θ4 < 1

0 if Θ4 ≤ 0

1 if Θ4 ≥ 1

(3.103)

where,

Θ1 = −ηbNλVT

w1

,

Θ2 =
α1IT (λIT − λRT

)

w2

,

Θ3 =
α2IH(λIH − λRH

) + α2IHT (λIHT
− λIT )

w4

,

Θ4 =
λHλIH (S + VT +RT ) + λHλIHT

(ET + IT )

w4

− λH(SλS + VTλVT
+ ETλET

+ ITλIT ).

(3.104)
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3.4 Intra-host Mathematical Model for Mycobacterium Tuberculosis and Helminth Infection

3.4.1 Model formulation

The following assumptions guide the formulation of the model:

(i) The interaction that leads to the infection is between the Mtb bacteria and helminth parasites

with macrophages.

(ii) The bacteria population replicates within the host macrophage.

(iii) The bacteria division follows a logistic growth.

(iv) The helminth parasites are too large to be phagocytosed by alveolar macrophages.

In this section we describe the interaction of the immune system of the host when challenged by the

Mtb and parasitic worms. Due to complexity of the immune system, it is not possible to incorporate

all of its components within a model for the co-infection of the Mtb and helminths at cellular level,

hence we consider the interaction between Mtb, parasitic worms and the immune response as a

feedback loop which comprises of three differential equations.

Infection by Mtb comprises intracelluar bacteria which are killed when the host macrophage is killed

by apoptosis and extra-cellular bacteria that are killed by uninfected macrophages as a result of

immune competence to clear invading pathogens. The bacteria population denoted by B grows lo-

gistically in the lung and is modeled by νB(1 − B
Π
) where ν is the constant growth rate and Π is

the carrying capacity of the bacteria in the lung and they are eliminated as they interact with im-

mune competence E at the rate δb. Therefore rate of change bacterial population within the host is

described by the equation (3.105):

dB

dt
= νB(1− B

Π
)− δbBE (3.105)

On the other hand, helminth parasites are periodically ingested or penetrate the skin of human host

when they come into contact with contaminated environment at the rate Λp and are eliminated within

the body as they interact with the immune effectors at a rate propotional to the contact between

worms and immune components. Therefore, the change of the helminth parasite population is given

by the equation (3.106):
dP

dt
= ΛpP − δpPE (3.106)

Now, we consider three cases when there is infection by the two pathogens and in the absence of any

infection as follows:
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(i) The first case we consider the absence of Mtb or parasitic worms such that the dynamics of

immune competence is given by the equation (3.107).

dE

dt
= ΛE − δEE (3.107)

where, ΛE is the recruitment rate of the immune competence and δE is the loss of the immune

competence because immune cells have limited life span.

(ii) The second case we consider is when helminth parasites enter the host prompting the immune

response of the host to react. The helminths penetrate the skin or get ingested to infect the indi-

vidual. The nonspecific precursor cell and not yet activated cells, cytotoxic T cells which lead

to the immune competence against the parasites. The immune competence raised is assumed to

be proportional to the density of parasites within the individual host at low density rates and at

high densities it saturates, the stimulation of the immune system E as a result of this infection is

modeled by the function f(P )E, where f(P ) =
θeP

n

Kp + P n
with positive parameters θe and Kp

representing the strength of the immune competence on helminth parasites and half saturation

constant respectively and n is a natural number.

The function f(P ) takes different shapes depending on the nature of immune competence ei-

ther low-zone unresponsiveness or high unresponsiveness (decrease of immune response stim-

ulation under high parasite load) (Mayer et al., 1995). In our case, we consider the function to

have two shapes when n = 1 and when n > 1 to mean small amounts of targets may be more

or less ignored by host immune response [see Fig. 6]

(iii) The third case we consider when Mtb pathogen enter the body through inhalation of aerosol

particles which trigger the immunity and consequently immune effector cells are supplied

from the thymus. The bacteria results in the differentiation of naive T cells to T helper-

1 and T helper-2 cells which activate the resting macrophages to clear the bacteria. If the

immune system cannot kill the primary infection, then the granuloma is formed to prevent

further differentiation of Mtb outside granuloma. The immune competence E as the ability

of the immune system to eliminate Mtb bactria is modeled by the function g(B)E, where

g(B) =
θBB

n

KB + φBE + αBBn
, with positive parameters θB represents the strength of immune

competence on Mtb bacteria and KB is the half saturation constant. This process is inhibited

by the presence of interleukin-4 cytokine with θB being the measure of inhibition. The graph

of the function g(B) looks like that in Fig. 6 for n = 1 and n ≥ 1 respectively.

Now, combining expression in (b) and (c) equation (3.107) becomes;

dE

dt
= ΛE + f(P )E + g(B)E − δEE. (3.108)
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Figure 6: Graph of the immune competence for the function f(P ) (a) with n = 1; (b) with

n > 1

We now consider the aforementioned mechanism which described the bacteria population, parasite

population and the interaction of the two with immune system to form a mathematical model given

by the system (3.109):



dB

dt
= νB(1− B

Π
)− δbBE,

dP

dt
= ΛpP − δpPE,

dE

dt
= ΛE + f(P )E + g(B)E − δEE,

(3.109)

with initial conditions B(0) = B0 ≥ 0, P (0) = P0 ≥ 0 and E(0) = E0 ≥ 0.

3.4.2 Qualitative Analysis of the Model

The dynamics of the model (3.109) is studied by simplifying the model to make analysis easy. We

take n = 1 in the function f(P ) and g(B). Hence the system (3.109) is reduced to:
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

dB

dt
= νB(1− B

Π
)− δbBE,

dP

dt
= ΛpP − δpPE,

dE

dt
= ΛE +

θeP

Kp + P
E +

θBB

KB + φBE + αBB
E − δEE.

(3.110)

3.4.3 Positivity of the Solution Trajectories of The Model (3.110)

We show that the solution of the system (3.110) are non-negative with the initial conditions B(0) ≥ 0,

P (0) ≥ 0, E(0) ≥ 0.

Theorem 3.13

The closed positive octant for the model (3.110) is positively invariant.

Proof. Clearly, B = 0 and P = 0 are the invariant planes for the model (3.110), we require to only

show that E(t) ≥ 0 for all future time.

Let us assume that there exits t0 > 0 such that E(t0) = 0 and E(t) > 0 for 0 < t < t0. Then

dE(t0)

dt
= ΛE > 0. (3.111)

It follows that E(t) ≥ 0 for t ≥ t0. Thus E(t) ≥ 0 for all future time.

3.4.4 Boundness of the Solution

The model (3.110) describes the interaction of the helminth and Mtb pathogens with the immune

system; hence it is important to show that the solution is bounded. In Fig. 6, the functions f(B) and

f(P ) are all continuous and bounded and hence the growth of the immune cells saturates.

Therefore, the pathogen population and the strength of the immune competence do not become neg-

ative or grow without bounds. Thus, the model in system (3.110) is mathematically and epidemeo-

logically well posed and we can consider its dynamics in the proper subset (Hethcote, 2000).

3.4.5 Pathogen Free-Equilibrium Point and its Stability

We determine ability of the pathogens to invade an individual host and whether they are eliminated

by the immune system or persist within an individual host. The pathogen free of the system (3.110)
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denoted by H0 is given by (0, 0, e
d
). Linearizing the system 3.110 about H0 gives

JH0 =


ν − δbΛE

δE
0 0

0 Λp − δpΛE

δE
0

θBΛE

KBδE+φBΛE

θeΛE

KpδE
−δE

 (3.112)

The condition that guarantee the local stability of the system at H0 is that all eigenvalues of JH0 must

have negative real parts. Clearly, the matrix in equation (3.112) is a lower triangular matrix, hence

its eigenvalues are the diagonal entries. It is evident that one of the eigenvalues is −δE < 0 and for

the remaining two to have negative real parts if ν − δbΛE

δE
< 0 and Λp − δpΛE

δE
< 0. Therefore we have

the following conditions.
δEν

δbΛE

< 1 and
δEΛp

δpΛE

< 1. (3.113)

Hence, the basic reproduction number is given by R0BP = max{R0B,R0P}, where R0B = δEν
δbΛE

,

and δEΛp

δpΛE
. This result imply that the invasion of either Mtb or helminth parasites may not be able

to result into an infection in an individual host. Hence individual host may recovery from primary

infection by helminths or Mtb pathogen.

Using the condition in system (3.113), we have the following result.

Theorem 3.14

The pathogen free-equilibrium point H0 of the system (3.110) is locally asymptotically stable if

R0BP < 1 and unstable if either R0B > 1 or R0P > 1.

3.4.6 Endemic Equilibrium

In this section we discus the conditions for the existence and stability of endemic equilibrium points

that is the Mtb equilibrium (i.e B ̸= 0, P = 0), the helminth equilibrium (i.e B = 0, P ̸= 0) and the

co-infection when there is infection by Mtb and helminth parasites (i.e B ̸= 0, P ̸= 0). Using the

results obtained in Theorem 3.14 and due to the complexities of the immune competence equation,

the system (3.110) has endemic equilibria that corresponds to the following symmetric conditions:

(i) R0P < 1 (helminth infection dies out) and R0B > 1 (tuberculosis persist).

(ii) R0B < 1 (tuberculosis dies out) and R0P > 1 (helminth infection persist).

(iii) R0P > 1 (tuberculosis dies out) and R0B > 1 (helminth infection persist).

The results in Theorem 3.14 and the symmetric conditions in Fig. 7 imply that the endemic equilib-

rium is globally asymptotically stable for R0BP > 1.
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Figure 7: Equilibrium results showing the symmetric conditions for R0BP

3.4.7 The Impact of Helminth Parasites on Mtb Bacteria

To analyze the effects of helminth parasites on Mtb bactria and vice-versa, we write R0P in-terms of

R0B. From the expression of R0B, δE = R0BδbΛE

ν
. Substituting in the expression of R0P we obtain:

R0P (R0B) =
ΛpδbR0B

νδp
(3.114)

Taking partial derivative of R0P (R0B) with respect to R0B, equation (3.114) becomes:

∂R0P (R0B)

∂R0B

=
Λpδb
νδp

(3.115)

If the R.H.S of equation (3.115) is zero, this means that the helminth parasites has no effect on

the dynamics of Mtb bacteria. Whereas if the R.H.S of (3.115) is greater than zero means that an

increase in helminth parasites results in an increase in Mtb bacteria which indicates the occurrence

of an endemic equilibrium for the helminth-Mtb co-infection.
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3.4.8 The Impact of Mtb Bacteria on Helminth Parasites

Similarly, we express R0B in-terms of R0P , so using the expression for R0P we have δE = δpΛER0P

Λp
.

Substituting into the expression for R0B we obtain:

R0B(R0P ) =
νδpR0P

δbΛp

(3.116)

Taking partial derivative of R0B(R0P ) with respect to R0P we obtain:

∂R0B(R0P )

∂R0P

=
νδp
δbΛp

(3.117)

If the R.H.S of equation (3.117) is equal to zero means that Mtb bacteria has no effect on the dynamics

of helminth parasites. However, if the R.H.S of equation (3.117) is greater than zero implies that an

increase in Mtb bacteria results in an increase in helminth parasites which suggest that whenever the

two pathogens co-exist, they may stimulate one another and may give rise to chronic infection [see

Fig. 8].
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Figure 8: The relationship between helminth infection reproduction number and Mtb repro-

duction numbers
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Numerical Simulation and Discussion of the Mathematical Model for the Optimal Control

of Soil-transmitted Helminth Infection

The numerical simulation for the optimal control of the soil transmitted helminth model is performed

using estimate parameter values indicated in Table 6 and others obtained from literature. Various

optimal control strategies are applied to control the burden of helminth infection in the community.

Starting with an initial guess for the optimal controls u1(t), u2(t) and u3(t), the state system (3.25) is

solved numerically forward in time using the fourth order Runge-kutta method with initial conditions.

Then the co-state (adjoint) system (3.29) is solved numerically backward in time using fourth order

Runge-kutta method with the state variables and initial guess of the controls obtained earlier. All

controls are updated using convex combination of the previous controls and its characterization then

the process is repeated until convergence is achieved.

4.1.1 Discussion of Parameter and Initial Conditions Estimates

We were unable to get the ethical clearance on time so as to proceed with collection of secondary

data. The inability to access the data on helminths and tuberculosis limits our ability to estimate

model parameters, however using realistic set of parameters from clinical literature we analyze the

future trends of helminth infection for various control strategies. For illustrative purpose we elected

the parameters in realistic range as shown in Table 6. The actual value of the balancing weights

requires intensive data mining and as such the following cost weights were used in the simulation :

A1 = 800, A2 = 0.15, w1 = 15, w2 = 30 and w3 = 10 with the efficacy rates κ1 = 0.7, κ2 = 0.8

and κ3 = 0.6. The following initial conditions were used S(0) = 1000, E(0) = 150, I(0) = 50,

R(0) = 5 and M(0) = 200.

4.1.2 Strategy (i): Control with Health Education and MDA

In this strategy we used combination of health education and MDA interventions to optimize the

objective functional J while sanitation control was set to zero. Figure 8(a) shows that with this

strategy there is significant effect in reducing the number of exposed individuals compared with the

case when there were no control but does not bring the exposed individuals to zero at the final control

period. The helminth infected individuals in Fig. 8(b) decreases to almost zero when the optimal
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Table 6: Parameter values for soil transmitted helminth infection

Parameter Symbol Value Source

Per capita birth rate b 1
18250

day−1 Slater et al. (2013)

Per capita mortality rate µ 1
(60×365)

day−1 Mwanga et al. (2015)

Disease induced death rate d 35
1000

day−1 Slater et al. (2013)

Ingestion rate of parasites β (1-7)7 parasites day−1 Assumed

Carrying capacity of parasite K 105 parasites Assumed

in the environment

Natural recovery rate q 1
28
day−1 Assumed

Efficacy for MDA drug κ2 0.8 Vercruysse et al. (2011)

Immunity waning rate for γ
1

7
day−1 Slater et al. (2013)

recovered individuals

Clearance rate for parasitic µM ( 5
37500

− 13
37500

) Slater et al. (2013)

worms 13
37500

day−1

Shading rate of parasites ϵ 0.09 day−1 Assumed

to the environment

Progression rate from ρ 1
10
day−1 Slater et al. (2013)

exposed to infected class

combination of health education and MDA are in place compared to when there were no control.

In Fig. 8(c), we observed that the parasite population in the environment was reduced but does not

reach zero at the final control period. This suggests that using combination of control measures,

the infection can be lowered in the community but not completely removed in the specified control

period. The control profile in Fig. 8(d) suggests that control combination with health education and

MDA should be maximized and applied throughout the intervention period.

4.1.3 Strategy (ii): Control with MDA and Sanitation

Next, we consider the combination of MDA and sanitation interventions while the health education

was set to zero. Figures 9(a) and 9(b) shows a similar trend as in Fig. 8(a) and Fig. 8(b) respectively

but with this strategy more effective than the combination of health education and MDA. This was

due to the fact that with MDA, anthelminthic drugs are regularly administered to the entire population

(pre-school and school aged children) while using sanitation clears the density of parasites from the

environment. The control profile in Fig. 9 suggests the control with MDA should be seized after

70



Figure 8: Simulations of the optimal control model with health education and MDA interven-

tions

20 days while sanitation control should be kept at a maximum for approximately 20 days and then

decreased to zero. Therefore, this results show that combination of these two controls measures can

as well manage to control helminth infection in the community.

4.1.4 Strategy (iii): Control with Health Education and Sanitation

We next consider the control with combination of health education and sanitation in the absence of

MDA. The health education and sanitation was used to optimize the objective functional J while

MDA control were set to zero. In Fig. 10(a) shows that the number of exposed individuals were

reduced and were totally controlled after 50 days. Figure 10(b) shows that the number of infected in-

dividuals were reduced and totally controlled at the final period. Figure 10(c) shows that the parasite

population was reduced to minimum level. The control profile in Fig. 10(d) suggest that the control

with health education should be maximized for 70 days while sanitation should be maximized for 65

days.
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Figure 9: Simulations of the optimal control model with MDA and sanitation interventions

Figure 10: Simulations of the optimal control model with health education and sanitation in-

terventions
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4.1.5 Strategy (iv): Control with Health Education, MDA and Sanitation

Finally, we consider the case where all controls were in place. In this strategy the controls health

education, MDA and sanitation were used to optimize the objective functional J . Figure 11(a) shows

that the number of exposed individuals are totally controlled at the final control period. Figure 11(b)

shows that the number of helminth infected individuals are also totally controlled at the final control

period. Figure 11(c) shows that the parasite population is more reduced to zero at the final control

time. Figure 11(d) suggest that the health education control should be maximized for 15 days, the

MDA control be seized after 15 days while the sanitation should be maximized for 18 days and

reduced to zero due to the fact that the infection has been cleared in the community.

Figure 11: Simulations with health education, MDA and sanitation interventions

4.1.6 Model Validation

In the previous sections we developed and analyzed mathematical models for soil-transmitted

helminths with the application of control strategies. We now compare the developed model with

the data to perform model validation. Therefore, we fit into the model (3.25) the published data for

reported cases of soil-transmitted helminths in Zanzibar following mass drug administration between

2000-2005 (Mohammed et al., 2012). The best-fitted solution with Matlab and the data are plotted in

Fig. 12. We compare the data with the simulation of our developed model. In Fig. 12, the dashed red
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Figure 12: Model validation

lines indicate the data and the solid cyan line indicates the simulation of the model. We further exam-

ine the goodness of fit using Chi-Squire method. Matlab provides 95% confidence interval calculated

from data and the expected observation from our simulation. Using the formula χ2 =
∑n

i=1
(Oi−Ei)

2

Ei
,

where E is the expected cases from the simulation of the model and O is the observed data, the

calculated χ2
(calc) = 81.88 and from the table values χ2

(5%,5) = 1.145 hence we conclude that their is

no significance difference between the data and the model.

4.1.7 Concluding Remarks

In this chapter, we developed and analyzed a mathematical model for soil-transmitted helminths

with the application of optimal control. Mathematical qualitative analyses were carried out and

the model had a stable disease-free equilibrium point when the reproduction number is less than

unity. Bifurcation analyses were also carried out using Center Manifold Theorem and the model

exhibited backward bifurcation for some parameter values. Moreover, sensitivity analysis of R0

with respect to parameters β, ρ, ϵ, µM , b, d, q was done and results revealed that β was the most

positive sensitive parameter while µM was the most negative sensitivity parameter. Furthermore,

the model was extended to include control measures i.e health education, treatment by mass drug

administration, and sanitation. The optimal control problem was solved by applying Pontryagin’s
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Maximum Principle by first obtaining the Hamiltonian, the adjoint variables, and the characterization

of the controls. Applying a single control measure (health education or MDA or sanitation) alone is

not sufficient to control the infection, thus a combination of control measures was used to optimize

the objective functional J by considering the combination of health education with mass drug

administration, a combination of mass drug administration with sanitation, a combination of health

education with sanitation and all the three controls. Finally, we investigated the cost-effectiveness

of the control strategies to ascertain the least and most expensive strategies. Based on our results,

we conclude that a combination of health education and sanitation is the best strategy. Assessing

the effectiveness of the model results (health education and sanitation strategy), we deduce that

this strategy is highly likely to control the infection from the society if the health education control

is maintained 100% for the first 70 days and sanitation control for the first 65 days. This is in

agreement with the study by Campbell et al. (2014) which showed that WASH is a potential way

of breaking the soil-transmitted helminth transmission cycle, though implementing WASH has

enormous financial challenges. Whereas Anderson and May (1985) suggested that it is possible to

quantify the level of antihelminthic treatment required in the community to suppress/eradicate the

infection. In practice, our findings may be achieved, and that the health education and sanitation

strategy will help to control the helminth infection otherwise the strategy may not be effective for

containing the disease though practical difficulties may arise due to inadequate supply of resources.

4.2 Numerical Simulation and Discussion for the Inter-host Mathematical Model for

Helminth and Mycobacterium Tuberculosis Co-infection with the Application of Control

Strategies

Here, different optimal control strategies are used to investigate numerically their effect on the spread

of helminth and Mtb co-infection. The state system (3.33), the adjoint system (3.98), and therefore

the characterization in Equation (3.25) are solved numerically using an iterative scheme so as to at-

tain the optimal control. Using the fourth-order Runge-Kutta scheme with the current state system

solutions, we solve the state system forward in time and the adjoint system backward in time using

the initial conditions for the state system and the transversality conditions for the adjoint system with

the initial guess of the controls. The controls are then revised based on a convex combination of

the controls and the characterization values (3.25). The solution of the state system and the adjoint

system is repeated until when the present iteration are close to the previous iteration (Lenhart &

Workman, 2007).
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In numerical simulation, the weights are assumed to depend on the cost of investment and importance

of the controls. For example, the cost associated with control u2 require huge investment that include

clinical examination of Mtb cases and procurement and transportation of the drugs. The cost associ-

ated with control u2 require procurement and transportation of antihelminthic drugs and monitoring

of the distribution of drugs. The true values of the weighs are unknown since they require broad

field work and comprehensive data mining, so we choose the weights as: C1 = 5822, C2 = 0.89,

C3 = 5822.89, w1 = 20, w2 = 40, w3 = 30, w4 = 10, the initial state variables as: S = 1500,

VT = 2000, ET = 200, IT = 150, IH = 100, IHT = 80, RT = 5, RH = 5, M = 200. The efficacy

parameters are α1 = 0.75, α2 = 0.8 and the remaining parameter values are given in Table 5.

4.2.1 Strategy (i): Control with Education Campaign (u1) and Treatment of Individuals with

Active TB (u2)

The educational campaign control (u1) and treatment of individuals with active TB (u2) are used to

optimize the objective functional J while the other controls (u3) and (u4) related to helminths were

set to zero. We observed that in Fig. 13(b) the number of individuals with active TB was controlled

but start to increase again until the end of the intervention period. This may be related to our pre-

vious analysis that helminth infection enhances Mtb infection. In this strategy, helminth infection is

not controlled, Figs, 13(c) and 13(d) indicate that there is slight significance in the case with control

and without control for helminth infected individuals and co-infected individuals respectively. Fig-

ure 13(e) indicates that the parasite population is not controlled with this strategy while Fig. 13(f)

indicates that the educational campaign control should be seized after 158 days while treatment of

individuals with active TB control should be kept maximum in the entire period of intervention.

4.2.2 Strategy (ii): Control with Mass Drug Administration (u3) and Sanitation (u4)

The mass drug administration (MDA) control (u3) and sanitation control (u4) were used to optimize

the objective functional J . Again, we observe that Fig. 14(a) indicates the increase in vaccinated

individuals. Also, Fig. 14(b) indicates that the people with active TB increases rapidly and eventually

controlled after 55 days. An equivalent scenario is observed in Fig. 14(c) and Fig. 14(d) where the

helminth infected individuals and co-infected individuals were effectively controlled. Figure 14(e)

suggests that the parasite population is substantially controlled at the end of the intervention period.

