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Abstract. Corruption is a worldwide problem that affects npiacountries where by
individuals loses their rights, lower community fidance in public authorities, absence
of peace and security, misallocation of resourcestarmination of employment. Despite
various measures which have been taken by varioustiges to control corruption, the
problem still exists. In this paper, we formulatel@analyze a mathematical model for the
dynamics of corruption in the presence of contrebhsures. Analysis of the model shows
that both Corruption Free Equilibrium (CFE) and fption Endemic Equilibrium
(CEE) exist. The next generation matrix method waed to compute the effective
reproduction numberR() which is used to study the corruption dynamicse Tesults
indicate that CFE is both locally and globally agyatically stable wheR, < 1 whereas
CEE is globally asymptotically stable whBp > 1. The normalized forward sensitivity
method was used to describe the most sensitivengdess for the spread of corruption.
The most positive sensitive parameters rarandv while the most negative sensitive
parameters are and3. Therefore, the parameters of mass educaticand religious
teachingPBare the best parameters for control of corruptiime model was simulated
using Runge-Kutta fourth order method in MATLAB atite results indicate that the
combination of mass education and religious teacksneffective to corruption control
within short time compared to when each contratsetyy is used separately. Therefore,
this study recommends that more efforts in progdioth mass education and religious
teaching should be applied at the same time ta@locrruption.

Keywords: Corruption, Mathematical model, effective repraituc number, equilibria,
stability, numerical simulation, bribe, eigenvalue.

AMS Mathematics Subject Classification (2010): 91B26

1. Introduction
Corruption can be defined as “abuse of public efffor private gain”. It involves
misappropriation of public authority for persondlvantage. Corruption involves bribes,
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illegal gratitude, conflict of interests, embezzt of public funds and economic
extortion [1, 2]. Corruption can affect small groofppeople (petty corruption) or affect

part or the entire government (grand corruptiomgividuals may be exposed to
corruption slowly and steadily, as a result thegntout to be most corrupt [3, 4].

Corruption is considered as one of the Intimidafagfors for the Supportable economic
growth, ethical values and justice as it destrtywgssociety and disturb the rule of law [5,
6]. Corruption is a major globally problem nowgslabut the highly affected countries
are from low economies mostly in the southern p&i$ahara desert [2, 3, 4, 5, 6, 10,
11]. Corruption in the society spread like disedsa® one infected (corrupt) person to a
susceptible individual. Corruption has a detrimkmitiect on the development of a
country because it degrades national economy dsawé@hternational peace and security
[8,9, 12].

Most of the studies on corruption such as [4-7] H 15,16, 17] concluded
that corruption mostly undermines the economicitipal as well as social development.
It is a major cause of poverty around the worldpeegally in Africa. Corruption in
Tanzania has resulted to economic challenges arntsrgeople, as the money which
would have used to reduce poverty in the countgnibezzled by few individuals. The
most affected areas are land administratiaxation, angoublic procurement [18]. Great
efforts are being made by the current governmemnédoice the rate of corruption in the
country so as to bring rapid development to thieenils. Therefore, this study intends to
determine the dynamics of corruption in Tanzania. dchieve this, compartmental
model, based on ordinary differential equationgrissented, and solutions determined
using fourth order Runge-Kutta method to find tlestbway to help the government in
controlling corruption.

2. Materials and methods

2.1. Model formulation

The corruption dynamics model is developed by nyirtf the work done by Athithan et
al. [19] by including compartment of immune indivads with intervention strategies
through combination of mass education and religitmaching. Our corruption model
divided the population into four classes/compartimaramely: Susceptible individuals,
Corrupt individuals, Recovered individuals and Inmaundividuals. Also the corruption
dynamics model is formulated by letting the totalpplation N(t) , Susceptibl&(t),

CorruptC(t), Reformed R(t) and Immunel(t) as described below:

a) Susceptible Class: These are individuals who havembeen involved in corruption
but are vulnerable for being influenced by the gptipractice in the community.

b) Corrupt Class: This class consists of individuatswirequently engage in corrupt
practices and are able to influence the susceptibigiduals to become corrupt.

¢) Recovered Class: This class consists of peoplepsénously engaged in corruption
but later on adapted ethical ways. However, theyeither susceptible to corruption
or immune.

d) Immune Class: These are individuals who can navgage in corruption irrespective
of the environments around them.
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The susceptible compartment comprises individudle are obtained through everyday
recruitment and who are born with a good condudt@an likely be vulnerable to being
infected by corrupt individuals at the rate @f+v) whereas immune compartment
consists of individuals who are ethically good frameir homes at the rate &f(1-¢)
and can never engage in corruption practice.

