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ABSTRACT

For many years cassava mosaic disease hinders cassava production in Africa. In this study,

the mathematical model for the transmission dynamics and control of cassava mosaic disease

in cassava and non-cassava host plant populations was formulated and analysed. The next-

generation matrix technique was employed to obtain the basic reproduction number (R0). The

local stability of the disease-free equilibrium point was determined using the Linearization

method while the normalized forward sensitivity index technique was utilized to analyse the

sensitivity of the model parameters. The optimality control technique, based on the Pontraygin

Maximum Principle, with roguing activities and insecticide application as control strategies,

has been applied to achieve the optimality of objective function. Moreover, the Incremental

Cost-effectiveness Ratio approach was used to perform a cost-effectiveness analysis on control

strategies in combating cassava mosaic disease. Lastly, the numerical simulation for the formu-

lated models to assess sensitive parameters, global stability and the optimal solution was per-

formed. The findings reveal the existence and global stability of both disease-free and endemic

equilibrium points when R0 ≤ 1 and R0 > 1 respectively. The most sensitive parameters

for the dynamics of cassava mosaic disease were found to be whitefly mortality rate (ω) and

the whitefly carrying capacity per m2 (κw). The findings from numerical simulation and cost-

effectiveness analysis on the optimality system conclude that the combined method of roguing

and insecticide application has higher impacts with a lower cost of controlling the disease com-

pared to the single control approach of roguing activities or insecticide application. Therefore,

for effective and efficient mitigation of cassava mosaic disease, results from this study suggest

the integrated approach of roguing and insecticides application.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the problem

Cassava (Manihot esculenta Crantz) is a perennial tropical woody plant in the Euphorbiaceae

family that produces consumable starchy roots (Alves, 2002). European traders introduced

these cassava plants in Africa from South America in the 16th century (Alaux & Fauquet,

1990). The starchy root is the most commonly used part of cassava and is rich in carbohydrates.

Moreover, cassava leaves are also consumable and contain proteins, minerals, vitamins B1, B2,

C and carotenes (Fasuyi, 2005). Cassava has been praised as a possible climate change crop

due to its tolerance for unfavourable climatic conditions including irregular rainfall (Howeler,

2002).

In Tanzania, cassava is a crucial subsistence crop, especially in mostly dryland where cereal

crops fail to thrive (Mtunguja et al., 2019). Statistics show that in Tanzania, cassava production

accounts for more than 37% of the economy of rural farmers (Mtunguja et al., 2019). But,

the existence and persistence of plant pests and diseases, such as Cassava Mosaic Disease

(CMD) and Cassava Brown Streak Disease (CBSD) hinder the production of cassava in Africa

(Hillocks, 1997). For instance, an average of 34 million tonnes of cassava yields are lost

annually due to CMD (Chapwanya & Dumont, 2021; James et al., 2006). The history of

CMD in Africa can be traced back to 1894 when it was first reported in Tanzania (Chapwanya

& Dumont, 2021).

More than eleven distinct Cassava Mosaic Gemini viruses (CMGs) are the known causes of

CMD (James et al., 2015; Tiendrebeogo et al., 2012). These viruses spread through the whitefly

vector ingestion from the host plant to the healthy cassava plant (Anitha et al., 2020; Macfadyen

et al., 2018). The viruses can also be transported from one area to another through the use of

contaminated stem cuttings (James & Thresh, 2000). Studies also show that yield loss due

to contaminated cuttings ranges between 55% to 77% and when the plant is contaminated

by whitefly the yield loss range between 35% to 60% (Technical Centre for Agricultural and

Rural Cooperation, 1990). The symptoms of infected cassava plants depend on CMGs variant,

climatic conditions, and the susceptibility of the cassava cultivar (Mabasa, 2007).
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Figure 1: Cassava leaves infected by cassava mosaic disease

Figure 2: Transmission mechanisms for cassava mosaic disease (Technical Centre for
Agricultural and Rural Cooperation, 1990)

Various studies have revealed the existence of alternative non-cassava host plants that could

operate as a source of inoculum for whiteflies. For instance, Alabi et al. (2008) studied alterna-

tive host plants for CMD. The study establishes that castor oil plant (Ricinus communis), river

tamarind plant (Leucana leucocephala), soybeans (Glycine max), coffee senna (Senna occi-

dentalis), and a wild cassava species (Manihot glaziovii) can host both African Cassava Mosaic

Virus (ACMV) and East African Cassava Mosaic Cameroon virus (EACMCV). These findings

were also supported by Badamasi et al. (2020) where ACMV, EACMV and co-infection were

found on Asthma-plant (Euphorbia hirta (L) ) and Combretum hispidum which are commonly

found as weeds in cassava plants. Further, Euphorbiaceae plants and 64 species of Solanaceae

plants were found to host Srilankan Cassava Mosaic Virus (SCMV) variant in the study by

Anitha et al. (2020). The results from these studies highlight that these non-cassava host plants

can provide inoculum to the whitefly vector (Milenovic et al., 2019; Sseruwagi et al., 2006;
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Tairo et al., 2017).

1.2 Statement of the problem

Since reported in 1894 as shown by Chapwanya and Dumont (2021), CMD has continuously

caused more yield loss that affects the welfare of African farmers. The transmission dynamics

and control of CMD have been studied using a variety of mathematical models (Chapwanya &

Dumont, 2021; Fahad et al., 2021; Fahad & Roy, 2018; Holt et al., 1997; Magoyo et al., 2019).

However, most of these models did not account the presence of non-cassava host plants in their

model formulation and analyses. This calls for mathematical models incorporating non-cassava

host plants to understand CMD transmission dynamics and potential control methods. Thus,

this study develops the mathematical model and its analysis for the transmission dynamics and

control of CMD with a non-cassava host plant population.

1.3 Rationale of the study

Since 1894, CMD has been one of the significant threats to Africa’s capability to produce

cassava. The transmission dynamics and control methods of CMD can be understood with the

use of mathematical models. Therefore, the present study informs the farmers, policymakers,

and other stakeholders in raising disease awareness and planning for the best time and variety

of measures to reduce disease transmission.

1.4 Objectives

1.4.1 General objective

Generally, this study develops and analyses a mathematical model for transmission dynamics

and control of CMD that incorporates non-cassava host plants.

1.4.2 Specific objectives

To fulfil the stated general objective, the subsequent specific objectives were formulated:

(i) To formulate a deterministic mathematical model for transmission dynamics of CMD

which includes non-cassava host plants population.

(ii) To perform theoretical analysis for the formulated CMD Model, like the positivity of the

3



model solution, parameter sensitivity and stability of equilibrium points.

(iii) To estimate the control parameters and their significance by conducting a numerical sim-

ulation.

(iv) To find the most cost-effective method for disease control.

1.5 Research questions

To accomplish the stated research objectives, the following research questions were proposed

and answered:

(i) How to formulate a mathematical model which represents the dynamics of CMD and

incorporates non-cassava host plants?

(ii) How to theoretically analyse the formulated CMD dynamics model?

(iii) What control measure parameters help to contain the CMD disease when conducting a

numerical simulation?

(iv) What ideal control approach for CMD control is the most efficient and economical?

1.6 Significance of the study

The obtained findings of this study:

(i) Add to our understanding of how non-cassava host plants influence CMD transmission

dynamics.

(ii) Provides the best information regarding costs and effectiveness to stakeholders such as

policy and decision-makers, farmers and researchers on managing CMD.

(iii) Provides a foundation for future research.

1.7 Delineation of the study

Developing and analysing a mathematical model for the transmission dynamics and control

of CMD that incorporates the non-cassava host plant population is an extensive and sensitive

4



study. This study does not aim to examine every aspect of the CMD’s transmission dynamics

and optimal disease management strategies. However, it focused on simulating the dynam-

ics of CMD transmission while considering the influence of non-cassava host plants on the

transmission dynamics and management of the disease. Further, not all CMD control methods

are covered in the formulation of the optimality system. Instead, it solely employed control

methods, which reduces the impact of the more sensitive parameters.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Numerous deterministic model studies on the transmission dynamics and control of CMD have

been conducted. In this chapter, some studies are examined to show how CMD Models have

been developed thus far and what gaps exist.

2.2 Mathematical models for CMD

Holt et al. (1997) examined the effects of various parameters on the transmission dynamics of

CMD by using the mathematical model. The model incorporates the whitefly vector popula-

tion and cassava population. The system of ordinary differential equations (ODE) comprising

healthy and diseased cassava plants, and non-infective and infective whiteflies compartments

was used to model disease propagation. The study found that the disease’s occurrence depends

little on the use of contaminated cutting tools and roguing of infected cassava.

Magoyo et al. (2019) amended the framework by Holt et al. (1997) by incorporating cultivars

which are susceptible to CMG through contaminated cutting and susceptible breeds that can

acquire CMD virus through the use of infected cassava stem and whitefly contact. The findings

reveal that CMD transmission was highly influenced by the whitefly mortality rate, whitefly

infection rate, vector density, and the roguing rate of infected cassava plants.

Chapwanya and Dumont (2021) studied the dynamics of crop vector-borne disease by using

CMD as a case. The study developed the mathematical model by considering the crop growth

rate and the vector dynamics. According to the study, the most efficient approach to control

CMD is to uproot affected plants (roguing). Further, the study recommends that to reduce

epidemiological risk, the proportion of cassava cultivars which are less susceptible to the virus

can be integrated into a plot.

Jittamai et al. (2021) formulated a deterministic mathematical model to investigate the dynam-

ics of CMD. The model considers infected stem cuttings and whitefly transmission to determine

the most effective and efficient disease management strategy. The findings indicated that the

whiteflies’ visitation rate on cassava plants and the whiteflies’ density have impacts on the dis-
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ease’s spread. Additionally, the computer simulations showed how whitefly treatment might

reduce disease management costs while effectively suppressing outbreaks.

Fahad et al. (2021) investigated the implications of the time used for vector maturation on CMD

transmission dynamics where young and matured whitefly vectors were included, as well as a

temporal delay that indicates vector maturation. The findings suggest that delaying vector

maturation can help to stabilize the transmission otherwise cyclic epidemiological dynamics

occur.

Different disease management strategies such as using resistant cassava cultivars, using in-

secticides to control whitefly, roguing (uprooting infected plants) and promoting the use of

virus-free cuttings have been recommended to control CMD (Chikoti et al., 2019; Tadesse

& Regessa, 2017). Also, mathematical models have been employed in different scenarios to

examine the efficacy of control measures for plant virus diseases such as CMD.

For example, Kinene et al. (2015) studied the spread of Cassava Brown Streak Disease (CBSD)

by developing a deterministic mathematical model. The simulation results for roguing of in-

fected cassava and killing of whitefly in the plantation as the control strategies reveal that

roguing of infected cassava plants was the optimal solution.

Further, Gao et al. (2016) included impulsive roguing activities as a control strategy when

developing a compartmental model to describe the plant disease dynamics in an irregular envi-

ronment and found that the disease can never be eradicated by implementing roguing activities

alone when there is a high infection rate and suggested the necessity of effective identification

of the latent plant for disease control.

Additionally, the influence of roguing and insecticide application on mosaic disease in Jatropha

curcas plant was studied by Al-Basir et al. (2017). The study found that the disease can be

controlled with roguing activities but to ensure a smooth supply of Jatropha oil to the industry

for biodiesel production the study recommends the use of an integrated approach of spraying

and roguing because it uses less time in controlling the disease compared to roguing alone.

Moreover, Tadesse and Regessa (2017) review on CMD and mealybug revealed that the use

of resistant cultivars, biological control, Phyto-sanitation practices and sound agronomic prac-

tices as a combined pest control strategy is the best control option for combating the disease.
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Further, the study signified that the effectiveness of these integrated cassava pest control meth-

ods depends on well-planned training and raising farmers’ awareness, agricultural development

agents, extension officers, and policymakers.

In addition, Rakshit et al. (2019) developed a mathematical model to explore the role of up-

rooting infected plants as a biological control measure in the transmission dynamics of plant

mosaic diseases. The model compartments include an uninfected and infectious vector, as well

as a healthy, exposed, and infected plant. The study observes that infection rate is inversely as-

sociated with illness transmission, whitefly growth, and whitefly infection rate. In other words,

it implies that even when infection rates are low, the dynamic system becomes unstable when

they exceed their threshold values. Furthermore, the study found that if the proper rates and

intervals for roguing can be identified, uprooting infected plants is the most cost-effective way

for mosaic disease management in plants.

Furthermore, Bokil et al. (2019) studied the disease management strategies for vector plant

diseases by considering frequency and abundance replanting strategies. The study found that

the combined strategy of roguing and insecticide was the most effective disease-control strategy

than a single control but the best control methods with the frequency-replanting model can

differ greatly from those with the abundance-replanting model.

The reviewed literature shows how different researchers developed their models to understand

the transmission dynamics and control of the CMD. All these researchers included cassava

and whitefly vector population only in their model. Since current studies reveal the presence

of many non-cassava host plants which can act as a source of inoculum to whitefly vector,

there is a need to develop a mathematical model which incorporates the non-cassava host plant

population. Therefore, this study addresses that gap by developing a mathematical model which

includes non-cassava hosts.
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CHAPTER THREE

MATERIALS AND METHODS

3.1 Introduction

This chapter illustrates the methods and procedures that were employed to achieve research

objectives. Model formulation approaches, theoretical analysis of the formulated CMD Model

and the estimation of control parameters are all covered. The study covered all non-cassava

host plants which are used regularly by humans or found as weeds in cassava-growing regions

in Tanzania.

3.2 Model formulation

In the model formulation, the model suggested by Bokil et al. (2019) was modified to include

the exposed cassava compartment and the non-cassava host plant population. The exposed

cassava plant compartment was added because it takes up to 5 weeks for CMD symptoms to

appear and during that time an exposed plant can contaminate other cassava plants with the

CMGs (Fargette et al., 1994). Therefore the formulated model consists of cassava plant (Nc),

non-cassava plant (Nh) and whitefly (Nw) population. The assumptions were made so that

all susceptible plants and whiteflies are recruited logistically such that the recruitment rate is

greater than their harvesting/mortality rate.

The parameters (rc), (rw) and (rh) describe the recruitment rate of susceptible compartments

of cassava plants (Sc), whitefly (Sw) and non-cassava host plants (Sh) respectively while pa-

rameter (ψ), (η) and (ω) symbolises the harvesting/mortality rate for cassava, non-cassava

and whitefly respectively. Additionally, exposed cassava plants (Ec) were assumed to be the

result of infected whitefly (Iw) ingestion rate (a) on susceptible cassava plants and the logisti-

cal recruitment of harvested exposed stem cuttings relying on the probability of selection (ρ).

The rate at which susceptible non-cassava host plants (Sh) acquire mosaic viruses from in-

fected whitefly (Iw) is presented by parameter (d) while the rate at which susceptible whitefly

(Sw) acquire mosaic viruses from the infected/exposed cassava and non-cassava host (Ih) is

symbolised by the parameter (b) and (c) respectively.

Lastly, parameters (ε), (ϕ), (κc), (κw) and (κh) were used to symbolize exposure to infected

latent rate, recovering rate of infected cassava (Ic), the carrying capacity of cassava plants, the
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carrying capacity of whiteflies and the carrying capacity for non-cassava host plants respec-

tively. As commented before, flow diagram Fig. 3 and system of differential equations (1)

were designed to summarise the formulated model of CMD transmission dynamics provided

rc − ψ > 0 , rw − ω > 0 , and rh − η > 0 .

Sc

Ec

Ic

Sw

Iw

Sh

Ih

ψSc

ψEc

ψIc

ωSw

ωIw

ηSh

ηIh

rc

(
1− Nc

κc

)
Sc rw

(
1− Nw

κw

)
Nw rh

(
1− Nh

κh

)
Sh

rc

(
1− Nc

κc

)
ρEc

a
S
c I
w

ε
E
c

(b
(E

c
+
I
c )
+
c
I
h
)
S
w

d
S
h
I
w

ϕIc

Figure 3: Cassava mosaic disease flow diagram





dSc
dt

= rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc

dEc
dt

= rc

(
1− Nc

κc

)
ρEc + aScIw − (ψ + ε)Ec

dIc
dt

= εEc − (ψ + ϕ)Ic

dSw
dt

=

(
1− Nw

κw

)
rwNw − (b (Ec + Ic) + cIh)Sw − ωSw

dIw
dt

= (b (Ec + Ic) + cIh)Sw − ωIw

dSh
dt

= rh

(
1− Nh

κh

)
Sh − dShIw − ηSh

dIh
dt

= dShIw − ηIh

(1)

with initial conditions, Sc (0) > 0, Ec (0) ≥ 0, Ic (0) ≥ 0, Sw (0) > 0, Iw (0) ≥ 0, Sh (0) >

0, Ih (0) ≥ 0.
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3.3 Basic model properties

3.3.1 Invariant region

Lemma 3.1

Given the model system (1) in R7
+ with the initial conditions Sc(0) > 0, Ec(0) ≥ 0, Ic(0) ≥

0, Sw(0) > 0, Iw(0) ≥ 0, Sh(0) > 0, Ih(0) ≥ 0, its solution enters the invariant region Ω =

(Sc, Ec, Ic, Sw, Iw, Sh, Ih) ≥ 0 in R7
+.

Proof : As used in the study of Chuma (2019) and Daudi et al. (2021) and Nyerere et al.

(2020a), the box invariant method was employed to assess the feasibility of the formulated

CMD Model system. We assume the continuity and the Lipschitz properties of its solution for

our dynamic system
dX

dt
= G(X, t), X in Rn. The model system (1) is reduced to the form,

dX

dt
= AX + Z

Where, column vector X = (Sc, Ec, Ic, Sw, Iw, Sh, Ih)
T and

Z =

(
rc

(
1− Nc

κc

)
Sc, rc

(
1− Nc

κc

)
ρEc, 0,

(
1− Nw

κw

)
rwNw, 0, rh

(
1− Nh

κh

)
Sh, 0

)T

and the Metzler matrix A∀X ∈ R7
+ is defined as:

A =




−(ψ + aIw) 0 ϕ 0 0 0 0

0 − (ψ + ε) 0 0 aSc 0 0

0 ε −(ψ + ϕ) 0 0 0 0

0 0 0 −P1 0 0 0

0 0 0 P2 −ω 0 0

0 0 0 0 0 − (dIw + η) 0

0 0 0 0 0 dIw −η




(2)

provided, P1 = b(Ec + Ic) + cIh + ω and P2 = b(Ec + Ic) + cIh are simplifying factors.