This strategy seems to be effective in controlling the two diseases from the community. Figure 14(f)

indicate that MDA and sanitation controls should be kept maximum throughout the intervention

period.
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Figure 13: Simulations of helminth-Mtb co-infection model with the effect of education cam-

paign and treatment of Mtb infected individuals

4.2.3 Strategy (iii): Control with Educational Campaign (u1) and Sanitation (u4)

The educational campaign control (u1) and sanitation (u4) are employed to optimize the objective

functional J . This strategy has the same profiles as the strategy with mass drug administration and

sanitation controls but takes a long time to control the two diseases. Figure 15(f) indicates that

the educational campaign must be stopped after 30 days whereas sanitation control must be kept

maximum in the entire period of intervention.

4.2.4 Strategy (iv): Control with Treatment of Individuals with Active TB (u2) and MDA (u3)

The treatment of individuals with active TB control (u2) and MDA (u3) are used to optimize the

objective function J while the other controls (u1) and (u4) are set to zero. Figure 16(a) indicate a

slight increase in the vaccinated individuals compared to strategy 4.2.1, 4.2.2, and 4.2.3 . Figure 16(b)

and Fig. 16(d) indicate that the treatment of individuals with active TB and co-infected individuals

are effectively controlled while Fig. 16(c) indicate a decrease in the helminth infected individuals

but rise at the final intervention period. This is due to absence of preventive measures in this strategy.

Figure 16(f) indicate that both controls should be kept maximum until the final intervention period.
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Figure 14: Simulations of helminth-Mtb co-infection model with the effect of MDA and sanita-

tion

4.2.5 Strategy (v): Control with Educational Campaign (u1), Treatment of Mtb Infected In-

dividuals (u2), MDA (u3), and sanitation (u4)

With this strategy, all four controls are employed to optimize the objective functional J . We observed

that Fig. 17(a) indicates that the number of vaccinated individuals increases more at the end of the

intervention period. Figure 17(b), Fig. 17(c), and Fig. 17(d) indicate that individuals with active

TB, helminth infected and co-infected individuals are all effectively and efficiently controlled at

the end of intervention period. Figure 17(e) depict that the parasite population is decreased to a

number that cannot harm the human population. This strategy indicates that optimal educational

campaigns, treatment of individuals with active TB, MDA, and sanitation would effectively control

the helminth-Mtb infection at the end of the intervention period. Figure 17(f) suggests that the

educational campaign should be stopped after 115 days whereas the remaining controls should be

maintained maximum for the whole intervention period.

4.2.6 Concluding Remarks

With the application of optimal control strategies, we formulated and evaluated the inter-host math-

ematical model for the Helminth-Mtb co-infection model in this chapter. The analysis of the sub-

78



0 100 200

Time (days)

0

500

1000

1500

2000
V

(t
)

(a)
u1   0, u2 =  0 , u3 = 0 , u4   0

ui = 0, i=1,2,3,4

0 100 200

Time (days)

0

50

100

150

I T
(t

)

(b)

u1   0, u2 =  0 , u3 = 0 , u4   0

ui = 0, i=1,2,3,4

0 100 200

Time (days)

0

20

40

60

80

100

I H
(t

)

(c)

u1   0, u2 =  0 , u3 = 0 , u4   0

ui = 0, i=1,2,3,4

0 100 200

Time (days)

0

20

40

60

80

100

I H
T
(t

)

(d)
u1   0, u2 =  0 , u3 = 0 , u4   0

ui = 0, i=1,2,3,4

0 100 200

Time (days)

0

500

1000

1500

2000
M

(t
)

(e)
u1   0, u2 =  0 , u3 = 0 , u4   0

ui = 0, i=1,2,3,4

0 100 200

Time (days)

0

0.2

0.4

0.6

0.8

1

C
on

tr
ol

 P
ro

fil
e

(f)

u1   0

u2 = 0

u3 =  0

u4    0

Figure 15: Simulations of helminth-Mtb co-infection model with the effect of educational cam-

paign and sanitation

models (Helminth only sub-model and Mtb only sub-model) showed that the disease-free equilibrium

point is globally asymptotically stable whenever their associated reproduction numbers is less than

unity. The co-existence of the equilibria was observed for Mtb only model when the correspond-

ing reproduction number is less than unity. Then the full co-infection model was considered and

the effective reproduction number was obtained and used to gain insights into the dynamics of the

two diseases. We again established the existence of backward or forward bifurcation using Center

Manifold Theorem, then we investigated the impact the two diseases have on each other and found

that helminth infection cases increase Mtb infection cases. Furthermore, the model was modified by

incorporating four control measures, educational campaign to sensitize the parents to take babies to

BCG vaccine clinic; treatment of individuals with active TB; mass drug administration for helminth

and co-infected individuals; and sanitation to reduce the intake rate of parasites. The optimal control

was analyzed using the Principle of Pontryagin’s Maximum Pontryagin (2018), by first finding the

Hamiltonian, co-state variables, the characterization of the controls, and the optimality system.

Then we solved numerically the optimality system by iterative scheme using Forward-Backward

Sweep Method (FBSM) with the combination of the following control measures:
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Figure 16: Simulations of the helminth-Mtb co-infection model with the effect of treatment of

Mtb infected individuals and MDA
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Figure 17: Simulations of the helminth-Mtb co-infection model with the effect of educational

campaign, treatment of Mtb infected individuals, MDA, and sanitation
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(i) By applying a combination of educational campaign and treatment of individuals with active

TB.

(ii) By applying a combination of educational campaign and sanitation.

(iii) By applying a combination of treatment of individuals with active TB and mass drug adminis-

tration.

(iv) By applying a combination of the education campaign, treatment of individuals with active TB,

mass drug administration, and sanitation.

The control strategies which focus on TB only while helminths is not controlled would not lead to

the efficient and effective control of TB or helminth infection. Moreover, control strategies that focus

on helminths only while TB is not controlled would control both TB and helminth infection. This

is linked to the increased susceptibility of Mtb for individuals infested with helminths. However,

control strategies that include all control measures would effectively control the Helminth-Mtb co-

infection at the end of the intervention period. Thus, we suggest to the public health stakeholders that

in order to control the Helminth-Mtb co-infection, the intervention strategies that target controlling

helminth infection and vaccination of babies with BCG after birth and treatment of individuals with

active tuberculosis should be emphasized.

4.3 Numerical Simulation and Discussion of the Intra-host Mathematical Model for Mycobac-

terium Tuberculosis and Helminth Infection

In this section, we perform the numerical simulation of the model (3.110) by MATLAB using the

inbuilt function ode45 solver. By using various initial conditions and the parameter values in Table

7, the behavior of the model (3.110) are illustrated hereunder:

Table 7: Description of the model parameters

Parameters Definition Estimated value Reference

ν Growth rate of bacteria 4× 10−8 Du et al. (2017)

δE Loss of immune competence 0.02 Assumed

φB Measure of inhibition 0.5 Assumed

Kp Half saturation constant for parasites 10000 Assumed

KB Half saturation constant for Mtb 10000 Assumed

Π Carrying capacity of the bacteria 108 Du et al. (2017)
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δp Clearance rate of helminth parasites 0.000685 Chiyaka et al. (2010)

ΛE Recruitment of immune cells 0.01 Assumed

Λp Rate at which parasites are 0.8 Chiyaka et al. (2010)

infecting individuals

δb Clearance of Mtb bacteria 0.01 Du et al. (2017)

θe Strength of immune cells 3 Assumed

on parasites

θB Strength of the immune cells 2 Assumed

on Mtb bacteria
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Figure 18: The solution of system (3.110) showing bacteria population convergence to the equi-

librium point

Figures 18,19, and 20 indicate that the bacteria population, the parasite population and the immune

competence all converge to the equilibrium H0 when R0BP < 1. This suggest that the infection

by either helminth parasites or Mtb bacteria may be unsuccessful in an individual host and the host

may recover from primary infection by Mtb or helminth parasites though helminths seams to persist

within a host for quite longer time than Mtb bacteria. The later suggest infection by helminths

parasites increase susceptibility to tuberculosis.
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Figure 19: The solution of system (3.110) showing parasite population convergence to the equi-

librium point
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Figure 20: The solution of system (3.110) showing immune competence convergence to the equi-

librium point

4.4 Concluding Remarks

In this chapter we formulated and analyzed a mathematical model for the interaction between

helminth parasites, Mtb bacteria and the immune system. The model had four equilibrium points
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i.e the pathogen free equilibrium point, the helminth equilibrium point (when the Mtb infection dies

out), the Mtb equilibrium point (when helminth infection dies out), and the helminth-Mtb equilib-

rium point when both diseases persist in the community. The impact of helminth parasites on Mtb

bacteria was investigated and the results indicated that infection by helminth enhances the chances

of acquiring tuberculosis.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

We used mathematical models to investigate the impact of helminth infection on Mtb transmission

dynamics with the application of control strategies and the effect of immune responses caused by

helminth parasites and Mtb bacteria infection in this research.

The model for soil-transmitted helminth with control strategies was developed to study the transmis-

sion dynamics and control of soil-transmitted helminth. The aim was to later couple the developed

model with Mtb to form a co-infection model. A qualitative analysis of the model was made such

that the basic reproduction number was determined and the disease-free equilibrium point was both

locally and globally asymptotically stable whenever the basic reproduction number, R0 < 1 and

unstable otherwise. The endemic equilibrium co-exists with the disease-free equilibrium point when

R0 < 1. Moreover, sensitivity analysis of the reproduction number indicated that the ingestion rate

of parasites was the most sensitive parameter for the transmission of the soil-transmitted helminth.

The numerical simulation revealed that a combination of health education and sanitation is the best

strategy to contain the disease.

The co-infection model was formulated by modifying the soil-transmitted model to form the co-

infection model with control measures. The analysis of the sub-models was first considered and the

full model was later analyzed. The disease-free equilibrium for the helminth only model was shown

to be locally asymptotically stable when the reproduction number of the helminth model RH < 1 and

unstable otherwise. However, the endemic equilibrium exists when RH > 1 with the impossibility

of backward bifurcation. The Mtb only model has a stable disease-free equilibrium point when the

effective reproduction number for Mtb model RT < 1 and the endemic equilibrium co-exist with the

disease-free equilibrium point. The model exhibited backward bifurcation suggesting that making

RT < 1 is not sufficient for eradicating tuberculosis from the community. The conditions for the

existence of the disease-free equilibrium and endemic equilibrium for the full model were discussed.

The possibility of the existence of backward bifurcation was established by using Centre Manifold

Theorem and the results showed that the model undergoes backward bifurcation for some condi-

tions. The optimal control model was then formed and analyzed to determine the optimal strategy

for controlling the spread of the two diseases. Numerical simulation for optimal control problem
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revealed that the target for controlling helminth infection and vaccinating babies with BCG and treat-

ment of individuals with active tuberculosis should be emphasized to effectively control the disease.

Furthermore, the analysis showed that infection by helminth results in increased susceptibility to

tuberculosis.

The model for the interaction between the helminth infection and Mtb at the cellular level showed

that primary infection with helminth parasites or Mtb bacteria was unsuccessful within an individual

host when the basic reproduction number is less than a unit. Numerical simulation showed that

the most virulent pathogen was the helminth parasites which could not be cleared completely by the

immune cells. Even though the data used for simulations in understanding the transmission dynamics

of the two diseases both at the cellular and population level, and the effect of control measures were

adopted from literature, the models present a platform that can be used for future decision making

and further modeling. In addition the models developed in this study are credible because they are

developed based on the underling epidemiological and mathematical theories and the definition of the

variables are justified. Sensitivity analysis (an important aspect of model validation) were conducted

with multiple runs with small variability of parameter values that plausibly indicate the practicability

of our model findings.

5.2 Recommendations

5.2.1 Recommendation from the Study

The following recommendation from our study are made:

(i ) Mathematical model for soil-transmitted helminth with control strategies developed suggest

that for effective control of helminth infection, the control with health education and sanitation

should be emphasized. When the health education is maximized for the fist 70 days while the

sanitation control is maximized for 65 days then individuals infected with helminth will be

controlled after 50 days.

(ii) On the other hand the inter-host helminth and Mtb co-infection model developed suggest that

infcetion by helminths enhances the chances of getting tuberculosis. Thus, whenever there is

co-existence of helminth infection and tuberculosis, the model suggest inclusion of helminth

infection control strategies with the tuberculosis control strategies for effective control of tu-

berculosis.
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5.2.2 Recommendation for Future Study

The models developed in this dissertation can be expanded to include:

(i) Time delay to capture the outcome of the disease for the time span between when we acquire

the infection and when clinical symptoms of the disease appear.

(ii) Linking the current model with the stochastic model, including seasonality, and linking the

model with statistical models and demographic data.

(iii) The study sets the ground for assessment of the performance of various catalog of the control

measures.
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Cruz-Lagunas, A., Zúñiga, J., & Babu, S. (2015). Helminth-induced arginase-1 exacerbates

lung inflammation and disease severity in tuberculosis. The Journal of Clinical Investigation,

125(12), 4699–4713.

Mpeshe, S. C., Luboobi, L. S., & Nkansah-gyekye, Y. (2014). Optimal control strategies for the

dynamics of rift valley fever. Communications in Optimization Theory, 3, 1–18.

Mushayabasa, S., & Bhunu, C. P. (2011). Modeling schistosomiasis and HIV/AIDS codynamics.

Computational and Mathematical Methods in Medicine, 2011.

91

http://doi.org/10.1201/9781420011418
http://doi.org/10.1.1.564.4215
http://doi.org/10.1016/j.biosystems.2010.12.010
http://doi.org/10.4103/0974-777X.81696
http://doi.org/10.4103/0974-777X.81696
http://doi.org/10.1515/9780691206912
http://doi.org/10.1063/1.166098
http://doi.org/10.1017/S0031182000075016
http://doi.org/10.5772/66124
http://doi.org/org/10.1186/1756-3305-5-299
http://doi.org/10.1172/JCI77378
http://doi.org/10.1.1.665.1700
http://doi.org/10.1155/2011/846174


Mwanga, G. G., Haario, H., & Capasso, V. (2015). Optimal control problems of epidemic systems

with parameter uncertainties: Application to a malaria two-age-classes transmission model

with asymptomatic carriers. Mathematical Biosciences, 261, 1–12.

Nkamba, L. N., Manga, T. T., Agouanet, F., & Mann Manyombe, M. L. (2019). Mathematical model

to assess vaccination and effective contact rate impact in the spread of tuberculosis. Journal

of Biological Dynamics, 13(1), 26–42.

Okosun, K. O., Rachid, O., & Marcus, N. (2013). Optimal control strategies and cost-effectiveness

analysis of a malaria model. BioSystems, 111(2), 83–101.

Okosun, K. O., & Robert, S. (2017). Optimal control analysis of malaria-schistosomiasis co-infection

dynamics. Mathematical Biosciences & Engineering, 14(2), 377.

Ozcaglar, C., Shabbeer, A., Vandenberg, S. L., Yener, B., & Bennett, K. P. (2012). Epidemiologi-

cal models of mycobacterium tuberculosis complex infections. Mathematical Biosciences,

236(2), 77–96.

Pontryagin, L. S. (2018). Mathematical theory of optimal processes. Routledge.

Pullan, R. L., Freeman, M. C., Gething, P. W., & Brooker, S. J. (2014). Geographical inequalities in

use of improved drinking water supply and sanitation across sub-Saharan Africa: Mapping

and spatial analysis of cross-sectional survey data. PLoS Medicine, 11(4), 1001626.

Salgame, P., Yap, G. S., & Gause, W. C. (2013). Effect of helminth-induced immunity on infections

with microbial pathogens. Nature Immunology, 14(11), 1118.

Seidu, B., & Makinde, O. D. (2014). Optimal control of HIV/AIDS in the workplace in the presence

of careless individuals. Computational and Mathematical Methods in Medicine, 2014.

Slater, H. C., Gambhir, M., Parham, P. E., & Michael, E. (2013). Modelling co-infection with malaria

and lymphatic filariasis. PLoS Comput Biol, 9(6), 1003096.

Tasman, H. (2016). An optimal treatment control of TB-HIV coinfection. International Journal of

Mathematics and Mathematical Sciences, 2016.

Tilahun, G. T., Makinde, O. D., & Malonza, D. (2018). Co-dynamics of pneumonia and typhoid fever

diseases with cost effective optimal control analysis. Applied Mathematics and Computation,

316, 438–459.

92

http://doi.org/10.1016/j.mbs.2014.11.005
http://doi.org/10.1080/17513758.2018.1563218
http://doi.org/10.1080/17513758.2018.1563218
http://doi.org/10.1016/j.biosystems.2012.09.008
http://doi.org/10.3934/mbe.2017024
http://doi.org/10.1016/j.mbs.2012.02.003
http://doi.org/10.1002/zamm.19630431023
http://doi.org/10.1371/journal.pmed.1001626
http://doi.org/10.1038/ni.2736
http://doi.org/10.1155/2014/831506
http://doi.org/10.1371/journal.pcbi.1003096
http://doi.org/10.1155/2016/8261208
http://doi.org/10.1155/2016/8261208
http://doi.org/10.1016/j.amc.2017.07.063


Truscott, J., Turner, H., Farrell, S., & Anderson, R. (2016). Soil-transmitted helminths: Mathematical

models of transmission, the impact of mass drug administration and transmission elimination

criteria. Advances in Parasitology, 94, 133–198.

Uneke, C. (2010). Soil transmitted helminth infections and schistosomiasis in school age children in

sub-Saharan Africa: Efficacy of chemotherapeutic intervention since world health assembly

resolution 2001. Tanzania Journal of Health Research, 12(1), 86–99.

Van den Driessche, P., & Watmough, J. (2002). Reproduction numbers and sub-threshold endemic

equilibria for compartmental models of disease transmission. Mathematical Biosciences,

180(1-2), 29–48.

Vercruysse, J., Behnke, J. M., Albonico, M., Ame, S. M., Angebault, C., Bethony, J. M., Engels,

D., Guillard, B., Hoa, N. T. V., & Kang, G. (2011). Assessment of the anthelmintic efficacy

of albendazole in school children in seven countries where soil-transmitted helminths are

endemic. PLoS Neglected Tropical Diseases, 5(3), 948.

WHO (2018). Soil transimitted helminths infections. accessed on: 30. 6 .2018.

Xiao, D., & Bossert, W. H. (2010). An intra-host mathematical model on interaction between HIV

and malaria. Bulletin of Mathematical Biology, 72(7), 1892–1911.

Yakob, L., Williams, G. M., Gray, D. J., Halton, K., Solon, J. A., & Clements, A. C. (2013). Slaving

and release in co-infection control. Parasites & Vectors, 6(1), 1–9.

Yeketi, A. A., Othman, W. A. M., & Awang, M. O. (2019). The role of vaccination in curbing

tuberculosis epidemic. Modeling Earth Systems and Environment, 5(4), 1689–1704.

93

http://doi.org/10.1016/bs.apar.2016.08.002
http://doi.org/10.4314/thrb.v12i1.56366
http://doi.org/10.1016/S0025-5564(02)00108-6
http://doi.org/10.1371/journal.pntd.0000948
http://doi.org/10.1007/s11538-010-9515-6
http://doi.org/10.1186/1756-3305-6-157
http://doi.org/10.1007/s40808-019-00623-w


APPENDICES

APPENDIX 1: MATLAB codes for Figure 3

1 syms b e t a rho e p s i l o n mu1 b d q t a u

2

3 v =[ b e t a rho e p s i l o n mu1 b d q ] ;

4

5

6 R0= rho * e p s i l o n * b e t a . / ( mu1 *( b+ rho ) * ( d+b+q+ e p s i l o n ) ) ;

7 P= j a c o b i a n ( R0 , v )

8

9 v0 =[7 1 /10 0 . 0 9 13/37500 1/18250 35/1000 1 / 2 8 ] ;

10 v1 =[1 2 3 4 5 6 7 ] ;

11

12 s e n s i = subs ( P . * v / R0 , v , v0 )

13 do ub l e ( s e n s i )
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APPENDIX 2: MATLAB codes for Figures 4, 5, 6 and 7

1 c l c

2 c l e a r a l l

3 c l o s e a l l

4 t 0 = 0 ; t f =300; N=1000; %c a s e 3

5

6 t ime = l i n s p a c e ( t0 , t f ,N) ;

7

8 y0 = [ 1 0 0 0 , 1 5 0 , 5 0 , 5 , 2 0 0 ] ;% i n i t i a l c o n d i t i o n f o r STATE SYSTEM

9 %−−− SOURCES OF CONSTANTS −−

10 C o n s t a n t =[7 1 /10 0 . 0 9 13/37500 1/18250 35/1000 1 /28 1 / 7 0 .000045

0 . 7 0 . 8 0 . 6 800 0 . 1 5 15 30 10 100000 2000]

11 b e t a = C o n s t a n t ( 1 ) ;

12 rho = C o n s t a n t ( 2 ) ;

13 e p s i l o n = C o n s t a n t ( 3 ) ;

14 mu1 = C o n s t a n t ( 4 ) ;

15 b = C o n s t a n t ( 5 ) ;

16 d = C o n s t a n t ( 6 ) ;

17 q = C o n s t a n t ( 7 ) ;

18 gamma = C o n s t a n t ( 8 ) ;

19 mu = C o n s t a n t ( 9 ) ;

20 kappa1= C o n s t a n t ( 1 0 ) ;

21 kappa2= C o n s t a n t ( 1 1 ) ;

22 kappa3 = C o n s t a n t ( 1 2 ) ;

23 A1 = C o n s t a n t ( 1 3 ) ; % we ig h t

24 A2 = C o n s t a n t ( 1 4 ) ; % we ig h t

25 B1 = C o n s t a n t ( 1 5 ) ;

26 B2 = C o n s t a n t ( 1 6 ) ;

27 B3 = C o n s t a n t ( 1 7 ) ;

28 K = C o n s t a n t ( 1 8 ) ;

29 Nh = C o n s t a n t ( 1 9 ) ;

30
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31 l f = [0 0 0 0 0 ] ;

32 %% TEST SECTION

33 i n i t =y0 ;

34 i n i t 2 = l f ;

35 h = ( t f − t 0 ) /N;

36 u = l i n s p a c e ( 0 , 0 ,N+1) ;

37 u1=u ’ ; u2=u ’ ; u3=u ’ ;

38 U = [ u1 u2 u3 ] ;

39 %% IMPLIMENTATION OF THE ALGORITHM

40 %T e s t 1 s t o p i n g c o n d i t i o n 1

41 d e l t a = 0 . 0 0 1 ;

42 X= i n i t ;

43 i =0 ; %I n i t i a l i z e i t e r a t i o n c o u n t e r

44 mm= s i z e (X) ;

45 NumXX =10 e10 ;

46 Xnew = rand (N+1 ,mm( 2 ) ) . * ( repmat (X,N+1 ,1 ) ) ;

47 DenXnew=norm ( Xnew ) ;

48 w h i l e NumXX/ DenXnew>d e l t a

49 Xold = Xnew ;

50 o ldu = U;