Susceptible individual increases due to birth rafes while the immune
individual increases due to birth rate ®fl—¢) . Susceptible individual gets into

corruption practice after contact and being corethby the corrupt individuals at the
rate of (k +v) . The susceptible, corrupt, recovered and immuntividuals are all

subject to a natural removal rate @f . The corrupt individuals are recovered at the rat

of (a+p+p). Individuals who are in the recovery compartmene do natural
recovery do not get into corrupt compartment ratieeto susceptible compartment first

at the rate of(1-y) due to human behaviouy is the rate at which recovered

individuals become immunized. The model for thisdstis formulated using ordinary
differential equations.

2.2. Model assumptions

The assumptions used to formulate the model adesllss follows:

Susceptible individuals are equally likely to lmerapt.

The corrupt individual compels susceptible indiatfuinto corruption practice as

they interact.

c. All model parameters are non-negative.

d. Upon being recovered after some time, individuals either become susceptible
or immune.

e. The corruption spread in the society is analogowsptead of infectious disease.

The recruitment rate of a new individual into tlhsceptible and immune classes

is through birth and immigration.

o

—h

2.3. Corruption dynamics modéd flow diagram
Figure lis a diagrammatic representation of the model Fos study showing the
corruption flow between the compartments: S- Suslgep C- Corrupt, R- Recovered

and I- Immune.
a-yr

NE LN ,|.' | (a+B+p)C
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Figure 1: Model flow diagram
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2.4. Model equations
From Figure 1 the model’'s system of differential@ipns is deduced as follows:

ds [k+Vv)
—=eA+(1-7R - — |SC—(a.+B)S—uS
= (=R ~| 557 [SC - (@ +B)s —u
dC [k+vVv)

— = ISC—(u+ C—(w+pB+p)C
d | N ) (hrig)C-(e+pp)

dR
dt

?:;‘\L(l—a)+[o¢+|3)s+?R—u[
t

=(w+R+p)C+{(n+1R

S(0)>0:C(0)>0:R(0)>0:I(0)>0

2.5. Definition of the model variables
Table 1 define the model variables.

Table 1. Description of Model Variables
Symbols Definition
N(t) Total population at time
S(t) Number of Suseptible individuals at time
C(t) Numberof Corrup individuals at time
R(t) Number of Recovered individuals at tin
I(t) Number of Immune individuals at tim

2.6. Definition of the model parameters
Table 2 describe the parameters used in the sydtequation (1) as per month.

Table 2: Description of parameters

Paran Definition Values Sourct
eters
a Rate of change of corruption due to Mass etion 0.009¢ Assumei
B Rate of change of corruption due to Religi 0.012! Lemache
teaching &Feyissa
(2018)
P Naturalrecovery rat 0.01 Binuyo (2019
K Rate of change of corrupti transmission due 1 0.1:% Assume:

desire (greed-driven).

Y Rate of change of corruption transmission du 0.2Z TICPI (2017
poverty (need-driven)
E Percentage of humans not born immr 0.7 Eguda et 4.
(2017)
Y Recruitment numbe 5C Assume:
H Natural removal ra 0.00¢  Assume
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1-y Rate at which reformed individuals beco 0.9/ Binuyo (2019

Susceptible
Rate at which reformed individuals beco 0.0¢ Athithar
Immune etal(2018)

2.7. Model properties
To test the positivity and boundedness of the m@eéry crucial. The model is said to
be mathematically meaningful if the solutions assifive and they are bounded.

2.7.1. Positivity of the solution
Here we prove that our model system (1) is mathiealbt meaningful and well posed.
From the system of equation (1) above, we neethdar shatS(t), C(t), R(t) andI(t)

are always positive. First, we omit all terms fréime equation which do not contain the
variable S, C, R and | respectively because oentiun is to test for positivity of each

compartment.
ds ., (K il V) Cta+B+uls
dat = N atptu

ds K+Vv

Ez—f((T)C+a+ﬁ+u>S

J%Z—J((K;v>c+a+ﬁ+u>dt
St} 2—f<($)c+a+ﬁ+u>dt
lnS(t)—lnS(O)Z—Ut(u+a+ﬁ)dt+ft(KNi>Cdtl

0 0

SO 5 _p-(utatpyr _ (*(KHY
s = ¢ o (57) cae (2)
t(k+v
S(t) = S(0)e~WraB=L(F)edt 5 o fory,> 0 o

Similarly, when the same procedure applied in QufriRecovered and Immune
compartment, after integrating and simplifying wetaon the following positive solution.