Since we have negative values in the major diagonal of the matrix A in Equation (2) and the

rest are non-negative values we can conclude that all variable solutions will enter and remain in

the feasible area Ω. This indicates that the developed model system (1) is properly posed and
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epidemiologically meaningful in the invariant region Ω.

3.3.2 Positivity of the solution

Utilizing the model equation (1) we have:

dSc
dt

= rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc (3)

dSc
dt

≥ − (aIw + ψ)Sc

employing separating the variables integration technique, we obtain:

∫
dSc
Sc

≥
∫

− (aIw + ψ) dt

lnSc ≥ − (aIw + ψ) t+ C

Sc (t) ≥ Be−(aIw+ψ)t

substituting t = 0 as our initial condition, we obtain:

Sc (0) ≥ B

Thus:

Sc (t) ≥ Sc (0) e
−(aIw+ψ)t ≥ 0 ∀t ≥ 0

Using the same approach for all equations of the model system (1) for all t ≥ 0, we obtain the

following results:

Ec (t) ≥ Ec (0) e
−(ψ+ε)t ≥ 0

Ic (t) ≥ Ic (0) e
−(ψ+ϕ)t ≥ 0

Sw (t) ≥ Sw (0) e
−(b(Ec+Ic)+cIh+ω)t ≥ 0

Iw (t) ≥ Iw (0) e
−ωt ≥ 0

Sh (t) ≥ Sh (0) e
−(dIw+η)t ≥ 0

Ih (t) ≥ Ih (0) e
−ηt ≥ 0

(4)

Therefore, this assures that the formulated model system (1) has the positive solution for all

t ≥ 0.
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3.3.3 Existence of equilibrium points

(i) Disease-free equilibrium point

In this sub-section, we obtain the Disease-free Equilibrium Point (DFE) by solving the

system the CMD model (1) when the rate of change of model variables is equal to zero.

As a result, we have:

rc

(
1− N∗

c

κc

)
S∗
c + ϕI∗c − aS∗

c I
∗
w − ψS∗

c = 0

rc

(
1− N∗

c

κc

)
ρE∗

c + aS∗
c I

∗
w − (ψ + ε)E∗

c = 0

εE∗
c − (ψ + ϕ)I∗c = 0(

1− N∗
w

κw

)
rwN

∗
w − (b (E∗

c + I∗c ) + cI∗h)S
∗
w − ωS∗

w = 0

(b (E∗
c + I∗c ) + cI∗h)S

∗
w − ωI∗w = 0

rh

(
1− N∗

h

κh

)
S∗
h − dS∗

hI
∗
w − ηS∗

h = 0

dS∗
hI

∗
w − ηI∗h = 0

(5)

where (S∗
c , E

∗
c , I

∗
c , S

∗
w, I

∗
w, S

∗
h, I

∗
h) is the set of solution to the system (5). When E∗

c =

0, I∗c = 0, I∗w = 0, I∗h = 0 we obtain the DFE point, DFE= (S0
c , E

0
c , I

0
c , S

0
w, I

0
w, S

0
h, I

0
h)

given by:

DFE =

(
κc (rc − ψ)

rc
, 0, 0,

κw (rw − ω)

rw
, 0,

κh (rh − η)

rh
, 0

)
(6)

(ii) Disease endemic equilibrium

The Disease Endemic Equilibrium Point (EEP) refers to the equilibrium point when dis-

ease infection occurs in the population of the model system (Kung’aro, 2016). Consider-

ing the system model equation (1), we obtain EEP= (S∗
c , E

∗
c , I

∗
c , S

∗
w, I

∗
w, S

∗
h, I

∗
h), where:

S∗
c =

I∗cκcϕ+ rc (κc −N∗
c )

κc(aI∗w + ϕ)
, E∗

c =
aκcS

∗
c I

∗
w

N∗
c rcρ+ κc ((ψ + ε)− rcρ)

, I∗c =
εE∗

c

(ψ + ϕ)
,

S∗
w =

rwN
∗
w (κw −N∗

w)

κw ((b (Ec + Ic) + cIh) + ω)
, I∗w =

(b (Ec + Ic) + cIh)Sw
ω

and S∗
h =

ηI∗h
dI∗w
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Considering equation 5, we obtain:

rc

(
1− N∗

c

κc

)
S∗
c + ϕI∗c − aS∗

c I
∗
w − ψS∗

c = 0

implying that rc

(
κc −N∗

c

κc

)
S∗
c +ϕI

∗
c > 0, consequently, we have κc−N∗

c > 0. Similar

to this, employing equation number four and six of the system (5) we confirm that κw −

N∗
w > 0 and κh − N∗

h > 0, respectively. Further, the second equation of the system (5)

verifies that rcρN∗
c + (ψ + ε)− rcρ > 0.

3.3.4 The basic reproduction number

The concept of Basic Reproduction Number (R0) was first introduced in demographic studies.

Later, the concept was expanded to vector-borne diseases and human infection. Currently, the

idea is widely used in studies of infectious diseases, especially in models of in-host population

dynamics (Heffernan et al., 2005). The definition of (R0) is contextual but generally, the (R0)

refers to the anticipated number of offspring that a person will generate throughout the course

of their lifespan (Heffernan et al., 2005). When R0 < 1, it indicates that the disease will

disappear in the environment but whenever R0 ≥ 1, the disease will spread (Driessche &

Watmough, 2008).

Different approaches can be used in obtaining R0. In the deterministic model, R0 can be found

by using the survival function method or next-generation matrix. This study employs the next-

generation matrix concepts as presented by Driessche and Watmough (2008) to compute R0.

The infected compartments of the model were written as:

dX

dt
= Fi − Vi, i = 1, ..., n,

where Fi is the increased secondary infections rate at ith disease compartment and Vi is the

disease progression and death decrease rate at ith compartment. The Spectral radius of the

matrix FV−1 gives the R0, thus R0 = ρ (FV−1) where, F =

[
∂Fi

∂xj

]
and V =

[
∂Vi
∂xj

]

evaluated at DFE point when x = (Ec, Ic, Iw, Ih). Now, referring to the model system (1), we
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find the infected subsystem to be:





dEc
dt

= rc

(
1− Nc

κc

)
ρEc + aScIw − (ψ + ε)Ec

dIc
dt

= εEc − (ψ + ϕ) Ic

dIw
dt

= (b (Ec + Ic) + cIh)Sw − ωIw

dIh
dt

= dShIw − ηIh

(7)

Thus:

Fi =




rc

(
1− Nc

κc

)
ρEc + aScIw

0

(b(Ec + Ic) + cIh)Sw

dShIw




(8)

and,

Vi =




(ψ + ε)Ec

(ψ + ϕ) Ic − εEc

ωIw

ηIh



. (9)

The Jacobian matrix for Fi and Vi evaluated at DFE are given by:

F =




rc

(
1− S0

c

κc

)
ρ 0 aS0

c 0

0 0 0 0

bS0
w bS0

w 0 cS0
w

0 0 dS0
h 0




(10)

and

V =




(ψ + ε) 0 0 0

−ε ψ + ϕ 0 0

0 0 ω 0

0 0 0 η



. (11)
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computing V−1 we get:

V−1 =




1

ψ + ε
0 0 0

ε

(ψ + ϕ) (ψ + ε)

1

ψ + ϕ
0 0

0 0
1

ω
0

0 0 0
1

η




(12)

accordingly:

FV−1 =




ψρ

ψ + ε
0 a

(rc − ψ)κc
ωrc

0

0 0 0 0

b
(rw − ω)κw
(ψ + ε) rw

(
1 +

ε

ψ + ϕ

)
b
(rw − ω)κw
(ψ + ϕ) rw

0 c
(rw − ω)κw

ηrw

0 0 d
(rh − η)κh

ωrh
0




.

(13)

If we let:

g11 =
ψρ

ψ + ε
, g13 = a

(rc − ψ)κc
ωrc

, g31 = b
(rw − ω)κw
(ψ + ε) rw

(
1 +

ε

ψ + ϕ

)
,

g32 = b
(rw − ω)κw
(ψ + ϕ) rw

, g34 = c
(rw − ω)κw

ηrw
and g43 = d

(rh − η)κh
ωrh

and compute R0 = ρ(FV−1) we obtain:

R0 = max

{
X

6
+

2

X
X2 +

1

3
g11,−

X

12
− X2

X
+

1

3
g11 ±

√
3

2
i

(
X

6
− 2X2

X

)}
(14)

where, X =
(
X0 + 12

√
X1

)1
3 , X0 = 4 (9g31g13 − 18g43g34 + 2(g11)

2) g11 and

X1 = −3(g11)
2 (4g34g43 (1− 2g34g43) + g13g31 (g13g31 + 20g34g43))

− 12 (g13g31)
2 (g13g31 + 3g34g43)− 12 (g34g43)

2 (3g13g31 + g34g43)
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X2 = g31g13 + g43g34 +
1

3
(g11)

2

3.3.5 Local stability analysis for the disease-free equilibrium point

Theorem 3.1

The disease-free equilibrium point (DFE) of the CMD Model system (1) is locally asymptotic

stable when R0 < 1 and unstable otherwise.

Proof : The concept of decomposing the system Jacobian matrix evaluated at DFE and inves-

tigating the eigenvalues of diagonal sub-matrix as used by Mayengo et al. (2022), was used

to verify the local stability of the model system (1). Therefore, matrix (15) is the obtained

Jacobian matrix at DFE.

JDFE =




−(rc − ψ) −(rc − ψ) P3 0 −aS0
c 0 0

0 P4 0 0 aS0
c 0 0

0 ε − (ψ + ϕ) 0 0 0 0

0 −bS0
w −bS0

w P5 −rw + 2ω 0 −cS0
w

0 bS0
w bS0

w 0 −ω 0 cS0
w

0 0 0 0 −dS0
h − (rh − η) − (rh − η)

0 0 0 0 dS0
h 0 −η




(15)

Where, P3 = − (rc − ψ) + ϕ, P4 = − (ψ (1− ρ) + ε), and P5 = − (rw − ω)

When decomposing matrix JDFE we obtain a block matrix of the form:

JDFE =




J11 J12 0

J21 J22 J23

0 J32 J33


 (16)

Where 0 are zero matrices and

J11 =




−(rc − ψ) −(rc − ψ) −(rc − ψ) + ϕ

0 −(ψ (1− ρ) + ε) 0

0 ε −(ψ + ϕ)


 ,
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J22 =


−(rw − ω) −rw + 2ω

0 −ω


 , J33 =


− (rh − η) − (rh − η)

0 −η


 .

From diagonal sub-matrix J11 with eigenvalues −(ψ + ϕ), −(ψ (1− ρ) + ε) and −(rc − ψ),

J22 with eigenvalues −(rw − ω) and −ω, and J33 with eigenvalues − (rh − η) and −η, if we

utilize the stated assumption (rc−ψ > 0, rw − ω > 0 and rh− η > 0) of the model system (1)

we can observe that our diagonal sub-matrices have real and negative eigenvalues. Since that

property guarantees the stability of diagonal sub-matrices it in turn assures the local stability of

the matrix (15) when R0 < 1.

3.4 Sensitivity analysis

The concept of normalized forward sensitivity index technique as used by Kung’aro (2016) was

used to examine parameter contribution on the transmission of CMD using R0. Therefore, we

establish that:

τR0
ui

=
∂R0

∂ui
× ui

R0

(17)

where ui represents the ith model parameters as elaborated on Table 1.

With the help of Maple 15 software and the baseline values shown in Table 1 the sensitivity

indices of model parameters of the model system (1) were computed (Appendix 4). The results

are highlighted in Table 1.

The column of sensitivity index in Table 1 shows that the whitefly death rate (ω) has the most

negative index while whitefly carrying capacity (κw) has the most positive index than other

parameters.

Since the increase of the rate of negative indices, parameter causes the decrease of disease

transmission rate and vice versa, these results signify that the increase of whitefly mortality

rate (ω) or the decrease of whitefly carrying capacity will reduce the disease transmission

rate. This signifies that for effective control strategies during the outbreak, CMD stakeholders

should implement strategies which accelerate the whitefly death rate and reduce the carrying

capacity of whiteflies. Other negative indices results which can also be accelerated to reduce

the transmission rate of CMD include non-cassava host plant harvesting rate (η), cassava plant

harvesting rate (ψ), the cassava plant latent rate (ε) and the cassava plant recovering rate (ϕ).
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Table 1: Sensitivity indices of model parameters

Parameter Range Baseline Value Reference Index

rc 0.025-0.1 0.05 day−1 Jeger et al. (2004) 0.0177

rw 0.1-0.3 0.2 day−1 Holt et al. (1997) 0.0117

rh - 0.02 day−1 Assumed 0.2141

ρ 0-1 0.1 Holt et al. (1997) 0.0006

a 0.002-0.032 0.008 plant−1day−1 Holt et al. (1997) 0.2779

b 0.002-0.032 0.008 whitefly−1day−1 Holt et al. (1997) 0.2779

c - 0.008 whitefly−1day−1 Assumed 0.2218

d - 0.008 plant−1day−1 Assumed 0.2218

ε - 0.033 day−1 Jeger et al. (2004) -0.0202

ω 0.06-0.18 0.06 day−1 Holt et al. (1997) -0.7138

η - 0.001 day−1 Assumed -0.2334

ψ 0.002-0.004 0.003 day−1 Holt et al. (1997) -0.1579

κc 0.01-1 0.7 m−2 Holt et al. (1997) 0.2779

κw 0-350 90 m−2 Bokil et al. (2019) 0.4997

κh 0.01-1 0.1 m−2 Assumed 0.2218

ϕ 0.002-0.004 0.003 day−1 Jeger et al. (2004) -0.1176

Lastly, we find that the probability of replanting exposed cassava stem (ρ) has less sensitivity

index compared to other parameters. This implies that the probability of using the exposed

stem cutting does not contribute much to the disease spreading rate and therefore when used as

a disease management strategy it will not bring pleasing results.

3.5 Global stability

The analysis of global asymptotic stability on equilibrium points of dynamical models is one of

the mathematical tools that enable understanding the disease persistence over time. In global

stability analysis, whenever the DFE is globally asymptotic stable, the eradication of the disease

is assured in spite of the initial number of infected individuals introduced into the population,

and if the EEP is globally asymptotic stable, the infection will permanently persist in the pop-

ulation if no control strategies implemented (Driessche & Watmough, 2002; Wangari, 2020).

This information helps stakeholders to plan appropriately on prevention and intervention strate-
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gies for the disease.

Different global stability analysis approaches such as Poincaré–Bendixson theory, Lyapunov

functions, Bendixson and Dulac criteria, the concept of monotone flows, the geometric ap-

proach and the Volterra–Lyapunov matrix theory have been developed and used over time (Liao

& Wang, 2012; Parsaei et al., 2017; Zahedi & Kargar, 2017). The use of these methods highly

depends on the strengths and limitations of the method and the nature of the problem at hand

(Zahedi & Kargar, 2017). The Lyapunov function approach has been frequently utilized and

successful in providing global stability findings for various epidemiological models, despite

the difficulties in determining the proper function coefficients (Liao & Wang, 2012; Zahedi

& Kargar, 2017). To overcome that challenge of determining the proper function coefficients,

Li and Shuai (2010) highlighted the use of graph theory in the construction and estimation of

the derivatives of the Lyapunov functions. Additionally, the introduced family of Lyapunov

functions by Korobeinikov and Maini (2004) and Korobeinikov and Wake (2002) helps in an-

alyzing the global stability of equilibrium points for many epidemiological models. Thus, the

Lyapunov function method is simple to implement and requires little theoretical background

knowledge (Liao & Wang, 2012).

In this section, the concept by Castillo-Chavez et al. (2002) was employed to verify the global

stability of the DFE for the model system (1). Furthermore, we performed a numerical simula-

tion of model population variables on the model system (1) to portray the stability of DFE and

EEP. The numerical simulation results are presented in Chapter Four.

3.5.1 Global stability of DFE

As highlighted in the study by Chuma and Mwanga (2019) and Renald (2020), the CMD Model

system (1) is written in the form:





dXs

dt
= Q1 (Xs −DFE) +Q2Xi

dXi

dt
= Q3Xi

(18)

Where Xs is the vector for non-transmitting individuals(susceptible) compartments, Xi is the

vector for transmitting individuals (Exposed and infected), DFE is the CMD free equilibrium

point, and Q1, Q2 and Q3 are matrices we need to find. Therefore, Xs = (Sc, Sw, Sh)
T , Xi =
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(Ec, Ic, Iw, Ih)
T and DFE =

(
(rc − ψ)κc

rc
, 0, 0,

(rw − ω)κw
rw

, 0,
(rh − η)κh

rh
, 0

)
.

In order to verify the DFE point of the CMD Model system (1) is globally asymptotic stable

when R0 < 1, we showed that, the matrix Q1 has real and negative eigenvalues and Q3 is a

Metzler matrix (i.e., the out-diagonal elements of Q3 are non-negative). Now, if we write the

CMD Model system (1) to the form stipulated by equation (18) we get:




rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc

(
1− Nw

κw

)
rwNw − (b (Ec + Ic) + cIh)Sw − ωSw

rh

(
1− Nh

κh

)
Sh − dShIw − ηSh




= Q1




Sc −
(rc − ψ)κc

rc

Sw − (rw − ω)κw
rw

Sh −
(rh − η)κh

rh




+Q2




Ec

Ic

Iw

Ih




(19)

and 


rc

(
1− Nc

κc

)
ρEc + aScIw − (ψ + ε)Ec

εEc − (ψ + ϕ)Ic

(b (Ec + Ic) + cIh)Sw − ωIw

dShIw − ηIh




= Q3




Ec

Ic

Iw

Ih




(20)

If we solve for Q1, Q2 and Q3, we find:

Q1 =




−Scrc
κc

0 0

0 −Nwrw
κw

0

0 0 −Shrh
κh




(21)

Q2 =




−Scrc
κc

−Scrc
κc

+ ϕ −aSc 0

−bSw −bSw −Nwrw
κw

+ ω −cSw

0 0 −dSh −Shrh
κh




(22)
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and

Q3 =




−
(
−rc

(
1− Nc

κc

)
ρ+ (ε+ ψ)

)
0 aSc 0

ε − (ψ + ϕ) 0 0

bSw bSw −ω cSw

0 0 dSh −η




(23)

From the obtained results, we can see the eigenvalues of theQ1 are −Scrc
κc

,−Nwrw
κw

and −Shrh
κh

which are real and negative. Also, from Equation (5) it is evident that −rc
(
1− Nc

κc

)
ρ+ (ε+

ψ) > 0, hence, the matrix Q3 is the Metzler matrix. Thus, the DFE point is globally and

asymptotic stable when R0 < 1.