51 %FORWARD RUNGE KUTTA FOR STATES

52 [ Tx , X]= rk4 foward ( @kims , t0 , t f , N, i n i t , U, C o n s t a n t ) ;

53

54 % BACKWARD RUNGEKUTA FOR COSTATES

55 [ Tp , P ]= rk4back ( @kims cos ta t e , t0 , t f , N, i n i t 2 , U, X, C o n s t a n t ) ;

56

57 %UPDATE THE CONTROLS

58 x = X ( 1 , : ) ; y = X ( 2 , : ) ; v = X ( 3 , : ) ; z = X ( 4 , : ) ; l = X ( 5 , : ) ;

59 L1 = P ( 1 , : ) ; L2 = P ( 2 , : ) ; L3 = P ( 3 , : ) ; L4 = P ( 4 , : ) ; L5 = P ( 5 , : ) ;

60 g=x+y+v+z ;

61

62 %Combina t ion o f h e a l t h e d u c a t i o n and MDA

63 % Case1 : u1\neq= 0 , u2\neq= 0 , u3= 0 ,
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64 % u1 =max ( 0 , min ( 1 , ( ( L2−L1 ) . * b e t a . * l . * x* kappa1 . / ( B1 . * (K+ l ) ) ) ) ) ;

65 % u2 =max ( 0 , min ( 1 , ( ( ( L2−L1 ) * kappa2 . * y +(L3−L4 ) * kappa2 . * v ) . / B2−(A2*g

) . / B2 ) ) ) ;

66 % u3 = z e r o s ( 1 ,N+1) ;

67

68 %Combina t ion o f MDA and s a n i t a t i o n

69 % Case2 : : u1= 0 , u2\neq= 0 , u3\neq= 0 ,

70 % u1 = z e r o s ( 1 ,N+1) ;

71 % u2 =max ( 0 , min ( 1 , ( ( ( L2−L1 ) * kappa2 . * y +(L3−L4 ) * kappa2 . * v ) . / B2−(A2*g

) . / B2 ) ) ) ;

72 % u3 =max ( 0 , min ( 1 , ( ( kappa3 . * l . * L5 ) . / B3 ) ) ) ;

73

74 %Combina t ion o f h e a l t h e d u c a t i o n and s a n i t a t i o n

75 % Case3 : : u1=\ 0 , u2= 0 , u3\= 0 ,

76 % u1 =max ( 0 , min ( 1 , ( ( L2−L1 ) . * b e t a . * l . * x* kappa1 . / ( B1 . * (K+ l ) ) ) ) ) ;

77 % u2 = z e r o s ( 1 ,N+1) ;

78 % u3 =max ( 0 , min ( 1 , ( ( kappa3 . * l . * L5 ) . / B3 ) ) ) ;

79

80 %A l l c o n t r o l s

81 %Case4 : u1=\ 0 , u2\= 0 , u3\= 0 ,

82 u1 =max ( 0 , min ( 1 , ( ( L2−L1 ) . * b e t a . * l . * x* kappa1 . / ( B1 . * (K+ l ) ) ) ) ) ;

83 u2 =max ( 0 , min ( 1 , ( ( ( L2−L1 ) * kappa2 . * y +(L3−L4 ) * kappa2 . * v ) . / B2−(

A2*g ) . / B2 ) ) ) ;

84 u3 =max ( 0 , min ( 1 , ( ( kappa3 . * l . * L5 ) . / B3 ) ) ) ;

85

86 Uu=[ u1 ’ u2 ’ u3 ’ ] ;

87 U = 0 . 5 *Uu + 0 . 5 * o ldu ; % Convex c o m b i n a t i o n o f t h e c o n t r o l s

88

89

90 Xnew = X’ ;

91 NumXX = abs ( norm ( Xnew−Xold ) ) ;

92 DenXnew =norm ( Xnew ) ;

93 i = i +1 %Update i t e r a t i o n c o u n t e r
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94 end

95 %% PLOTING

96 X=X’ ;

97 Tx =Tx ’ ;

98 XX=X ( : , 1 ) ; YY=X ( : , 2 ) ; VV=X ( : , 3 ) ; ZZ=X( : , 4 ) ; LL=X( : , 5 ) ;

99

100 Up = [0 0 0 ] ;

101 [ T ,Y] = ode45 ( @kims , t ime , y0 , [ ] , Up , C o n s t a n t ) ;

102

103 J =sum ( ( A1 . *VV( end ) +A2 . * Uu ( : , 2 ) . * (XX( end ) +YY( end ) +VV( end ) +ZZ ( end ) )

) + ( ( B1 / 2 ) *Uu ( : , 1 ) . * Uu ( : , 1 ) +(B2 / 2 ) *Uu ( : , 2 ) . * Uu ( : , 2 ) +(B3 / 2 ) *Uu

( : , 3 ) . * Uu ( : , 3 ) ) ) %Change t o t h e s u i t a b l e o b j e c t i v e f u n c t i o n

104

105 S=[Tx ,X ] ;

106

107 s ave c a s e 5 ;

108 %save ( ’ c a s e 3 S t a t e ’ , ’S ’ ) ;

109 %save ( ’ c a s e 3 C o n t r o l ’ , ’Uu ’ ) ;

110 %save ( ’ Cost ’ , ’ J ’ ) ;

111 f i g u r e ( 1 )

112

113 s u b p l o t ( 2 , 2 , 1 )

114 p l o t ( Tx ,X ( : , 2 ) , ’−b ’ ,T , Y ( : , 2 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

115 %yl im ( [ 0 7 0 0 ] )

116 y l a b e l ( ’E ( t ) ’ ) ;

117 x l a b e l ( ’ Time ( days ) ’ ) ;

118 t i t l e ( ’ ( a ) ’ )

119 l e g e n d ( ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 ’ , ’ u i = 0 , i =1 ,2 ,3 ’ )

120 %

121 s u b p l o t ( 2 , 2 , 2 )

122 p l o t ( Tx ,X ( : , 3 ) , ’−b ’ ,T , Y ( : , 3 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

123 %%yl im ( [ 0 7 0 0 ] )

124 y l a b e l ( ’ I ( t ) ’ ) ;
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125 x l a b e l ( ’ Time ( days ) ’ ) ;

126 t i t l e ( ’ ( b ) ’ )

127 l e g e n d ( ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 ’ , ’ u i = 0 , i =1 ,2 ,3 ’ )

128

129 s u b p l o t ( 2 , 2 , 3 )

130 p l o t ( Tx ,X ( : , 5 ) , ’−b ’ ,T , Y ( : , 5 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

131 %yl im ( [ 2 5 0 8 0 0 ] )

132 y l a b e l ( ’M( t ) ’ ) ;

133 x l a b e l ( ’ Time ( days ) ’ ) ;

134 t i t l e ( ’ ( c ) ’ )

135 l e g e n d ( ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 ’ , ’ u i = 0 , i =1 ,2 ,3 ’ )

136

137 s u b p l o t ( 2 , 2 , 4 )

138 p l o t ( Tx , Uu ( : , 1 ) , ’−b ’ , Tx , Uu ( : , 2 ) , ’−− r ’ , Tx , Uu ( : , 3 ) , ’−−k ’ , Tx , 1 . 5 ) ;

139 yl im ( [ 0 1 ] )

140 y l a b e l ( ’ C o n t r o l P r o f i l e ’ ) ;

141 x l a b e l ( ’ Time ( days ) ’ ) ;

142 t i t l e ( ’ ( d ) ’ )

143 l e g e n d ( ’ u 1 \neq 0 ’ , ’ u 2 \neq 0 ’ , ’ u 3 = 0 ’ )

144 % c o l l e c t a l l t h e i n c i d e n c e t e r m s i n t h e ODE

145 X=XX’ ; % s o l u t i o n o f t h e o p t i m a l c o n t r o l

146 U =[0 0 0 ] ; % when no c o n t r o l

147 [ Tx ,Y] = ode45 ( @kims , t ime , y0 , [ ] , U, C o n s t a n t ) ;

148 Y=(Y) ;

149 Inew=sum (Y( : , 2 ) ) −sum (X( : , 2 ) ) +sum (Y ( : , 3 ) ) −sum (X ( : , 3 ) ) % a v e r t e d
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Appendix 3: MATLAB codes for Figures 10, 11, 12, 13 and 14

1 c l c

2 c l e a r a l l

3 c l o s e a l l

4 w = 2 . 5 ;

5

6 f s =12;

7

8 o = f i g u r e

9

10 t 0 = 0 ; t f =200; N=1000; %c a s e 3

11

12 t ime = l i n s p a c e ( t0 , t f ,N) ;

13

14 y0 = [ 1 5 0 0 , 2 0 0 0 , 2 0 0 , 1 5 0 , 1 0 0 , 8 0 , 5 , 5 , 2 0 0 ] ;% i n i t i a l c o n d i t i o n f o r

STATE SYSTEM

15

16 %−−− SOURCES OF CONSTANTS −−

17 C o n s t a n t = [ 0 . 8 1 /18250 0 . 0 9 0 . 1 1 /70 0 . 3 / 3 6 5 1 / ( 6 0 * 3 6 5 ) 0 . 4 2

13/37500 1 . 7 0 . 7 1 . 1 2 100000 0 . 0 0 0 1 3 / 3 6 5 0 . 7 5 0 . 8 0 . 0 8 35/1000 1

0 . 0 8 1 /28 0 . 2 / 3 6 5 5822 0 . 8 9 5822 .89 20 40 30 1 0 ] ;

18

19 e t a = C o n s t a n t ( 1 ) ;

20 b = C o n s t a n t ( 2 ) ;

21 e p s i l o n 1 = C o n s t a n t ( 3 ) ;

22 e p s i l o n 2 = C o n s t a n t ( 4 ) ;

23 gamma1 = C o n s t a n t ( 5 ) ;

24 gamma2 = C o n s t a n t ( 6 ) ;

25 mu = C o n s t a n t ( 7 ) ;

26 b e t a 1 = C o n s t a n t ( 8 ) ;

27 mu1 = C o n s t a n t ( 9 ) ;

28 s igma = C o n s t a n t ( 1 0 ) ;
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29 v a r r h o = C o n s t a n t ( 1 1 ) ;

30 g = C o n s t a n t ( 1 2 ) ;

31 K = C o n s t a n t ( 1 3 ) ;

32 k = C o n s t a n t ( 1 4 ) ;

33 a l p h a 1 = C o n s t a n t ( 1 5 ) ;

34 a l p h a 2 = C o n s t a n t ( 1 6 ) ;

35 d1 = C o n s t a n t ( 1 7 ) ;

36 d2 = C o n s t a n t ( 1 8 ) ;

37 b e t a 2 = C o n s t a n t ( 1 9 ) ;

38 d3 = C o n s t a n t ( 2 0 ) ;

39 t a u 1 = C o n s t a n t ( 2 1 ) ;

40 t a u 2 = C o n s t a n t ( 2 2 ) ;

41 C1 = C o n s t a n t ( 2 3 ) ; % we i gh t

42 C2 = C o n s t a n t ( 2 4 ) ; % we i gh t

43 C3 = C o n s t a n t ( 2 5 ) ; % we i gh t

44 B1 = C o n s t a n t ( 2 6 ) ;

45 B2 = C o n s t a n t ( 2 7 ) ;

46 B3 = C o n s t a n t ( 2 8 ) ;

47 B4 = C o n s t a n t ( 2 9 ) ;

48

49 l f = [0 0 0 0 0 0 0 0 0 ] ;

50 %% TEST SECTION

51 i n i t =y0 ;

52 i n i t 2 = l f ;

53 h = ( t f − t 0 ) /N;

54 u = l i n s p a c e ( 0 , 0 ,N+1) ;

55 u1=u ’ ; u2=u ’ ; u3=u ’ ; u4=u ’ ;

56 U = [ u1 u2 u3 u4 ] ;

57 %% IMPLIMENTATION OF THE ALGORITHM

58 %T e s t 1 s t o p i n g c o n d i t i o n 1

59 d e l t a = 0 . 0 0 1 ;

60 X= i n i t ;

61 i =0 ; %I n i t i a l i z e i t e r a t i o n c o u n t e r
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62 mm= s i z e (X) ;

63 NumXX =10 e10 ;

64 Xnew = rand (N+1 ,mm( 2 ) ) . * ( repmat (X,N+1 ,1 ) ) ;

65 DenXnew=norm ( Xnew ) ;

66 w h i l e NumXX/ DenXnew>d e l t a

67 Xold = Xnew ;

68 o ldu = U;

69 %FORWARD RUNGE KUTTA FOR STATES

70 [ Tx , X]= rk4 foward ( @stide , t0 , t f , N, i n i t , U, C o n s t a n t ) ;

71

72 % BACKWARD RUNGEKUTA FOR COSTATES

73 [ Tp , P ]= rk4back ( @ s t i d e c o s t a t e , t0 , t f , N, i n i t 2 , U, X, C o n s t a n t ) ;

74

75 %UPDATE THE CONTROLS

76 x = X ( 1 , : ) ; y = X ( 2 , : ) ; v = X ( 3 , : ) ; z = X ( 4 , : ) ; l = X ( 5 , : ) ; q = X

( 6 , : ) ; r = X ( 7 , : ) ; s = X( 8 , : ) ; m = X( 9 , : ) ;

77 L1 = P ( 1 , : ) ; L2 = P ( 2 , : ) ; L3 = P ( 3 , : ) ; L4 = P ( 4 , : ) ; L5 = P ( 5 , : ) ;

L6 = P ( 6 , : ) ; L7 = P ( 7 , : ) ; L8 = P ( 8 , : ) ; L9 = P ( 9 , : ) ;

78 g1=x+y+v+z+ l +q+ r +s+m;

79 lambda1= b e t a 1 . * ( z+sigma . * q ) . / ( g1 ) ;

80 lambda2= b e t a 2 *m . / ( K+m) ;

81 % % Case1 0 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

82 % u1 = z e r o s ( 1 ,N+1) ;

83 % u2 = z e r o s ( 1 ,N+1) ;

84 % u3 = z e r o s ( 1 ,N+1) ;

85 % u4 = z e r o s ( 1 ,N+1) ;

86 %Combina t ion o f e d u c a t i o n a l campaign and t r e a t m e n t o f Mtb

i n d i v i d u a l s

87 % % Case1 0 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

88 % u1 =max ( 0 , min ( 1 , e t a *b*g1 . * L2 . / B1 ) ) ;

89 % u2 =max ( 0 , min ( 1 , a l p h a 1 . * z . * ( L4−L7 ) . / B2 ) ) ;

90 % u3 = z e r o s ( 1 ,N+1) ;

91 % u4 = z e r o s ( 1 ,N+1) ;
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92 %Combina t ion o f MDA and s a n i t a t i o n

93 % % Case1 1 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

94 % u1 = z e r o s ( 1 ,N+1) ;

95 % u2 = z e r o s ( 1 ,N+1) ;

96 % u3 =max ( 0 , min ( 1 , ( a l p h a 2 . * l . * ( L5−L8 ) + a l p h a 2 . * q . * ( L6−L4 ) ) . / B3 ) ) ;

97 % u4 =max ( 0 , min ( 1 , ( lambda2 . * L5 . * ( x+y+ r ) + lambda2 . * L6 . * ( v+z ) −

lambda2 . * x . * L1−lambda2 . * y . * L2−lambda2 . * v . * L3−lambda2 . * z . * L4 ) . / B4

) ) ;

98

99 %Combina t ion o f e d u c a t i o n a l campaign and s a n i t a t i o n

100 % % Case1 2 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

101 % u1 =max ( 0 , min ( 1 , e t a *b*g1 . * L2 . / B1 ) ) ;

102 % u2 = z e r o s ( 1 ,N+1) ;

103 % u3 = z e r o s ( 1 ,N+1) ;

104 % u4 =max ( 0 , min ( 1 , ( lambda2 . * L5 . * ( x+y+ r ) + lambda2 . * L6 . * ( v+z ) −

lambda2 . * x . * L1−lambda2 . * y . * L2−lambda2 . * v . * L3−lambda2 . * z . * L4 ) . / B4

) ) ;

105 %Combina t ion o f t r e a t m e n t o f Mtb and MDA

106 % % Case1 3 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

107 % u1 = z e r o s ( 1 ,N+1) ;

108 % u2 =max ( 0 , min ( 1 , a l p h a 1 . * z . * ( L4−L7 ) . / B2 ) ) ;

109 % u3 =max ( 0 , min ( 1 , ( a l p h a 2 . * l . * ( L5−L8 ) + a l p h a 2 . * q . * ( L6−L4 ) ) . / B3 ) ) ;

110 % u4 = z e r o s ( 1 ,N+1) ;

111

112 % Case1 4 : u1\neq= 0 , u2\neq= 0 , u3\neq= 0 , u4= 0 ,

113 u1 =max ( 0 , min ( 1 , e t a *b*g1 . * L2 . / B1 ) ) ;

114 u2 =max ( 0 , min ( 1 , a l p h a 1 . * z . * ( L4−L7 ) . / B2 ) ) ;

115 u3 =max ( 0 , min ( 1 , ( a l p h a 2 . * l . * ( L5−L8 ) + a l p h a 2 . * q . * ( L6−L4 ) ) . / B3 ) )

;

116 u4 =max ( 0 , min ( 1 , ( lambda2 . * L5 . * ( x+y+ r ) + lambda2 . * L6 . * ( v+z ) −

lambda2 . * x . * L1−lambda2 . * y . * L2−lambda2 . * v . * L3−lambda2 . * z . * L4

) . / B4 ) ) ;

117
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118 Uu=[ u1 ’ u2 ’ u3 ’ u4 ’ ] ;

119 U = 0 . 5 *Uu + 0 . 5 * o ldu ; % Convex c o m b i n a t i o n o f t h e c o n t r o l s

120 Xnew = X’ ;

121 NumXX = abs ( norm ( Xnew−Xold ) ) ;

122 DenXnew =norm ( Xnew ) ;

123 i = i +1 %Update i t e r a t i o n c o u n t e r

124 end

125 %% PLOTING

126 X=X’ ;

127 Tx =Tx ’ ;

128 XX=X ( : , 1 ) ; YY=X ( : , 2 ) ; VV=X ( : , 3 ) ; ZZ=X( : , 4 ) ; LL=X( : , 5 ) ; QQ=X( : , 6 ) ;

RR=X( : , 7 ) ; SS=X( : , 8 ) ; MM=X( : , 9 ) ;

129

130 Up = [0 0 0 0 ] ;

131 [ T ,Y] = ode45 ( @stide , t ime , y0 , [ ] , Up , C o n s t a n t ) ;

132

133 J =sum ( ( C1 . * ZZ ( end ) +C2 . * LL ( end ) +C3 . *QQ( end ) ) + ( ( B1 / 2 ) *Uu ( : , 1 ) . * Uu

( : , 1 ) +(B2 / 2 ) *Uu ( : , 2 ) . * Uu ( : , 2 ) +(B3 / 2 ) *Uu ( : , 3 ) . * Uu ( : , 3 ) +(B4 / 2 ) *Uu

( : , 4 ) . * Uu ( : , 4 ) ) ) %Change t o t h e s u i t a b l e o b j e c t i v e f u n c t i o n

134

135 S=[Tx ,X ] ;

136

137 s ave c a s e 5 ;

138 s ave ( ’ c a s e 3 S t a t e ’ , ’S ’ ) ;

139 s ave ( ’ c a s e 3 C o n t r o l ’ , ’Uu ’ ) ;

140 s ave ( ’ Cos t ’ , ’ J ’ ) ;

141

142 f i g u r e ( 1 )

143

144 s u b p l o t ( 2 , 3 , 1 )

145 p l o t ( Tx ,X ( : , 2 ) , ’−b ’ ,T , Y ( : , 2 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

146 %yl im ( [ 0 7 0 0 ] )

147 y l a b e l ( ’V( t ) ’ ) ;
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148 x l a b e l ( ’ Time ( days ) ’ ) ;

149 t i t l e ( ’ ( a ) ’ )

150 l e g e n d ({ ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 , u 4 = 0 ’ , ’ u i = 0 ,

i =1 ,2 ,3 ,4 ’ } , ’ F o n t S i z e ’ , 7 )

151 l e g e n d b o x o f f

152 s e t ( gca , ’ F o n t S i z e ’ , f s )

153 %

154 s u b p l o t ( 2 , 3 , 2 )

155 p l o t ( Tx ,X ( : , 4 ) , ’−b ’ ,T , Y ( : , 4 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

156 %%yl im ( [ 0 7 0 0 ] )

157 y l a b e l ( ’ I T ( t ) ’ ) ;

158 x l a b e l ( ’ Time ( days ) ’ ) ;

159 t i t l e ( ’ ( b ) ’ )

160 l e g e n d ({ ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 , u 4 = 0 ’ , ’ u i = 0 ,

i =1 ,2 ,3 ,4 ’ } , ’ F o n t S i z e ’ , 7 )

161 l e g e n d b o x o f f

162 s e t ( gca , ’ F o n t S i z e ’ , f s )

163

164 s u b p l o t ( 2 , 3 , 3 )

165 p l o t ( Tx ,X ( : , 5 ) , ’−b ’ ,T , Y ( : , 5 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

166 %yl im ( [ 0 6 0 0 ] )

167 y l a b e l ( ’ I H ( t ) ’ ) ;

168 x l a b e l ( ’ Time ( days ) ’ ) ;

169 t i t l e ( ’ ( c ) ’ )

170

171 l e g e n d ({ ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 , u 4 = 0 ’ , ’ u i = 0 ,

i =1 ,2 ,3 ,4 ’ } , ’ F o n t S i z e ’ , 7 )

172 l e g e n d b o x o f f

173 s e t ( gca , ’ F o n t S i z e ’ , f s )

174

175 s u b p l o t ( 2 , 3 , 4 )

176 p l o t ( Tx ,X ( : , 6 ) , ’−b ’ ,T , Y ( : , 6 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

177 %yl im ( [ 2 5 0 8 0 0 ] )
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178 y l a b e l ( ’ I {HT} ( t ) ’ ) ;

179 x l a b e l ( ’ Time ( days ) ’ ) ;

180 t i t l e ( ’ ( d ) ’ )

181

182 l e g e n d ({ ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 , u 4 = 0 ’ , ’ u i = 0 ,

i =1 ,2 ,3 ,4 ’ } , ’ F o n t S i z e ’ , 7 )

183 l e g e n d b o x o f f

184 s e t ( gca , ’ F o n t S i z e ’ , f s )

185

186 s u b p l o t ( 2 , 3 , 5 )

187 p l o t ( Tx ,X ( : , 9 ) , ’−b ’ ,T , Y ( : , 9 ) , ’−− r ’ , ’ LineWidth ’ , 1 . 5 ) ;

188 %yl im ( [ 2 5 0 8 0 0 ] )

189 y l a b e l ( ’M( t ) ’ ) ;

190 x l a b e l ( ’ Time ( days ) ’ ) ;

191 t i t l e ( ’ ( e ) ’ )