C(t) = C(0)e~(@+B+pHutralt > 0 for V,> 0
R()= R0O)e“™ >0 for 0,20, andI(t)=1(0)e™ =0 for 0,20 o 3)

2.7.2. Boundedness of solution
To check for boundedness of the solution of our ehaystem (1) we need to add all
derivatives of the model and simplify it as follaws

dS dC dR di

K+v
E+E+E+E—8/1+(1—)/)R—(T)SC—((I-FB)S—,L{S-F
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K+v
( m )SC—(u+,ud)C—(a+,8+p)C+(0(+,6’+p)C+(u+1)R+

A —-&)+(a+B)S+yR—ul
Simplifying we have

d

S (N@)=A =N - p4C
Then we have to find the integrating factor (I.F)

dN
ESA—‘LLN

dN
a +uN <A
Therefore, the integrating factor (I.F) is given by

IF = (Jmat — vt
From‘;—f + uN < A, multiplying both sides by I.F

dN
Ut < Ut
¢ (d_dt + yN) < ()¢
ut < ut
o (NeH) < Ac

t t
fNeﬂt dtszf“tdt
0 0

Ne“ < S é" + Adividing by € both sides we hawd(t) < g, Ae
H U
But N(t) = S(t) + C(t) + R(t) + I(t)

Now when we solve for A with the initial conditioh=0 we obtainN(O)sE+ A€
Y7,
R O O OV
this impliesA> N(0)—— , and therefor®l(t) < —+| N(0)—— | e
H H H

N(t) < max{% N (0)} if N(O)sE means thatN(t) SE , otherwis®&l (0) is the
H H

maximum boundary oN (t)
Thereforew = {(S, C,R,I) € R%: N(£)if N(0) < 2} . )

This shows that solution to model system (1) wisitsrt at the boundary of the regiom
converge to the region and remain bounded. Forcdmse our model is mathematically
meaningful and hence the model can be considerexhfdysis.

3. Modd analysis
In this part, we derive the effective reproductionmber, equilibrium states and

determine their stability.

3.1. Corruption Free Equilibrium (CFE)
Corruption free equilibrium (CFE) is the state whiere is no corruption. In other
words, the corruption-free equilibrium is the stadewhich the population is free of

62



Mathematical Modelling and Analysis of Corruptiogriamics with Control Measures

corruption, in which we have only susceptible amthune individuals existing. For this
case we get the corruption free equilibrium whenright-hand side (RHS) of the system
is set to zero [20]. At this point susceptible antmune individuals are the only
population existing, hence we set the system oé#gu (1) to zero and then we compute
it.

e/\+(1—y)R—(K+V

jSC—(u +B)S-pS= 0

(Y Jse- wruac- (a+pep) c= 0,

(a+B+p)C+ (+1R=0,

A(1-¢€)+(a+B)S+yR-pul=0

Therefore, after solving it we have corruption fezgiilibrium (CFE) given by

CFE= s,c,m:[ N o, ,(1_8)(°‘+B+“)+(°‘+B)8Aj (5)
(a+B+p) Mo +B+p)

3.2. Effective reproduction number (RQ)

The reproduction number is the average number sfshithat become corrupted as a
result of the entry of one corrupt host into a ctetgly susceptible population in the
absence of intervention or control. Effective refration numbe(R,) is very important
for investigating the effect of the control measuié is used to understand the capability
of the corruption to disseminate in the entire camity when the control measures are
used [21]. For corruption to establish and propagathe populatiol®, must be greater
than 1. The foremost component of this ratio inelkidhe transmission probability
duration of infectious and the contact pattern leetnvhosts. When there is corruption
endemic,R, should begreater than 1, and when there is a control ofupdionR, must

be less than 1, while &, = 1 shows that the system has reached an endemidbeiguil
(steady state). It should be noted that sometimesimiion occurs even wheRgis less

than 1 as a result of random fluctuations in thenloer of new corrupt individuals
generated at any given time instance [19].
For our model we consider the following equatiorcafrupt humans:

dC
g =[xl sc-wrmyc-(a+prp) C

Now we take the first term and equate itftand the remaining terms equal\q then
we multiply by negative one for the functian
ThereforelV = (u+ pg))C+(a+B+p)C=(a+B+p+u+puy)C
K+V
f —(ijCandV— (a+ﬁ+p+y+yd)C
sinceN(t) =9+ Q)+ R)+ ()
At the corruption free equilibrium (CFES# 0 &1#0,C= R= 0,

_6_f_(1c+v)5 _a_v_
IfF_BC_—(S+I) andV—aC—(a+,b’+p+u+ud)
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eA A(Q-g)(a+B+u)+(a+p)eA

But from ion = and! =
ut from equation (5) S @B w(@+f+i)
(c4v)S ((K+;)£/l)
a+B+

ThereforeF = G (A LA(i—E)(a+uﬁ+u)+(a+ﬁ)£/1

. . ((a+B+u)' w(a+B+u) )
Simplifying we have

(k+V)en -1 1
F = andV™ = —————
su+(1—&)(a+B+u)+(a+p)e (at+B+p+ptpaq)