Theorem 3.2

The DFE point of the CMD Model system (1) is globally asymptotically stable when R0 < 1

and unstable otherwise.

3.6 Control model formulation

In this section, the formulated control model includes two-time dependant control parameters

u1(t) ∈ [0, 1] and u2(t) ∈ [0, 1] to the basic model (1) as disease management efforts made on

roguing activities and insecticide spraying respectively. Therefore, the control u1(t)τ intends

to reduce the whitefly virus acquisition from the infected cassava and non-cassava host plants

through roguing activities, while control u2(t)ς increases the death rate of whitefly through

insecticide spraying. This implies that τ and ς represent the number of harvested cassava and

non-cassava plants due to roguing activities and the death rate of whiteflies due to insecticide

spraying respectively. When u1(t) and u2(t) equals zero it implies that no controlling measures

are taken to mitigate the disease and when set to one, it means that the control strategy is fully

implemented.

The definitions of variables and parameters remain the same as in the model system (1) except

for model assumptions. For the control model, the assumptions are; rc − (ψ + u1τ) > 0 ,

rw − (ω + u2ς) > 0 , and rh − (η + u1τ) > 0 . Figure 4 and the system of equations (24)

summarize the formulated control model.
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Figure 4: Cassava mosaic disease flow diagram with control measure





dSc
dt

= rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc

dEc
dt

= rc

(
1− Nc

κc

)
ρEc + aScIw − (ψ + ε)Ec

dIc
dt

= εEc − (ψ + ϕ+ u1τ)Ic

dSw
dt

=

(
1− Nw

κw

)
rwNw − (b (Ec + Ic) + cIh)Sw − (ω + u2ς)Sw

dIw
dt

= (b (Ec + Ic) + cIh)Sw − (ω + u2ς)Iw

dSh
dt

= rh

(
1− Nh

κh

)
Sh − dShIw − ηSh

dIh
dt

= dShIw − (η + u1τ)Ih

(24)

provided, Sc (0) > 0, Ec (0) ≥ 0, Ic (0) ≥ 0, Sw (0) > 0, Iw (0) ≥ 0, Sh (0) > 0, Ih (0) ≥ 0.

3.7 Basic model properties for the control model

3.7.1 Invariant region

Lemma 3.2

With the initial conditions Sc(0) > 0, Ec(0) ≥ 0, Ic(0) ≥ 0, Sw(0) > 0, Iw(0) ≥ 0, Sh(0) >
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0, Ih(0) ≥ 0, the solution of the model system (24) in R7
+ enters the invariant region Ω =

(Sc, Ec, Ic, Sw, Iw, Sh, Ih) ≥ 0 in R7
+.

Proof : As in the Subsection 3.3.1 we utilize the box invariant approach to examine the feasi-

bility of the CMD control model. We write the model system (24) as:

dX

dt
= AX + Z

Where, column vector X = (Sc, Ec, Ic, Sw, Iw, Sh, Ih)
T and

Z =

(
rc

(
1− Nc

κc

)
Sc, rc

(
1− Nc

κc

)
ρEc, 0, rw

(
1− Nw

κw

)
Nw, 0, rh

(
1− Nh

κh

)
Sh, 0

)T

and the Metzler matrix A ∀X ∈ R7
+ is expressed as:

A =




−(ψ + aIw) 0 ϕ 0 0 0 0

0 (ψ + ε) 0 0 aSc 0 0

0 ε P6 0 0 0 0

0 0 0 −P7 0 0 0

0 0 0 P8 −(ω + u2ς) 0 0

0 0 0 0 0 − (dIw + η) 0

0 0 0 0 0 dIw −(η + u1τ)




(25)

Where, P6 = −(ψ + ϕ+ u1τ), P7 = b(Ec + Ic) + cIh + ω + u2ς , and P8 = b(Ec + Ic) + cIh.

Since we have negative values in the major diagonal of the matrix A in equation (25) and the

rest are non-negative values we can conclude that all variable solutions will enter and remain

in the feasible area Ω. This indicates that the developed control model system (24) is properly

posed and epidemiologically meaningful in the invariant region Ω.
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3.7.2 Positivity of the model solution

As in Subsection 27, using the first equation of the control model equation (24) we obtain:

dSc
dt

= rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc (26)

dSc
dt

≥ − (aIw + ψ)Sc

through separating the variables, we integrate both sides to obtain:

∫
dSc
Sc

≥
∫

− (aIw + ψ) dt

lnSc ≥ − (aIw + ψ) t+ C

Sc (t) ≥ Be−(aIw+ψ)t

At the point t = 0, we obtain:

Sc (0) ≥ B

Hence:

Sc (t) ≥ Sc (0) e
−(aIw+ψ)t ≥ 0 ∀t ≥ 0

Following the same procedure for t ≥ 0, we establish:

Ec (t) ≥ Ec (0) e
−(ψ+ε)t ≥ 0

Ic (t) ≥ Ic (0) e
−(ψ+ϕ+u1τ)t ≥ 0

Sw (t) ≥ Sw (0) e
−(b(Ec+Ic)+cIh+ω+u2ς)t ≥ 0

Iw (t) ≥ Iw (0) e
−(ω+u2ς)t ≥ 0

Sh (t) ≥ Sh (0) e
−(dIw+η)t ≥ 0

Ih (t) ≥ Ih (0) e
−(η+u1τ)t ≥ 0

(27)

The results infer that for all t ≥ 0 the formulated control model (24) has the positive solution.

3.7.3 Disease-free equilibrium

As in Subsection 3.3.3, we equate the rate of change of model variables of the formulated

control model (24) equal to zero and solve the model system simultaneously to obtain:

25



DFE =

(
κc (rc − ψ)

rc
, 0, 0,

κw (rw − (ω + u2ς))

rw
, 0,

κh (rh − η)

rh
, 0

)
(28)

3.7.4 The effective reproduction number

Here, the same concept of the next generation matrix as used in the previous Subsection 3.3.4

of the basic model (1) was employed to obtain the effective reproduction number(Re) for the

control model (24). The concept of Re refers the same as R0 except Re is computed when

control measures are applied to the basic model (Nyerere et al., 2020b). It helps in examining

the potentiality of control parameters in the dynamics of the disease. If we assign:

g11 =
ψρ

ψ + ε
, g13 = a

(rc − ψ)κc
(ω + u2ς)rc

, g31 = bκw
(rw − (ω + u2ς)) (u1τ + ψ + ϕ+ ε)

(ψ + ε) (u1τ + ϕ+ ψ)rw
,

g32 = b
(rw − (ω + u2ς))κw
(u1τ + ψ + ϕ) rw

, g34 = c
(rw − (ω + u2ς))κw

(η + u1τ)rw
and g43 = d

(rh − η)κh
(ω + u2ς)rh

we find:

Re = max

{
Y

6
+

2X

Y
+

1

3
g11,−

Y

12
− X

Y
+

1

3
g11 ±

√
3

2
i

(
Y

6
− 2X

Y

)}
(29)

where, Y =
(
Y0 + 12

√
Y1
) 1

3 , Y0 = 4 (9g31g13 − 18g43g34 + 2(g11)
2) g11,

Y1 = −3(g11)
2 (4g34g43 (1− 2g34g43) + g13g31 (g13g31 + 20g34g43))

−12 (g13g31)
2 (g13g31 + 3g34g43)− 12 (g34g43)

2 (3g13g31 + g34g43)

and X = g13g31 + g43g34 +
(g11)

2

3

3.8 Optimal control

In this section, we develop the objective function to minimize the costs of applying our time-

dependent controls u1(t) and u2(t). Our objective function is defined as:

J =

∫ t

0

(
A1 (Ic(t) + Ih(t)) + A2Iw(t) + A3

u1(t)
2

2
+ A4

u2(t)
2

2

)
dt (30)
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where parameters A1 and A2 describe the positive weight constant associated with the appli-

cation of roguing to the infected population of cassava and non-cassava hosts plants and in-

secticides to the whitefly population. Parameters A3 and A4 represent the application costs for

roguing and insecticides control strategies respectively. The estimate A3
u1(t)

2

2
and A4

u2(t)
2

2
for the cost of each control strategy intends to avoid linearity on cost and avoid singular cases

for the optimal control solution.

The aim is to minimize J (u1, u2) and obtain optimal control u∗1 and u∗2 in the time interval [0,

t], such that:

J (u∗1, u
∗
2) = min(J (u1, u2)) : (u1, u2 ∈ U), subject to model (24)

where U = U1 × U2 and u1 ∈ [0, 1], u2 ∈ [0, 1]

Theorem 3.3

There exists an optimal control set u∗1, u
∗
2 ∈ U and the state solutions of the model system (24),

(S∗
c , E

∗
c , I

∗
c , S

∗
w, I

∗
w, S

∗
h, I

∗
h) that minimizes the objective function J (u1, u2).

The condition stated by Heimann (1979) as cited by Kinene et al. (2015) verifies Theorem

3.3. Since by definition U is convex and closed, and the set of controls and the corresponding

state variables are non-negative, then the integrand K(u1, u2) of J (u1, u2) with respect to U

is convex if there exist a1, a2 > 0 and w > 1 such that, the integrand K(u1, u2) ≥ a2 +

a1 (|u1|+ |u2|)
w
2 .

Theorem 3.4

For an optimal control u1, u2 ∈ U , there exist an adjoint function λ : R → Rn such that

x(t, u∗i ), u
∗
i , λ satisfy the model (24) with initial conditions and the adjoint system for i = 1, 2




´λ(t) =
∂H

∂X

λ(t) = 0

where H is a Hamiltonian function defined as H(t,X, ui) = f(t,X, ui) + λg(t,X, ui), f is the

integrand of equation (30), g is the state system (24) and X = (Sc, Ec, Ic, Sw, Iw, Sh, Ih).

Proof

Suppose u∗1 and u∗2 ∈ U are the optimal control, given X = (Sc, Ec, Ic, Sw, Iw, Sh, Ih), then the
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Hamiltonian function is described as:

H = A1(Ic + Ih) + A2Iw + A3
u21
2

+ A4
u22
2

+λ1

(
rc

(
1− Nc

κc

)
Sc + ϕIc − aScIw − ψSc

)

+λ2

(
rc

(
1− Nc

κc

)
ρEc + aScIw − (ψ + ε)Ec

)

+λ3 (εEc − (ψ + ϕ+ u1τ)Ic)

+λ4

((
1− Nw

κw

)
rwNw − (b (Ec + Ic) + cIh)Sw − (ω + u2ς)Sw

)

+λ5 ((b (Ec + Ic) + cIh)Sw − (ω + u2ς)Iw)

+λ6

(
rh

(
1− Nh

κh

)
Sh − dShIw − ηSh

)

+λ7 (dShIw − (η + u1τ)Ih)

for, λ́1 = −∂H
∂Sc

,λ́2 = − ∂H

∂Ec
,λ́3 = −∂H

∂Ic
,λ́4 = − ∂H

∂Sw
,λ́5 = − ∂H

∂Iw
,λ́6 = − ∂H

∂Sh
,λ́7 = −∂H

∂Ih
,

there exist adjoint variables λi , i = 1, 2, 3, 4, 5, 6, 7, that assures:





λ́1 = λ1

(
rc

(
1− Sc +Nc

κc

)
− aIw − ψ

)
+ λ2

(
aIw − rcρEc

κc

)

λ́2 = −λ1rcSc
κc

+ λ2

(
rcρ

(
1− Ec +Nc

κc

)
− ψ − ε

)
+ λ3ε− (λ4 − λ5) bSw

λ́3 = A1 + λ1

(
ϕ− rcSc

κc

)
− λ2rcρEc

κc
− λ3 (u1τ + ϕ+ ψ)− (λ4 − λ5) bSw

λ́4 = λ4

(
rw

(
1− 2Nw

κw

)
− b(Ec + Ic)− cIh − u2ς − ω

)
+ λ5(b(Ec + Ic) + cIh)

λ́5 = A2 − (λ1 − λ2)aSc + λ4

(
rw

(
1− 2Nw

κw

))
− λ5 (u2ς + ω)− (λ6 − λ7) dSh

λ́6 = λ6

(
rh

(
1− Sh +Nh

κh

)
− dIw − η

)
+ λ7dIw

λ́7 = A1 − (λ4 − λ5)cSw − λ7 (η + u1τ)−
λ6rhSh
κh

(31)

given transversality conditions: λ1(t) = λ2(t) = λ3(t) = λ4(t) = λ5(t) = λ6(t) = λ7(t) = 0

To obtain the optimality equation (32), we compute the partial derivatives of the Hamiltonian

equation (31) with respect u1 and u2 and obtain:





∂H

∂u1
= A3u1 − λ3Icτ − λ7Ihτ

∂H

∂u2
= A4u2 − λ4Swς − λ5Iwς

(32)
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Solving for u1 and u2 from (32) when
∂H

∂u1
and

∂H

∂u2
= 0, we obtain:





u∗1 =
λ3Ic + λ7Ih

A3

∗ τ

u∗2 =
λ4Sw + λ5Iw

A4

∗ ς
(33)

hence, we can characterize the optimal control u1 and u2 as:

u∗1 = min

{
max

(
0,
λ3Ic + λ7Ih

A3

∗ τ
)
, 1

}
(34)

u∗2 = min

{
max

(
0,
λ4Sw + λ5Iw

A4

∗ ς
)
, 1

}
(35)

Equations (34) and (35) give the optimal solution for the objective function (30). Since system

equation (24) and adjoint equation (31) are bounded and satisfy Lipschitz conditions, the opti-

mality system is unique for some small t.Therefore, the uniqueness of the optimal solution is

guaranteed by the restriction on the length of the time interval [0, t] (Kinene et al., 2015).
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Introduction

The numerical simulation results for the basic model (1), optimal control model (24) and time

series plots to depict the global stability of DFE and EEP are presented in this chapter. Fur-

ther, the chapter presents the Incremental Cost-Effectiveness Ratio (ICER) results for the CMD

management strategies as used on the optimal control model (24).

4.2 Numerical simulation and results

The fourth-order Runge-Kutta method was used to simulate the formulated model (1) and ob-

serve the trajectories of the population over time, the effects of varying the whitefly mortality

rate (ω) and whitefly carrying capacity (κw). We use Sc(0) = 0.35, Ec(0) = 0.05, Ic(0) =

0.05, Sw(0) = 40, Iw(0) = 10, Sh(0) = 0.2, Ih(0) = 0.1 as our initial state values for model

system variables and parameter baseline values as highlighted in Table 1 to simulate the for-

mulated model system (1).
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Figure 5: Cassava population dynamics

In Fig. 5 it was clearly observed that during the first 100 days, infected cassava plants per m2

increased from 0.05 per m2 to 0.35 per m2 and drop slightly up to 0.3 per m2 after 300 days.

Conversely, the susceptible cassava plant population per m2 decreases exponentially from 0.35
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per m2 to 0.05 per m2 during the first 300 days. Further, it was noticed that during the first 25

days the exposed cassava perm2 increases from 0.05 plants perm2 and reaches the top value of

0.2 plants per m2 prior to exponential decrease to 0.05 per m2. This result implies that in 300

days, infected cassava plants per m2 will be greater than the exposed and susceptible cassava

plants when the outbreak occurs with the same variable and parameter values as used in the

simulation.
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Figure 6: Whitefly population dynamics

For the case of the whitefly population, it was witnessed in Fig. 6 that, there is a slight decrease

in the number of infected whiteflies per m2 from 10 whiteflies per m2 to the constant rate of

five infected whiteflies per m2 in less than 50 days. Contrarily, the increase in the number

of susceptible whitefly populations per m2 from 40 to around 58 per m2 in less than 50 days

before it maintained for the rest of 300 days was observed.

Fig. 7 presents the dynamics in non-cassava host plants. It was observed that during the first

100 days, the number of susceptible non-cassava host plants drops to zero while the infected

plants increase to approximately 0.33 per m2. Further, after 300 days the number of infected

non-cassava plants per m2 is anticipated to be 0.27 per m2.

In Fig. 8 the impacts of altering the whitefly mortality rate (ω) on the infected population of

the model system (1) is portrayed. In all infected populations, it was evident that when (ω)

increases, the number of infected individuals per m2 decreases and vice versa. This result

reveals that control strategies that increase the whitefly mortality rate are vital in combating the
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Figure 7: Non-cassava hosts population dynamics

spread of CMD.

Similarly, Fig. 9 depicts the impacts of altering the whitefly carrying capacity (κw) on in-

fected populations of the model system (1). Contrary to what was observed when changing the

whitefly mortality rate (ω), an increase in the density of whiteflies (κw) speeds up the spread

of infection in the population. This scenario highlights that the stakeholders can mitigate the

intensity of the CMD by reducing the number of infected or unnecessary plants that helps to

accommodate whitefly in farms and surrounding areas.

4.3 Numerical simulation for the global stability analysis

Table 2 was used as used in Erick and Mayengo (2022) to illustrate the numerical stability of

DFE and EEP of the model system (1) by using time series plots. The parameter values were

twisted within their respective range to obtain values that give R0 ≤ 1 and R0 > 1. For DFE

we select a = 0.002, b = 0.002, c = 0.002, d = 0.002, ε = 0.033, η = 0.002, ρ = 0.001, ϕ =

0.004, ψ = 0.004, rc = 0.5e − 1, rw = 0.2, rh = 0.01, kc = 0.5, kh = 0.3, kw = 70, ω = 0.06

with R0 = 0.7747, whilst in EEP the selected values were a = 0.01, b = 0.01, c = 0.01, d =

0.01, ε = 0.033, η = 0.001, ρ = 0.1, ϕ = 0.003, ψ = 0.003, ω = 0.06, rc = 0.05, rw =

0.2, rh = 0.07, kc = 0.7, kh = 0.7, kw = 160 with R0 = 12.2879. Fig. 10 and 11 present the

simulated global stability for DFE and EEP respectively for the model (1).