192

193 l e g e n d ({ ’ u 1 \neq 0 , u 2 \neq 0 , u 3 = 0 , u 4 = 0 ’ , ’ u i = 0 ,

i =1 ,2 ,3 ,4 ’ } , ’ F o n t S i z e ’ , 7 )

194 l e g e n d b o x o f f

195 s e t ( gca , ’ F o n t S i z e ’ , f s )

196

197 s u b p l o t ( 2 , 3 , 6 )

198 %p l o t ( Tx , Uu ( : , 1 ) , ’ − b ’ , Tx , Uu ( : , 2 ) , ’ − − r ’ , Tx , Uu ( : , 3 ) , ’ − −k ’ , Tx , Uu

( : , 4 ) , ’ − c ’ , Tx ) ;

199 p l o t ( Tx , Uu ( : , 1 ) , ’−b ’ , Tx , Uu ( : , 2 ) , ’−− r ’ , Tx , Uu ( : , 3 ) , ’−−c ’ , Tx , Uu ( : , 4 )

, ’−−g ’ , ’ LineWidth ’ , 1 . 5 ) ;

200 yl im ( [ 0 1 ] )

201 y l a b e l ( ’ C o n t r o l P r o f i l e ’ ) ;

202 x l a b e l ( ’ Time ( days ) ’ ) ;

203 t i t l e ( ’ ( f ) ’ )

204 l e g e n d ({ ’ u 1 \neq 0 ’ , ’ u 2 \neq 0 ’ , ’ u 3 = 0 ’ , ’ u 4 = 0 ’ } , ’

F o n t S i z e ’ , 7 )

205 l e g e n d b o x o f f
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206 s e t ( gca , ’ F o n t S i z e ’ , f s )

207

208 % c o l l e c t a l l t h e i n c i d e n c e t e r m s i n t h e ODE

209 X=XX’ ; % s o l u t i o n o f t h e o p t i m a l c o n t r o l

210 U =[0 0 0 0 ] ; % when no c o n t r o l

211 [ Tx ,Y] = ode45 ( @stide , t ime , y0 , [ ] , U, C o n s t a n t ) ;

212 Y=(Y) ;

213 Inew=sum (Y( : , 6 ) ) −sum (X( : , 6 ) ) % a v e r t e d

214

215 % g =1: l e n g t h (Y( : , 6 ) ) ;

216 % f i g u r e ( 2 )

217 %

218 % p l o t ( g ,Y( : , 6 ) , ’ b ’ , ’ LineWidth ’ , 1 . 5 )

219

220 pause

221 s e t ( gca , ’ YTickLabel ’ , num2ce l l ( g e t ( gca , ’ YTick ’ ) ) )

222 s e t ( o , ’ U n i t s ’ , ’ I n c h e s ’ ) ;

223

224 pos = g e t ( o , ’ P o s i t i o n ’ ) ;

225

226 s e t ( o , ’ P a p e r P o s i t i o n M o d e ’ , ’ Auto ’ , ’ P a p e r U n i t s ’ , ’ I n c h e s ’ , ’ P a p e r S i z e ’

, [ pos ( 3 ) , pos ( 4 ) ] )

227 p r i n t ( o , ’C:\ User s \DELL\Dropbox\ F l u i d \ f i g u r e s \ f i g u r e 1 ’ , ’−dpdf ’ , ’−

r1000 ’ )
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APPENDIX 4: MATLAB codes for Figures 17, 18, and 19

1 c l e a r a l l

2 c l o s e a l l

3 %w = 2 . 5 ;

4

5 f s =12;

6

7

8

9 nu = 0 . 0 0 0 4 ;

10 t h e t a 1 =2;

11 t h e t a 2 =3;

12 K1=10000;

13 K2=10000;

14 a l p h a 1 = 0 . 0 1 ;

15 lambda1 = 0 . 0 5 ;

16 lambda2 = 0 . 0 1 ;

17 p i = 1 0 ˆ 8 ;

18 d e l t a 1 = 0 . 5 2 ;

19 d e l t a 2 = 0 . 1 2 ;

20 d e l t a 3 = 0 . 0 2 ;

21 v a r p h i = 0 . 9 ;

22

23

24 R1= d e l t a 3 *nu . / ( d e l t a 1 * lambda2 )

25 R2= d e l t a 3 * lambda1 . / ( d e l t a 2 * lambda2 )

26

27 z = f i g u r e

28 fx1 = @( t , x ) [ nu*x ( 1 ) *(1 − x ( 1 ) . / p i ) − d e l t a 1 *x ( 1 ) *x ( 3 ) ;

29 lambda1 *x ( 2 ) − d e l t a 2 *x ( 2 ) *x ( 3 ) ;

30 lambda2 +( t h e t a 1 *x ( 2 ) . / ( K1+x ( 2 ) ) ) *x ( 3 ) +( t h e t a 2 *x ( 1 ) . / ( K2+ v a r p h i

*x ( 3 ) + a l p h a 1 *x ( 1 ) ) ) *x ( 3 ) − d e l t a 3 *x ( 3 ) ] ;
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31 [ t , x1 ]= ode45 ( fx1 , [ 0 1 4 ] , [ 1 0 0 0 , 1 5 0 0 , 1 ] ) ;

32 f i g u r e ( 1 )

33 p l o t ( t , x1 ( : , 1 ) , ’− r ’ , ’ l i n e W i d t h ’ , 1 . 5 )

34 g r i d o f f

35

36 x l a b e l ( ’ Time ( Days ) ’ )

37 y l a b e l ( ’ B a c t e r i a P o p u l a t i o n ’ )

38 l e g e n d ({ ’ B 0 = 1000 ’ , ’ B 1 = 500 ’ , ’ B 2 = 300 ’ } , ’ F o n t S i z e ’ , 7 )

39 l e g e n d b o x o f f

40 % yl im ( [ 0 1 . 5 ] )

41 ho ld on

42 s e t ( gca , ’ F o n t S i z e ’ , f s )

43 fx1 = @( t , x ) [ nu*x ( 1 ) *(1 − x ( 1 ) . / p i ) − d e l t a 1 *x ( 1 ) *x ( 3 ) ;

44 lambda1 *x ( 2 ) − d e l t a 2 *x ( 2 ) *x ( 3 ) ;

45 lambda2 +( t h e t a 1 *x ( 2 ) . / ( K1+x ( 2 ) ) ) *x ( 3 ) +( t h e t a 2 *x ( 1 ) . / ( K2+ v a r p h i

*x ( 3 ) + a l p h a 1 *x ( 1 ) ) ) *x ( 3 ) − d e l t a 3 *x ( 3 ) ] ;

46 [ t , x1 ]= ode45 ( fx1 , [ 0 1 4 ] , [ 5 0 0 , 1 5 0 0 , 1 ] ) ;

47 f i g u r e ( 1 )

48 p l o t ( t , x1 ( : , 1 ) , ’−k ’ , ’ l i n e W i d t h ’ , 1 . 5 )

49 g r i d o f f

50

51 x l a b e l ( ’ Time ( Days ) ’ )

52 y l a b e l ( ’ B a c t e r i a P o p u l a t i o n ’ )

53 %yl im ( [ 0 1 . 5 ] )

54 l e g e n d ({ ’ B 0 = 1000 ’ , ’ B 1 = 500 ’ , ’ B 2 = 300 ’ } , ’ F o n t S i z e ’ , 7 )

55 l e g e n d b o x o f f

56 ho ld on

57 s e t ( gca , ’ F o n t S i z e ’ , f s )

58 fx1 = @( t , x ) [ nu*x ( 1 ) *(1 − x ( 1 ) . / p i ) − d e l t a 1 *x ( 1 ) *x ( 3 ) ;

59 lambda1 *x ( 2 ) − d e l t a 2 *x ( 2 ) *x ( 3 ) ;

60 lambda2 +( t h e t a 1 *x ( 2 ) . / ( K1+x ( 2 ) ) ) *x ( 3 ) +( t h e t a 2 *x ( 1 ) . / ( K2+
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In this paper, we study the dynamics of soil-transmitted helminth infection. We formulate and analyse a deterministic
compartmental model using nonlinear differential equations. The basic reproduction number is obtained and both disease-free
and endemic equilibrium points are shown to be asymptotically stable under given threshold conditions. The model may exhibit
backward bifurcation for some parameter values, and the sensitivity indices of the basic reproduction number with respect to
the parameters are determined. We extend the model to include control measures for eradication of the infection from the
community. Pontryagian’s maximum principle is used to formulate the optimal control problem using three control strategies,
namely, health education through provision of educational materials, educational messages to improve the awareness of the
susceptible population, and treatment by mass drug administration that target the entire population(preschool- and school-aged
children) and sanitation through provision of clean water and personal hygiene. Numerical simulations were done using
MATLAB and graphical results are displayed. The cost effectiveness of the control measures were done using incremental
cost-effective ratio, and results reveal that the combination of health education and sanitation is the best strategy to combat
the helminth infection. Therefore, in order to completely eradicate soil-transmitted helminths, we advise investment efforts
on health education and sanitation controls.

1. Introduction

The worldwide burden of helminth (worm) infection can-
not be underestimated. It is estimated that over 1.5 billion
people worldwide are infected with helminths [1]. Soil-
transmitted helminths are among the NTDs which mostly
affect the poorest and the resource-constrained populations
of the world. Soil-transmitted helminths are caused by
interstinal parasitic nematode hookworm, Ascaries lum-
briocoides and Trichuris trichiura species through ingesting
eggs in unwashed undercooked vegetables and unpeeled
fruits in contaminated water sources or ingestion of eggs

by children who play in contaminated environment. More
than 267 million preschool-aged children and more than
568 million school-aged children (SAC) live in endemic
areas where these parasites are highly transmitted. This
establishes chronic infections over time which hinders and
impairs the developmental and cognitive growth of both
preschool- and school-aged children which in turn affect
their academic performance. It also has social and eco-
nomic deficits [2]. The possibility of elimination of the
helminth infection is by reducing the number of worm-
s/parasites in a host, but this cannot be achieved without
application of other means of reducing the density of
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parasites from the contaminated environment. Hence proper
treatment of the helminth infection and effective control
strategy that target this group and infected adults is needed.
Currently, there are control programmes to combat the dis-
ease which include regular treatment by mass drug adminis-
tration (MDA), water sanitation, and health education. To
reduce the morbidity of the soil-transmitted helminth,
antihelminthic drugs like albendazole and benzimidazole
have been used for decades but still there has not been an
optimal application of the existing control measures with
these treatment alternatives in endemic areas [3, 4].

Over years, mathematical models have helped to improve
our understanding of population dynamics and provide tools
for the assessment and evaluation of a number of control
programmes in place. The mathematical model for the
helminth infection can be traced back to the papers by
[4–6]. Deterministic mathematical models inform policy-
makers to realize the effort required to increase control
coverage for the achievement of less than one percent
prevalence and intensity of soil-transmitted helminths by
2020 [7]. These models have been used intensively but
none have applied optimal control for the soil-transmitted
helminth infection.

However, optimization of the existing interventions tools
for the helminth infection has been the priority research
areas to examine their impact and sustainability [8]. The
study on the implementation of these control measures and
how to deliver them optimally is of great importance. Thus,
in this study, we consider optimal control of the helminth
mathematical model with the preventive measures (health
education) to sensitize the susceptible population and treat-
ment by mass drug administration and sanitation. The pre-
ventive measures include provision of education materials
and educational messages and sanitation include proper
provision of clean water, personal hygiene, and installation
of public toilets while MDA is administered to the entire
population (pre-SAC and SAC), but for the healthy individ-
uals (susceptible and recovered), this treatment procedure
becomes placebo.

2. Materials and Methods

2.1. Model Formulation. For modeling, the total human pop-
ulation is divided into four subpopulations SðtÞ, EðtÞ, IðtÞ,
and RðtÞ. SðtÞ represents the number of individuals who
are not infected but can be infected by helminth parasites.
EðtÞ represents the number of individuals exposed to hel-
minth infection but not infectious. IðtÞ represents the
number of individuals infested with parasitic worms. RðtÞ
represents the number of individuals recovered from the
helminth infection. MðtÞ represents the parasite popula-
tion in the environment. Individuals in the susceptible
class contract infection after a sufficient contact with the
contaminated environment. All the newborns enter a sus-
ceptible class at the rate b and are moved to the exposed
class at the rate λ. Individuals in the exposed class are
being reinfected as they interact with contaminated envi-
ronment but remain latent for a period of 1/ρ, where ρ
is the progression rate from the exposed to infective class.

Again, we assume that an infected individual contaminate
the environment at rate ε but do not acquire new infec-
tion; hence, individuals in the infected class are moved
to the recovered class as the result of natural immunity at
the rate q. Also, we assume that the recovered individuals
are aware of infection so that individuals in this class may
not interact with contaminated environment; furthermore,
they have temporary immunity against the infection. Hence,
individuals in the recovered class return to the susceptible
class at a rate γ due to loss of immunity and awareness.

The infected individuals contaminate the environment at
the rate ε as they defecate outside the latrines to increase the
concentration of parasitic worms in the soil. The parasitic
worms in the soil infect human population at the rate

λ = βM
K +M

, ð1Þ

where β is the intake rate of eggs in contaminated food or lar-
vae that has penetrated the skin to lead the transmission of
infection and K is the number (density) of the helminths at
which the infection rate is half the maximum rate. The natu-
ral mortality in each human class is denoted by μ, and the
infectious individuals have added the helminth-induced
death rate denoted by d. Further, we assume that the parasitic
worms die naturaly at the rate μM . The aforementioned
assumptions and explanation give the dynamics of the hel-
minth model as illustrated in Figure 1. Model parameters
are fully described in Table 1. The model has five nonlinear
ordinary differential equations given by system (2).

dS
dt

= bN + γR − μ + λð ÞS, ð2Þ

dE
dt

= λS − μ + ρð ÞE, ð3Þ

dI
dt

= ρE − d + μ + q + εð ÞI, ð4Þ

dR
dt

= qI − μ + γð ÞR, ð5Þ

dM
dt

= εI − μMM, ð6Þ

with the condition S + E + I + R =N:
From equation (2), we have

dN
dt

= b − μð ÞN − d + εð ÞI: ð7Þ

Hence the dynamics of the helminth model can be inves-
tigated by normalizing model (2).

Let s = S/N , e = E/N , i = I/N , r = R/N , and m =M/K .
Then, equation (7) can be written in terms of fractional

variables as

dN
dt

= b − μ − d + εð Þið ÞN: ð8Þ
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Using equation (8) and differentiating the fractional
variables with respect to t leads to the following normal-
ized model:

ds
dt

= b + γr − b + βm
1 +m

− d + εð Þi
� �

s, ð9Þ

de
dt

= βm
1 +m

s − b + ρ − d + εð Þið Þe, ð10Þ

di
dt

= ρe − b + d + q + ε − d + εð Þið Þi, ð11Þ

dr
dt

= qi − b + γ − d + εð Þið Þr, ð12Þ

dm
dt

= εi − μMm: ð13Þ

The solutions of system (9) enter the region that is
positively invariant given by

Ω = s, e, i, r,mð Þ ∈ℝ5
+ ∣ s + e + i + r ≤ 1, 0 ≤m ≤ 1

� �
: ð14Þ

The following theorem guarantees the well posedness
of system (9) such that the solutions with nonnegative ini-
tial conditions will remain nonnegative for all future time.

Theorem 1. The region Ω ∈R5
+ is positively invariant with

respect to system (9) and nonnegative solutions exist for all
future time.

Proof. Given the nonnegative initial conditions, it can be
shown that the solutions to system (9), sðtÞ, eðtÞ, iðtÞ, rðtÞ
andmðtÞ are non-negative for t > 0 otherwise we assume
a contradiction that there exists a first time t0 such that
sðt0Þ = 0, s′ðt0Þ ≤ 0 and sðtÞ > 0, eðtÞ > 0, iðtÞ > 0, rðtÞ > 0,
mðtÞ > 0 for 0 < t < t0; or there exists t1 such that eðt1Þ = 0,
e′ðt1Þ ≤ 0 and eðtÞ > 0, sðtÞ > 0, iðtÞ > 0, rðtÞ > 0, mðtÞ > 0
for 0 < t < t1; or there exists t2 such that iðt2Þ = 0, i′ðt2Þ ≤ 0
and iðtÞ > 0, sðtÞ > 0, eðtÞ > 0, rðtÞ > 0, mðtÞ > 0 for 0 < t < t2;
or there exists t3 such that rðt3Þ = 0, r′ðt3Þ ≤ 0 and rðtÞ > 0,
sðtÞ > 0, eðtÞ > 0, iðtÞ > 0, mðtÞ > 0 for 0 < t < t3; or there

exists t4 such that mðt4Þ = 0, m′ðt4Þ ≤ 0 and mðtÞ > 0,
sðtÞ > 0, eðtÞ > 0, iðtÞ > 0, rðtÞ > 0 for 0 < t < t4 as in [9].

In the first case, consider the first equation of system (9)

ds t0ð Þ
dt

= b + γr t0ð Þ > 0, ð15Þ

which is a contradiction implying that sðtÞ > 0.
In the second case, we have

de t1ð Þ
dt

= βm t1ð Þs t1ð Þ
1 +m t1ð Þ ≥ 0, ð16Þ

if this is true both sðt1Þ ≥ 0 and mðt1Þ ≥ 0. It follows that eð
t1Þ ≥ 0 which is a contradiction implying that eðtÞ > 0.

In the third case, we have

di t2ð Þ
dt

= ρe t2ð Þ > 0, ð17Þ

which is a contradiction implying that iðtÞ > 0.
In the fourth case, we have

dr t3ð Þ
dt

= q + τð Þi t3ð Þ > 0, ð18Þ

which is a contradiction implying that rðtÞ > 0.
In the fifth case, we have

dm t4ð Þ
dt

= εi t4ð Þ > 0, ð19Þ

which is a contradiction implying that mðtÞ > 0.
Hence, in all cases, sðtÞ, eðtÞ, iðtÞ, rðtÞ, and m are all pos-

itive for all t > 0. Thus, the components of the solutions to
system (9) remain positive for all t > 0.

Thus, the helminth model is well posed epidemiologically
and mathematically. Thus, it is sufficient to consider the
dynamics of (9) in Ω [10].

3. Model Analysis

The qualitative analysis of the normalized model (9) is con-
sidered in order to get an understanding of the dynamics of
the helminth infection.

3.1. The Disease-Free Equilibrium and Basic Reproduction
Number. The disease-free equilibrium of model (9) is
obtained by equating all the derivatives to zero and then set-
ting e = 0, i = 0, r = 0, and m = 0. Thus, we obtain the DFE as

E0 = 1, 0, 0, 0, 0ð Þ: ð20Þ

The basic reproduction number denoted by R0 is the
quantity that quantifies the ability of the disease to invade
the community, and it is the quantity that governs the spread
of the disease. Furthermore, it helps in deciding on control
strategies to be adopted for disease eradication. Therefore,

(𝜇 + d)I𝜇E

𝜇
M
M

M
𝜖I

𝜇S

qI
R

𝜇R

𝛾R

𝜌E
ES I

𝜆SbN

Figure 1: Compartmental diagram for the helminth model. The
dashed lines indicate the interaction of human population with
contaminated environment to ingest parasitic worms while the
dashed line with dot indicate the rate at which individuals infested
with helminths releases eggs to contaminate the environment.

3Computational and Mathematical Methods in Medicine



in our case,R0 determines the role of parasitic worms/larvae
present in the soil to produce secondary infections to the
individual hosts.

The next-generation approach is used to obtain R0
following Diekmann et al. [11]. Using the principles of a
next-generation matrix, let

F = βm
1 +m

s, 0, 0, 0
� �T

,

V = b + ρ − d + εð Þið Þe, b + d + q + τ + ε − d + εð Þið Þið
− ρe, b + γ − d + εð Þið Þr − τ + qð Þi, μM − θð Þm − εiÞT ,

ð21Þ

be the appearance of new infections and transfer on individ-
uals between compartments, respectively. Applying the line-
arization technique, the Jacobian matrices of F and V at
DFE E0 are

F =

0 0 0 β

0 0 0 0
0 0 0 0
0 0 0 0

0BBBBB@

1CCCCCA,

V =

b + ρ 0 0 0
−ρ b + d + q + ε 0 0
0 − τ + qð Þ b + γ 0
0 −ε 0 μM

0BBBBB@

1CCCCCA:

ð22Þ

The basic reproduction numberR0 is the spectral radius
of the next-generation matrix FV−1. Thus,

R0 =
ρεβ

μM b + ρð Þ d + b + q + εð Þ , ð23Þ

From (23), the fraction β/ðb + d + q + εÞ represents the
average number of susceptible individuals being infected
during the infectious period, and the fraction ρ/ðb + ρÞ repre-
sents the proportion of individuals that survives the latent
period, while ε/μM represents the fraction of parasites dimin-
ished from the environment.

3.2. Stability of DFE. We state Theorem 2 for the stability of
the DFE.

Theorem 2. The disease-free equilibrium of model (9) is LAS if
R0 < 1 and unstable if R0 > 1.

Proof. To investigate the local stability of the DFE at E0, we
obtain the Jacobian matrix of equation (9), i.e.,

JE0
=

−b 0 − d + εð Þ γ −β

0 − b + ρð Þ 0 0 β

0 ρ − b + d + q + εð Þ 0 0
0 0 q − b + γð Þ 0
0 0 ε 0 −μM

0BBBBBBBB@

1CCCCCCCCA
:

ð24Þ

Clearly, λ1 = −b and λ2 = −ðb + γÞ are the first and second
eigenvalues of the Jacobian matrix JE0

which are strictly

Table 1: Parameter values for soil-transmitted helminth infection.

Parameter Symbol Value Source

Per capita birth rate b
1

18250 day
−1 [27]

Per capita mortality rate μ
1

60 × 365ð Þ day
−1

[28]

Disease induced death rate d
35
1000 day

−1 [27]

Ingestion rate of parasites β 7 parasites day-1 Assumed

Carrying capacity of parasite in the environment K 105 parasites Assumed

Natural recovery rate q
1
28 day

−1 Assumed

Efficacy for MDA drug κ2, 0.8 [29]

Immunity waning rate for recovered individuals γ
1
7 day

−1 [27]

Clearance rate for parasitic worms μM
13

37500 day
−1 [27]

Shading rate of parasites to the environment ε 0.09 day−1 Assumed

Progression rate from exposed to infected class ρ
1
10 day

−1 [27]
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negative. The remaining three can be obtained by consider-
ing the submatrix J1E0

:

J1E0
=

− b + ρð Þ 0 β

ρ − b + d + q + εð Þ 0
0 ε −μM

0BB@
1CCA: ð25Þ

From equation (25), the characteristic equation is given by

f λð Þ = λ3 + d2λ
2 + d1λ + d0 = 0, ð26Þ

where

d2 = 2b + d + q + ρ + ε + μM , ð27Þ

d1 = b + ρð Þ b + d + q + εð Þ + μM 2b + d + q + ρ + εð Þ, ð28Þ
d0 = μM b + ρð Þ b + d + q + εð Þ − ερβ: ð29Þ
Applying the Routh-Hurwitz criteria [12], the conditions

in (27) d0 > 0,d1 > 0, d2 > 0, and d2d1 > d0. Here, d1 > 0,
d2 > 0, and d0 > 0 when R0 ≤ 1, and then d2d1 > d0. Hence,
according to the Routh-Hurwitz criteria, the submatrix J1E0
has negative real parts whenever R0 ≤ 1.