Hence, the Next generation matrix givenRltwhich is the same a&,. Therefore, the
effective reproduction numbé&yis given by:

_ -1 _ (k+Vv)eu
Ro=FV (a+B+p+u+ug)lep+(1—e)(a+f+u)+(a+p)e]
R — (k+Vv)eu (6)
07 (a+B+p+utug)(a+p+u)

From equation (6) it shows that the effective oejpiction numbe(R,) depends on the
infection rate between the rate of change of ceiwopdue to poverty (v) and rate of
change of corruption due to desine)( Again when the sum ofk +v) are greater than
the sum of the rate of change of corruption du@ass educatiofa) , rate of change of
corruption due to religious teachin(@), natural removal rate, corruption induced
death rateu,, then the reproduction number is greater thanntdaeorruption endemic .
Note thata and B are the parameters representing effectivenesshenfight of
corruption in the country respectively. Therefooe@ding to the model the increase of
o and (3 while keeping other parameter constant is a suftdesgategy to control

corruption since it will reducd?; and hence the reproduction number will be less tha

3.3. Local stability of corruption freeequilibrium points

To check for local stability of equilibrium pointge take into consideration all model
equations and find the Jacobian matrix that will leed to evaluate whether the
equilibrium point is stable or not depending on skgn of the eigenvalues. Therefore, we
linearize the model system (1) by computing theoBlamn matrix in the system with
respect to the state varialSleC, R, I. If all eigenvalues are negative, then the equilib
points are stable, otherwise it is unstable. Hezause Jacobian matrix to determine local
stability of corruption free equilibrium (CFE) wiids obtained by first letting the given
four equations as functions, g, h, and z as follows:

jsc (a+B)S-uS

g(S,C,R,I) = jSC‘(H'Hd)C'(a’fB"’P)C @
h(S,C,R,I)=(a+p+p)C-(n+1)R
z(S,C,R,1)=A(1-¢) + (a +B)S +yR -pl

whereN (t) = S(t)+ C(t)+ R( D+ I( 1), then its Jacobian Matrix (J) at
corruption free equilibrium (CFE) is given by

K+v

f(S,C,R,1) =¢A + (1-y)R (

K+v
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as ac R OR

o0 09 2 o

_ |3 ac ar o |
Jerr=10" o o0 o_| (®)

ds dc OR 0I

0: 0: 0: oz

ds o0C OR 0I

of o o1 ﬂw

and
wrarp k) @y 0
10 wh-@Brorutg) O 0
W= @By ) 0 )
(a+p 0 y U

By observation, the first eigenvalue & =—x <0. Therefore, the reduced Jacobian
matrix J at CFE is given by:

“(ut+a+p) —(k +Vv) 1-y) (10)
Ilere = 0 (k+Vv)-(a+B+p+u+puy) 0
0 (@+pB+p) —(u+1)

Also, by observation the second eigenvaluediss —=(¢/+a + ) <0, and hence the
reduced Jacobian matrixX, @ CFE is given below.

(K+v)-(@+B+p+u+y) O

( (a+p+p) —(y+1)J
Again, through observation the third eigenvaluedis=—(#/+1)<0 and hence the
fourth eigenvalue isl, = (k +V)—(a+ B+ p+u+u,).

By considering4d, we find that the corruption free equilibrium (CFRill be

2 —
J CFE —

(11)

asymptotically stable only ifl, <0,which means K +v) <(a+ [+ p+ p+ ;) must
hold true for stability of CFE point.

3.4. Global stability of corruption free equilibrium
3.4.1. Lyapunov stability theorem

Let (X,y)=(0,0) be the equilibrium point ofx = f(x,y) and V(X y) be
continuously differentiable positive definite furmst in the neighbourhood of the origin
[22]. The functionV (X, y) is Lyapunov function if the following conditions kdo

a) V(0,0) =(0,0)

b) V(x,y)>0,Vx,y€u—{0}

c) Vix,y)<0,Vx,y€u—{0} (12)

d) V(x,y) < 0thenV(x,y)is strictly Lyapunov
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There are different ways to solve global stability Lyapunov function but for the
purpose of this study we shall use the LaSalleiadiance Principle [ 23].