From Fig. 10 it can be noticed that using different initial conditions the trajectories for all
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Figure 8: The impact of altering the whitefly mortality rate (ω) on the infected popula-
tion. Subplots (a), (b) and (c) represent the simulation of the infectious cassava
plants, whiteflies and non-cassava host plants respectively

infected population (Ec), (Ic), (Iw) and (Ih) converges at a given fixed point on the time axis.

This indicates that the disease can distinct from the population when sufficient control strategies

are applied and hence proves the existence and global stability of DFE whenever R0 ≤ 1.

Moreover, the trajectories in the Fig. 11 presents the number of infected population Ec, Ic, Iw

and Ih when R0 > 1. It was observed that with different initial conditions, the trajectories

converge at a given point above the time axis. This implies that the disease will prevail in the

environment when significant control strategies are not implemented. The Figure also confirms

the existence and global stability of EEP whenever R0 > 1.

4.4 Numerical simulation for optimal control model

This section presents the numerical simulation results of suggested control measures in the

model system (24). The roguing (u1τ ) (uprooting and burning of infected cassava and non-

cassava host plants), insecticides application (u2ς), and the combination of roguing (u1τ ) and

insecticides application (u2ς) were considered as control strategies for eradicating CMD. The

forward and backward fourth-order Runge-Kutta iterative scheme was employed to solve the

system model equation (1) and adjoint equation (31) respectively. Firstly, the forward Runge-

Kutta method was used to compute the state solution then the obtained state solution and the

transversality conditions were used to solve the adjoint equations through the backward fourth-
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Figure 9: The impact of altering the whitefly carrying capacity (κw) on the infected popu-
lation. Subplots (a), (b) and (c) represent the simulation of the infectious cassava
plants, whiteflies and non-cassava host plants respectively

order Runge-Kutta method. Furthermore, the convex combination of the previous controls

and the value from the characterizations values was used to update controls. This process

repeats whenever the unknown values from the previous iteration are not noticeably closer to

the unknown values from the current iteration.

The collection of weight factors was theoretically selected for simulation purposes as follows:

A1 = 10, A2 = 5, A3 = 50 and A4 = 100 and initial state variables Sc = 0.35, Ec = 0.05, Ic =

0.05, Sw = 40, Ic = 10, Sh = 0.2 and Ih = 0.1. The roguing rate and whitefly death rate due

to insecticide spraying was set to 0.1 day−1 and 0.18 day−1 respectively as used by Bokil et al.

(2019) and Jittamai et al. (2021). Other parameters are as shown in baseline values in Table 1.

4.4.1 Strategy 1: Roguing

Under this strategy, the insecticides application effort (u2) was set to zero while roguing of

infected cassava and non-cassava host plants (u1) alone was used to optimize the objective

function (30). The results in Fig. 12 portray that, in the first 200 days, the number of infected

whiteflies (Iw), cassava (Ic) and non-cassava host plants (Ih) drop significantly to less than

0.1 m−2, 2 m−2 and approximately zero respectively. The Figure also reveals a significant

difference between the implementation of roguing activities and the case of no applied control

measure. Furthermore, in Fig. 13 it was witnessed that, during the first 120 days roguing
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Table 2: The range and baseline values for the model parameter

Parameter Range Baseline Value

rc 0.025-0.1 0.05 day−1

rw 0.1-0.3 0.2 day−1

rh - 0.02 day−1

ρ 0-1 0.1

a 0.002-0.032 0.008 plant−1day−1

b 0.002-0.032 0.008 whitefly−1day−1

c - 0.008 whitefly−1day−1

d - 0.008 plant−1day−1

ε - 0.033 day−1

ω 0.06-0.18 0.06 day−1

η - 0.001 day−1

ψ 0.002-0.004 0.003 day−1

κc 0.01-1 0.7 m−2

κw 0-350 90 m−2

κh 0.01-1 0.1 m−2

ϕ 0.002-0.004 0.003 day−1

activities were fully implemented before it stops and dropped to zero. Then, after 230 days the

roguing activities resume to full implementation for 40 days before it sharply decreases to zero

after 300 days. The results also reveal that strategy 1 does not affect the number of exposed

cassava plants in the first 100 days. This implies that for significant results, roguing needs to

be implemented at its full scale in the first 120 days and the last 70 days if it is used as the only

control strategy.

4.4.2 Strategy 2: Insecticides application

In strategy 2, only insecticide application was employed to optimize the objective function (30).

From Fig. 14 it was witnessed that the application of insecticides alone reduces the number of

infected populations of cassava, whitefly, and non-cassava host plants, and exposed cassava

compared to the case of no control. When compared to strategy 1(roguing activities) it was

evident that the number of infected cassava and non-cassava host populations is higher but
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Figure 10: A graphical depiction of global stability for DFE

whitefly and exposed cassava plants population attain their disease-free equilibrium points in

less than 200 days. Moreover, the control profile Fig. 15 portrays that, insecticides application

was fully implemented in the first 100 days only then drops to zero for the remaining 200 days.

4.4.3 Strategy 3: Roguing and insecticides application

Here considerations were made on the combination of roguing activities and insecticides appli-

cation in optimizing the objective function (30). The outcomes portrayed in Fig. 16 tell that the

combination of strategy 1 and strategy 2 was able to reduce the disease in all infected popula-

tions significantly compared to the previous strategies. In Fig. 17 we observed that roguing was
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Figure 11: A graphical depiction of global stability for EEP

fully implemented in the first 50 days and approximately 70% implementation in the last 50

days. On the other hand, the application of the insecticide was fully implemented for 50 days

after the first 25 days before it drops to zero and starts again after 240 days for approximately

25 days before it drops sharply to zero. As witnessed in the control profile Fig. 17 roguing

activities and insecticides application were not fully implemented throughout the year.

4.5 Cost-effectiveness analysis

In this part, the Incremental Cost-Effectiveness Ratio (ICER) as expressed by Mwasunda et

al. (2022) and Nyerere et al. (2020b) and Alemneh et al. (2020) was employed to rank the

implemented strategies in mitigating CMD. The ICER results provide useful information to
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Figure 12: Infected population dynamics when roguing activities are implemented

stakeholders and policymakers on how to mitigate the disease with limited resource allocation.

As in the study by Kinene et al. (2015) and Nyerere et al. (2020b) ICER was defined as;

ICER =
The costs difference between two control methods

The difference of the total number of their infections averted
(1)

The optimality simulation results were arranged in increasing order of effectiveness based on

cases of infection averted as shown in Table 3. In Table 3, it was observed that strategy 2 has

the highest ICER value compared to the results of strategies 3 and 1. This signifies that strategy

2 is strongly dominated, with more running costs and less effective than other implemented

strategies. Therefore, strategy 2 was removed from the set of control strategies since it does not
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Figure 13: The control profile for roguing activities

Table 3: Total infection averted with their respective ICER in ascending order

Strategy Infections Averted Total Cost ICER

No control 0 0 -

Strategy 3 534.0185351 2114.501713 3.959603599

Strategy 2 534.1025494 2455.927458 4063.896286

Strategy 1 534.1233924 2376.048165 -3832.440744

consume limited resources. Then, ICERs were recalculated by using strategies 3 and 1 only

and the results were presented in Table 4.

Table 4: Recalculated ICER for strategy 3 and 1

Strategy Infections Averted Total Cost ICER

No control 0 0 -

Strategy 3 534.0185351 2114.501713 3.959603599

Strategy 1 534.1233924 2376.048165 2494.308129

Again, the observed recalculated ICER value in Table 4 reveals that strategy 1 has a greater

ICER value than strategy 3. The results imply that strategy 3 is cheaper and more effective than

strategy 1. Therefore, the implementation of strategy 3 (roguing and insecticide application)

is regarded as the less expensive and most effective strategy in combating CMD compared to

insecticide application or roguing activities when implemented alone.
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Figure 14: Infected population dynamics for optimal insecticides application
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Figure 15: The control profile for insecticides application
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Figure 16: The dynamics of the infected population when roguing and insecticides appli-
cation was implemented
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Figure 17: The control profile for roguing implementation and insecticides application
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

Cassava mosaic disease (CMD) has affected cassava production in Africa for many years. This

study develops and examines a deterministic model by incorporating the non-cassava host plant

population. The study particularly: develops a mathematical dynamics model for CMD that

takes non-cassava host plants into account; analyses the model theoretically to look at things

like the solutions’ positivity, the stability of model equilibrium points, and sensitivity analysis;

estimates the control parameters and their importance by simulating the model numerically;

and finally, determine the most economical disease control method.

In this work, the non-cassava host population were incorporated in the formulation and analysis

of the ordinary differential equation (ODE) model for the transmission dynamics and optimal

control strategies of CMD. The basic model properties analysis results ensure the positivity and

boundedness of the model solution for all time t ≥ 0. The analysis of the local stability of the

formulated model confirms that the DFE is asymptotic stable when R0 ≤ 1 and unstable when

R0 > 1. These stability results imply that CMD can persist and spread in the environment when

R0 > 1, and can perish when R0 ≤ 1. Furthermore, the sensitivity analysis and simulation

of the model (1) highlighted that the whitefly death rate (ω) and whitefly carrying capacity

per m2 (κw) as the most sensitive parameter compared to other parameters. These findings

portray that the control strategies such as using insecticides to increase (ω) and removing the

infected population of cassava and non-cassava to decrease (κw) could have promising impacts

in fighting CMD compared to other model parameters.

Furthermore, the concept by Castillo-Chavez et al. (2002) and numerical simulation were em-

ployed to explore the existence and global stability of DFE and EEP on the model (1). The

findings reveal that the DFE is globally stable when R0 < 1 and unstable otherwise. The

performed numerical simulations using time series plots to confirm the global asymptotical sta-

bility of DFE and EEP reveal that for DFE when R0 < 1 as the infected population converges

to zero, the susceptible population converges to a distinct point above the time axis regardless

of the initial condition used. This assures that the disease can perish when significant control

strategies are applied. Further, the simulation for EEP shows that irrespective of the initial state
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of the model variables, the infected compartments converge to a distinct point above the time

axis, indicating that the disease will eventually spread across the population.

Additionally, the optimality system for CMD was developed by using roguing of infected

cassava and non-cassava host plants (u1τ), and insecticides application (u2ς) as our disease

management strategies. The concepts of Pontryagin’s Maximum Principle were used for the

analysis of the control model (24). Further, the cost-effectiveness analysis to find the most ap-

propriate control strategies for combating CMD was performed by using ICER. Moreover, the

numerical simulation was performed after solving the state equation (24) and adjoint equation

(31) by utilizing forward and backward fourth-order Runge-Kutta iteration schemes respec-

tively. Numerical simulation results reveal that strategy 3 (combination of roguing and insecti-

cides application) performs better in reducing the number of infected populations compared to

strategy 2 (insecticide application) and strategy 1 (roguing activities).

Lastly, the cost-effectiveness analysis reveals that strategy 3 has a high impact and a reduced

cost of disease control compared to others. These results concur with the study of Bokil et

al. (2019) and Fahad and Roy (2018) which also suggests integrating roguing activities and

insecticide application in combating CMD against the single control approach. Therefore, we

recommend strategy 3 for effective and efficient mitigation of CMD.

5.2 Recommendations

Research findings on the global stability of equilibrium points assure that the CMD can be

controlled when appropriate and sufficient control strategies are applied. Therefore, the study

recommends the following:

(i) The use of the combined strategy of roguing and insecticides application during the out-

break of CMD as suggested by results on numerical simulation and ICER analysis.

(ii) Based on sensitivity analysis, the whitefly carrying capacity influences the spread of

CMD. Therefore, we recommend the removal of all non-potential host plants in the farm

and the surrounding area. This will help to reduce the spread of the disease.

(iii) The education programs to raise awareness on the symptoms of infected cassava and non-

cassava host plants should be provided to farmers and other stockholders for effective

roguing programs.
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(iv) Biological control strategies, such as using whitefly predators should be studied and im-

plemented to reduce the effects of insecticides in the control of the CMD.

(v) The influence of seasonal weather variation on the whitefly population should be investi-

gated.

(vi) The formulation of a stochastic model to incorporate uncertainty in the dynamics of

CMD.

(vii) Incorporation of weather seasonality variation in the CMD Model.

(viii) To include the preditors of whitefly vectors such as Phytoseiidae and spiders in the control

strategies of CMD.
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APPENDICES

Appendix 1: Code for the basic model simulation

% Your MATLAB code here

\begin{verbatim}

clc

clear

close all

tspan=[0 300];

% initial condition for model variable

y0=[0.35 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population,tspan,y0);

%plotting cassava population

figure (1)

plot(t,y(:,1),’g’, t,y(:,2),’b’, t,y(:,3),’r’);

l=legend(’Susceptible plants’,’Exposed plants’,’Infected plants’

);

xl=xlabel(’Time[days]’);

yl=ylabel(’Cassava Population [per mˆ2]’);

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

set(l,’FontSize’,12);

grid on

%plotting Whitefly population

figure (2)

plot(t,y(:,4),’g’, t,y(:,5),’r’);

l=legend(’Susceptible Whitefly’,’Infected Whitefly’);

xl=xlabel(’Time[days]’);

yl=ylabel(’Whitefly Population [per mˆ2]’);

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

set(l,’FontSize’,12);

grid on
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%plotting Non-cassava host plant population

figure (3)

plot(t,y(:,6),’g’, t,y(:,7),’r’);

l=legend(’Susceptible Non-Cassava Host’,’Infected Non-Cassava

Host’);

xl=xlabel(’Time[days]’);

yl=ylabel(’Non Cassava Host Population [per mˆ2]’);

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

set(l,’FontSize’,12);

grid on

\end{verbatim}

+++++++++++++++++++++++++++++++++++++++++++++++++

\begin{verbatim}

function dy=population(t ,y)

dy=zeros(size(y));

Sc=y(1);Ec=y(2);Ic=y(3);Sw=y(4);Iw=y(5);Sh=y(6);Ih=y(7);

Nc=Sc+Ec+Ic;

Nw=Sw+Iw;

Nh=Sh+Ih;

a = 0.008; b = 0.008;c = 0.008; d = 0.008; varepsilon = 0.033;

eta = 0.1e-2;rho = .1;phi = 0.003;psi = 0.003; omega = 0.06;

rc = 0.5e-1; rw = .2;rh = 0.02; kc = 0.7; kh = 0.7; kw=90;

dy(1)=rc*(1-Nc/kc)*Sc+phi*Ic-a*Sc*Iw-psi*Sc;

dy(2)=rc*(1-Nc/kc)*rho*Sc+a*Sc*Iw-(psi+varepsilon)*Ec;

dy(3)=varepsilon*Ec-(psi+phi)*Ic;

dy(4)=rw*(1-Nw/kw)*Nw-(b*(Ec+Ic)+c*Ih)*Sw-omega*Sw;

dy(5)=(b*(Ec+Ic)+c*Ih)*Sw-omega*Iw;

dy(6)=rh*(1-Nh/kh)*Sh-d*Sh*Iw-eta*Sh;

dy(7)=d*Sh*Iw-eta*Ih;

end

\end{verbatim}

++++++++++++++++++++++++++++++++++++++++++++++++++
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\begin{verbatim}

clc

clear

close all

tspan=[0 300];

% initial condition for model variable

y0=[0.35 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@omeg1,tspan,y0);

[t1,y1]=ode45(@omeg2,tspan,y0);

[t2,y2]=ode45(@omeg3,tspan,y0);

% omega

%Plotting Infected Cassava plant with different values of omega

subplot(1,3,1)

plot(t,y(:,3),’b’, t1,y1(:,3),’g’, t2,y2(:,3),’r’);

legend(’\omega=0.06’,’\omega=0.12’,’\omega=0.18’)

xlabel(’Time[days]’)

ylabel(’Infected Cassava Population [per mˆ2]’)

title(’(a)’, ’FontSize’, 15);

grid on

%Plotting Infected vector with different values of omega

subplot(1,3,2)

plot(t,y(:,5),’b’, t1,y1(:,5),’g’, t2,y2(:,5),’r’);

legend(’\omega=0.06’,’\omega=0.12’,’\omega=0.18’)

xlabel(’Time[days]’)

ylabel(’Infected Vector Population [per mˆ2]’)

title(’(b)’, ’FontSize’, 15);

grid on

%Plotting Infected Non-cassava plant with different values of

omega

subplot(1,3,3)

plot(t,y(:,7),’b’, t1,y1(:,7),’g’, t2,y2(:,7),’r’);

legend(’\omega=0.06’,’\omega=0.12’,’\omega=0.18’)

xlabel(’Time[days]’)

ylabel(’Infected Non-cassava Hosts Population [per mˆ2]’)
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title(’(c)’, ’FontSize’, 15);

grid on

% extending figure space

fig = gcf;

fig.Position(3) = fig.Position(3) + 400;

\end{verbatim}

+++++++++++++++++++++++++++++++++++++++++++++++++

\begin{verbatim}

clc

clear

close all

tspan=[0 300];

% initial condition for model variables

y0=[0.35 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@vector,tspan,y0);

[t1,y1]=ode45(@vector1,tspan,y0);

[t2,y2]=ode45(@vector2,tspan,y0);

% Carring capacity of white fly vector k[w]