Thus, theDFE,E0 is locally asymptotically stable ifR0 < 1.

3.3. Global Stability of the Disease-Free Equilibrium. For the
proof of global stability, we consider the theorem developed
by Castillo-Chavez et al. [13] and later applied in [14, 15].

To apply the theorem, system (9) is written in the form

dX
dt

= F X, Zð Þ, ð30Þ

dZ
dt

= G X, Zð Þ,G X, 0ð Þ = 0 ð31Þ

where X = ðs, rÞ ∈ℝ2
+ denotes the number of uninfected

components (individuals) and Z = ðe, i,mÞ ∈ℝ3
+ denotes

infected components (individuals) including the latent and
infectious individuals.

The disease-free equilibrium is now denoted by E0 =
ðX∗, 0Þ = ð1, 0Þ.

The conditions (H1) and (H2) in system (32) must be
satisfied to guarantee local asymptotic stability:

H1 : For dX
dt

= F X∗, 0ð Þ, X∗ is globally asymptotically

stable, and

H2 : G X, Zð Þ = AZ − Ĝ X, Zð Þ, Ĝ X, Zð Þ ≥ 0 for X, Zð Þ ∈Ω,
ð32Þ

where A =DZGðX∗, 0Þ is the Metzeler-matrix (the off-
diagonal elements of A are nonnegative) and Ω is the region
where the model makes biological sense.

If system (30) satisfies the two conditions in (32), then the
following theorem holds.

Theorem 3. The disease fixed point E0 = ðX∗, 0Þ is globally
asymptotically stable of system (30) provided that R0 < 1
and that conditions H1 and H2 are satisfied.

Proof. From system (9) we have,

F X, Zð Þ =
b + γr − b + βm

1 +m
− d + εð Þi

� �
s

qi − b + γ − d + εð Þið Þr

0B@
1CA, ð33Þ

G X, Zð Þ =

βm
1 +m

s − b + ρ − d + εð Þið Þe
ρe − b + d + q + ε − d + εð Þið Þi

εi − μMm

0BBB@
1CCCA, ð34Þ

Then, system (33) can be reduced to

dX
dt

����
Z=0

=
b − bs

0

 !
: ð35Þ

Now, condition H1 is satisfied as it can be observed from
the solution, namely, sðtÞ = 1 + ðsð0Þ − 1Þe−bt . As t⟶∞,
the solution sðtÞ⟶ 1 implying global convergence of solu-
tion of (35) in Ω. Thus, condition H1 is satisfied.

Let

A =
− b + ρð Þ 0 β

ρ − b + d + q + εð Þ 0
0 ε −μM

0BB@
1CCA, ð36Þ

Then,

Ĝ X, Zð Þ =
cG1 X, Zð ÞcG2 X, Zð ÞcG3 X, Zð Þ

0BBB@
1CCCA =

1 − s
1 +m

� �
βm − d + εð Þie

− d + εð Þi2

0

0BBB@
1CCCA:

ð37Þ

From above, ĜðX, ZÞ ≥ 0 if and only if d = ε = 0. Thus, E0
may not be globally asymptotically stable for some parameter
values. This suggests the possibility of backward bifurcation
of Section 3.5.

3.4. Existence of Endemic Equilibrium. The endemic equilib-
rium E∗ of model (9) is defined as the steady state solution
which occurs when disease persists in the community and
is obtained by equating the derivatives of system (9) to
zero. If we denote the force of infection as λ∗ = βm/1 +m
at steady states and let z∗ = b − ðd + εÞi∗ for any choice of
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i∗ at the endemic equilibrium; then, the endemic equilib-
rium can be expressed in terms of the force of infection as

where

Δ1 = γ + d + q + ρ + ε,

Δ2 = d + q + ε,

Δ3 = γλ∗ρ d + εð Þ,
Δ4 = λ∗ ρ γ + Δ2ð Þ + γΔ2ð Þ + γρΔ2ð Þ:

ð43Þ

Using equation five of (38) and the force of infection
λ∗ = βm∗/ð1 +m∗Þ with the model parameters, then (38)
satisfies the following polynomial:

λ∗P λ∗ð Þ = λ∗ Aλ∗ + Bð Þ = 0, ð44Þ

where

A = μM γρ d + εð Þ + z∗ ρ γ + d + q + εð Þ + γ d + q + εð Þðð
+ z∗ γ + d + q + ρ + z∗ + εð ÞÞÞ,

B = μMz
∗ γ + z∗ð Þ ρ + z∗ð Þ d + q + ε + z∗ð Þ 1 −R0ð Þ:

ð45Þ

In equation (44), λ∗ = 0 corresponds to the disease free
equilibrium and the polynomial Pðλ∗Þ = 0 corresponds to
the existence of endemic equilibrium which co-exist with
disease free equilibrium point when R0 < 1.

3.5. Bifurcation Analysis. To investigate the type of bifurca-
tion model (9) exhibits, we use the center manifold theory
of Castillo-Chavez and Song [16]. To apply the center mani-
fold theory we make the change of variables for the normal-
ized helminth model (9). Let x1 = s, x2 = e, x3 = i, x4 = r, and

x5 =m. Using the vector notation X = ðx1, x2, x3, x4, x5ÞT ,
then (9) can be written in the form dX/dt = FðxÞ with F =
ð f1, f2, f3, f4, f5ÞT . If we choose β = β∗ as the bifurcation
parameter and solving for R0 = 1 we have:

f1 = b + γx4 − b + β∗x5
1 + x5

− d + εð Þx3
� �

x1,

f2 = β∗x5
1 + x5

x1 − b + ρ − d + εð Þx3ð Þx2,

f3 = ρx2 − b + d + q + ε − d + εð Þx3ð Þx3,
f4 = q + τð Þx3 − b + γ − d + εð Þx3ð Þx4,
f5 = εx3 − μMx5,

0BBBBBBBBBBBB@
ð46Þ

where

β∗ = μM b + ρð Þ d + b + q + ε + τð Þ
ερ

: ð47Þ

Now, the matrix W at DFE E0 of the equations (46) is

W =

−b 0 − d + εð Þ γ −β

0 − b + ρð Þ 0 0 β

0 ρ − b + d + q + εð Þ 0 0
0 0 q − b + γð Þ 0
0 0 ε 0 −μM

0BBBBBBBB@

1CCCCCCCCA
,

ð48Þ

s∗ = b γ + z∗ð Þ ρ + z∗ð Þ d + q + z∗ + εð Þ
Δ3 + z∗ð Þ3 λ∗ + Δ1ð Þ + z∗ð Þ2 λ∗Δ1 + ρ γ + Δ2ð Þ + γΔ2ð Þ + z∗Δ4 + z∗ð Þ4 , ð38Þ

e∗ = bλ∗ γ + z∗ð Þ Δ2 + z∗ð Þ
γ + z∗ð Þ λ∗ + z∗ð Þ ρ + z∗ð Þ Δ2 + z∗ð Þ − γλ∗qρ

, ð39Þ

i∗ = bλ∗ρ γ + z∗ð Þ
Δ3 + z∗ð Þ3 λ∗ + Δ1ð Þ + z∗ð Þ2 λ∗Δ1 + ρ γ + Δ2ð Þ + γΔ2ð Þ + z∗Δ4 + z∗ð Þ4 , ð40Þ

r∗ = bλ∗qρ

Δ3 + z∗ð Þ3 λ∗ + Δ1ð Þ + z∗ð Þ2 λ∗Δ1 + ρ γ + Δ2ð Þ + γΔ2ð Þ + z∗Δ4 + z∗ð Þ4 , ð41Þ

m∗ = bλ∗ρε γ + z∗ð Þ
μM Δ3 + z∗ð Þ3 λ∗ + Δ1ð Þ + z∗ð Þ2 λ∗Δ1 + ρ γ + Δ2ð Þ + γΔ2ð Þ + z∗Δ4 + z∗ð Þ4	 
 , ð42Þ
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At the value R0 = 1, the Jacobian W has a simple zero
eigenvalue whose corresponding left and right eigenvectors
are expressed as

w1 =
μMγq − b + γð Þ μM d + εð Þ + εβð Þ

b b + γð Þ
� �

w3,

w2 =
β∗εw3

μM b + ρð Þ ,

w3 =w3 > 0 is free,

w4 =
qw3
b + γ

,

w5 =
εw3
μM

,

v1 = v4 = 0,

v2 =
ρv3
b + ρ

,

v3 = v3 > 0 is free,

v5 =
ρβ∗v3
μM b+ρð Þ

:

ð49Þ

Using the result in [16], we need to compute the coeffi-
cients a and b where

a = 〠
5

k,i,j=1
vkwiwj

∂2 f k
∂xi∂xj

E0, β∗ð Þ,

b = 〠
5

k,i=1
vkwi

∂2 f k
∂xi∂β

∗ E0, β∗ð Þ
ð50Þ

Now, evaluating the partial derivatives of system (46) at
ðE0, β∗Þ, we obtain

∂2 f1
∂x1∂x5

= −β∗, ∂2 f1
∂x3∂x1

= d + ε,

∂2 f2
∂x1∂x5

= β∗,

∂2 f2
∂x3∂x2

= d + ε,

∂2 f3
∂x23

= 2 d + εð Þ,

∂2 f4
∂x3∂x4

= d + ε:

ð51Þ

Furthermore,

∂2 f1
∂x5∂β

∗ = −1,

∂2 f2
∂x5∂β

∗ = 1:
ð52Þ

Therefore,

a = v3w
2
3ρ

bμM b + ρð Þ2 b + γð Þ εβ
∗a0 + 2 d + εð Þv3w2

3: ð53Þ

where

a0 = b + ρð Þ μMγq − b + γð Þ μM d + εð Þ + εβ∗ð Þ½ � + b b + γð Þ,

b = ρεβ∗

μM b + ρð Þ2 v3w3:

ð54Þ

The coefficient b is positive. By Castillo-Chavez and Song
[16], coefficient a decides the local dynamics of E0. There-
fore, if a0 < 0, then system (9) will exhibit forward bifurca-
tion, and if a0 > 0, it undergoes backward bifurcation.

3.6. Sensitivity Analysis of the Model Parameters. Numerical
sensitivity analysis is done by computing sensitivity indices
of basic reproduction numberR0 which measures the model
robustness to parameter values [17]. The forward sensitivity
index of a variable to a parameter is a ratio of the relative
change in the variable to the relative change in the parameter.

Definition 4. The normalized forward sensitivity index of a
variable u that depends differentiable on a parameter ς is
defined as ruς = ð∂u/∂ςÞ:ς/u.

From equation (23), we compute the sensitivity indices of

each parameter involved in R0 using the equation rR0
ς =

ð∂R0/∂ςÞ:ðς/R0Þ. For example, the sensitivity index of

parameter value with respect to β is given by rR0
β = ð∂R0/

∂βÞ:ðβ/R0Þ = 1 and other indices are rR0
ρ , rR0

ε , rR0
μM , r

R0
b ,

rR0
d , and rR0

q which were obtained and evaluated using
parameter values in Table 1 as illustrated in Figure 2.

To determine the most sensitive parameters for the
dynamics of the model, sensitivity analysis was carried out
to determine the model robustness to parameter values.
Clearly β, ρ, and ε have positive indices with most sensitive
parameter be β and the least positively sensitive parameter
ρ. This imply that the endemicity of the disease increases
when the parameters β, ρ, and ε are increased while keeping
other parameters constant. On the other hand, the parame-
ters μM , b, d, and q have negative indices and when each of
these are decreased, while keeping the other parameters con-
stantly decreases the value ofR0 implying that they decrease
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the endemicity of the disease. Thus, based on these results, we
suggest the following interventions to be made for the eradi-
cation of the helminth infection from the endemic communi-
ties. The first intervention is the mass cleanliness to reduce
the concentration of the parasites from the contaminated
environment. The other one is the use of anthelmintic drugs
including MDA for both healthy and infected individuals
which will in turn reduce the shedding rate of the parasite
to the environment.

3.7. Extension of the Model to Optimal Control. In this
section, we extend the heminth model (2) by incorporating
three time-dependent control measures. The best interven-
tion strategies will be identified from combination of these
control measures so as to minimize the infection from the
community. The optimal control model for helminth infec-
tion is formulated by considering the following controls:

(1) Health education control u1ðtÞ that is aimed at
sensitizing the susceptible population. This is done
through provision of education materials (TV mes-
sages, radio, posters, and leaflets), educational mes-
sages which can be delivered by health practitioners
or teachers in schools, education that improve
hygiene awareness and behavior of people who
defecate outside the latrines, and purchase of shoes
to both preschool-aged and school-aged children
[18]. Thus. the force of infection is modified as λ =
ðð1 − κ1u1ÞβMÞ/ðK +MÞ where κ1 is the effective-
ness measure of health education control, where
κ1 ∈ ð0, 1Þ such that if κ1 = 0, then health education
is not effective and κ1 = 1 corresponds to completely
effective health education, 0 < κ1 < 1 implies that
health education is effective to some degree

(2) The use of mass drug administration (deworming)
κ2u2ðtÞ, which is administered regularly without
individual diagnosis is applied to the entire popula-
tion [19]. Application of this control moves the indi-

viduals in exposed class to the susceptible class and
those in the infected class to the recovered class

(3) Sanitation control ðu3ðtÞÞ which measures the efforts
to prevent susceptible from contracting the disease.
This include drinking clean water, personal hygiene,
avoiding eating raw vegetables, cleaning of fruits,
and intensive cleanliness of the environment which
helps to break the helminth transmission cycle (see
[19]). Thus, the clearance of the parasite from the
environment will be accelerated by μM + κ3u1, where
κ3 is the effectiveness of the control to protect suscep-
tible population from contracting helminth infection

After incorporating the controls and using the same
parameters and variables as in (2), we obtain the modified
model with controls for helminth infection given by

dS
dt

= bN + γR − μS − 1 − κ1u1ð ÞλS + κ2u2E, ð55Þ

dE
dt

= 1 − κ1u1ð ÞλS − μ + ρð ÞE − κ2u2E, ð56Þ

dI
dt

= ρE − d + μ + εð ÞI − q + κ2u2ð ÞI, ð57Þ

dR
dt

= q + κ2u2ð ÞI − μ + γð ÞR, ð58Þ

dM
dt

= εI − μM + κ3u3ð ÞM: ð59Þ

with Sð0Þ = S0, Eð0Þ = E0, Ið0Þ = I0, Rð0Þ = R0, and Mð0Þ =
M0. In this study, we assume that the control functions
u1ðtÞ, u2ðtÞ, and u3ðtÞ are Lebesque integrable functions
with 0 ≤ ui ≤ 1 for i = 1, 2, 3 to mean that when the control
is zero, there is no any control implemented and when the
control is one there is maximum implementation of the
control. The objective is to obtain the optimal levels of
the control and state variables that optimize the objective
functional given by

J u1, u2, u3ð Þ = min
u1,u2,u3

ðt f
0

A1I + A2u2N + 1
2〠

3

i=1
wiu

2
i

 !
dt:

ð60Þ

Here, we want to minimize the number of infected
individual from the population while keeping the cost of
controls low. In equation (60), A1 is the relative weight
of the infected individuals that accounts for the social cost
while A2u2 is the individual cost for MDA of the entire
population(preschool- and school-aged children) because
it the most vulnerable population for helminth infection.
Furthermore, wi is the relative costs weight associated with
background costs for each control measure ui such as
advisement costs, production of posters, ordering and
transportation of drugs and water treatment and t f is the
final fixed time. In this work, the cost is not linear as
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Figure 2: Sensitivity analysis of R0 with respect to each model
parameter.
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may result to bang bang which means that the optimal
control take values at only upper and lower control set;
thus, we choose to have quadratic cost on the control of
the form ð1/2Þwiu

2
i (see [20]). The problem becomes of

determining the optimal triplet (u∗1 ,u∗2 ,u∗3 ) such that

J u∗1 , u∗2 , u∗3ð Þ = min
u1,u2,u3∈U

J u1, u2, u3ð Þ, ð61Þ

where U = fðu1, u2, u3Þ ∣ eachui ismeasurable with 0 ≤ ui ≤ 1
for 0 ≤ t ≤ t f g is the admissible set.

3.7.1. Existence of an Optimal Control. The solution of the
helminth model (9) is proved to be bounded so we use this
result to prove the existence of the optimal control. However,
existence of optimal control is shown using the approach of
Fleming and Richel [14] and later applied in [15, 21–23].
For detailed proof, (see [14], Theorem 4.1, p 68-69).

3.7.2. The Hamiltonian and Optimality Systems. To obtain
the Hamiltonian H, we apply “Pontryagin’s maximum prin-
ciple” [24] to derive the necessary conditions for the optimal
pair. Therefore, the Hamiltonian is expressed as

H S, E, I, R,M, tð Þ = A1I + A2u2N + 1
2〠

3

i=1
wiu

2
i + λ1

dS
dt

+ λ2
dE
dt

+ λ3
dI
dt

+ λ4
dR
dt

+ λ5
dM
dt

,

ð62Þ

with λi, i = 1, 2, 3, 4, 5 denotes the adjoint variables to be
determined by taking the negative derivative of the Hamilt-
nian function.

Theorem 5. Given the optimal set u1, u2, and u3 that mini-
mizes J over U , there exist an adjoint variables λ1, λ2, λ3, λ4
, and λ5 such that

dλ1
dt

= −A2u2 +
1 − κ1u1ð ÞβM

K +M
λ1 − λ2ð Þ + μ − bð Þλ1, ð63Þ

dλ2
dt

= −A2u2 + μ + ρð Þλ2 + κ2u2 λ2 − λ1ð Þ − bλ1 − ρλ3, ð64Þ

dλ3
dt

= −A1 − A2u2 − bλ1 + d + μ + εð Þλ3 + q + κ2u2ð Þ
� λ3 − λ4ð Þ − ελ5,

ð65Þ

dλ4
dt

= −A2u2 − b + γð Þλ1 + μ + γð Þλ4, ð66Þ

dλ5
dt

= 1 − κ1u1ð ÞSβ
K +M

−
1 − κ1u1ð ÞSMβ

K +Mð Þ2
 !

λ1 − λ2ð Þ

+ μM + κ3u3ð Þλ5,
ð67Þ

with transversality conditions, λiðt f Þ = 0, i = 1, 2, 3, 4, 5: The
characterization of the control set (u∗1 , u

∗
2 , and u∗3 ) using the

technique of control bounds gives

u∗1 tð Þ =max 0, min 1,Φ1ð Þf g,
u∗2 tð Þ =max 0, min 1,Φ2ð Þf g,
u∗3 tð Þ =max 0, min 1,Φ3ð Þf g,

ð68Þ

where

Φ1 =
κ1βMS

w1 K +Mð Þ λ2 − λ1ð Þ,

Φ2 =
κ2E λ2 − λ1ð Þ + κ2I λ3 − λ4ð Þ

w2
−
A2 S + E + I + Rð Þ

w2
,

Φ3 =
κ3Mλ5
w3

:

ð69Þ

Proof. By using ([24]), the adjoint system is the Euler-
Lagrange equations obtained taking the negative of the
partial derivative of the Hamiltonian in (62) with respect to
the state variables. Thus, the adjoint system can be written as

dλ1
dt

= −
∂H
dS

= −A2u2 +
1 − κ1u1ð ÞβM

K +M
λ1 − λ2ð Þ + μ − bð Þλ1,

dλ2
dt

= −
∂H
dE

= −A2u2 + μ + ρð Þλ2 + κ2u2 λ2 − λ1ð Þ − bλ1 − ρλ3,

dλ3
dt

= −
∂H
dI

= −A1 − A2u2 − bλ1 + d + μ + εð Þλ3
+ q + κ2u2ð Þ λ3 − λ4ð Þ − ελ5,

dλ4
dt

= −
∂H
dR

= −A2u2 − b + γð Þλ1 + μ + γð Þλ4,

dλ5
dt

= −
∂H
dM

= 1 − κ1u1ð ÞSβ
K +M

−
1 − κ1u1ð ÞSMβ

K +M2

� �
λ1 − λ2ð Þ

+ μM + κ3u3ð Þλ5:
ð70Þ

Using the same principle, we get the controls by solving
the equation obtained by taking the partial derivative of the
Hamiltonian with respect to each control. For example,

∂H
∂u1

=w1u1 +
κ1βMS
K +M

λ1 −
κ1βMS
K +M

λ2,

∂H
∂u2

=w2u2 + κ2E λ1 − λ2ð Þ + κ2I λ3 − λ4ð Þ,

∂H
∂u3

=w3u3 − κ3Mλ5:

ð71Þ
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Figure 3: Simulations of the optimal control model with health education and MDA interventions.

Now, setting ∂H/∂ui = 0 at u∗1 for i = 1, 2, 3, we obtain the
controls set:

u∗1 tð Þ = κ1βMS
w1 K +Mð Þ λ2 − λ1ð Þ,

u∗2 tð Þ = κ2E λ2 − λ1ð Þ + κ2I λ3 − λ4ð Þ
w2

−
A2 S + E + I + Rð Þ

w2
,

u∗3 tð Þ = κ3Mλ5
w3

:

ð72Þ

The controls can then be written using standard control
arguments with bounds on the controls as

u∗1 =
Φ1 if 0 <Φ1 < 1,
0 if Φ1 ≤ 0,
1 if Φ1 ≥ 1:

0BB@

u∗2 =
Φ2 if 0 <Φ2 < 1,
0 if Φ2 ≤ 0,
1 if Φ2 ≥ 1:

0BB@

u∗3 =
Φ3if 0 <Φ3 < 1,
0 if Φ3 ≤ 0,
1 if Φ3 ≥ 1:

0BB@ ð73Þ

In compact notation, we writ,

u∗1 tð Þ =max 0, min 1,Φ1ð Þf g,
u∗2 tð Þ =max 0, min 1,Φ2ð Þf g,
u∗3 tð Þ =max 0, min 1,Φ3ð Þf g:

ð74Þ

where

Φ1 =
κ1βMS

w1 K +Mð Þ λ2 − λ1ð Þ,
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Figure 4: Simulations of the optimal control model with MDA and sanitation interventions.

Φ2 =
κ2E λ2 − λ1ð Þ + κ2I λ3 − λ4ð Þ

w2
−
A2 S + E + I + Rð Þ

w2
,

Φ3 =
κ3Mλ5
w3

: ð75Þ

The optimality system consists of the state system (55)
coupled with adjoint system (63) together with the charac-
terization of the optimal control with the initial and trans-
versality conditions.

The state equations in (55) and the costate (adjoint)
equation in system (63) are bounded and satisfies the Lip-
chitz condition, thus uniqueness of the optimality systems
follows using the approaches in [25, 26].