Let VZEC2 andd—v = a—V*a—cchain rule
2 dt o0C ot

From V :%CZ then d—V:%*ZC =C and from the system of equation (1) above

dc
K+V
N )SC—(u+ ;) C-(a+B+p) C

d_V:a_V*a_C:
dt o0C ot

dc _
E_(

dv 5 S
(d—t)=C [(K+V)N—(0(+ﬁ+p+ﬂ+‘ud)

K+V)eu . .
@B Pt i) @ B and making(a + f + p + u + uy) the subject we

(k+v)ep

Ro(a+B+u)
(k+Vv)eu ]

Ro(a+p+u)
v <C?%k+ [1 e ]
I Gl Loy e,
S

. . Cep eA . . . &
From equation (5) at corruption free equilibrigm= v which mphesm ==

From R, =
have(a +f+p+pu+puy) =

awv - i _
Therefored—t =C [(K +v) "

then

dV<C2(+)[1 S“]

dr =0 VY AR,
A d_V 2 _ 1 av

f gy <4 then < C(k+v) [1 Ro] , hence_- < Owhen Ry < 1

Therefore, corruption free equilibrium is globadlgymptotically stable i}, <1

3.5. Existence of Corruption Endemic Equilibrium

The corruption endemic equilibrium is the stablatestsolution of the corruption
transmission model where corruption persists inpiygulation and all compartments are
positive. Therefore here we need to set the gigpmtons equal to zero so that we solve
forS,C,R, andl , this means:

eA+(1—y)R—("Nﬂ)SC—(a+ﬁ)5—us=o 0
(57)SC — (u+1a)C — (@ +f +p)C =0 (ii)
(@+B+p)C+u+1R=0 (iii)
Al =)+ (@+B)S+yR—ul =0 (iv)

From equation (iii) we get the value of C such that
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(a+B+p)C-uR- Rty Ry R0
(@+B+p)C~(u+)R=0
H C* — (/’I+1)R

(a+B+p)
. +
Now we need to check for equation (i ) and substiguC = —(,u DR
(a+B+p)

We have
K+v)o (DR _ (L+DR _
( N js(a+,6’+,0) (a+'8+p)(a+,8+p) (H+H1y)
In orderto simplify computational, wéirst let B = (KT”) now

(U+)R (u+HR Ww+HR _
Starsrn) T aigeg) W g
_(@+B+p)+ (M +uy)

B ,

Ww+rYR _

(a+B+p)

O s’

K+v

whereB = (T)
Now, since we have the values ofé®id Cwe use equation (i) to get Rherefore

KV ) am . o _ (_(utD)
eN+(1-y)R (TJSC (a+B) Sp S butc —((a+ﬁ+p))

(a+B+p)+(u+u,)
B

eAd+(1—y)R—B

andS = hence

(@+B+p)+@w+p) (u+ DR
B (a+pB+p)
(@+B+p)+W+p)
B

—(a+p)

(@+p+p)+wtua) _
B
LetM =a+B+pandN =u+py

Simplifying we have R* = M ((Q+B)(M N M+ N)) -eA
B((M-My)-(M+ N)(u+1))

Now, to get | we substitute S and R into equatiah (

0

/\(1—8)+(0( +B)S+yR—uI= 0 we have
(a+B+p)+W+pa) | M{(a+B)M+N)+uM+N))

AA =& +(a+p) B Y B M) — M+ M@+ D)

(eA+ul)=0
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(@+B+ptp+py) M((a+B)(M+N)+uM+N))
B VB(M —My) — (M + N)(u + 1))

A

I ZE(1_£)+((Z+3)
—é&d
Generally, when R>1 then our model system (1) above will experietiee corruption
endemic equilibrium point at whickE = = (S* , C*, R, I* )
(a+pB+p)+(u+u,)
B

o = WHDR _ (u+D) *(M((Q+B)(M+N)+u(M+N))_8A]

“(a+B+p) (a+p+p) | B(M-My)-(M+N)(u+1))
Rt oM ((e+rB)M FN) M+ N))
T TB(M -My)-(M + N)u<+1))

)+ (n+1g)

B

M ((o +B)(M +N) + p(M +N))_
B(M-My) -(M +N)(u +1))

But M =(a+pB+p),N=(+pu) andB=(T)

* :;(/\(1—8)+(CX+B)(G +B+p

eEN)

3.6. Global stability of corruption endemic equilibrium point

If Rg > 1therefore the corruption-endemic equilibrquv*, of the system of equation
(1) is globally asymptotically stable i when i* = —S [3].