%Plotting Infected Cassava plant with different values of k[w]

subplot(1,3,1)

plot(t,y(:,3),’b’, t1,y1(:,3),’g’, t2,y2(:,3),’r’);

legend(’\kappa_w=10’,’\kappa_w=100’,’\kappa_w=350’)

xlabel(’Time[days]’)

ylabel(’Infected Cassava plan Population [per mˆ2]’)

title(’(a)’, ’FontSize’, 15);

grid on

%Plotting Infected vector with different values of k[w]

subplot(1,3,2)

plot(t,y(:,5),’b’, t1,y1(:,5),’g’, t2,y2(:,5),’r’);

legend(’\kappa_w=10’,’\kappa_w=100’,’\kappa_w=350’)

xlabel(’Time[days]’)

ylabel(’Infected vector Population [per mˆ2]’)

title(’(b)’, ’FontSize’, 15);

grid on
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%Plotting Infected Non-cassava plant with different values of k[

w]

subplot(1,3,3)

plot(t,y(:,7),’b’, t1,y1(:,7),’g’, t2,y2(:,7),’r’);

legend(’\kappa_w=10’,’\kappa_w=100’,’\kappa_w=350’)

xlabel(’Time[days]’)

ylabel(’ Infected Non-cassava hosts Population [per mˆ2]’)

title(’(c)’, ’FontSize’, 15);

grid on

% increasing figure space

fig = gcf;

fig.Position(3) = fig.Position(3) + 400;

\end{verbatim}
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Appendix 2: Main file for global stability simulation

\begin{verbatim}

clc

clear

close all

tspan=[0 60];

% initializing model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (1)

plot(t,y(:,1),’:c’);

grid on

hold on

% initial condition for model variables

y0=[0.4 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (1)

plot(t,y(:,1),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.6 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (1)

plot(t,y(:,1),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.8 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);
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%plotting cassava population

figure (1)

plot(t,y(:,1),’b’);

hold on

%initial condition for model variables

y0=[1 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (1)

plot(t,y(:,1),’g’)

legend(’Sc=0.2’,’Sc=0.4’,’Sc=0.6’,’Sc=0.8’,’Sc=1’)

xlabel(’Time[days]’)

ylabel(’Susceptible cassava plants [per mˆ2]’)

grid on

hold off

%----------------------------------

tspan=[0 1000];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (2)

plot(t,y(:,2),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.1 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (2)

plot(t,y(:,2),’r’);

grid on

hold on

% initial condition for model variables
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y0=[0.2 0.3 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (2)

plot(t,y(:,2),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.5 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (2)

plot(t,y(:,2),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.7 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (2)

plot(t,y(:,2),’g’);

legend(’Ec=0.05’,’Ec=0.1’,’Ec=0.3’,’Ec=0.5’,’Ec=0.7’)

xlabel(’Time[days]’)

ylabel(’Exposed cassava plants [per mˆ2]’)

grid on

hold off

%------------------------------------------------

tspan=[0 3000];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (3)

plot(t,y(:,3),’c’);
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grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.1 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (3)

plot(t,y(:,3),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.3 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (3)

plot(t,y(:,3),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.5 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (3)

plot(t,y(:,3),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.7 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (3)

plot(t,y(:,3),’g’);

legend(’Ic=0.05’,’Ic=0.1’,’Ic=0.3’,’Ic=0.5’,’Ic=0.7’)

xlabel(’Time[days]’)
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ylabel(’Infected cassava plants [per mˆ2]’)

grid on

hold off

%-----------------------------------------------

tspan=[0 30];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (4)

plot(t,y(:,4),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 160 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (4)

plot(t,y(:,4),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 200 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (4)

plot(t,y(:,4),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 260 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (4)
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plot(t,y(:,4),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 300 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (4)

plot(t,y(:,4),’g’);

legend(’Sw=90’,’Sw=160’,’Sw=200’,’Sw=260’,’Sw=300’)

xlabel(’Time[days]’)

ylabel(’Susceptible whitefly [per mˆ2]’)

grid on

hold off

%------------------------------------------------

tspan=[0 150];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 90 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (5)

plot(t,y(:,5),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 160 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (5)

plot(t,y(:,5),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 200 0.2 0.1];

62



[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (5)

plot(t,y(:,5),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 260 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (5)

plot(t,y(:,5),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 300 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (5)

plot(t,y(:,5),’g’);

legend(’Iw=90’,’Iw=160’,’Iw=200’,’Iw=260’,’Iw=300’)

xlabel(’Time[days]’)

ylabel(’Infected whitefly [per mˆ2]’)

grid on

hold off

%-------------------------------------------

tspan=[0 60];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.5 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (6)

plot(t,y(:,6),’c’);

grid on
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hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.4 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (6)

plot(t,y(:,6),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.6 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (6)

plot(t,y(:,6),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.8 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (6)

plot(t,y(:,6),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.9 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (6)

plot(t,y(:,6),’g’);

legend(’Sh=0.2’,’Sh=0.4’,’Sh=0.6’,’Sh=0.8’,’Sh=0.9’)

xlabel(’Time[days]’)

ylabel(’Susceptible non-cassava host plants [per mˆ2]’)
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grid on

hold off

%--------------------------------------------------

tspan=[0 10000];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (7)

plot(t,y(:,7),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.3];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (7)

plot(t,y(:,7),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.6];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (7)

plot(t,y(:,7),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.8];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (7)

plot(t,y(:,7),’b’);
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grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.9];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

figure (7)

plot(t,y(:,7),’g’);

legend(’Ih=0.1’,’Ih=0.3’,’Ih=0.6’,’Ih=0.8’,’Ih=0.9’)

xlabel(’Time[days]’)

ylabel(’Infected non-cassava host plants [per mˆ2]’)

grid on

hold off

%++++++++++++++++++++++++++++++++++++++++++++

figure (8)

tspan=[0 1000];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

subplot(2,2,1)

title(’(a)’)

plot(t,y(:,2),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.1 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,2),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.3 0.05 40 10 0.2 0.1];
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[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,2),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.5 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,2),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.7 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,2),’g’);

m=legend(’Ec=0.05’,’Ec=0.1’,’Ec=0.3’,’Ec=0.5’,’Ec=0.7’);

set(m,’FontSize’,11);

pp=xlabel(’Time[days]’);

mm=ylabel(’Exposed cassava plants [per mˆ2]’);

set(pp,’FontWeight’, ’bold’);

set(mm,’FontWeight’,’bold’);

grid on

title(’(a)’)

hold off

%------------------------------------------

tspan=[0 3000];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

subplot(2,2,3)

plot(t,y(:,3),’c’);
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grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.1 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,3),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.3 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,3),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.5 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,3),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.7 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,3),’g’);

q=legend(’Ic=0.05’,’Ic=0.1’,’Ic=0.3’,’Ic=0.5’,’Ic=0.7’);

set(q,’FontSize’,11);

pp=xlabel(’Time[days]’);

mm=ylabel(’Infected cassava plants [per mˆ2]’);

set(pp,’FontWeight’, ’bold’);

set(mm,’FontWeight’,’bold’);
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grid on

title(’(b)’)

hold off

%+++++++++++++++++++++++++++++++++++++++++++++++++++++

tspan=[0 150];

% initial condition for model variables

y0=[0.2 0.05 0.05 40 90 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

subplot(2,2,2)

plot(t,y(:,5),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 160 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,5),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 200 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,5),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 260 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,5),’b’);

grid on

hold on
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% initial condition for model variables

y0=[0.2 0.05 0.05 40 300 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,5),’g’);

p=legend(’Iw=90’,’Iw=160’,’Iw=200’,’Iw=260’,’Iw=300’);

set(p,’FontSize’,11);

pp=xlabel(’Time[days]’);

mm=ylabel(’Infected whitefly [per mˆ2]’);

set(pp,’FontWeight’, ’bold’);

set(mm,’FontWeight’,’bold’);

grid on

title(’(c)’)

hold off

%+++++++++++++++++++++++++++++++++++++++++++++++++++

tspan=[0 10000];

% Initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.1];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

subplot(2,2,4)

plot(t,y(:,7),’c’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.3];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,7),’r’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.6];

[t,y]=ode45(@population_stab,tspan,y0);
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%plotting cassava population

plot(t,y(:,7),’m’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.8];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,7),’b’);

grid on

hold on

% initial condition for model variables

y0=[0.2 0.05 0.05 40 10 0.2 0.9];

[t,y]=ode45(@population_stab,tspan,y0);

%plotting cassava population

plot(t,y(:,7),’g’);

l=legend(’Ih=0.1’,’Ih=0.3’,’Ih=0.6’,’Ih=0.8’,’Ih=0.9’);

set(l,’FontSize’,11);

xl=xlabel(’Time[days]’);

mm=ylabel(’Infected non-cassava host plants [per mˆ2]’);

set(xl,’FontWeight’, ’bold’);

set(mm,’FontWeight’,’bold’);

grid on

title(’(d)’)

hold off

\end{verbatim}

71



Appendix 3: Main file for optimal control model

%main file for optimal control

\begin{verbatim}

clc;

clear;

close all;

format long

t0 = 0; tf=300; N=100;

time =linspace(t0,tf,N);

%initializing state variable

y0 = [0.35 0.05 0.05 40 10 0.2 0.1];% initial conditions

%++++++++++++++++++++++++++++++++++++++++++++

par_val=[0.008 0.008 0.008 0.008 0.033 0.1e-2 .1 0.003 0.003

0.06 0.5e-1 .2 0.02 0.7 90 0.3 10 5 50 100 0.1 0.18];

%-----------------------------------------

%=============================================

a=par_val(1);b = par_val(2);c= par_val(3);d = par_val(4);

varepsilon = par_val(5);eta = par_val(6);rho = par_val(7);phi

= par_val(8);psi =par_val(9);omega= par_val(10);rc= par_val

(11);rw = par_val(12);rh = par_val(13);kc = par_val(14);kw=

par_val(15); kh =par_val(16);A1 =par_val(17);A2 = par_val(18)

;A3 = par_val(19); A4 =par_val(20);tau= par_val(21);varsigma=

par_val(22);

%+++++++++++++++++++++++++++++++++++++++++++++

lf = [0 0 0 0 0 0 0];

% TEST SECTION

init =y0;

init2 =lf;

h = (tf-t0)/N;

u = linspace(0,0,N+1);

u1=u’; u2=u’;

U = [u1 u2];

% algorithm implementation
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%Test 1

delta = 0.5;

X=init;

i=0; % iteration_c initialization

mm=size(X);

NumXX =10e10;

Xnew = rand(N+1,mm(2)).*(repmat(X,N+1,1));

DenXnew=norm(Xnew);

while NumXX/DenXnew>delta

Xold = Xnew;

oldu = U;

%++++++++++++++++++++++++++++++++++++++++++++

% RK_4WD FOR STATES

[Tx, X]=rk4foward(@kims,t0, tf,N, init,U,par_val);

%+++++++++++++++++++++++++++++++++++++++++++

% RK_BACK FOR CO-STATES

[Tp, P]=rk4back(@kims_costate,t0,tf,N,init2,U,X,par_val);

%+++++++++++++++++++++++++++++++++++++++++++++++

%Updating control parameter

f1 = X(1,:);g = X(2,:);r = X(3,:);s = X(4,:);

v= X(5,:);x = X(6,:);z = X(7,:);

%++++++++++++++++++++++++++++++++++++++++++++

L1 = P(1,:); L2 = P(2,:); L3 = P(3,:); L4 = P(4,:); L5 = P(5,:);

L6 = P(6,:); L7 = P(7,:);

%++++++++++++++++++++++++++++++++++++++++++++

% Case0: No control,

% u1 = zeros(1,N+1);

% u2 = zeros(1,N+1);

%+++++++++++++++++++++++++++++++++++++++++++++

%Implementation of all controls

% Case1:u1\neq 0, u2\neq 0, u3\neq 0, u4\neq 0,

% u1 =min(max(0,((L3.*r+L7.*z)./A3)*tau),1);

% u2 =min(max(0,((L4.*s+L5.*v)./A4)*varsigma),1);

%+++++++++++++++++++++++++++++++++++++++++++++
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%Implementation of roughing only

% Case3:u1\neq 0, u2\neq 0, u3\neq 0, u4= 0,

% u1 =min(max(0,((L3.*r+L7.*z)./A3)*tau),1);

% u2 =zeros(1,N+1);

%+++++++++++++++++++++++++++++++++++++++++++++

%Implementation of Insecticides alone

% Case2:u1\neq 0, u2\neq 0, u3\neq 0, u4\neq 0,

u1 =zeros(1,N+1);

u2 =min(max(0,((L4.*s+L5.*v)./A4)*varsigma),1);

%++++++++++++++++++++++++++++++++++++++++++++

Uu=[u1’ u2’];

U = 0.5*Uu + 0.5*oldu; % control conv_combination

%+++++++++++++++++++++++++++++++++++++++++++++

Xnew = X’;

NumXX =abs(norm(Xnew-Xold));

DenXnew =norm(Xnew);

i=i+1; %Updating counter

end

% simulating

X=X’;

Tx =Tx’;

XX=X(:,1); YY=X(:,2); VV=X(:,3); ZZ=X(:,4); LL=X(:,5);

AA=X(:,6); BB=X(:,7);

%++++++++++++++++++++++++++++++++++++++++++++

Up = [0 0];

[T,Y] = ode45(@kims,time,y0,[],Up, par_val);

%+++++++++++++++++++++++++++++++++++++++++++++

%Objective Function

J =sum((A1.*(VV(1:end)+BB(1:end))+A2.*+LL(1:end))+((A3/2).*Uu

(:,1).*Uu(:,1)+(A4/2).*Uu(:,2).*Uu(:,2)));

%++++++++++++++++++++++++++++++++++++++++++++++

S=[Tx,X];

%+++++++++++++++++++++++++++++++++++++++++++++++

figure(1)
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subplot(2,2,1)

plot(Tx,X(:,3),’-b’,T, Y(:,3),’--r’,’LineWidth’,1.5);

yl=ylabel(’Infected cassava per mˆ2’);

xl=xlabel(’Time (Days)’);

title(’(a)’)

% legend(’u_i=0, i=1,2’,’u_i=0, i=1,2’)

% legend(’u_i \neq, 0,i=1’,’u_i = 0,i=1,2’)

%legend( u_i \neq, 0,i=2 , u_i = 0,i=1,2 )

% legend(’u_i\neq0, i=1,2’, ’u_i=0, i=1,2’)

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

%+++++++++++++++++++++++++++++++++++++++++++++++

subplot(2,2,2)

plot(Tx,X(:,2),’-b’,T, Y(:,2),’--r’,’LineWidth’,1.5);

yl=ylabel(’Exposed cassava per mˆ2’);

xl=xlabel(’Time (Days)’);

title(’(b)’)

% legend(’u_i=0, i=1,2’,’u_i=0, i=1,2’)

% legend(’u_i \neq, 0,i=1’,’u_i = 0,i=1,2’)

%legend( u_i \neq, 0,i=2 , u_i = 0,i=1,2 )

% legend(’u_i\neq0, i=1,2’, ’u_i=0, i=1,2’)

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

%+++++++++++++++++++++++++++++++++++++++++++++

subplot(2,2,3)

plot(Tx,X(:,5),’-b’,T, Y(:,5),’--r’,’LineWidth’,1.5);

yl=ylabel(’Infected whitefly per mˆ2’);

xl=xlabel(’Time (Days)’);

title(’(c)’)

% legend(’u_i=0, i=1,2’,’u_i=0, i=1,2’)

% legend(’u_i \neq, 0,i=1’,’u_i = 0,i=1,2’)

%legend( u_i \neq, 0,i=2 , u_i = 0,i=1,2 )

% legend(’u_i\neq0, i=1,2’, ’u_i=0, i=1,2’)

set(yl,’FontWeight’, ’bold’);
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set(xl,’FontWeight’, ’bold’);

%++++++++++++++++++++++++++++++++++++++++++++++

subplot(2,2,4)

plot(Tx,X(:,7),’-b’,T, Y(:,7),’--r’,’LineWidth’,1.5);

yl=ylabel(’Infected non-cassava host per mˆ2’);

xl=xlabel(’Time (Days)’);

title(’(d)’)

% l=legend(’u_i=0, i=1,2’,’u_i=0, i=1,2’);

l=legend(’u_i \neq 0,i=1’,’u_i = 0,i=2’);

% l=legend(’u_i \neq 0,i=2’,’u_i = 0,i=1’);

% l=legend(’u_i\neq 0, i=1,2’, ’u_i=0, i=1,2’);

set(yl,’FontWeight’, ’bold’);

set(xl,’FontWeight’, ’bold’);

set(l,’FontSize’,12);

++++++++++++++++++++++++++++++++++++++++++++++++++

figure(2)

plot(Tx,Uu(:,1),’-r’,Tx,Uu(:,2),’-k’,Tx,2.0,’linewidth’,1.5);

ylim([0 0.05])

xlim([0 300.5])

yl=ylabel(’Control Profile’);

set(yl,’FontWeight’, ’bold’);

xl=xlabel(’Time (Days)’);

set(xl,’FontWeight’, ’bold’);

% title(’(d)’)

% l=legend(’u_i=0, i=1’,’u_i=0, i=2’);

l=legend(’u_i \neq, 0,i=1’,’u_i = 0,i=2’);

% l=legend(’u_i = 0,i=1’,’u_i \neq 0,i=2’);

% l=legend(’u_i\neq 0, i=1’, ’u_i\neq 0, i=2’);

set(l,’FontSize’,12);

%++++++++++++++++++++++++++++++++++++++++++++

X=XX’; % solution of the optimal control

U =[0 0]; % when no control

[Tx,Y] = ode45(@kims,time,y0,[],U, par_val);

Y=(Y);
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%+++++++++++++++++++++++++++++++++++++++++++

% Infection Averted

Inew=sum(Y(:,3))-sum(X(:,3))+sum(Y(:,5))-sum(X(:,5))+sum(Y(:,7))

-sum(X(:,7));

%+++++++++++++++++++++++++++++++++++++++++++++

Output=[J Inew]

%============================================

\end{verbatim}

+++++++++++++++++++++++++++++++++++++++++++++++

\begin{verbatim}

%==============================================

% state eqn solving function definition

%File Name: kims

%================================================

function ydot = kims(t,yy,U,par_val)

f1=yy(1); g=yy(2); r=yy(3);s=yy(4);

v=yy(5);x=yy(6); z=yy(7);

Nc=f1+g+r;

Nw=s+v;

Nh=x+z;

%+++++++++++++++++++++++++++++++++++++++++++++

a=par_val(1);b = par_val(2);c= par_val(3);d = par_val(4);

varepsilon = par_val(5);eta = par_val(6);rho = par_val(7);phi =

par_val(8);psi =par_val(9);omega= par_val(10);rc= par_val(11)