3.8. Numerical Simulation. We perform numerical simula-
tion of the optimal control model using the parameter values
given in Table 1. Various optimal control strategies are
applied to control the burden of helminth infection in the
community. Starting with an initial guess for the optimal
controls u1ðtÞ, u2ðtÞ, and u3ðtÞ, state system (55) is solved
numerically forward in time using the fourth-order Runge-
Kutta method with initial conditions Sð0Þ = 1000, Eð0Þ =

150, Ið0Þ = 50, Rð0Þ = 5, and Mð0Þ = 200. Then, co state
(adjoint) system (63) is solved numerically backward in time
using the fourth-order Runge-Kutta method with the state
variables and initial guess of the controls obtained earlier.
All controls are updated using convex combination of the
previous controls and its characterization then the process
is repeated until convergence is achieved. The following cost
weights were used in the simulation: A1 = 800, A2 = 0:15,
w1 = 15, w2 = 30, and w3 = 10 with the efficacy rates κ1 =
0:7, κ2 = 0:8, and κ3 = 0:6.

3.8.1. Control with Health Education and MDA. In this strat-
egy, we used the combination of health education and MDA
interventions to optimize the objective functional J while
sanitation control is set to zero. Figure 3(a) shows that with
this strategy there is a significant effect in reducing the num-
ber of exposed individuals compared with the case when
there is no control but does not bring the exposed individuals
to zero at the final control period. The helminth-infected
individuals in Figure 3(b) decreases to almost zero when
the optimal combination of health education and MDA are
in place compared to when there is no control. In
Figure 3(c), we observed that the parasite population in the
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environment is reduced but does not reach zero at the final
control period. This suggests that using combination of con-
trol measures, the infection can be lowered in the community
but not completely removed in the specified control period.
The control profile in Figure 3(d) suggests that control
combination with health education and MDA should be
maximized and applied throughout the intervention period.

3.8.2. Control with MDA and Sanitation. Next, we consider
the combination of MDA and sanitation interventions while
the health education is set to zero. Figures 4(a) and 4(b) show
a similar trend as in Figures 3(a) and 3(b), respectively, but
with this strategy more effective than the combination of
health education and MDA. This is due to the fact that with
MDA, anthelminthic drugs are regularly administered to
the entire population (preschool- and school-aged children)
while using sanitation clears the density of parasites from
the environment. The control profile in Figure 4 suggests
the control with MDA should be seized after 20 days while
sanitation control should be kept at a maximum for approx-
imately 20 days and then decreased to zero. Therefore, these
results show that combination of these two controls measures
can as well manage to control helminth infection in the
community.

3.8.3. Control with Health Education and Sanitation.We next
consider the control with combination of health education
and sanitation in the absence of MDA. The health education
and sanitation were used to optimize the objective functional
J while MDA control was set to zero. Figure 5(a) shows that
the number of exposed individuals were reduced and were
totally controlled after 50 days. Figure 5(b) shows that the
number of infected individuals were reduced and totally con-
trolled at the final period. Figure 5(c) shows that the parasite
population is reduced to the minimum level. The control
profile in Figure 5(d) suggests that the control with health
education should be maximized for 70 days while sanitation
should be maximized for 65 days.

3.8.4. Control with Health Education, MDA, and Sanitation.
Finally, we consider the case where all controls were in place.
In this strategy the controls’ health education, MDA, and
sanitation were used to optimize the objective functional J .
Figure 6(a) shows that the number of exposed individuals is
totally controlled at the final control period. Figure 6(b)
shows that the number of helminth-infected individuals
is also totally controlled at the final control period.
Figure 6(c) shows that the parasite population is more
reduced to zero at the final control time. Figure 6(d)
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Figure 5: Simulations of the optimal control model with health education and sanitation interventions.
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suggests that the health education control should be max-
imized for 15 days, the MDA control be seized after 15
days, while the sanitation should be maximized for 18
days and reduced to zero due to the fact that the infection
has been cleared in the community.

3.9. Cost-Effectiveness Analysis. Cost effectiveness analysis is
performed to quantify the cost effectiveness of different com-
binations of control strategies using Incremental Cost Effec-
tive Ratio (ICER). In this approach, when comparing two
competing intervention strategies, one intervention is com-
pared with the next less effective alternative [28, 30, 31].
The ICER formula is given by

ICER = Difference in costs between strategies
Difference in the totalnumber of infection averted :

ð76Þ

To obtain the total number of infections averted, we take
the sum of the difference between the total number of
exposed and infected individuals without and with control.
Also to obtain the total cost for each strategy, we used the
cost function as shown in Table 2.

Comparing strategy 3.8.1 and 3.8.4, strategy 3.8.1 is more
costly and less effective than strategy 3.8.4. Hence, we omit
strategy 3.8.1 and recompute ICER values as indicated in
Table 3.

From Table 3, we observe that strategy 3.8.2 has higher
cost compared to strategy 3.8.4, Hence, we omit 3.8.2 and
recompute ICER as indicated in Table 4.
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Figure 6: Simulations with health education, MDA, and sanitation interventions.

Table 2: Ranking of control strategies in ascending order of the
number of infections averted.

Strategy Total infection averted Total costs ($)
No strategy 0 0

Strategy 3.8.1 8:0089 × 104 7:8901 × 105

Strategy 3.8.4 8:0092 × 104 9:9591 × 103

Strategy 3.8.2 8:0098 × 104 1:1149 × 104

Strategy 3.8.3 8:0176 × 104 3:3270 × 103

ICERð3:8:1Þ = 7:8901 × 105/8:0089 × 104 = 9:85, ICERð3:8:4Þ = 9:9591 ×
103 − 7:8901 × 105/8:0092 × 104 − 8:0089 × 104 = −259683:6, ICERð3:8:2Þ =
1:1149 × 104 − 9:9591 × 103/8:0098 × 104 − 8:0092 × 104 = 225:15, ICERð3:8:3Þ =
3:3270 × 103 − 1:1149 × 104/8:0176 × 104 − 8:0098 × 104 = −100:28.
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From Table 4, we conclude that strategy 3.8.3 (control
with health education and sanitation) is more cost effective
than strategy 3.8.4 (control with health education, MDA
and sanitation), implying that it is the cheapest of all the
control strategies.

4. Discussions and Conclusions

In this paper, we formulated and analysed deterministic model
for the helminth infection (soil-transmitted helminth).

In Section 3, we analysed the model by obtaining the
feasible region and disease-free and endemic equilibrium
points with their stability. Moreover, bifurcation analysis
were carried out and the model exhibited backward bifur-
cation for some parameter values, and sensitivity analysis
of R0 with respect to parameters β, ρ, ε, μM , b, d, q
was done and results revealed that β was the most positive
sensitive parameter while μM was the most negative sensitivity
parameter. Furthermore, the helminth model developed in
Section 2 was extended to include health education, treatment
by mass drug administration and sanitation as control mea-
sures. We solved the optimal control problem using Pontrya-
gin’s maximum principle by first obtaining the Hamiltonian,
the adjoint variables, and the characterization of the controls.
Applying single-control measure (health education or MDA
or sanitation) alone is not sufficient to control the infection;
thus, combination of control measures were used to optimize
the objective functional J by considering combination of
health education with mass drug administration, combination
of mass drug administration with sanitation, combination of
health education with sanitation, and all the three controls.
Finally, we investigated the cost effectiveness of the control
strategies to ascertain the least and most expensive strategies.
Based on our results, we conclude that the combination of
health education and sanitation is the best strategy.
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A deterministic mathematical model for the transmission and control of cointeraction of helminths and tuberculosis is presented,
to examine the impact of helminth on tuberculosis and the effect of control strategies. The equilibrium point is established, and the
effective reproduction number is computed. The disease-free equilibrium point is confirmed to be asymptotically stable whenever
the effective reproduction number is less than the unit. The analysis of the effective reproduction number indicates that an increase
in the helminth cases increases the tuberculosis cases, suggesting that the control of helminth infection has a positive impact on
controlling the dynamics of tuberculosis. The possibility of bifurcation is investigated using the Center Manifold Theorem.
Sensitivity analysis is performed to determine the effect of every parameter on the spread of the two diseases. The model is
extended to incorporate control measures, and Pontryagin’s Maximum Principle is applied to derive the necessary conditions
for optimal control. The optimal control problem is solved numerically by the iterative scheme by considering vaccination of
infants for Mtb, treatment of individuals with active tuberculosis, mass drug administration with regular antihelminthic drugs,
and sanitation control strategies. The results show that a combination of educational campaign, treatment of individuals with
active tuberculosis, mass drug administration, and sanitation is the most effective strategy to control helminth-Mtb coinfection.
Thus, to effectively control the helminth-Mtb coinfection, we suggest to public health stakeholders to apply intervention
strategies that are aimed at controlling helminth infection and the combination of vaccination of infants and treatment of
individuals with active tuberculosis.

1. Introduction

Soil-transmitted helminth infections are common infections
that affect poor communities of the world. The species that
infect people are the roundworm (Ascaris lumbricoides), the
whipworm (Trichuris trichiura), and the hookworm (Necator
americanus). These parasites reside in the intestine and
release eggs to contaminate the soil [1]. Approximately 1.5

billion people are infected with soil-transmitted helminths
worldwide which are widely distributed in tropical and sub-
tropical areas, with the greatest numbers occurring in sub-
Saharan Africa, America, China, and East Asia [1]. On the
other hand, tuberculosis (TB) is an infectious disease that is
caused by the bacillus Mycobacterium tuberculosis (Mtb).
Approximately 5-10% of the estimated 1.7 billion people
infected with Mtb develop active TB during their lifetime
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[2]. The study by Watts et al. [3] suggests that infection by
trichuriasis reduces the chance of latent tuberculosis (LTB)
or blunts tuberculin skin tests (TST). Moreover, coinfec-
tion of helminth and Mtb has been a public health issue
in developing countries [4]. The study by Dias et al. [5]
suggests that intestinal helminth infection has a harmful
effect to contain the Mtb infection and contributes to the
development of active TB for coinfected individuals. Fur-
thermore, coinfection with helminths increases the suscep-
tibility to Mtb [6].

The usefulness of mathematical modeling for under-
standing and assessing the dynamics of infectious diseases
cannot be underrated and has been used over the years to
investigate the optimal mechanisms for intervention strat-
egies in controlling the spread of infectious diseases. The
transmission and dynamics of Mtb with other diseases
have been studied by many researchers [7–9]. Bhunu
et al. [7] developed an HIV/AIDS and TB coinfection
model that considers the treatment of exposed and active
TB individuals and therapy for AIDS. They found that
the treatment of exposed and active forms of TB results
in stuck commencement of the AIDS stage of HIV infec-
tion. Fatmawati and Tasman [8] proposed an optimal con-
trol model for the transmission of TB-HIV coinfection.
They found that the best and effective strategy to lower
the TB-HIV infection is to apply a combination of anti-
TB and ARV treatment. Okosun [9] discussed the synergy
between malaria and schistosomiasis in the presence of
treatment. Their study revealed that an effective control
of malaria could be achieved if efficient treatment and pre-
vention of schistosomiasis are implemented. There is a
need for modeling coinfection of infectious diseases in
areas with neglected tropical diseases (NTD) which
include helminth infections, Mtb, and malaria to list a
few [10], due to their geographical overlap. To the best
of our understanding, no study has been carried out to
consider the helminth-Mtb coinfection with the use of
optimal control theory.

In this paper, our emphasis is to propose a compart-
mental system for the codynamics of helminths and Mtb
diseases and to explore the effect of helminths on Mtb
and vice versa. The model is extended to incorporate four
time-dependent controls, namely, educational campaign to
sensitize the parents to take their babies to the Bacille
Calmette-Guerin (BCG) vaccine clinic; treatment of indi-
viduals with active TB; treatment of individuals infected
with helminth parasites through mass drug administration
(MDA); and sanitation to lessen the ingestion rate of par-
asites from the polluted environment.

2. Materials and Methods

2.1. Model Formulation. The helminth-Mtb infection model
is formulated under the following model assumptions:

(i) The susceptible individuals cannot simultaneously
get infected by both diseases but rather get infected
with one disease and later by the other disease

(ii) The population is homogeneously mixed

(iii) The incidence rate for helminth infection follows the
logistic model while Mtb is assumed to be fre-
quency-dependent

(iv) An individual gets helminth infection after sufficient
contact with the polluted environment

(v) Due to the fact that Mtb infection is more severe
than helminth infection, we assume that coinfected
individuals seek TB treatment rather than helminth
infection

(vi) The Bacille Calmette-Guerin (BCG) vaccine does
not confer a total immunity

The model is formulated by considering two populations,
namely, the human population and the parasite population
ðMÞ that are present in the contaminated environment. The
human population is subdivided into nine classes, namely,
susceptible ðSÞ, the vaccinated against Mtb ðVTÞ, those
infected with Mtb but do not show clinical symptoms of TB
ðETÞ, those with active TB ðITÞ, TB-recovered individuals
ðRTÞ, those infected by helminths ðIHÞ, those who have
recovered from helminths ðRHÞ, and those who are dually
infected by helminths and Mtb ðIHTÞ. Thus, the total
human population is given by N = S + VT + ET + IT + IH
+ IHT + RT + RH + RHT. The susceptible population
increases by recruitment through birth at the rate ð1 − ηÞ
bN and by those who lose their temporary immunity
against the helminths and Mtb at rates γ1 and γ2, respec-
tively. The susceptible individuals get infected with Mtb
upon sufficient contact with an infectious individual with
the force of infection λT = ðβTðIT + σIHTÞÞ/N , where βT
is the transmission rate and σ > 1 is the modification
parameter for coinfected individuals that models infectivity
for susceptible individuals. The susceptible individuals also
get infected by helminths after ingestion of eggs/larvae or
skin penetration by infective larvae with the force of infec-
tion λH = βHM/ðK +MÞ, where βH is the ingestion rate of
parasitic worms and K is the density of parasites in the
soil. The helminth-infected individuals increase due to sus-
ceptible individuals being infected with helminths, Mtb-
vaccinated individuals infected with helminths, and coin-
fected individuals who recover from Mtb at the rate τ2.
Furthermore, due to the fact that the BCG vaccine does
not grant total protection [11], then individuals exposed
to Mtb increase due to Mtb-vaccinated individuals losing
their protection against Mtb and getting infected at the
rate ρλT, with ρ ∈ ð0, 1Þ such that 1 − ρ is the efficacy of
the vaccine.

The chronic infection by helminths alters the chance
of getting infected and the progression of coinfecting par-
asites (virus or bacteria) [12]; as a result, individuals
infested with helminths are at higher risk of developing
tuberculosis [13]. Therefore, individuals coinfected with
helminth and Mtb are increased by helminth-infected
individuals being infected with Mtb at the force of infec-
tion gλT, where g > 1 is the modification parameter that
models increased susceptibility to Mtb, and Mtb-exposed
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individuals getting infected by helminths at a force of
infection λH. In addition, the number of individuals with
active TB increases as individuals progressed from the
exposed class at the ratekand coinfected individuals recov-
ered from helminth infection at the rateτ1and decreases
due to natural recovery at the rateτ2. The parasite popula-
tions in the environment increase as they are released by
the helminth-infected individuals at the rate ε1 and coin-
fected individuals at the rate ε2 and are cleared from the
environment at a rate μM .The description above is illus-
trated in Figure 1, and the governing system of nonlinear
differential equations is shown in model (1). The model
parameters are described in Table 1.

dS
dt

= 1 − ηð ÞbN + γ1RH + γ2RT − μ + λT + λHð ÞS,
dVT
dt

= ηbN − μ + ρλT + λHð ÞVT,

dET
dt

= λTS + ρλTVT + λTRH − μ + k + λHð ÞET,

dIT
dt

= kET + τ1IHT − μ + dT + τ2 + λHð ÞIT,
dIH
dt

= λHS + λHVT + λHRT + τ2IHT − gλT + μ + dH + τ1 + ε1ð ÞIH,
dIHT
dt

= gλTIH + λH ET + ITð Þ − μ + dHT + τ1 + τ2 + ε2ð ÞIHT,

dRT
dt

= τ2IT − λH + μ + γ2ð ÞRT,

RH
dt

= τ1IH − λT + μ + γ1ð ÞRH,

dM
dt

= ε1IH + ε2IHT − μMM,

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

ð1Þ

where

λT =
βT IT + σIHTð Þ

N
,

λH =
βHM
M + K

:

ð2Þ

We perform a qualitative analysis of model (1) using a
dimensionless version such that dimensionless variables
obtained by setting s = S/N , vT =VT/N , eT = ET/N , iT = IT
/N , iH = IH/N , iHT = IHT/N , rT = RT/N , rH = RH/N , rHT =
RHT/N , and m =M/K replace the original variables S, VT,
ET, IT, IT, IHT, RT, RH, RHT, and M, respectively, in which
the rate of change of the population at time t is given
by

dN
dt

= b − μð ÞN + dTIT − dH + ε1ð ÞIH − dHT + ε2ð ÞIHT: ð3Þ

Upon differentiating dimensionless variables with respect
to time and using equation (3), system (1) becomes

ds
dt

= 1 − ηð Þb + γ1rH + γ2rT − b + λ∗T + λ∗Hð
− dTiT − dH + ε1ð ÞiH − dHT + ε2ð ÞiHTÞs,

dvT
dt

= ηb − b + ρλ∗T + λ∗H − dTiT − dH + ε1ð ÞiHð
− dHT + ε2ð ÞiHTÞvT,

deT
dt

= λ∗T s + ρvT + rHð Þ − b + k + λ∗H − dTiTð
− dH + ε1ð ÞiH − dHT + ε2ð ÞiHTÞeT,

diT
dt

= keT + τ1iHT − b + dT + λ∗H + τ2 − dTiTð
− dH + ε1ð ÞiH − dHT + ε2ð ÞiHTÞiT,

diH
dt

= λ∗H s + vT + rTð Þ + τ2iHT − b + dH + τ1 + ε1 + gλ∗Tð
− dTiT − dH + ε1ð ÞiH − dHT + ε2ð ÞiHTÞiH,

diHT
dt

= gλ∗TiH + λ∗H eT + iTð Þ − b + τ1 + τ2 + ε2 + dHTð
− dTiT − dH + ε1ð ÞiH − dHT + ε2ð ÞiHTÞiHT,

drT
dt

= τ2iT − b + γ2 + λ∗H − dTiT − dH + ε1ð ÞiHð
− dHT + ε2ð ÞiHTÞrT,

drH
dt

= τ1iH − b + γ1 + λ∗T − dTiT − dH + ε1ð ÞiHð
− dHT + ε2ð ÞiHTÞrH,

dm
dt

= ε1iH + ε2iHT − μMm,

ð4Þ

subject to condition s + vT + eT + iT + iH + iHT + rT + rH = 1.

2.2. Disease-Free Equilibrium (DFE). The DFE point of sys-
tem (4) is obtained by setting the right-hand sides of the
equations to zero with eT = 0, iT = 0, iH = 0, iHT = 0, rT = 0,
rH = 0, rHT = 0, and m = 0 to obtain the DFE E0 = ð1 − η, η,
0, 0, 0, 0, 0, 0, 0, 0Þ.
2.3. Effective Reproduction Number. The principles of the
next-generation matrix [22] are used to obtain the effective
reproduction number.

RT =
βTk 1 + η ρ − 1ð Þð Þ
b + kð Þ b + dT + τ2ð Þ , ð5Þ

RH =
βHε1

μM b + dH + ε1 + τ1ð Þ , ð6Þ

corresponding to the reproduction numbers for the Mtb
and helminth infection transmission models obtained from
the positive eigenvalues of the next-generation matrix,
respectively.
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2.4. Local Stability of the Disease-Free Equilibrium

Theorem 1. The disease-free equilibriumpoint is locally asymptot-
ically stable ifRHT < 1 and unstable if eitherRT > 1 orRH > 1.

Proof. We first obtain the Jacobian matrix at the disease-free
equilibrium E0 in order to prove this theorem. The Jacobian
matrix is given by

JE0
=

−b 0 0 l0 −l1 −l2 γ2 γ1 −βHs0

0 −b 0 ρβT − dTð ÞvT0 −l3 −l4 0 0 −βHvT0

0 0 − b + kð Þ βT s0 + ρvT0ð Þ 0 βTσ s0 + ρvT0ð Þ 0 0 0

0 0 k −l5 0 τ1 0 0 0

0 0 0 0 −l6 τ2 0 0 βH

0 0 0 0 0 −l7 0 0 0

0 0 0 τ2 0 0 −l8 0 0

0 0 0 0 τ1 0 0 −l9 0

0 0 0 0 ε1 ε2 0 0 −μM

0
BBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCA

,

ð7Þ

where

l0 = dT − βTð Þs0,
l1 = dH + ε1ð Þs0,
l2 = σβT − dHT + ε2ð Þð Þs0,
l3 = dH + ε1ð ÞvT0,
l4 = ρσβT − dHT + ε2ð Þð ÞvT0,
l5 = b + dT + τ2ð Þ,
l6 = b + dH + τ1ð Þ,
l7 = b + τ1 + τ2 + ε2 + dHTð Þ,
l8 = b + γ2ð Þ,
l9 = b + γ1ð Þ:

ð8Þ

Now, the characteristic polynomial of the Jacobian
matrix JE0

is given by

bN

𝜂bN

𝜇VT

𝜇RH𝜇ET

kET

VT𝜚𝜆TVT

𝜆HVT

𝜆TRH

𝜆HRT

RT

𝛾2RT

𝜏1IHT

𝜆HEH g𝜆TIH

𝜆HIT

IT IHT

𝜆HS
𝜆TS

ET 𝜏1IH

𝜏2IT

𝜏2IHT

IH

𝛾1RH

RH

𝜂bN

𝜇S

𝜇MM

(𝜇 +dH)IH

(𝜇 +dHT)IHT

(𝜇 + dT)IT 𝜖1IH+ 𝜖2IHT

M

S

(1–𝜂) bN

𝜇RT

Figure 1: Compartmental diagram for the helminth and Mycobacterium tuberculosis coinfection. The dotted lines indicate the interaction of
individuals with the polluted environment.
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p λð Þ = b + λð Þ2 b + γ1 + λð Þ b + γ2 + λð Þ
� b + dHT + τ1 + τ2 + λ + ε2ð Þ
� λ2 + 2b + k + dT + τ2ð Þλ + b + kð Þ�
� b + dT + τ2ð Þ 1 −RT½ �Þ λ2 + b + dH + ε1ð�
+ μM + τ1Þλ + μM b + dH + ε1 + τ1ð Þ 1 −RH½ �Þ:

ð9Þ

Clearly, from equation (9), the eigenvalues of JE0
are as

follows: λ1,2 = −b < 0, λ2 = −ðb + γ1Þ < 0, λ3 = −ðb + γ2Þ < 0,
λ4 = −ðb + dHT + τ1 + τ2 + ε2Þ < 0, and

λ2 + 2b + k + dT + τ2ð Þλ + b + kð Þ b + dT + τ2ð Þ 1 −RT½ �� �
� λ2 + b + dH + ε1 + μM + τ1ð Þλ + μM
�
� b + dH + ε1 + τ1ð Þ 1 −RH½ �Þ = 0:

ð10Þ

Applying Routh-Hurwitz conditions [23] on equation
(10), it has strictly negative real roots if RT < 1 and RH < 1.