Proof, by considering the Lyapunov function: ©
U=a,(S=5"=5"In3)+a,(C—C" = C'Ins) + a3 (R—R" =R In= )+

I
a,(I-1I"=-1 lnl—*)

Now we take the derivatives along the solutionthefmodel equations as follows:
* *

S c R L
U=a(-3)S+ (b )G 8 G- R 3 @ 13)

Kt+v

S =eA+(1-y)R —( N

]sc {a+B)S-uS,

But C’=(K;VJSC-0+ud)C-(a+B+p)C

R =(a+p+p)C+@+1R,
I'= A(1-g) + (o +B)S+YR -l
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Then we substitute these derivatives ikioof equation (13)

*

U= a 1S )eA + (1nR -(K;Vjsc-(am)s-@)

+az(1-%)(]<:|vjSC-Q+Hd)C'(0ﬂ+B+P)C)

*

+a3<1-%)(a+s+p)0+m+1)R)

+ay (1-IT)(U(1-8)+((1+B)S R -ul)
At endemic equilibrium, taking into consideratioh E* andgj > Ofor i =1, 2, 3, 4in

*
wand its constants are continuous and differentiable ® and U(w ) =0 for

w= (S* 6 , R*, I*).Global stability for endemic equilibrium holds i’ < 0, therefore
at endemic equilibrium we have the following:

U':al(l—%){(k;;v)s* E+ruS+ +pJs- % )SGU S of+p )}

+a2(1—%)[(a+s+p)c*+ @rHd)C - @+B+p)C- Grpg)d| (14
+a3(1—%)[(p+1)R*— o+ 1)R}+ a (}'_I E @ 1-p @

By rearranging the terms in equation (14) leadfé¢dollowing:
*
S K+V
U=a@l1-—
1(1=3 )[ SV

)SC- S C G+B)S S yu (S *S})
+ag (-2 @+ A+ p)C- C 1w pg)(C- € )
+a3(1—%)[(,u+1)(R— =y )} a (}'T E,u (F )}

By simplifying the system above leads into thedwiing equations:
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s + S S (S

v
U=a (1-> > +
1. S{(N S S s}

* * *

g (1= )@+ f+ PIC(E o W g JOE )

R R 0 i
33(1—3){@”1)'?(1—? I+ & (}—I E K |(}—I %

=) (TS E - sor aep - Suls S

= )[(uwa)(C— &y @rprp)c- & )}

R'RR* ) R - R+ m%'* i)

C
a2

az(

Now

*

, K+v S*C * S* S*
U' =0, [-EDsea -0 - @+ psa - —wsa - )| +

s - -
@) |-+ r)C - D) + @+ B+ p)C -2 +
R —R" R* [=TI I
as ) [+ DRA - D) + @ =) [~ - )|

Therefore

SC—-S*C* S-S S-5"
SC

U= 0, [FE e
+
—c c-c*
@) |-+ ) ) =@+ )|+
a3(—)[ (u+1)R(—)]+ =0 [~u &5 (15)

By opening brackets, we have the foIIowmg

)

*
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2
-az(a+ﬂ+p)0( J -az(a+ﬂ+p)C[

* * 2
Ry auu I{"I'J +F(w)

* x % x \2 x \2
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Note that all parameters are greater or equal tm znd all state variables
S,CR,I,N> C

*\2 * \2 . \2 e N\ 2
Aiso, | 2=2 | 50| S| 50l R 50l FL 50
S C R |

Therefore
s-5)2 s &Y c &)
U':‘al(a"‘ﬂ)s(?j ‘QLU{TJ —az(ﬂﬂld)C[ c J
c-c ? c-¢ ? 16
az(a+/3+p)C[ _C J—a2¢1+,8+p)c{ _C J (16)

*\2 %\ 2
—ag(u+ 1)R{ R TQR ] - M,ul{%} + F(w)
* *x %
+v )(S—S )(SCG- S C
N S
From La Salle Invariance Principle(cw) < 0 and henceJ’ < Oas required
Therefore, corruption endemic equilibrium is stabl&q > 1.

O

where F(w)=-g (K
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3.7. The effective reproduction number sensitivity analysis and their analytical
interpretation

Sensitivity analysis is the process performed wiverwant to determine the influence of
each model parameter in the effective reproductiamberR, [25, 26]. Thus, this

process helps in the selection of corruption cdmtreasures in which the most sensitive
parameters are seriously considered. This studd msemalized forward sensitivity
index to show the sensitivity of the model paramitdl).

If R, is differentiable with respect to its parametetherefore its sensitivity
index is given by

TRo = %xRio (20)
SinceR, in equation (6) is differentiable to all its paraere hence we apply equation
(20) to compute the sensitivity indices of our migg@rameters by using the values in
Table (2). By conducting partial derivatives of thiective reproduction number with
respect to the parameters of this model and iwsrpnetation is provided. Our basic
reproduction number depends on eight parametershvare used to derive the analytical
expression for every parameter. Therefore theigbaderivatives of the effective
reproduction numbeR, with respect to the parameters ,3 ,p ,K ¥V ,i ,ld andeof
the model conducted by the formurg® = %x}%

From the derivative aR, with respect to model parameter we see that there
some values of the derivative @f, which are less than 0 and other values are greater
than 0. Analytically it indicates that all value$ R, which are less than 0 are the
important factors for controlling corruption in tle®untry. Therefore, increasing these
parameters becomes the most control strateggrafigtion in the country. Considering

the most negative sensitivity indices which are (3 andu,. From Table 3, corruption
induced death rat@, is the most negative sensitivity parameter but wi# not

recommend as one of the controls of corruption beedt is against human right and
unethical to increase corruption induced death [26¢ Therefore, we consider the rest
two parameters of mass educationand religious teachirf§. Table 3 and Figure 2

below show the sensitive parameter values andatshgrespectively.