;rw = par_val(12);rh = par_val(13);kc = par_val(14);kw=

par_val(15); kh =par_val(16);A1 =par_val(17);A2 = par_val(18)

;A3 = par_val(19); A4 =par_val(20);tau= par_val(21);varsigma=

par_val(22);

%+++++++++++++++++++++++++++++++++++++++++++++++

u1 = U(1); u2=U(2);

%+++++++++++++++++++++++++++++++++++++++++++++++

ydot1=rc.*(1-Nc./kc).*f1+phi.*r-a.*f1.*v-psi.*f1;

ydot2=rc.*(1-Nc./kc).*rho.*g+a.*f1.*v-(psi+varepsilon).*g;

ydot3=varepsilon.*g-(psi+phi+u1.*tau).*r;
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ydot4=(1-Nw./kw).*rw.*Nw-(b.*(g+r)+c.*z).*s-(omega+u2.*varsigma)

.*s;

ydot5=(b.*(g+r)+c.*z).*s-(omega+u2.*varsigma).*v;

ydot6=rh.*(1-Nh./kh).*x-d.*x.*v-eta.*x;

ydot7=d.*x.*v-(eta+u1.*tau).*z;

ydot = [ydot1; ydot2; ydot3; ydot4; ydot5; ydot6; ydot7];

%=================================================

\end{verbatim}

+++++++++++++++++++++++++++++++++++++++++++++++

\begin{verbatim}

%==================================================

%co-state(adjoint) eqn solving function definition

%File Name: kims_costate

%=================================================

function ydot = kims_costate(t,y,U,X,par_val);

L1=y(1); L2=y(2); L3=y(3);L4=y(4);L5=y(5);L6=y(6);

L7=y(7);

%==================================================

a=par_val(1);b = par_val(2);c= par_val(3);d = par_val(4);

varepsilon = par_val(5);eta = par_val(6);rho = par_val(7);phi =

par_val(8);psi =par_val(9);omega= par_val(10);rc= par_val(11)

;rw = par_val(12);rh = par_val(13);kc = par_val(14);kw=

par_val(15); kh =par_val(16);A1 =par_val(17);A2 = par_val(18)

;A3 = par_val(19); A4 =par_val(20);tau= par_val(21);varsigma=

par_val(22);

%++++++++++++++++++++++++++++++++++++++++++++++++

u1 = U(1); u2=U(2);

% Variables

% Sc=f1;Ec=g;Ic=r;Sw=s,Iw=v;Sh=x;Ih=z;

f1 = X(1,:);g = X(2,:);r = X(3,:);s = X(4,:);

v= X(5,:);x = X(6,:);z = X(7,:);

Nc=f1+g+r;

Nw=s+v;

Nh=x+z;
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ydot1=L1.*(-rc.*f1./kh+rc.*(1-(Nc)./kc)-a.*v-psi)+L2.*(-rc.*rho

.*g./kc+a.*v);

ydot2=-L1.*rc.*f1./kc+L2.*(-rc.*rho.*g./kc+rc.*(1-(Nc)./kc).*rho

-psi-varepsilon)+L3.*varepsilon-L4.*b.*s+L5.*b.*s;

ydot3=A1+L1.*(-rc.*f1./kc+phi)-L2.*rc.*rho.*g./kc+L3.*(-tau.*u1-

phi-psi)-L4.*b.*s+L5.*b.*s;

ydot4=L4.*(-rw.*(s+v)./kw+(1-(s+v)/kw).*rw-b.*(g+r)-c.*z-u2.*

varsigma-omega)+L5.*(b.*(g+r)+c.*z);

ydot5=A2-L1.*a.*f1+L2.*a.*f1+L4.*(-rw.*(s+v)./kw+(1-(s+v)./kw).*

rw)+L5.*(-u2.*varsigma-omega)-L6.*d.*x+L7.*d.*x;

ydot6= L6.*(-rh.*x./kh+rh.*(1-(x+z)./kh)-d.*v-eta)+L7.*d.*v;

ydot7=A1-L4.*c.*s+L5.*c.*s-L6.*rh.*x./kh+L7.*(-tau.*u1-eta);

ydot = [ydot1; ydot2; ydot3; ydot4; ydot5; ydot6; ydot7];

%=============================

\end{verbatim}
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Appendix 4: Maple code for sensitivity indices
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(3)(3)
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# Evaluating the eigenvalue for the first expression basing on baseline values
 eval R, params

3.792797569C0. I

abs  (3) 
3.792797569

# The second eigenvalue function
Rd K 1 /12 * 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1Cvarepsilon / psi

Cphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega K72 * d * r n Keta
* k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psiCvarepsilon C12 * sqrt K12
* psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psiCvarepsilon ^4 * r w * eta * r n
* omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w Komega ^2 * k w ^2 * 1
Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w ^2 K60 * psi^2 * rho^2 * a
* r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi * c * d * r n Keta
* k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi^2 * rho^2 * c^2 * r w
Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w ^2 * eta^2 * r n ^2
* omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psi
Cphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2 * k c ^2 * b^2
* r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n / r c ^2 * omega
^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w Komega ^3 * k w ^3
* 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3 * r w ^3 * psi
Cvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3 * k n ^3
/ r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 /3 C 3 * K 1 / 3 * a * r c Kpsi * k c * b * r w
Komega * k w * 1Cvarepsilon / psiCphi / r c * omega * r w * psiCvarepsilon K 1 / 3 * d
* r n Keta * k n * c * r w Komega * k w / r n * omega * r w * eta K 1 /9 * psi^2 * rho^2 / psi
Cvarepsilon ^2 / 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1
Cvarepsilon / psiCphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega
K72 * d * r n Keta * k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psi
Cvarepsilon C12 * sqrt K12 * psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psi
Cvarepsilon ^4 * r w * eta * r n * omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w
Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w
^2 K60 * psi^2 * rho^2 * a * r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psi
Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
^2 * rho^2 * c^2 * r w Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w
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(5)(5)

^2 * eta^2 * r n ^2 * omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1
Cvarepsilon / psiCphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2
* k c ^2 * b^2 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n
/ r c ^2 * omega^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w
Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3
* r w ^3 * psiCvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3
* k n ^3 / r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 / 3 C 1 /3 * psi * rho / psiCvarepsilon C 1 / 2
* I * sqrt 3 * 1 /6 * 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1
Cvarepsilon / psiCphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega
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Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
^2 * rho^2 * c^2 * r w Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w
^2 * eta^2 * r n ^2 * omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1
Cvarepsilon / psiCphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2
* k c ^2 * b^2 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n
/ r c ^2 * omega^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w
Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3
* r w ^3 * psiCvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3
* k n ^3 / r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 / 3 C 6 * K 1 /3 * a * r c Kpsi * k c * b
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Cvarepsilon ^4 * r w * eta * r n * omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w
Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w
^2 K60 * psi^2 * rho^2 * a * r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psi
Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
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# Evaluating the value of the second eigenvalue basing on baseline values
eval R, params

K1.892232117C1. 10-10 IC K1.094618498K5.000000000 10-10 I  3

abs  (6) 

K1.892232117K1.094618498 3
2
C 1. 10-10K5.000000000 10-10 3

2

simplify  (7) 
3.788166971

# The third eigenvalue function
Rd K 1 /12 * 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1Cvarepsilon / psi

Cphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega K72 * d * r n Keta
* k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psiCvarepsilon C12 * sqrt K12
* psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psiCvarepsilon ^4 * r w * eta * r n
* omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w Komega ^2 * k w ^2 * 1
Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w ^2 K60 * psi^2 * rho^2 * a
* r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi * c * d * r n Keta
* k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi^2 * rho^2 * c^2 * r w
Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w ^2 * eta^2 * r n ^2
* omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psi
Cphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2 * k c ^2 * b^2
* r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n / r c ^2 * omega
^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w Komega ^3 * k w ^3
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(9)(9)

* 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3 * r w ^3 * psi
Cvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3 * k n ^3
/ r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 /3 C 3 * K 1 / 3 * a * r c Kpsi * k c * b * r w
Komega * k w * 1Cvarepsilon / psiCphi / r c * omega * r w * psiCvarepsilon K 1 / 3 * d
* r n Keta * k n * c * r w Komega * k w / r n * omega * r w * eta K 1 /9 * psi^2 * rho^2 / psi
Cvarepsilon ^2 / 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1
Cvarepsilon / psiCphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega
K72 * d * r n Keta * k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psi
Cvarepsilon C12 * sqrt K12 * psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psi
Cvarepsilon ^4 * r w * eta * r n * omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w
Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w
^2 K60 * psi^2 * rho^2 * a * r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psi
Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
^2 * rho^2 * c^2 * r w Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w
^2 * eta^2 * r n ^2 * omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1
Cvarepsilon / psiCphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2
* k c ^2 * b^2 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n
/ r c ^2 * omega^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w
Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3
* r w ^3 * psiCvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3
* k n ^3 / r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 / 3 C 1 /3 * psi * rho / psiCvarepsilon K 1 /2 * I
* sqrt 3 * 1 /6 * 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1
Cvarepsilon / psiCphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega
K72 * d * r n Keta * k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psi
Cvarepsilon C12 * sqrt K12 * psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psi
Cvarepsilon ^4 * r w * eta * r n * omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w
Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w
^2 K60 * psi^2 * rho^2 * a * r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psi
Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
^2 * rho^2 * c^2 * r w Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w
^2 * eta^2 * r n ^2 * omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1
Cvarepsilon / psiCphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2
* k c ^2 * b^2 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n
/ r c ^2 * omega^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w
Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3
* r w ^3 * psiCvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3
* k n ^3 / r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 / 3 C 6 * K 1 /3 * a * r c Kpsi * k c * b
* r w Komega * k w * 1Cvarepsilon / psiCphi / r c * omega * r w * psiCvarepsilon K 1 /3
* d * r n Keta * k n * c * r w Komega * k w / r n * omega * r w * eta K 1 / 9 * psi^2 * rho^2 / psi
Cvarepsilon ^2 / 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1
Cvarepsilon / psiCphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega
K72 * d * r n Keta * k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psi
Cvarepsilon C12 * sqrt K12 * psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psi
Cvarepsilon ^4 * r w * eta * r n * omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w
Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w
^2 K60 * psi^2 * rho^2 * a * r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psi
Cphi * c * d * r n Keta * k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi
^2 * rho^2 * c^2 * r w Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w
^2 * eta^2 * r n ^2 * omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1
Cvarepsilon / psiCphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2
* k c ^2 * b^2 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n
/ r c ^2 * omega^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w
Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3
* r w ^3 * psiCvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3
* k n ^3 / r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 / 3 ;
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# Evaluating value of the third eigenvalue function basing on baseline values
eval R, params

K1.892232117C1. 10-10 IC 1.094618498C5.000000000 10-10 I  3

abs  (10) 

K1.892232117C1.094618498 3
2
C 1. 10-10C5.000000000 10-10 3

2

simplify  (11) 
0.003702431633

# Therefore, the first function is the spectral radiusreproduction number of the system 
# Computing the sensitivity indices for the reproduction number.
# defining the reproduction number
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> > 

(13)(13)

Rd 1 /6 * 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1Cvarepsilon / psi
Cphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega K72 * d * r n Keta
* k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psiCvarepsilon C12 * sqrt K12
* psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psiCvarepsilon ^4 * r w * eta * r n
* omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w Komega ^2 * k w ^2 * 1
Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w ^2 K60 * psi^2 * rho^2 * a
* r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi * c * d * r n Keta
* k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi^2 * rho^2 * c^2 * r w
Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w ^2 * eta^2 * r n ^2
* omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psi
Cphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2 * k c ^2 * b^2
* r w Komega ^3 * k w ^3 * 1Cvarepsilon / psiCphi ^2 * c * d * r n Keta * k n / r c ^2 * omega
^3 * r w ^3 * psiCvarepsilon ^2 * eta * r n K36 * a * r c Kpsi * k c * b * r w Komega ^3 * k w ^3
* 1Cvarepsilon / psiCphi * c^2 * d^2 * r n Keta ^2 * k n ^2 / r c * omega^3 * r w ^3 * psi
Cvarepsilon * eta^2 * r n ^2 K12 * c^3 * r w Komega ^3 * k w ^3 * d^3 * r n Keta ^3 * k n ^3
/ r w ^3 * eta^3 * r n ^3 * omega^3 ^ 1 /3 K 6 * K 1 /3 * a * r c Kpsi * k c * b * r w Komega
* k w * 1Cvarepsilon / psiCphi / r c * omega * r w * psiCvarepsilon K 1 /3 * d * r n Keta
* k n * c * r w Komega * k w / r n * omega * r w * eta K 1 /9 * psi^2 * rho^2 / psiCvarepsilon
^2 / 8 * psi^3 * rho^3 / psiCvarepsilon ^3C36 * b * r w Komega * k w * 1Cvarepsilon / psi
Cphi * psi * rho * a * r c Kpsi * k c / r w * psiCvarepsilon ^2 * r c * omega K72 * d * r n Keta
* k n * c * r w Komega * k w * psi * rho / r n * omega * r w * eta * psiCvarepsilon C12 * sqrt K12
* psi^4 * rho^4 * c * r w Komega * k w * d * r n Keta * k n / psiCvarepsilon ^4 * r w * eta * r n
* omega K3 * psi^2 * rho^2 * a^2 * r c Kpsi ^2 * k c ^2 * b^2 * r w Komega ^2 * k w ^2 * 1
Cvarepsilon / psiCphi ^2 / psiCvarepsilon ^4 * r c ^2 * omega^2 * r w ^2 K60 * psi^2 * rho^2 * a
* r c Kpsi * k c * b * r w Komega ^2 * k w ^2 * 1Cvarepsilon / psiCphi * c * d * r n Keta
* k n / psiCvarepsilon ^3 * r c * omega^2 * r w ^2 * eta * r n C24 * psi^2 * rho^2 * c^2 * r w
Komega ^2 * k w ^2 * d^2 * r n Keta ^2 * k n ^2 / psiCvarepsilon ^2 * r w ^2 * eta^2 * r n ^2
* omega^2 K12 * a^3 * r c Kpsi ^3 * k c ^3 * b^3 * r w Komega ^3 * k w ^3 * 1Cvarepsilon / psi
Cphi ^3 / r c ^3 * omega^3 * r w ^3 * psiCvarepsilon ^3 K36 * a^2 * r c Kpsi ^2 * k c ^2 * b^2
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# Normalized forward sensitivity index technique
#
  seq  j, Re eval  j * diff  R, j /R, params , j in indets R, name ;
;
a, 0.2779368186 , b, 0.2779368186 , c, 0.2217571744 , d, 0.2217571744 , h,K0.2334286048 , w,

K0.7138485611 , f,K0.1175886540 , y,K0.1579296918 , r, 0.0006120126956 , e,K0.02015912070 ,

kc, 0.2779368184 , kn, 0.2217571745 , kw, 0.4996939930 , rc, 0.01774064797 , rn, 0.01167143023 ,

rw, 0.2141545685
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A B S T R A C T

Cassava Mosaic Disease (CMD) is the prominent cassava disease which compromises cassava production in
Africa, both qualitatively and quantitatively for many years. In this study, the mathematical model for the
dynamics of CMD with Non-cassava host plant population is formulated and analysed. The analysis of basic
model properties confirmed the positive boundedness of the model solution for all time 𝑡 ≥ 0. Utilizing the
next generation matrix the basic reproduction number 0 is derived and stability of disease-free equilibrium
point (𝐷𝐹𝐸) is analysed. Analytical results confirmed that, the disease-free equilibrium point (𝐷𝐹𝐸) is locally
asymptotically stable whenever 0 < 1 and unstable otherwise. The sensitivity index analysis identified
mortality rate and the carrying capacity of whiteflies as the most sensitive parameters of model. This implies
that, any deliberate efforts towards controlling CMD should be directed into reducing the number of whiteflies.
This can be implemented by either increasing the mortality rate of whiteflies or reducing their carrying
capacity. In view of this, it is clear that deliberate measures such as the use of pesticides and entomopathogenic
fungi which increases the parameter value of 𝜔, and removing non-cassava host plants which will eventually
decrease the parameter value of 𝜅𝑤 may bring significant results in combating CMD compared to the control of
other model parameters. The decision regarding the best approach out of the two requires optimal control and
cost-effective analysis of available control strategies. Furthermore, the numerical simulation results suggested
that Cassava Mosaic Disease (CMD) can be controlled by increasing mortality rate of whiteflies, and the
decreasing in the carrying capacity of whiteflies.

1. Introduction

Cassava (Manihot esculenta Crantz) is a Euphorbiaceae family peren-
nial tropical woody plant with consumable starchy roots [1]. The plant
was introduced in Africa in the 16th century by Portuguese traders from
South America [2]. Although both the roots and the leaves are useful,
cassava roots are the most commonly used [3]. While cassava roots are
rich in carbohydrates, the leaves are associated with proteins, vitamins
B1, B2, C and carotenes [3]. Cassava plant is identified as a potential
climate change crop because of its tolerance to unfavourable climatic
circumstances such as unreliable rainfall [4]. It is a vital subsistence
food crop in Africa, particularly in semi-arid locations where cereal
crops fail to grow. In Tanzania, cassava production support around 37%
of rural farmers [5].

Cassava production in Africa is hampered by the presence and
persistence of plant pests and diseases such as Cassava Mosaic Disease
(CMD) and Cassava Brown Streak Disease (CBSD) [6]. The history of
CMD incidences in Africa can be traced back to 1894 when it was

∗ Corresponding author.
E-mail address: maranya.mayengo@nm-aist.ac.tz (M. Mayengo).

first recorded in Tanzania [7]. Studies identify seven different Cassava
Mosaic Gemini-viruses (CMGs) and their variants as the causal agents of
CMD [8,9] which spread through the use of contaminated cassava stem
cuttings and whiteflies (Bemisia tabaci) ingestion on plants [10,11]. The
effects of CMD in the production of Cassava may not be overempha-
sized. For instance, available literature reveals that CMD is responsible
for the annual loss of more than 34 million tonnes in Africa [12]. The
average yield loss is approximated to be between 55% and 77% when
contaminated stem cuttings are used and from 35% to 60% when CMD
is caused by whitefly [13].