Thus, the DFE point E0 is locally asymptotically stable when-
ever RHT < 1 and unstable if either RT > 1 or RH > 1.

2.5. Global Stability of the Disease-Free Equilibrium. We
investigate the global asymptotic stability of the disease-free
equilibrium of model (9) by using the theory applied by Cha-
vez et al. [24]. System (9) is written as

dX
dt

= F X, Yð Þ,
dY
dt

= G X, Yð Þ,G X, 0ð Þ = 0,
ð11Þ

where X = ðs, vT, rT, rHÞ ∈ℝ4
+ represents the number of unin-

fected individuals and Y = ðeT, iT, iH, iHT,mÞ ∈ℝ5
+ represents

the number of infected individuals including the latent and
infectious individuals.

The DFE is given by E0 = ðX∗
0 , 0Þ, where X∗

0 = ð1 − η, ηÞ.
The conditions in equation (12) must be satisfied to guaran-
tee local asymptotic stability:

Table 1: Description of the model parameters.

Parameters Definition Estimated value Reference

b Natural birth rate 1/18250 day−1 [14]

βT Transmission rate for Mtb 0:42 day−1 [15]

μ Natural death rate 1/ 60 × 365ð Þ day−1 [16]

γ1 Loss of temporary immunity for helminth-recovered individuals 1/70 day−1
Assumed

βH Ingestion rate of parasitic worms 1 parasite day−1 Assumed

ρ Vaccine wane rate 0:7 dimensionless [17]

τ1 Natural recovery rate for helminth-infected individuals 1/28 day−1
[18]

dH Helminth disease-induced death rate 35/1000 day−1
[14]

γ2 Loss of temporary immunity for Mtb-recovered individuals 0:3 day−1
[19]

τ2 Natural recovery rate for Mtb-infected individuals 0:2/365 day−1
[20]

dT Mtb disease-induced death rate 0:08 day−1 [17]

dHT Helminth-Mtb disease-induced death rate 0:08 day−1
Assumed

k Progression to active TB 0:00013/365day−1 [21]

μM Clearance rate of parasitic worms 13/37500 day−1 [14]

ε1 Shading rate for helminth-infected individuals 0:09 day−1
[18]

K Number of parasites in the environment 105 parasites [18]

ε2 Shading rate for coinfected individuals 0:1 day−1 Assumed

g Modification parameter 1:12 dimensionless Assumed

σ Modification parameter 1:5 dimensionless Assumed
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dX
dt

= F X∗, 0ð Þ, X∗ is globally asmptotically stable g:a:sð Þ,

G X, Yð Þ = BY − Ĝ X, Yð Þ, where Ĝ X, Yð Þ ≥ 0 for X, Yð Þ ∈ Σ,
ð12Þ

and B =DYĜðX∗, 0Þ is M-matrix (that is, the off-diagonal
elements of matrix B are nonnegative); and Σ is the region
where the model makes biological sense. If the equations
in (4) satisfy the conditions in (12), then the following
theorem holds.

Theorem 2. The fixed point E0 is a globally asymptotically
stable equilibrium of system (4) given that RHT < 1 and that
the conditions in (12) are fulfilled.

Proof. System (4) as written in equation (12) can be rewritten
in a reduced form:

dX
dt

����
Y=0

=

1 − ηð Þb − bs

ηb − bvT

0

0
BB@

1
CCA: ð13Þ

Solving equation one in (13) gives sðtÞ = ð1 − ηÞ +
ðs0 − ð1 − ηÞÞe−bt implying that sðtÞ⟶ 1 − η as t⟶∞.
Similarly, solving equation two in (13) gives vTðtÞ = η +
ðvT0 − ηÞe−bt implying that vTðtÞ⟶ η as t⟶ 0. There-
fore, the first condition in (12) is satisfied.

Let

where χ1 = ð1 + ηðρ − 1ÞÞ, χ2 = dH + ε1, χ3 = dHT+ε3, and
Γ = b + τ1 + τ2 + ε2 + dHT. From equation (14), we observe
that Ĝ4ðX, YÞ < 0 implying that the second condition in
(12) is not fulfilled, so E0 may not be globally asymptotically
stable. This suggests the existence of multiple equilibria.

2.6. The Effect of Helminth Infection on Mtb and Vice Versa.
We analyze the effect of helminth infection on Mtb infection
and vice versa, by first expressing RH in terms of RT. We
solve for b from the expression of RT in equation (5) to get

b =
−θ1RT +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2R

2
T + θ3RT

q
2RT

, ð15Þ

where θ1 = k + dT + τ2, θ2 = ðk + dT + τ2Þ2 − 4kðdT + τ2Þ, θ3
= 4βTkð1 + ηðρ − 1ÞÞ.

Then, substituting b into the expression for RH, we get

RH =
βHε1

μM −θ1RT +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2R

2
T + θ3RT

p� �
/2RT

� �
+ dH + ε1 + τ1

� � :

ð16Þ

Differentiating equation (16) partially with respect to
RT gives

Ĝ1 X, Yð Þ
Ĝ2 X, Yð Þ
Ĝ3 X, Yð Þ
Ĝ4 X, Yð Þ
Ĝ5 X, Yð Þ

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

=

χ1λ
∗
T 1 −

s + ρvT
χ1

� 	
− λ∗TrH + λ∗HeT − dTiTeT − χ2iHeT − χ3iHTeT

λ∗HiT − dTi
2
T − χ2iHiT − χ3iHTiT

βHm 1 − s + vT + rT
1 +m

� �
+ gλ∗TiH − dTiTiH − χ2i

2
H − χ3iHTiH

−gλ∗TiH − λ∗H eT + iTð Þ − dTiTiHT − χ2iHiHT − χ3i
2
HT

0

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

,

B =

− b + kð Þ βT s0 + ρvT0ð Þ 0 βTσ s0 + ρvT0ð Þ 0

k − b + dT + τ2ð Þ 0 τ1 0

0 0 − b + dH + τ1 + ε1ð Þ τ2 βH

0 0 0 −Γ 0

0 0 ε1 ε2 −μM

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
,

ð14Þ

∂RH
∂RT

=
θ3βHε1RT

μM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RT θ2RT + θ3ð Þp

2RT dH + ε1 + τ1ð Þ − θ1RT +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RT θ2RT + θ3ð Þp� �2 : ð17Þ
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Now, whenever the right-hand side of equation (17) is
strictly positive, an increase in the Mtb incidence in the soci-
ety results in an increase in the incidence of helminth infec-
tion in the society.

If RHS of equation (17) is equal to zero, it means that Mtb
incidences have no influence on the spread of helminth infection.

Also, expressing b in terms ofRH from the expression of
RH in equation (6), we get

b =
βHε1 − θ6RH

μMRH
, ð18Þ

where θ6 = μMðdH + τ1Þ. Then, expressing RT in terms of
RH, we have

RT =
βTk 1 + η ρ − 1ð Þð Þμ2MR2

H
βHε1 + μMk − θ6ð ÞRHð Þ βHε1 + μM dT + τ2ð Þ − θ6ð ÞRHð Þ ,

ð19Þ

Differentiating RT with respect to RH, we get

Whenever μMðdT + k + τ2Þ ≥ 2θ6, then ∂RT/∂RH is
strictly positive. This indicates that helminth infection inci-
dence results in an increase in Mtb infection incidence in
the society. Thus, helminth infection enhances Mtb infection
in the society.

2.7. Existence of Backward Bifurcation. To determine the
local asymptotic stability of the endemic equilibrium, we
apply the Center Manifold Theorem developed by [25]. To
use the theory, we make the subsequent change of variables:
let x1 = s, x2 = vT, x3 = eT, x4 = iT, x5 = iH, x6 = iHT, x7 = rT,
x8 = rH, and x9 =m. Then, model system (4) is often written
within the following form:

dX
dt

= F xð Þ = f1 xð Þ, f2 xð Þ, f3 xð Þ, f4 xð Þ, f5 xð Þ, f6 xð Þ, f7 xð Þ, f8 xð Þ, f9 xð Þð Þ
ð21Þ

where

dx1
dt

= f1 xð Þ = 1 − ηð Þb + γ1x8 + γ2x7 − b + βT x4 + σx6ð Þð
− dTx4 − dH + ε1ð Þx5 − dHT + ε2ð Þx6Þx1,

dx2
dt

= f2 xð Þ = ηb − b + ρβT x4 + σx6ð Þ + βHx9
1 + x9

�

− dTx4 − dH + ε1ð Þx5 − dHT + ε2ð Þx6
	
x2,

dx3
dt

= f3 xð Þ = βT x4 + σx6ð Þ x1 + ρx2 + x8ð Þ − b + k +
βHx9
1 + x9

�

− dTx4 − dH + ε1ð Þx5 − dHT + ε2ð Þx6
	
x3,

dx4
dt

= f4 xð Þ = kx3 + τ1x6 − b + dT + τ2 +
βHx9
1 + x9

− dTx4

�

− dH + ε1ð Þx5 − dHT + ε2ð Þx6
	
x4,

dx5
dt

= f5 xð Þ = βHx9
1 + x9

x1 + x2 + x7ð Þ + τ2x6

− b + dH + τ1 + ε1 + gβT x4 + σx6ð Þð
− dTx4 − dH + ε1ð Þx5 − dHT + ε2ð Þx6Þx5,

dx6
dt

= f6 xð Þ = gβT x4 + σx6ð Þx5 +
βHx9
1 + x9

x3 + x4ð Þ
− b + τ1 + τ2 + ε2 + dHT − dTx4ð
− dH + ε1ð Þx5 − dHT + ε2ð Þx6Þx6,

dx7
dt

= f7 xð Þ = τ2x4 − b + γ2 +
βHx9
1 + x9

− dTx4

�

− dH + ε1ð Þx5 − dHT + ε2ð Þx6
	
x7,

dx8
dt

= f8 xð Þ = τ1x5 − b + γ1 + βT x4 + σx6ð Þð

− dTx4 − dH + ε1ð Þx5 − dHT + ε2ð Þx6Þx8,

dx10
dt

= f9 xð Þ = ε1x5 + ε2x6 − μMx10: ð22Þ

So the Jacobian matrix of system (22) at the disease-free
equilibrium (E0) is given by

where J0 = ðdT − βTÞs0, J1 = ðdH + ε1Þs0, J2 = ðσβT − ðdHT
+ ε2ÞÞs0, J3 = ðdH + ε1ÞvT0, J4 = ðρσβ∗

T − ðdHT + ε2ÞÞvT0, J5

= ðb + dT + τ2Þ, J6 = ðb + dH + τ1Þ, J7 = ðb + τ1 + τ2 + ε2 +
dHTÞ, J8 = ðb + γ2Þ, and J9 = ðb + γ1Þ.

∂RT
∂RH

=
kε1RHμ

2
MβHβT 1 + η ρ − 1ð Þð Þ RH μM dT + k + τ2ð Þ − 2θ6ð Þ + 2βHε1½ �

RH kμM − θ6ð Þ + βHε1ð Þ2 RH μM dT + τ2ð Þ − θ6ð Þ + βHε1ð Þ2
: ð20Þ
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Recall that RHT =max fRH,RTg. If we consider RHT
= 1 (that is, RH <RT = 1), let βT = β∗

T be a bifurcation
parameter. Then, RT = 1 gives

βT = β∗
T =

b + kð Þ b + dT + τ2ð Þ
k 1 + η ρ − 1ð Þð Þ : ð24Þ

The Jacobian JE0
has a simple zero eigenvalue whose

related right eigenvectors are denoted by w =
½w1,w2,w3,w4,w5,w6,w7,w8,w9�T .where w1 = ððJ8ðdT −
β∗
TÞs0 + γ2τ2Þ/bJ8Þw4 + ððμMγ1τ1 − J1 J9 − β∗

Tε1s0 J9Þ/bμMJ9Þ
w5, w2 = ðððρβ∗

T − dTÞvT0Þ/bÞw4 − ððμMðdH + ε1Þ + βHε1Þ/b
μMÞw5, w3 = β∗

Tðs0 + ρvT0Þw4/ðb + kÞ, w4 =w4 > 0, w5 =w5
> 0, w6 = 0, w7 = ðτ2w4Þ/J8, w8 = ðτ1w5Þ/J9, and w9 = ðε1
w5Þ/μM .

The left eigenvectors of JE0
associated with the simple eigen-

values are denoted by v = ½v1, v2, v3, v4, v5, v6, v7, v8, v9�T ,
where v1 = v2 = v7 = v8 = 0, v3 = kv4/ðb + kÞ, v4 = v4 > 0, v5
= v5 > 0, v6 = ððkβ∗

Tσðs0 + ρvT0Þ + τ1ðb + kÞÞ/J7ðb + kÞÞv4 +
ððτ2μM + ε2βHÞ/J7μMÞv5, and v9 = ðβHv5Þ/μM.

The coefficients a and b that decide the local dynamics of
the endemic equilibrium point are defined in equations (25)
and (26):

a = 〠
n

k,j,i=1
vkwiwj

∂2 f k
∂xi∂xj

E0, β
∗
Tð Þ, ð25Þ

b = 〠
n

k,i=1
vkwi

∂2 f k
∂xi∂β

∗
T

E0, β
∗
Tð Þ: ð26Þ

From system (22), the nonzero partial derivatives of F
related to a at DFE are given by

∂2 f1
∂x4∂x1

= dT − β∗
T,

∂2 f1
∂x5∂x1

= dH + ε1,

∂2 f1
∂x6∂x1

= dH + ε2 − σβ∗
T,

∂2 f2
∂x4∂x2

= dT − ρβ∗
T,

∂2 f2
∂x5∂x2

= dH + ε1,

∂2 f2
∂x6∂x2

= dHT + ε2 − σρβ∗
T,

∂2 f2
∂x9∂x2

= −βH,

∂2 f3
∂x4∂x3

= dT,

∂2 f3
∂x5∂x3

= dH + ε1,

∂2 f3
∂x6∂x3

= dHT + ε2,

∂2 f3
∂x9∂x3

= −βH,

∂2 f3
∂x4∂x1

= βT,

∂2 f3
∂x6∂x1

= σβT,

∂2 f3
∂x4∂x2

= ρβT,

JE0
=

−b 0 0 J0 −J1 −J2 γ2 γ1 −βHs0

0 −b 0 ρβT − dTð ÞvT0 −J3 −J4 0 0 −βHvT0

0 0 − b + kð Þ β∗
T s0 + ρvT0ð Þ 0 β∗

Tσ s0 + ρvT0ð Þ 0 0 0

0 0 k −J5 0 τ1 0 0 0

0 0 0 0 −J6 τ2 0 0 βH

0 0 0 0 0 −J7 0 0 0

0 0 0 τ2 0 0 −J8 0 0

0 0 0 0 τ1 0 0 −J9 0

0 0 0 0 ε1 ε2 0 0 −μM

0
BBBBBBBBBBBBBBBBBBBBBBB@
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∂2 f3
∂x6∂x2

= ρσβT,

∂2 f3
∂x4∂x8

= βT,

∂2 f3
∂x6∂x8

= σβT,

∂2 f4
∂x24

= dT,

∂2 f4
∂x5∂x4

= dH + ε1,

∂2 f4
∂x6∂x4

= dHT + ε2,

∂2 f4
∂x9∂x4

= −βH,

∂2 f5
∂x4∂x5

= dT − gβ∗
T,

∂2 f5
∂x25

= dH + ε1,

∂2 f5
∂x6∂x5

= dHT + ε2 − gσβ∗
T,

∂2 f5
∂x9∂x1

= βH,

∂2 f5
∂x9∂x2

= βH,

∂2 f5
∂x9∂x7

= βH,

∂2 f6
∂x4∂x6

= dT,

∂2 f6
∂x5∂x6

= dH + ε1 + gσβ∗
T,

∂2 f6
∂x26

= dHT + ε2,

∂2 f6
∂x4∂x5

= gβ∗
T,

∂2 f6
∂x9∂x3

= βH,

∂2 f6
∂x9∂x4

= βH,

∂2 f7
∂x9∂x7

= −βH,

∂2 f7
∂x4∂x7

= dT,

∂2 f7
∂x5∂x7

= dH + ε1,

∂2 f7
∂x6∂x7

= dHT + ε2,

∂2 f8
∂x4∂x8

= dT − β∗
T,

∂2 f8
∂x5∂x8

= dH + ε1,

∂2 f8
∂x6∂x8

= dHT + ε2 − σβ∗
T: ð27Þ

Therefore, equation (25) becomes

a =
a0w

2
4

b b + kð ÞJ8
+

a1w4w5
bJμMJ8 J9 b + kð Þ

� 	
v3

+ dTw
2
4 +

μM dH + ε1ð Þ − βHε1ð Þ
μM

w4w5

� 	
v4

+
a2w4w5
bJ8μ

2
M

+
a3w

2
5

bJ9μ
2
M

� 	
v5 +

a4w4w5
μM b + kð Þ v6,

ð28Þ

where

a0 = bdTβ
∗
T J8 s0 + ρvT0ð Þ + J8ρβ

∗
TvT0 b + kð Þ ρβ∗

T − dTð Þ
+ J8 dT − β∗

Tð Þs0 + γ2τ2ð Þσβ∗
T,

a1 = β∗
T s0 + ρvT0ð ÞbJ8 J9 μM dH + ε1ð Þ − βHε1ð Þ
+ β∗

TμM b + kð Þ σJ9 μMγ1τ1 − J1 J8 − β∗
Tε1s0 J9ð Þ − bτ1 J8ð Þ

− ρβ∗
T J8 J9b b + kð Þ μM dH + ε1ð Þ + βHε1ð Þ,

a2 = dT − gβ∗
Tð ÞbJ8μ2M + J8 dT − β∗

Tð Þs0 + γ2τ2ð Þε1βHμM
+ bμMε1βHτ2,

a3 = bJ9μ
2
M dH + ε1ð Þ + βHε1 μMγ1τ1 − J1 J9 − β∗

Tε1s0 J9ð Þ,
a4 = μMβ

∗
T b + kð Þ + β∗

T s0 + ρvT0ð Þε1βH + βHε1 b + kð Þð Þ:
ð29Þ

To determine the sign of b, we find the subsequent non-
vanishing partial derivatives of F.
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∂2 f1
∂x4∂β

∗
T
= −s0,

∂2 f1
∂x6∂β

∗
T
= −σs0,

∂2 f3
∂x4∂β

∗
T
= s0 + ρvT0,

∂2 f3
∂x6∂β

∗
T
= σ s0 + ρvT0ð Þ:

ð30Þ

Therefore, b = ðβ∗
Tkðs0 + ρvT0Þ2/ðb + kÞ2Þw4v4:

Now, according to [25], the signs of a and b dictate the
local dynamics; thus, we have the following lemma.

Lemma 3. Suppose that b > 0. Then, we have the following:

(i) System (4) undergoes backward bifurcation if the coef-
ficient a is positive

(ii) System (4) will exhibit transcritical bifurcation if the
coefficient a is negative

3. Sensitivity Analysis

In this section, we perform a sensitivity analysis of the
effective reproduction number subject to each parameter
in order to determine the impact of every parameter on
the effective reproduction number. Therefore, we compute
the forward sensitivity index of the effective reproduction
number RHT with respect to the parameters using the
approach by Chitnis et al. [26]. Since RHT =max fRH,
RTg, then the sensitivity indices for RH and RT are com-
puted. The normalized forward sensitivity index of a vari-
able P with respect to parameter r is defined as
ζPr = ðr/PÞð∂P/∂rÞ. For instance, the sensitivity index of

RT with respect to βT is given by ζRT
βT

= ðβT/RTÞð∂RT/
βTÞ = 1, and other indices are evaluated using parameter
values in Table 1. The remaining indices are given in
Tables 2 and 3.

From Tables 2 and 3, the most positive parameter
indices are βT, k, and βH while the most negative param-
eter indices are b, dT, and μM . This implies that when
parametersβT,k, andβHare increased, and while the
remaining are kept constant, the endemicity of the disease
is increased, while when the parameterμM is increased, the
endemicity of disease is decreased. Increasing the natural
birth rate and Mtb mortality rate does not make biological
sense that the disease would be contained. Thus, we sug-
gest the application of optimal control to sensitive param-
eters such as βH, βT, and μM to study how effectively we
can contain the helminth-Mtb infection.

4. The Optimal Control Problem

In this section, the extension of model (1) is formed by
including four time-dependent controls so as to decide the
optimal strategy for controlling the two diseases. The con-
trols are defined as follows:

(i) Educational campaign u1ðtÞ that sensitizes the par-
ents to vaccinate more infants. Therefore, the
recruitment for the Mtb-vaccinated individuals
changes to ηNð1 + u1ðtÞÞ meaning that when this
control is 100% implemented, then the number of
vaccinated babies doubles

(ii) Treatment α1u2ðtÞ of individuals with active TB,
where α1 is the drug efficacy use for Mtb infection.
Therefore, the Mtb recovery rate changes to τ2 + α1
u2ðtÞ

(iii) Deworming at a rate α2u3ðtÞ for the helminth-
infected individuals and coinfected individuals,
where α2 is the drug efficacy use for helminth infec-
tion. Therefore, the helminth recovery rate changes
to τ1 + α2u3ðtÞ

(iv) Sanitation and proper hygiene u4 that reduces the
ingestion rate of parasites. Therefore, the force of
infection for the helminth infection is changed to
λH = ð1 − u4ÞβHM/ðK +MÞ

Table 2: Sensitivity indices for the reproduction number of Mtb
infection RT.

Parameter Description Sensitivity indices

βT Transmission rate for Mtb +1.0000

k Progression to active TB +0.9935

η Rate of vaccination -0.5385

ρ Vaccine wane rate +0.5385

b Natural birth rate -0.9942

dT Mtb disease-induced death rate -0.9691

τ2
Natural recovery rate for
Mtb-infected individuals

-0.0303

Table 3: Sensitivity indices for the reproduction number of
helminth infection RH.

Parameter Description Sensitivity indices

βH
Ingestion rate of parasitic

worms
+1

ε1
Shading rate for helminth-

infected individuals
+0.4402

μM
Clearance rate of parasitic

worms
-1.0000

b Natural birth rate -0.0003

dH
Helminth disease-induced

death rate
-0.2177

τ1
Natural recovery rate for

helminth-infected individuals
-0.2221
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After incorporating the controls u1ðtÞ, u2ðtÞ, u3ðtÞ, and
u4ðtÞ in the Mtb-helminth infection model (4), then the opti-
mal control model becomes

We employ Pontryagin’s Maximum Principle to
figure out the required conditions for the optimal
control of helminth-Mtb coinfection. The control set
U is Lebesgue measurable and is defined as U = fu1
ðtÞ, u2ðtÞ, u3ðtÞ, u4ðtÞ: 0 ≤ uiðtÞ ≤ 1, 0 < t ≤ t f g. Then, the
objective is to minimize individuals with active TB,
individuals infested with helminth parasites, and coin-
fected individuals while keeping the cost low. For this
problem, we consider the objective functional defined
by

J =
ðt f
t0

C1IT + C2IH + C3IHT +
1
2
〠
4

i=1
wiu

2
i

( )
dt, ð32Þ

where C1IT, C2IH, are C3IHT are the costs related to
active tuberculosis individuals, individuals infected with
helminths, and coinfected individuals, respectively. The
expression ð1/2Þwiu

2
i is related to the background costs

with relative cost weights wi for every control measure.
The quadratic cost is tailored as utilized in other models
with controls (see [16, 27]). The particular value of the
weights requires intensive data processing; hence, we elect
estimate values for theoretical purposes.