Table 3: Sensitivity indices
Parameter Sensitivity index

a -0.422;
B -0.555¢
P -0.111;
H 0. 644:

i -0.555¢
€ 1.000(
K 0.3714
v 0.628

72



Mathematical Modelling and Analysis of Corruptiogriamics with Control Measures

From sensitivity indices in Table 3 we note thatpalsitive indices indicates the
proportional relationship with effective reprodwcti numberR,, every percentage
increase in the parameters with positive indiceb miake also the same percentage
increase in the effective reproduction numBgrand therefore corruption prevalence.
The parameters with most positive indices are oftehange of corruption due to birth
rate and rate of change of corruption due to pgwertThis shows that as the poverty
level increases in the country the more peopleligvan corruption so as to speed up
their personal development and meet their basids)eberefore the government should
make sure that strategies for reduction of poviertiie country are highly emphasized.

On other side, the negative indices show inversatioaship with effective
reproduction numberR,. The percentage increase in parameters with tlgative
indices will make the same reduction of percentafgeffective reproduction numbéy,
[24]. From Table 3 the parameters with the mosttieg sensitivity indices are rate of
change of corruption due to mass educaticand rateof change of corruption due to

religious teachinf} and corruption induced death rpig. For this case we also consider

only a andg as to increase corruption induced death fage is unethical.

Sensitivity Indices

1

0.8

06

0.4

0.2

Parameter Sensitivity Indices

-0.6

1 2 3 4 5 6 7 8
Figure2: Sensitivity Indices for the model parameters

From Figure 2 it shows that parameters 3 andu, are most negativeensitive
to the fight of corruption in the country this indies that the more you increase these
parameters the more you control the corruptiohexdountry. Again when we consider
the parametex andv we find that these are the most positive influsrif corruption
in the country, therefore in the war to fight cqtion we need to pay attention with these
parameters as the more we increase the more theduspion number increases which
lead to high prevalence of corruption in the counirhereforex andv must be fully
controlled.

4. Numerical simulation and results

4.1. Numerical simulation of the model without control measur es.

The simulation started by considering sensitivitythe parameters and concluded by
including control strategies. Therefore, in thistgm it has been shown the dynamics of
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corruption with control strategies using the numersimulation of the proposed model
(1). Our model is simulated using the parametelsavshown in Table 1. First the model
is simulated when the control strategies are seteto that isad =0and £ =0 while

values of other parameters are as stated in Tafleelresults are shown in Figure 1.4.

Population Vs Time

10000

Susceptible Humans

2000 | m— Cormrupt Humans
= Recovered Humans

St Im_rglune Hun'lal;lans

8000

7000 { A

6000 H 1

5000 H

Population

4000

3000

2000

1000

o 1 : —— : H I
0 50 100 150 200 250 300 350 400
Time (months)

Figure 3: Corruption dynamics without control measures
From Figure 3 indicates that susceptible humansedses asymptotically at the
beginning due to high corruption contact ratg&f+ V) and the remove rate gf, then

later increases due to birth rategfand the recovery rate 6f — y) . Also, From the
graph the number of corrupt humans increases atghebeginning up to when= 10
due to increase rate of desire and poverty in tloee/ which lead into most of humans
to engage in corruption practices. After=10 the number of corrupt individuals
decreases due to the fact that some individualsrgadcorruption induced death rate and
others are recovered due to natural recovery ¢balfige) of individuals.

Also figure 1.4 shows that immune individuals & tleginning increases due to
birth rate of(1— &) and aftert = 350the number of immune individuals remain constant
without change. Recovered individuals franx Qup tot =10 increases due to natural
recovery and thereafter become zero throughoutalect that some individuals goes to
immune class at the rate gf and others goes to susceptible class at the fdte-o’) as
a result the recovered class remain without indigid as from assumption that at the
recovered class there is a temporally immunity.r@ufon-free equilibrium state is given
by:

A Al =&)(a+B + p)+ (a+ L)eA
CFE_(S'C'R'I)_<(a+,8+y)'0'0' CEYET) )
(k+v)eu

and the effective reproduction numiigr= B A R @ B

4.2. Effects of mass education against corruption
In this part the model simulated to check the aftdanass education with the parameter
value shown in Table 1.
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Figure 4: Number of corrupt humans with variation rate @fs® education

From figure 4 it shows that the higher the ratemvision of education to the
community concerning the effect of corruption te ttevelopment, the lower the number
of corrupts humans in the community, this indicatest the government could invest
more in providing education to the people aboutribgative impacts of corruption. The
curriculum developers can be required to includeugion studies in the curriculum of
all level of education in the country so that ewsry will be aware of it. As we see at
t = 22corruption decline which is almost after 2 yearesiits implementation.