The observable CMD symptoms are highly influenced by the viral
species, climatic circumstances, and the susceptibility of the cassava
plants. The common symptoms include yellow or light green wilt mo-
saic leaves, followed by deformation and wrinkling of the leaves [14].
Studies identify at least 64 Solanaceous species and plants such as
Leucana leucocephala, Glycine max, Ricinus communis (castor oil plant),

https://doi.org/10.1016/j.imu.2022.101086
Received 22 July 2022; Received in revised form 8 September 2022; Accepted 8 September 2022
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Fig. 1. Cassava Mosaic Disease flow diagram.

Senna occidentalis, Combretum confertum, Manihot glaziovii which are
susceptible to CMGs [10,15–17]. These alternative host plants can
be colonized by whiteflies and are commonly found in cassava plots
and surrounding areas as leguminous plant species, hedge plants or
weeds [15,18,19]. They promote the spread of CMD by acting as the
source of CMGs to whiteflies [10,16,17].

Mathematical models provide useful tools to understand the trans-
mission dynamics of CMD. For instance, Holt et al. [20] studied the
impacts of different variables on the spread of CMD. The study revels
that, the use of infected cutting tools and elimination of infectious
cassava have insignificant effects on the occurrence of the disease. On
the other hand, Magoyo et al. [21] modified the work of Holt et al.
[20] by including cassava cultivar which can be affected by CMGs
through unhealthy cutting only. In this study, the susceptible breed
acquired CMGs through unhealthy cutting and whitefly contacts. The
study identified death rate, infection rate, whiteflies carrying capacity,
and the rate of loss of infected cassava due to disease are the most
sensitive parameters in the system.

The effects of whitefly maturation time on the transmission dynam-
ics of CMD was studied by Fahad et al. [22]. The study establishes that,
the whitefly maturation time may stabilize epidemiological dynamics.
On the other hand, Jittamai et al. [23] includes both planting of
infected cuttings and whitefly transmission in the model to identify the
most cost-effective method for CMD management. The study establishes
that, the spread of the disease is influenced by the density of whiteflies
and the number of visited cassava plants. The numerical simulations
was used to prove the effectiveness of whiteflies population control in
elimination of CMD outbreak at minimum costs.

In this paper, we modify the framework of Jittamai et al. [23]
by considering non-cassava host plants population in the transmission
dynamics of CMD.

2. Model formulation

We formulated the model consisting three population species; cas-
sava plant (𝑁𝑐 ), whitefly (𝑁𝑤) and non-cassava host plant (𝑁ℎ). Cassava
plant population is divided into Susceptible (𝑆𝑐 ), Exposed (infected with

no symptoms) (𝐸𝑐 ) and Infected (𝐼𝑐 ) population compartments. On the
other hand, whitefly population comprises Susceptible (𝑆𝑤) and In-
fected (𝐼𝑤) compartments, similarly non-cassava hosts plant population
is categorized into Susceptible (𝑆ℎ) and Infected (𝐼ℎ) compartments.

Susceptible cassava plants are recruited logistically at the rate 𝑟𝑐 and
can acquire CMD through whitefly at the rate 𝑎. The exposed cassava
plants are replanted logistically depending on the probability of select-
ing the exposed cassava cuttings 𝜌. Further, the rate at which exposed
plants are converted to infected plants is represented by 𝜀. The infected
cassava plants are recovered at the rate 𝜙 and become susceptible to
CMD. The model assumes that the cassava plant population is harvested
at the rate of 𝜓 .

The whiteflies are recruited logistically at the rate 𝑟𝑤 and acquire
virus from both exposed and infected cassava plants, and infected non-
cassava host plants at the rate 𝑏 and 𝑐 respectively. The mortality rate
of the whitefly is represented by 𝜔. Susceptible non-cassava host plants
are recruited logistically at the rate 𝑟ℎ and acquire CMD through the
whitefly at the rate 𝑑. Lastly, the non-cassava host plants are harvested
at the rate of 𝜂. The above information is summarized in the flow
diagram presented in Fig. 1 below.

The following assumptions based on characteristics of the CMD were
made to the formulated CMD model.

i. The replanting rate of cassava plant is higher than its harvesting
rate i.e., 𝑟𝑐 − 𝜓 > 0.

ii. The recruitment rate of whiteflies is higher than its death rate
i.e., 𝑟𝑤 − 𝜔 > 0.

iii. The replanting rate of the non-cassava host plant is higher than
its harvesting rate i.e., 𝑟ℎ − 𝜂 > 0.

iv. All model populations grow logistically.
v. All model parameters and variables are non-negative.

vi. Cassava plants get CMD through contact with infected whitefly
and the of unhealthy cutting.

vii. Non-cassava host plant gets CMD through contact with infected
whitefly only.
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The system of differential equations (1) describes the transmission
dynamics of CMD by considering all stated assumptions.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑑𝑆𝑐
𝑑𝑡

= 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝑆𝑐 + 𝜙𝐼𝑐 − 𝑎𝑆𝑐𝐼𝑤 − 𝜓𝑆𝑐

𝑑𝐸𝑐
𝑑𝑡

= 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝜌𝐸𝑐 + 𝑎𝑆𝑐𝐼𝑤 − (𝜓 + 𝜀)𝐸𝑐

𝑑𝐼𝑐
𝑑𝑡

= 𝜀𝐸𝑐 − (𝜓 + 𝜙)𝐼𝑐
𝑑𝑆𝑤
𝑑𝑡

=
(
1 −

𝑁𝑤
𝜅𝑤

)
𝑟𝑤𝑁𝑤 −

(
𝑏
(
𝐸𝑐 + 𝐼𝑐

)
+ 𝑐𝐼ℎ

)
𝑆𝑤 − 𝜔𝑆𝑤

𝑑𝐼𝑤
𝑑𝑡

=
(
𝑏
(
𝐸𝑐 + 𝐼𝑐

)
+ 𝑐𝐼ℎ

)
𝑆𝑤 − 𝜔𝐼𝑤

𝑑𝑆ℎ
𝑑𝑡

= 𝑟ℎ

(
1 −

𝑁ℎ
𝜅ℎ

)
𝑆ℎ − 𝑑𝑆ℎ𝐼𝑤 − 𝜂𝑆ℎ

𝑑𝐼ℎ
𝑑𝑡

= 𝑑𝑆ℎ𝐼𝑤 − 𝜂𝐼ℎ

(1)

with initial conditions, 𝑆𝑐 (0) > 0, 𝐸𝑐 (0) ≥ 0, 𝐼𝑐 (0) ≥ 0, 𝑆𝑤 (0) >
0, 𝐼𝑤 (0) ≥ 0, 𝑆ℎ (0) > 0, 𝐼ℎ (0) ≥ 0. The equations for the total
population of Cassava plants, whitefly, and non-cassava host plants are
given by:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑑𝑁𝑐
𝑑𝑡

= 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝑆𝑐 + 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝜌𝐸𝑐 − 𝜓𝑁𝑐

𝑑𝑁𝑤
𝑑𝑡

=
(
1 −

𝑁𝑤
𝜅𝑤

)
𝑟𝑤𝑁𝑤 − 𝜔𝑁𝑤

𝑑𝑁ℎ
𝑑𝑡

= 𝑟ℎ

(
1 −

𝑁ℎ
𝜅ℎ

)
𝑆ℎ − 𝜂𝑁ℎ

(2)

3. Basic model properties

3.1. Invariant region

Lemma 1. Given the model system (1) in R7
+ with the initial conditions

𝑆𝑐 (0) > 0, 𝐸𝑐 (0) ≥ 0, 𝐼𝑐 (0) ≥ 0, 𝑆𝑤(0) > 0, 𝐼𝑤(0) ≥ 0, 𝑆ℎ(0) > 0, 𝐼ℎ(0) ≥ 0,
its solution enters the invariant region 𝛺 = (𝑆𝑐 , 𝐸𝑐 , 𝐼𝑐 , 𝑆𝑤, 𝐼𝑤, 𝑆ℎ, 𝐼ℎ) ≥ 0
in R7

+

Proof. The box invariant method as used by Chuma [24], Daudi et al.
[25] and Nyerere et al. [26] was used to establish the feasible region of
the CMD system. We assume the continuity and the Lipschitz properties
of its solution for our dynamic system 𝑑𝑋

𝑑𝑡
= (𝑋, 𝑡), 𝑋 in R𝑛. The model

system (1) is reduced to the form,
𝑑𝑋
𝑑𝑡

= 𝑋 +𝑍

where, column vector 𝑋 =
(
𝑆𝑐 , 𝐸𝑐 , 𝐼𝑐 , 𝑆𝑤, 𝐼𝑤, 𝑆ℎ, 𝐼ℎ

)𝑇 and

𝑍 =
(
(𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
− 𝑎𝐼𝑤)𝑆𝑐 , 𝑟𝑐 (1 −

𝑁𝑐
𝜅𝑐

)𝜌, 0,

(1 −
𝑁𝑤
𝜅𝑤

)𝑟𝑤𝑆𝑤, 0, 𝑟ℎ

(
1 −

𝑁ℎ
𝜅ℎ

)
𝑆ℎ, 0

)𝑇

and the Metzler matrix ∀𝑋 ∈ R7
+ is defined as,

 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝜓 0 𝜙 0 0 0 0
0 − (𝜓 + 𝜀) 0 0 𝑎𝑆𝑐 0 0
0 𝜀 −(𝜓 + 𝜙) 0 0 0 0

0 0 0 −𝑄1

(
1 −

𝑁𝑤

𝜅𝑤

)
𝑟𝑤 0 0

0 0 0 𝑄2 −𝜔 0 0
0 0 0 0 0 −

(
𝑑𝐼𝑤 + 𝜂

)
0

0 0 0 0 0 𝑑𝐼𝑤 −𝜂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3)

where, 𝑄1 = 𝑏(𝐸𝑐+𝐼𝑐 )+𝑐𝐼ℎ+𝜔 and 𝑄2 = 𝑏(𝐸𝑐+𝐼𝑐 )+𝑐𝐼ℎ are simplifying
factors.

Since the principal diagonal of a reduced matrix  in Eq. (3) has
all negative values, while the off-diagonal has all non-negative values,
it proves that, all variables enter and stay in the feasible region 𝛺. This
implies that the formulated model system (1) is well-posed in invariant
region 𝛺.

3.2. Positivity of the solution

From the model equation (1) we have,
𝑑𝑆𝑐
𝑑𝑡

= 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝑆𝑐 + 𝜙𝐼𝑐 − 𝑎𝑆𝑐𝐼𝑤 − 𝜓𝑆𝑐 (4)

𝑑𝑆𝑐
𝑑𝑡

≥ −
(
𝑎𝐼𝑤 + 𝜓

)
𝑆𝑐

Separating the variables and integrating both sides, we get

∫
𝑑𝑆𝑐
𝑆𝑐

≥ ∫ −
(
𝑎𝐼𝑤 + 𝜓

)
𝑑𝑡

ln𝑆𝑐 ≥ −
(
𝑎𝐼𝑤 + 𝜓

)
𝑡 + 

𝑆𝑐 (𝑡) ≥ 𝑒−(𝑎𝐼𝑤+𝜓)𝑡
If we substitute 𝑡 = 0 as our initial condition, we get

𝑆𝑐 (0) ≥ 
Hence,

𝑆𝑐 (𝑡) ≥ 𝑆𝑐 (0) 𝑒−(𝑎𝐼𝑤+𝜓)𝑡 ≥ 0 ∀𝑡 ≥ 0

Applying the same procedure to all equations of model system (1) for
all 𝑡 ≥ 0, the following results are established,

𝐸𝑐 (𝑡) ≥ 𝐸𝑐 (0) 𝑒−(𝜓+𝜀)𝑡 ≥ 0 (5)
𝐼𝑐 (𝑡) ≥ 𝐼𝑐 (0) 𝑒−(𝜓+𝜙)𝑡 ≥ 0 (6)

𝑆𝑤 (𝑡) ≥ 𝑆𝑤 (0) 𝑒−(𝑏(𝐸𝑐+𝐼𝑐 )+𝑐𝐼ℎ+𝜔)𝑡 ≥ 0 (7)
𝐼𝑤 (𝑡) ≥ 𝐼𝑤 (0) 𝑒−𝜔𝑡 ≥ 0 (8)

𝑆ℎ (𝑡) ≥ 𝑆ℎ (0) 𝑒−(𝑑𝐼𝑤+𝜂)𝑡 ≥ 0 (9)
𝐼ℎ (𝑡) ≥ 𝐼ℎ (0) 𝑒−𝜂𝑡 ≥ 0 (10)

This concludes that, the model system (1) has the positive solution
for all 𝑡 ≥ 0.

3.3. Existence of equilibria and basic reproduction number

3.3.1. Disease free equilibrium
The equilibrium points of the CMD model (1) is obtained by setting

the RHS to be equal to zero and solving the system simultaneously.
Thus, we have

𝑟𝑐

(
1 −

𝑁∗
𝑐
𝜅𝑐

)
𝑆∗
𝑐 + 𝜙𝐼

∗
𝑐 − 𝑎𝑆∗

𝑐 𝐼
∗
𝑤 − 𝜓𝑆∗

𝑐 = 0

𝑟𝑐

(
1 −

𝑁∗
𝑐
𝜅𝑐

)
𝜌𝐸∗

𝑐 + 𝑎𝑆
∗
𝑐 𝐼

∗
𝑤 − (𝜓 + 𝜀)𝐸∗

𝑐 = 0

𝜀𝐸∗
𝑐 − (𝜓 + 𝜙)𝐼∗𝑐 = 0(

1 −
𝑁∗
𝑤

𝜅𝑤

)
𝑟𝑤𝑁∗

𝑤 −
(
𝑏
(
𝐸∗
𝑐 + 𝐼

∗
𝑐
)
+ 𝑐𝐼∗ℎ

)
𝑆∗
𝑤 − 𝜔𝑆∗

𝑤 = 0
(
𝑏
(
𝐸∗
𝑐 + 𝐼

∗
𝑐
)
+ 𝑐𝐼∗ℎ

)
𝑆∗
𝑤 − 𝜔𝐼∗𝑤 = 0

𝑟ℎ

(
1 −

𝑁∗
ℎ

𝜅ℎ

)
𝑆∗
ℎ − 𝑑𝑆

∗
ℎ𝐼

∗
𝑤 − 𝜂𝑆∗

ℎ = 0

𝑑𝑆∗
ℎ𝐼

∗
𝑤 − 𝜂𝐼∗ℎ = 0

(11)

where (𝑆∗
𝑐 , 𝐸

∗
𝑐 , 𝐼

∗
𝑐 , 𝑆

∗
𝑤, 𝐼

∗
𝑤, 𝑆

∗
ℎ , 𝐼

∗
ℎ ) is the solution set to the system (11).

When 𝐸∗
𝑐 = 0, 𝐼∗𝑐 = 0, 𝐼∗𝑤 = 0, 𝐼∗ℎ = 0 we have the disease-free

equilibrium point, 𝐷𝐹𝐸 = (𝑆0
𝑐 , 𝐸

0
𝑐 , 𝐼

0
𝑐 , 𝑆

0
𝑤, 𝐼

0
𝑤, 𝑆

0
ℎ, 𝐼

0
ℎ) given by

𝐷𝐹𝐸 =

(
𝜅𝑐

(
𝑟𝑐 − 𝜓

)
𝑟𝑐

, 0, 0,
𝜅𝑤

(
𝑟𝑤 − 𝜔

)
𝑟𝑤

, 0,
𝜅ℎ

(
𝑟ℎ − 𝜂

)
𝑟ℎ

, 0

)
(12)
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3.3.2. Disease Endemic Equilibrium
The equilibrium points at which there is disease infection in model

system population is referred to as Disease Endemic Equilibrium point
(DEE). Considering the system model equation (1), we get, 𝐷𝐸𝐸 =
(𝑆∗
𝑐 , 𝐸

∗
𝑐 , 𝐼

∗
𝑐 , 𝑆

∗
𝑤, 𝐼

∗
𝑤, 𝑆

∗
ℎ , 𝐼

∗
ℎ ), where

𝑆∗
𝑐 =

𝐼∗𝑐 𝜅𝑐𝜙 + 𝑟𝑐
(
𝜅𝑐 −𝑁∗

𝑐
)

𝜅𝑐 (𝑎𝐼∗𝑤 + 𝜙)
, 𝐸∗

𝑐 =
𝑎𝜅𝑐𝑆∗

𝑐 𝐼
∗
𝑤

𝑁∗
𝑐 𝑟𝑐𝜌 + 𝜅𝑐

(
(𝜓 + 𝜀) − 𝑟𝑐𝜌

) ,

𝐼∗𝑐 =
𝜀𝐸∗

𝑐
(𝜓 + 𝜙)

,

𝑆∗
𝑤 =

𝑟𝑤𝑁∗
𝑤
(
𝜅𝑤 −𝑁∗

𝑤
)

𝜅𝑤
((
𝑏
(
𝐸𝑐 + 𝐼𝑐

)
+ 𝑐𝐼ℎ

)
+ 𝜔

) , 𝐼∗𝑤 =
(
𝑏
(
𝐸𝑐 + 𝐼𝑐

)
+ 𝑐𝐼ℎ

)
𝑆𝑤

𝜔
and

𝑆∗
ℎ =

𝜂𝐼∗ℎ
𝑑𝐼∗𝑤

When the first equation of the system (11) is deployed, we have

𝑟𝑐

(
1 −

𝑁∗
𝑐
𝜅𝑐

)
𝑆∗
𝑐 + 𝜙𝐼

∗
𝑐 − 𝑎𝑆∗

𝑐 𝐼
∗
𝑤 − 𝜓𝑆∗

𝑐 = 0

implying that 𝑟𝑐
(𝜅𝑐 −𝑁∗

𝑐
𝜅𝑐

)
𝑆∗
𝑐 + 𝜙𝐼∗𝑐 > 0, consequently, we have

𝜅𝑐−𝑁∗
𝑐 > 0. In a similar vein, utilizing the fourth and sixth equations of

the system (11) we prove that 𝜅𝑤−𝑁∗
𝑤 > 0 and 𝜅ℎ−𝑁∗

ℎ > 0, respectively.
On the other hand, the second equation of the system (11) proves that
𝑟𝑐𝜌𝑁∗

𝑐 + (𝜓 + 𝜀) − 𝑟𝑐𝜌 > 0.