The aim is to minimize the objective functional J as
defined in (32) subject to model (31). Therefore, we seek to
get the optimal controls u∗1 , u

∗
2 , u

∗
3 , and u∗4 such that

J u∗1 , u
∗
2 , u

∗
3 , u

∗
4ð Þ = min

u1,u2,u3,u4∈U
J u1, u2, u3, u4ð Þ, ð33Þ

where U = fðu1, u2, u3, u4Þ and therefore the controls su1,
u2, u3, are u4 aremeasurable with 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3
≤ 1, and 0 ≤ u4 ≤ 1 for t ∈ ½t0t f �g:

Theorem 4. Consider the control problem with the system
of equations in (31). There exist u∗ = ðu∗1 , u∗2 , u∗3 , u∗4 Þ ∈U
such that

min
u1 ,u2 ,u3 ,u4∈U

J u1, u2, u3, u4,ð Þ = J u∗1 , u
∗
2 , u

∗
3 , u

∗
4ð Þ: ð34Þ

The necessary conditions that an optimal solution
must satisfy are derived from Pontryagin’s Maximum
Principle [28]. The principle converts equations (31)
and (32) into the problem of minimizing the pointwise
Hamiltonian H, with reference to u1, u2, u3, and u4.
The Hamiltonian is given by

dS
dt

= 1 − ηð ÞbN + γ1RH + γ2RT − μ + λT + 1 − u4ð ÞλHð ÞS,
dVT
dt

= ηb 1 + u1ð ÞN − μ + ρλT + 1 − u4ð ÞλHð ÞVT,

dET
dt

= λTS + ρλTVT + λTRH − μ + k + 1 − u4ð ÞλHð ÞET,

dIT
dt

= kET + τ1 + α2u3ð ÞIHT − μ + dT + τ2 + 1 − u4ð ÞλHð ÞIT − τ2 + α1u2ð ÞIT,
dIH
dt

= 1 − u4ð ÞλHS + 1 − u4ð ÞλHVT + 1 − u4ð ÞλHRT + τ2IHT − gλT + μ + dH + ε1ð ÞIH − τ1 + α2u3ð ÞIH,
dIHT
dt

= gλTIH + 1 − u4ð ÞλH ET + ITð Þ − μ + dHT + τ2 + ε2ð ÞIHT − τ1 + α2u3ð ÞIHT,

dRT
dt

= τ2 + α1u2ð ÞIT − 1 − u4ð ÞλH + μ + γ2ð ÞRT,

RH
dt

= τ1 + α2u3ð ÞIH − λT + μ + γ1ð ÞRH,

dM
dt

= ε1IH + ε2IHT − μMM:

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
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H = C1IT + C2IH + C3IHT +
1
2

w1u
2
1 +w2u

2
2 +w3u

2
3 +w4u

2
4

� �
+ λS 1 − ηð ÞbN + γ1RH + γ2RT − μ + λT + 1 − u4ð ÞλHð ÞSf g
+ λVT

ηb 1 + u1ð ÞN − μ + ρλT + 1 − u4ð ÞλHð ÞVTf g
+ λET λTSf + ρλTVT + λTRH − μ + k + 1 − u4ð ÞλHð ÞET

+ λIT kET + τ1 + α2u3ð ÞIHT − μ + dT + 1 − u4ð ÞλHð ÞITf
− τ2 + α1u2ð ÞITg + λIH 1 − u4ð ÞλH S + VT + RTð Þf
+ τ2IHT − μ + dH + ε1 + gλTð ÞIH − τ1 + α2u3ð ÞIHg
+ λIHT gλTIH + 1 − u4ð ÞλH ET + ITð Þf
− μ + dHT + τ2 + ε2ð ÞIHT − τ1 + α2u3ð ÞIHTg
+ λRT

τ2 + α1u2ð ÞIT − λH + μ + γ2ð ÞRTf g
+ λRH

τ1 + α2u3ð ÞIH − λT + μ + γ1ð ÞRHf g
+ λM ε1IH + ε2IHT − μMMf g:

ð35Þ

where λS, λVT
, λET

, λIT , λIH , λIHT , λRT
, λRH

, and λM
are the costate variables or the adjoint variables. Now,
applying Pontryagin’s Maximum Principle [28], the prob-
lem has a solution following the results of the optimal
control problem in [29].

Theorem 5. Given the optimal controlui, fori = 1, 2, 3, 4, and
the solutionsS,VT ,ET ,IT ,IH ,IHT ,RT ,RH , andM, and the state
systems (31) and (32) that minimizeJðu1, u2, u3, u4ÞoverU ,
there exist adjoint variablesλS,λVT

,λET ,λIT ,λIH ,λIHT ,λRT
,λRH

,
andλM satisfying

−
dλi
dt

=
∂H
∂xi

ð36Þ

where xi = S, VT , IT , IH , IHT , RT , RH ,M with transversality
conditions λSðt f Þ = λVT

ðt f Þ = λET ðt f Þ = λIT ðt f Þ = λIH ðt f Þ =
λIHT ðt f Þ = λRT

ðt f Þ = λRH
ðt f Þ = λMðt f Þ = 0, and the subsequent

characterization holds on the interior of the control set U :

u∗1 =max 0, min 1,−
ηbNλVT

w1


 �
 �
,

u∗2 =max 0, min 1,
α1IT λIT − λRT

� �
w2

( )( )
,

u∗3 =max 0, min 1,
α2IH λIH − λRH

� �
+ α2IHT λIHT − λIT

� �
w3

( )( )
,

u∗4 =max 0, min 1,
λHλIH S + VT + RTð Þ + λHλIHT ET + ITð Þ

w4





−
λH SλS + VTλVT

+ ETλET
+ ITλIT

� �
w4

��
:

ð37Þ

Proof. Flemming and Rishel [23] provide the existence of an
optimal control model (31) and the costate variables (36)
due to the boundness of state equations and the Lipschitz
structure of the ordinary differential equations. Therefore,

applying the necessary conditions from Pontryagin’s Max-
imum Principle, we obtain the following system for cost-
ate variables:

dλS
dt

= − 1 − ηð ÞbλS +
βT IT + σIHTð ÞS

N2 λET
− λS

� �
+
βT IT + σIHTð ÞVT

N2 ρλET − λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET
− λRH

� �
+
βT IT + σIHTð Þ

N
λS − λET

� �
+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+

1 − u4ð ÞβHM
K +M

λS − λIH
� �

+ μλS,

dλVT

dt
= − 1 − ηð ÞbλS +

βT IT + σIHTð ÞVT
N2 ρλET

− λVT

� �
+
βT IT + σIHTð ÞRH

N2 λET − λRT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞS

N2 λET − λS
� �

+
βT IT + σIHTð Þ

N
λVT

− ρλET
� �

+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+

1 − u4ð ÞβHM
K +M

λVT
− λIH

� �
+ μλVT

,

dλET

dt
= − 1 − ηð ÞbλS +

βT IT + σIHTð ÞS
N2 λET − λS

� �
+
ρβT IT + σIHTð ÞVT

N2 λET − λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET
− λRH

� �
+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+

1 − u4ð ÞβHM
K +M

λET
− λIHT

� �
+ k λET

− λIT
� �

+ μλET
,

dλIT
dt

= −C1 − 1 − ηð ÞbλS +
βT IT + σIHTð ÞS

N2 λET − λS
� �

+
ρβT IT + σIHTð ÞVT

N2 λET − λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET − λRH

� �
+
βT SλS + VTλVT

+ ITλRH

� �
N

+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+

1 − u4ð ÞβHM
K +M

λIT − λIHT

� �
+ μ + dTð ÞλIT +

gβTIH
N

λIH − λIHT

� �
+ τ2 + α1u2ð Þ λIT − λRH

� �
,

dλIH
dt

= −C2 − 1 − ηð ÞbλS +
βT IT + σIHTð ÞS

N2 λET
− λS

� �
+
ρβT IT + σIHTð ÞVT

N2 λET
− λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET
− λRH

� �
+
gβT IT + σIHTð Þ

N
λIH − λIHT

� �
+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+ τ1 + α2u3ð Þ λIH − λRH

� �
+ μ + dH + ε1ð ÞλIH + ε1λM ,
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dλIHT

dt
= −C3 − 1 − ηð ÞbλS +

βT IT + σIHTð ÞS
N2 λET − λS

� �
+
ρβT IT + σIHTð ÞVT

N2 λET − λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET − λRH

� �
+
σgβT IT + σIHTð Þ

N
λIH − λIHT

� �
+ gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+ τ1 + α2u3ð Þ λIHT

− λIT
� �

+ μ + dHT + τ2 + ε2ð ÞλIHT
+ ε2λM − τ2λIH

+
βTσ SλS + ρVTλVT

+ RHλRH

� �
N

−
σβT S + ρVT + RHð Þ

N
,

dλRT

dt
= − 1 − ηð ÞbλS +

βT IT + σIHTð ÞS
N2 λET

− λS
� �

+
ρβT IT + σIHTð ÞVT

N2 λET − λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET − λRH

� �
+ γ2 λRT

− λS
� �

+ μλRT
+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+

1 − u4ð ÞβHM
K +M

λλRT
− λIH

� �
,

dλRT

dt
= − 1 − ηð ÞbλS +

βT IT + σIHTð ÞS
N2 λET

− λS
� �

+
ρβT IT + σIHTð ÞVT

N2 λET
− λVT

� �
− ηb 1 + u1ð ÞλVT

+
βT IT + σIHTð ÞRH

N2 λET − λRH

� �
+ γ1 λRH

− λS
� �

+ μλRH
+
gβT IT + σIHTð ÞIH

N2 λIHT
− λIH

� �
+
βT IT + σIHTð Þ

N
λλRH

− λET

� �
,

dλM
dt

=
1 − u4ð ÞβHMS

K +Mð Þ2 λIH − λS
� �

+
1 − u4ð ÞβHMVT

K +Mð Þ2 λIH − λVT

� �
+

1 − u4ð ÞβHMRT

K +Mð Þ2 λIH − λRT

� �
+

1 − u4ð ÞβHMET

K +Mð Þ2 λIHT
− λET

� �
+

1 − u4ð ÞβHMIT
K +Mð Þ2 λIHT

− λIT
� �

+
1 − u4ð ÞβH SλS + VTλVT

+ ETλET + ITλIT + RTλRT

� �
K +M

+ μMλM −
1 − u4ð ÞβH S +VT + RTð ÞλIH + ET + ITð ÞλIHT

� �
K +M

:

ð38Þ

To get the controls, we solve the equations ∂H/∂ui = 0
at u∗i for i = 1,⋯, 4 and obtained the following:

u∗1 = −
ηbNλVT

w1
,

u∗2 =
α1IT λIT − λRT

� �
w2

,

u∗3 =
α2IH λIH − λRH

� �
+ α2IHT λIHT

− λIT
� �

w4
,

u∗4 =
λHλIH S + VT + RTð Þ + λHλIHT

ET + ITð Þ
w4

− λH SλS + VTλVT
+ ETλET

+ ITλIT
� �

:

ð39Þ

Then, we write by standard control arguments involv-
ing the bounds on the controls as

u∗1 =

Θ1,  if 0 <Θ1 < 1,

0,  if Θ1 ≤ 0,

1,  if Θ1 ≥ 1,

0
BB@

u∗2 =

Θ2,  if 0 <Θ2 < 1,

0,  if Θ2 ≤ 0,

1,  if Θ2 ≥ 1,

0
BB@

u∗3 =

Θ3, if 0 <Θ3 < 1,

0,  if Θ3 ≤ 0,

1,  if Θ3 ≥ 1,

0
BB@

u∗4 =

Θ4,  if 0 <Θ4 < 1,

0,  if Θ4 ≤ 0,

1, if Θ4 ≥ 1,

0
BB@

ð40Þ

where

Θ1 = −
ηbNλVT

w1
,

Θ2 =
α1IT λIT − λRT

� �
w2

,

Θ3 =
α2IH λIH − λRH

� �
+ α2IHT λIHT

− λIT
� �

w4
,

Θ4 =
λHλIH S +VT + RTð Þ + λHλIHT

ET + ITð Þ
w4

− λH SλS +VTλVT
+ ETλET + ITλIT

� �
:

ð41Þ

5. Numerical Simulation

In this section, different optimal control strategies are used to
investigate numerically their effect on the spread of helminth
and Mtb coinfection. The state system (31), the adjoint sys-
tem (38), and therefore the characterization in equation
(37) are solved numerically using an iterative scheme so as
to attain the optimal control. Using the initial conditions
for the state system and the transversality conditions for the
adjoint system with the initial guess of the controls, we solve
the state system forward in time and the adjoint system back-
ward in time using the fourth-order Runge-Kutta scheme
with the current solutions of the state system. Then, the con-
trols are updated using a convex combination of the controls
and the values from characterization (37). The solution of the
state system and the adjoint system is repeated until the pres-
ent iteration is close to the previous iteration [30].

In numerical simulation, the weights are assumed to
depend on the cost of investment and importance of the con-
trols. For example, the cost associated with control u2
requires huge investment that includes clinical examination
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of Mtb cases and procurement and transportation of the
drugs. The cost associated with control u2 requires procure-
ment and transportation of antihelminthic drugs and moni-
toring of the distribution of drugs. We choose the weights
as C1 = 5822, C2 = 0:89, C3 = 5822:89, w1 = 20, w2 = 40, w3
= 30, and w4 = 10 and the initial state variables as S = 1500,
VT = 2000, ET = 200, IT = 150, IH = 100, IHT = 80, RT = 5,
RH = 5, and M = 200. The efficacy parameters are α1 = 0:75
and α2 = 0:8, and the remaining parameter values are given
in Table 1.

5.1. Control with Educational Campaign ðu1Þ and Treatment
of Individuals with Active TB ðu2Þ. The educational campaign
control ðu1Þ and treatment of individuals with active TB con-
trol ðu2Þ are used to optimize the objective functional J while
the other controls ðu3Þ and ðu4Þ related to helminths were set
to zero. We observed that in Figure 2(b) the number of indi-
viduals with active TB was controlled but starts to increase
again until the end of the intervention period. This may be
related to our previous analysis that helminth infection
enhances Mtb infection. In this strategy, helminth infection
is not controlled; Figures 2(c) and 2(d) indicate that there is
slight significance in the case with controls and without con-
trols for helminth-infected individuals and coinfected indi-
viduals, respectively. Figure 2(e) indicates that the parasite
population is not controlled with this strategy while
Figure 2(f) indicates that the educational campaign control
should be seized after 158 days while treatment of individuals
with active TB control should be kept maximum in the entire
period of intervention.

5.2. Control with Mass Drug Administration ðu3Þ and
Sanitation ðu4Þ. The mass drug administration (MDA) con-
trol ðu3Þ and sanitation control ðu4Þ were used to optimize
the objective functional J . Again, we observe that
Figure 3(a) indicates the increase in vaccinated individuals.
Also, Figure 3(b) indicates that the number of people with
active TB increases rapidly and is eventually controlled after
55 days. An equivalent scenario is observed in Figures 3(c)
and 3(d) where the helminth-infected individuals and coin-
fected individuals were effectively controlled. Figure 3(e)
suggests that the parasite population is substantially con-
trolled at the end of the intervention period. This strategy
seems to be effective in controlling the two diseases from
the community. Figure 3(f) indicates that MDA and sanita-
tion controls should be kept maximum throughout the
intervention period.

5.3. Control with Educational Campaign ðu1Þ and Sanitation
ðu4Þ. The educational campaign control ðu1Þ and sanitation
control ðu4Þ are employed to optimize the objective func-
tional J . This strategy has the same profiles as the strategy
with mass drug administration and sanitation controls but
takes a long time to control the two diseases. Figure 4(f) indi-
cates that the educational campaign must be stopped after 30
days whereas sanitation control must be kept maximum in
the entire period of intervention.

5.4. Control with Treatment of Individuals with Active TB
ðu2Þ and MDA ðu3Þ. The treatment of individuals with

active TB control ðu2Þ and MDA control ðu3Þ are used
to optimize the objective functional J while the other con-
trols ðu1Þ and ðu4Þ are set to zero. Figure 5(a) indicates a
slight increase in vaccinated individuals compared to the
other strategies (Sections 5.1, 5.2, and 5.3). Figures 5(b)
and 5(d) indicate that the treatment of individuals with
active TB and coinfected individuals is effectively con-
trolled while Figure 5(c) indicates a decrease in the
helminth-infected individuals but a rise at the final inter-
vention period. This is due to the absence of preventive
measures in this strategy. Figure 5(f) indicates that both
controls should be kept maximum until the final interven-
tion period.

5.5. Control with Educational Campaign ðu1Þ, Treatment of
Mtb-Infected Individuals ðu2Þ, MDA ðu3Þ, and Sanitation
ðu4Þ. With this strategy, all four controls are employed
to optimize the objective functional J . We observed that
Figure 6(a) indicates that the number of vaccinated indi-
viduals increases more at the end of the intervention
period. Figures 6(b)–6(d) indicate that individuals with
active TB, helminth-infected individuals, and coinfected
individuals are all effectively and efficiently controlled at
the end of the intervention period. Figure 6(e) depicts that
the parasite population is decreased to a number that can-
not harm the human population. This strategy indicates
that optimal educational campaign, treatment of individ-
uals with active TB, MDA, and sanitation would effectively
control the helminth-Mtb infection at the end of the inter-
vention period. Figure 6(f) suggests that the educational
campaign should be stopped after 115 days whereas the
remaining controls should be maintained maximum for
the whole intervention period.

6. Discussions and Conclusions

In this paper, we described and formulated a deterministic
model for the transmission dynamics and control of
helminth-Mtb coinfection. The effective reproduction num-
ber was computed, and we explored the steadiness of the
disease-free equilibrium point. We again established the
existence of backward or forward bifurcation using the
Center Manifold Theorem. Then, we investigated the
impact the two diseases have on each other and found that
helminth infection cases increase Mtb infection cases. In
Section 4, we modified the helminth-Mtb model by incor-
porating four control measures: educational campaign to
sensitize the parents to take babies to the BCG vaccine
clinic, treatment of individuals with active TB, mass drug
administration for helminth and coinfected individuals,
and sanitation to reduce the intake rate of parasites. The opti-
mal control was analyzed using Pontryagin’s Maximum Prin-
ciple [28], by first finding the Hamiltonian, the costate
variables, the characterization of the controls, and the optimal-
ity system.

Then, we solved numerically the optimality system by
the iterative scheme using the Forward-Backward Sweep
Method (FBSM) with the combination of the following
control measures:
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(i) By applying a combination of educational campaign
and treatment of individuals with active TB

(ii) By applying a combination of mass drug administra-
tion (MDA) and sanitation

(iii) By applying a combination of educational campaign
and sanitation

(iv) By applying a combination of treatment of individ-
uals with active TB and mass drug administration

0 100 200
0

500

1000

1500

1000

2000

V
(t

)

Time (days)

u1 ≠ 0, u2 ≠ 0, u3 = 0, u4 = 0
ui = 0, i = 1,2,3,4

(a)

0

50

100

150

I T
(t

)

u1 ≠ 0, u2 ≠ 0, u3 = 0, u4 = 0
ui = 0, i = 1,2,3,4

0 100 200
Time (days)

(b)

0

20

40

60

80

100

I H
(t

)

u1 ≠ 0, u2 ≠ 0, u3 = 0, u4 = 0
ui = 0, i = 1,2,3,4

0 100 200
Time (days)

(c)

0

20

40

60

80

100

I H
T(
t)

u1 ≠ 0, u2 ≠ 0, u3 = 0, u4 = 0
ui = 0, i = 1,2,3,4

0 100 200
Time (days)

(d)

0

500

1000

1500

2000

2500

M
(t

)

u1 ≠ 0, u2 ≠ 0, u3 = 0, u4 = 0
ui = 0, i = 1,2,3,4

0 100 200
Time (days)

(e)

0

0.2

0.4

0.6

0.8

1

Co
nt

ro
l p

ro
fil

e

u1 ≠ 0
u2 ≠ 0

u3 = 0
u4 = 0

0 100 200
Time (days)

(f)

Figure 2: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign and treatment of Mtb-infected
individuals.
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(v) By applying a combination of educational campaign,
treatment of individuals with active TB, mass drug
administration, and sanitation

The control strategies which focus on TB only while hel-
minths are not controlled would not lead to the efficient and
effective control of TB or helminth infection. Moreover,
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Figure 3: Simulations of the helminth-Mtb coinfection model with the effect of MDA and sanitation.
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control strategies that focus on helminths only while
TB is not controlled would control both TB and hel-
minth infections. This is linked to the increased suscep-

tibility of Mtb for individuals infested with helminths.
However, control strategies that include all control mea-
sures would effectively control the helminth-Mtb
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Figure 4: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign and sanitation.
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coinfection at the end of the intervention period. Thus,
we suggest to the public health stakeholders that in
order to control the helminth-Mtb coinfection, the

intervention strategies that target controlling helminth
infection and vaccination of babies with BCG after
birth and treatment of individuals with active
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Figure 5: Simulations of the helminth-Mtb coinfection model with the effect of treatment of Mtb-infected individuals and MDA.
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tuberculosis should be emphasized. One of the limita-
tions of this study is the number of compartments
involved that hinders some analytical analyses; however,
numerical simulation shows the convergence.

Data Availability

The data are available inside the manuscript, and there is no
restriction on the availability of the data.
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Figure 6: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign, treatment of Mtb-infected individuals,
MDA, and sanitation.
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MATHEMATICAL MODELING FOR
HELMINTHS AND MYCOBACTERIUM

TUBERCULOSIS CO-INFECTION

Introduction

� The study of both helminths and Mtb is important because of co-
occurrence of these two diseases in same geographical location.

� Literature shows that in resource-poor areas, co-infection with
helminth and Mtb pathogens frequently occurs [2].

� Furthermore, infection by helminth parasites increases the suscepti-
bility to tuberculosis and the consequences associated with such dual
infections are tremendously serious in the cognitive development of
the pre-school and school aged children [1]

Sensitivity Analysis for helminth model

Numerical simulation for Helminth model

The co-infection model is formulated by extending the helminth model to
incorporate the increased susceptibility to Mtb

The Helminth-Mtb co-infection model

Numerical simulation for the co-infection model
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