4.3. Effects of religious teaching against corruption
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—— i=0.234

o 10
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Figure5: Number of corrupt humans with varying rate of relig teaching, in absence

of mass education.

Considering figure 5 it shows that the higher thte rof provision of teaching
through religious leaders to their followers abouatruption as a vice, the number of
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corrupt humans in the community decline. The madsiumed that most followers trust
their religious leaders for this case we need wolire much religious leaders in the war
of fighting corruption in the country. From the ghait indicates that corruption decline
fromt = 16.

4.4, Effects of combining mass education and religious teaching against corruption
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Figure 6: Number of corrupt humans by varying both Mass etioicand

Religious teaching
From Figure 6 it shows that both mass educationraligious teaching have significant
impact on the community since when you increas# tiages, the corruption tend to
decrease rapidly compared to when mass educattnetigious teaching has been used
separately as can be seen from figure 4 and figuespectively. It should be noted that
when mass education used as a single control mee#tseircorruption decline at= 22
whereas when religious used as a single controsumedhe corruption decline at= 16
this indicates that religious teaching is more affe@ compared to mass education. It
should be noted from figure 6 that when mass educatnd religious teaching are
combined together as control measure, they tengdace corruption immediately at
t = 9 which bring more success compared to a single@ofrom these results it shows
that the government should invest more in givingoadion to the citizen as well as to use
the religious leaders to teach their followers taoéngage in corruption as it is a vice to
engage in corruption. For this case the educatiarrictlum developers should
incorporate corruption studies in the educationiesysfrom pre-school to Universities as
serious topic to every Tanzanian in order to craatareness to everyone in the country.

5. Conclusion

This paper of corruption dynamics will positivelgd efforts to the current initiative
established by the government of the United RepudiliTanzania to address the issue of
corruption and way forward to control the prevakeraf it in the country. From the
analytical analysis of effective reproduction numl¢g,) it shows that the effective
reproduction numbeR,, is directly affected by the parameters3 ,K ,p u, uq4, k and

V. The parameterg andv measures the force of infection of transmissie from

susceptible individuals to corrupt individuals,sttmeans that the higher the corruption
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contact rate the higher the prevalence of comuapin the country since the effective
reproduction number will be greater than 1. Wherégsarametersa and 3 which

represent mass education and religious teachingectgely such that when these
parameters increases while other parameters repmistant the basic reproduction
number will be less than 1 as a result there ball a control of corruption in the
community. For these results it suggests that tiseseneed to invest more efforts in mass
education to the citizens and increase more engmhésireligious leaders to teach their
followers effectively about corruption as it is ags their faith and doctrines.

The effective reproduction numbRg was obtained and the analysis indicates that
for R, < 1 the corruption-free equilibrium is globally asymofitally stable. Due to the
nature of corruption it is a bit difficult to eradite it completely but can be reduced at a
reasonable level which does not have harmful imfzattie economic development of the
country. Also, it should be noted that for whatewd@rcumstances iR, > 1 the
corruption free equilibrium point is unstable amdiemic equilibrium persist. Again, it is
well known that it is possible to reduce corruptiorihe country by reducing the level of
poverty; realistic increase of the public sectogasto make sure the public servants do
not get into temptation of involving in corruptiauring provision of services to the
citizens. Great efforts have been made by the Rtiveand Combating of Corruption
Bureau (PCCB) to fight corruption in Tanzania, heerthe government should increase
more effort in provision of education to all citie and incorporate more religious
leaders in the fight of corruption since most ohZanians are religious and respect very
well their religious leaders. This paper recommethdsinclusion of corruption studies in
education curriculum as independent topic fromgmieeol to Universities so that citizens
will be well informed about the impact of corruptido social, political and economic
development of the country; all government and gomernment offices should have
surveillance cameras to deter any corrupt a@s/ivithin offices during provision of
services to the citizens; equal distribution oreses to the citizens in all regions in the
country; improving working environment and Religioleaders should teach well their
followers the impact of corruption. For the futuerk other researchers should check
the following:

» To perform a cost benefit analysis of the suggestetuption control measures

and;

* To determine the proper time to implement the abrstirategies.
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