3.4. The basic reproduction number, 0

The basic reproduction number refers to the number of secondary
infections that an infected individual is likely to cause over their
infectious life [27]. It is a measure which tells the potentiality of disease
to spread within a population. If 0 < 1, then a few infected individuals
introduced into a completely susceptible population will, on average
fail to replace themselves. On the other hand, if 0 ≥ 1, then the
number of infected individuals will increase with each generation and
the disease will spread [28]. We adopt the next generation matrix
method proposed by Van den Driessche and Watmough [28], as also
used by Mayengo et al. [29] in the computational of 0 from the CMD
model system (1). The basic reproduction number was obtained by
splitting the infected subsystem of the model into the form
𝑑𝑋
𝑑𝑡

= 𝑖 − 𝑖, 𝑖 = 1,… , 𝑛,

where 𝑖 is the rate of secondary infections increase at 𝑖th disease
compartment and 𝑖 is the rate of disease progression and death
decrease at 𝑖th compartment. The basic reproduction number is given
by the dominant eigenvalue (Spectral radius) of the matrix −1, thus
0 = 𝜌(−1) where,  =

[
𝜕𝑖
𝜕𝑥𝑗

]
and  =

[
𝜕𝑖
𝜕𝑥𝑗

]
evaluated at DFE

point when 𝑥 = (𝐸𝑐 , 𝐼𝑐 , 𝐼𝑤, 𝐼ℎ). Now, considering the model system (1),
the infected subsystem are,

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑑𝐸𝑐
𝑑𝑡

= 𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝜌𝐸𝑐 + 𝑎𝑆𝑐𝐼𝑤 − (𝜓 + 𝜀)𝐸𝑐

𝑑𝐼𝑐
𝑑𝑡

= 𝜀𝐸𝑐 − (𝜓 + 𝜙) 𝐼𝑐
𝑑𝐼𝑤
𝑑𝑡

=
(
𝑏
(
𝐸𝑐 + 𝐼𝑐

)
+ 𝑐𝐼ℎ

)
𝑆𝑤 − 𝜔𝐼𝑤

𝑑𝐼ℎ
𝑑𝑡

= 𝑑𝑆ℎ𝐼𝑤 − 𝜂𝐼ℎ

(13)

Thus,

𝑖 =
⎛
⎜⎜⎜⎜⎜⎝

𝑟𝑐

(
1 −

𝑁𝑐
𝜅𝑐

)
𝜌𝐸𝑐 + 𝑎𝑆𝑐𝐼𝑤
0

(𝑏(𝐸𝑐 + 𝐼𝑐 ) + 𝑐𝐼ℎ)𝑆𝑤
𝑑𝑆ℎ𝐼𝑤

⎞
⎟⎟⎟⎟⎟⎠

(14)

and,

𝑖 =
⎛
⎜⎜⎜⎜⎝

(𝜓 + 𝜀)𝐸𝑐
(𝜓 + 𝜙) 𝐼𝑐 − 𝜀𝐸𝑐

𝜔𝐼𝑤
𝜂𝐼ℎ

⎞
⎟⎟⎟⎟⎠
. (15)

The Jacobian matrix for 𝑖 and 𝑖 evaluated at DFE are given by,

 =

⎛
⎜⎜⎜⎜⎜⎝

𝑟𝑐

(
1 −

𝑆0
𝑐
𝜅𝑐

)
𝜌 0 𝑎𝑆0

𝑐 0

0 0 0 0
𝑏𝑆0

𝑤 𝑏𝑆0
𝑤 0 𝑐𝑆0

𝑤
0 0 𝑑𝑆0

ℎ 0

⎞
⎟⎟⎟⎟⎟⎠

(16)

and

 =

⎛⎜⎜⎜⎜⎝

(𝜓 + 𝜀) 0 0 0
−𝜀 𝜓 + 𝜙 0 0
0 0 𝜔 0
0 0 0 𝜂

⎞⎟⎟⎟⎟⎠
. (17)

The computational of −1 gives,

−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
𝜓 + 𝜀

0 0 0
𝜀

(𝜓 + 𝜙) (𝜓 + 𝜀)
1

𝜓 + 𝜙
0 0

0 0 1
𝜔

0

0 0 0 1
𝜂

⎞⎟⎟⎟⎟⎟⎟⎟⎠

(18)

consequently as given in Box I. If we let

𝑔11 =
𝜓𝜌
𝜓 + 𝜀

, 𝑔13 = 𝑎

(
𝑟𝑐 − 𝜓

)
𝜅𝑐

𝜔𝑟𝑐
, 𝑔31 = 𝑏

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

(𝜓 + 𝜀) 𝑟𝑤

(
1 + 𝜀

𝜓 + 𝜙

)

, 𝑔32 = 𝑏

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

(𝜓 + 𝜙) 𝑟𝑤
, 𝑔34 = 𝑐

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

𝜂𝑟𝑤
and 𝑔43 = 𝑑

(
𝑟ℎ − 𝜂

)
𝜅ℎ

𝜔𝑟ℎ
and compute 0 = 𝜌(−1) we obtain,

0 =
1
6
𝑋 + 2

𝑋

(
𝑔31𝑔13 + 𝑔43𝑔34 +

1
3
(𝑔11)2

)
+ 1

3
𝑔11 (20)

where, 𝑋 =
(
𝑋0 + 12

√
𝑋1

)1
3 , 𝑋0 = 4

(
9𝑔31𝑔13 − 18𝑔43𝑔34 + 2(𝑔11)2

)
𝑔11

and
𝑋1 = −3(𝑔11)2

(
4𝑔34𝑔43

(
1 − 2𝑔34𝑔43

)
+ 𝑔13𝑔31

(
𝑔13𝑔31 + 20𝑔34𝑔43

))
−12

(
𝑔13𝑔31

)2 (𝑔13𝑔31 + 3𝑔34𝑔43
)

−12
(
𝑔34𝑔43

)2 (3𝑔13𝑔31 + 𝑔34𝑔43
)

3.5. Local stability of disease free equilibrium

Theorem 2. The disease-free equilibrium point (DFE) of the CMD model
system (1) is locally asymptotic stable when 0 < 1 and unstable otherwise.

Proof. Following Mayengo et al. [30], we investigate the real part
of the eigenvalues of the decomposed Jacobian matrix of the system
evaluated at DFE. Thus the result is established as in Box II. The matrix
𝐽𝐷𝐹𝐸 can be decomposed into the block matrix of the form

𝐽𝐷𝐹𝐸 =
⎛
⎜⎜⎝

𝐽11 𝐽12 𝟎
𝐽21 𝐽22 𝐽23
𝟎 𝐽32 𝐽33

⎞
⎟⎟⎠

(22)

where 𝟎 are zero matrices and

𝐽11 =
⎛⎜⎜⎝

−(𝑟𝑐 − 𝜓) −(𝑟𝑐 − 𝜓) −(𝑟𝑐 − 𝜓) + 𝜙
0 −(𝜓 (1 − 𝜌) + 𝜀) 0
0 𝜀 −(𝜓 + 𝜙)

⎞⎟⎟⎠
,

𝐽22 =
(
−(𝑟𝑤 − 𝜔) −𝑟𝑤 + 2𝜔

0 −𝜔

)
, 𝐽33 =

(
−
(
𝑟ℎ − 𝜂

)
−
(
𝑟ℎ − 𝜂

)
0 −𝜂

)
.

We can easily observe that, the eigenvalues for matrix 𝐽11 are
−(𝜓 + 𝜙), −(𝜓 (1 − 𝜌) + 𝜀) and −(𝑟𝑐 − 𝜓). Based on assumption i, it is



Informatics in Medicine Unlocked 33 (2022) 101086

5

B. Erick and M. Mayengo

−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜓𝜌
𝜓 + 𝜀

0 𝑎

(
𝑟𝑐 − 𝜓

)
𝜅𝑐

𝜔𝑟𝑐
0

0 0 0 0

𝑏

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

(𝜓 + 𝜀) 𝑟𝑤

(
1 + 𝜀

𝜓 + 𝜙

)
𝑏

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

(𝜓 + 𝜙) 𝑟𝑤
0 𝑐

(
𝑟𝑤 − 𝜔

)
𝜅𝑤

𝜂𝑟𝑤

0 0 𝑑

(
𝑟ℎ − 𝜂

)
𝜅ℎ

𝜔𝑟ℎ
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (19)

Box I.

𝐽𝐷𝐹𝐸 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−(𝑟𝑐 − 𝜓) −(𝑟𝑐 − 𝜓) −
(
𝑟𝑐 − 𝜓

)
+ 𝜙 0 −𝑎𝑆0

𝑐 0 0
0 − (𝜓 (1 − 𝜌) + 𝜀) 0 0 𝑎𝑆0

𝑐 0 0
0 𝜀 − (𝜓 + 𝜙) 0 0 0 0
0 −𝑏𝑆0

𝑤 −𝑏𝑆0
𝑤 −

(
𝑟𝑤 − 𝜔

)
−𝑟𝑤 + 2𝜔 0 −𝑐𝑆0

𝑤
0 𝑏𝑆0

𝑤 𝑏𝑆0
𝑤 0 −𝜔 0 𝑐𝑆0

𝑤
0 0 0 0 −𝑑𝑆0

ℎ −
(
𝑟ℎ − 𝜂

)
−
(
𝑟ℎ − 𝜂

)
0 0 0 0 𝑑𝑆0

ℎ 0 −𝜂

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

(21)

Box II.

clear that −(𝑟𝑐 −𝜓) < 0 suggesting that the matrix 𝐽11 has negative real
eigenvalues. Similarly, the eigenvalues for matrix 𝐽22 are −(𝑟𝑤 − 𝜔)
and −𝜔. Again, utilizing assumption ii we know that −(𝑟𝑤−𝜔) < 0 sug-
gesting that matrix 𝐽22 has negative real eigenvalues. Furthermore, the
eigenvalues of matrix 𝐽33 are −

(
𝑟ℎ − 𝜂

)
and −𝜂. Utilizing assumption

iii it is clear that matrix 𝐽33 has negative eigenvalues. This property
assures the stability of the diagonal sub-matrices 𝐽11, 𝐽22, and 𝐽33 and
hence the local stability of the matrix 𝐽𝐷𝐹𝐸 when 0 < 1.

4. Sensitivity analysis

The assessment on the contribution of each parameters featured in
the computation of 0 was conducted by using normalized forward
sensitivity index method. Following Kung’aro [31] and Mayengo et al.
[32] we establish that;

𝜏0
𝑢𝑖 =

𝜕0
𝜕𝑢𝑖

×
𝑢𝑖0

(23)

where 𝑢𝑖 represents the 𝑖th parameter of the model as depicted on
Table 1.

Applying normalized forward sensitivity index method using the
baseline values, we obtain the following sensitivity indices presented
in Table 1;

From Table 1 we observe that the natural mortality rate of whiteflies
(𝜔) is the most negative sensitive parameter in the transmission of
CMD while the carrying capacity of whiteflies (𝜅𝑤) is the most positive
sensitive parameter of the CMD model system. Other negative sensitive
parameter includes the harvesting rate of the non-cassava host plant
(𝜂) followed by the harvesting rate of cassava plant 𝜓 , the CMD latent
rate (𝜀) and the recovering rate of cassava plant (𝜙). Sensitivity index
results suggest that, increasing the death rate of whiteflies (𝜔) and
reducing the carrying capacity of whiteflies are the most important
control strategies of CMD. Further, we observe that the probability
of replanting exposed cassava plant (𝜌) have less contribution to the
spread of the disease. Thus, any deliberate control efforts with the focus
of increasing removal rate of the whiteflies from the field is likely to
be of success in the controlling CMD. This can be successfully done
by either increasing whiteflies death rate or decreasing their carrying
capacity in the non-host cassava plants.

Table 1
Model parameter values and their sensitivity indices.

Parameter Range Baseline value Source Sensitivity index

𝑟𝑐 0.025–0.1 0.05𝑑𝑎𝑦−1 [33] 0.0177
𝑟𝑤 0.1–0.3 0.2𝑑𝑎𝑦−1 [20] 0.0117
𝑟ℎ – 0.02𝑑𝑎𝑦−1 Assumed 0.2141
𝜌 0–1 0.1 [20] 0.0006
𝑎 0.002–0.032 0.008𝑝𝑙𝑎𝑛𝑡−1𝑑𝑎𝑦−1 [20] 0.2779
𝑏 0.002–0.032 0.008𝑤ℎ𝑖𝑡𝑒𝑓𝑙𝑦−1𝑑𝑎𝑦−1 [20] 0.2779
𝑐 – 0.008𝑤ℎ𝑖𝑡𝑒𝑓𝑙𝑦−1𝑑𝑎𝑦−1 Assumed 0.2218
𝑑 – 0.008𝑝𝑙𝑎𝑛𝑡−1𝑑𝑎𝑦−1 Assumed 0.2218
𝜀 – 0.033𝑑𝑎𝑦−1 [33] −0.0202
𝜔 0.06–0.18 0.06𝑑𝑎𝑦−1 [20] −0.7138
𝜂 – 0.001𝑑𝑎𝑦−1 Assumed −0.2334
𝜓 0.002–0.004 0.003𝑑𝑎𝑦−1 [20] −0.1579
𝜅𝑐 0.01–1 0.7𝑚−1 [20] 0.2779
𝜅𝑤 0–350 90𝑝𝑙𝑎𝑛𝑡−1 [34] 0.4997
𝜅ℎ 0.01–1 0.1𝑚−1 Assumed 0.2218
𝜙 0.002–0.004 0.003𝑑𝑎𝑦−1 [33] −0.1176

5. Numerical simulation and results

Utilizing Runge–Kutta fourth order method by using MATLAB codes,
the numerical simulation on the CMD model system (1) was performed
and the effects of identified sensitive parameters to the system were
illustrated. We simulate the CMD model system (1) using baseline
parameter values as shown in Table 1 and 𝑆𝑐 (0) = 0.35, 𝐸𝑐 (0) =
0.05, 𝐼𝑐 (0) = 0.05, 𝑆𝑤(0) = 40, 𝐼𝑤(0) = 10, 𝑆ℎ(0) = 0.2, 𝐼ℎ(0) = 0.1 as
initial condition values for model variables.

In Fig. 2 we observe that, in the first 100 days the number of
susceptible cassava plants decreases from 0.35 per m2 to 0.05 per m2,
remains to this level for sometimes before it stabilizes. It is observed
further that, in less than 25 days, the exposed cassava plants attains
the maximum value of 0.2 plants per m2 before it starts decreasing
exponentially to 0.05 plants per m2 in 200 days. On the other hand,
the infected cassava plant population raises from 0.05 per m2 to 0.35
plants per m2 in first 100 days.

Fig. 3 shows that, the number of susceptible whiteflies population
increases from 40 to approximately 58 susceptible whiteflies per m2

within the first 50 days. After 50 days the population of susceptible
whiteflies population remain constant at the rate of approximately
58 per m2. Conversely, the number of infected whiteflies population
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Fig. 2. Cassava population dynamics.

Fig. 3. Whitefly population dynamics.

decreases from 10 to its stability rate of 5 infected whiteflies per m2 in
less than 50 days.

The results in Fig. 4 reveal that, the number of susceptible non-
cassava host plants decreases from 0.2 to 0 per m2 in less than 100
days while the number infected non-cassava host plant increases from
0.1 to its peak value of approximately 0.22 per m2 in 50 days before it
starts decreasing to 0.17 per m2 in 300 days.

Three scenarios of the model simulation on infected cassava plants,
infected whiteflies and infected non-cassava host plants against the
variation of different values of mortality rate of whiteflies (𝜔) are
observed in Fig. 5. It is clear that the increase in the mortality rate
of whiteflies causes the decrease in number of infected cassava plants,
infected whiteflies and infected non-cassava host plants (see Fig. 5).
This confirm that controlling the number of whiteflies by increasing its
mortality rate is vital in the fight against the spread of the disease.

Fig. 6 portrays the effects of varying the carrying capacity of white-
flies on infected populations. It is observed that, an increase in number

of whiteflies per m2 leads to the increase in number of infected popula-
tion of cassava, whitefly and non-cassava host plant. The result portrays
that the severity of the CMD can be influenced by the maximum number
of whiteflies per m2.

6. Conclusion

In this paper, an ordinary differential equation (ODE) model with
non-cassava host plant population was formulated and analysed. The
analysis of basic model properties confirms that, formulated CMD
model has positively bounded solutions for all time 𝑡 ≥ 0. Local
stability analysis of 0 confirms that the 𝐷𝐹𝐸 is asymptotically stable
whenever 0 < 1 and unstable otherwise. This implies that, CMD
will be endemic when 0 ≥ 1, and can be eliminated when 0 <
1. Moreover, the sensitivity analysis on 0 and numerical simulation
of the system model (1) revealed that, mortality rate of whiteflies
(𝜔) and the carrying capacity of whiteflies per m2 (𝜅𝑤) are the most
sensitive parameter of the CMD model. This implies that, any deliberate
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Fig. 4. Non-cassava hosts population dynamics.

Fig. 5. Infected population of cassava plant (a), infected whiteflies (b) and infected non-cassava host plants (c) against different values of mortality rate of whiteflies.

efforts towards controlling CMD should be directed into reducing the
number of whiteflies. This can be implemented by either increasing
the mortality rate of whiteflies or reducing their carrying capacity. In
view of this, it is clear that measures such as the use of pesticides
and entomopathogenic fungi which increases the parameter value of 𝜔,
and removing non-cassava host plants which will eventually decrease
the parameter value of 𝜅𝑤 may bring significant results in combating
CMD compared to the control of other model parameters. The decision
regarding the best approach out of the two requires optimal control and
cost-effective analysis of available control strategies.

The immediate future study therefore, will be development and
analysis of optimal control model on CMD with the aim of minimizing
the cost of controlling parameters 𝜔 and 𝜅𝑤. Stochastic modelling
approach which incorporates uncertainty in the dynamics of CMD may
also be considered.
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Fig. 6. Infected population of cassava plant (a), infected whiteflies (b) and infected non-cassava host plants (c) against different values of whiteflies carrying capacity.
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